WELL-POSEDNESS FOR HAMILTON-JACOBI EQUATIONS ON THE
WASSERSTEIN SPACE ON GRAPHS
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ABSTRACT. In this manuscript, given a metric tensor on the probability simplex, we define dif-
ferential operators on the Wasserstein space of probability measures on a graph. This allows us
to propose a notion of graph individual noise operator and investigate Hamilton-Jacobi equa-
tions on this Wasserstein space. We prove comparison principles for viscosity solutions of such
Hamilton-Jacobi equations and show existence of viscosity solutions by Perron’s method.

1. INTRODUCTION

Partial differential equations (PDE) in infinite dimensional and abstract spaces have been stud-
ied steadily over the last several decades. The main interest has always been in Hamilton-Jacobi-
Bellman (HJB) equations related to deterministic and stochastic optimal control problems for
control of PDE and stochastic PDE and other abstract differential equations. Recently there has
been a renewed interest in such equations in spaces of probability measures due to their connection
to mean field control and mean field game problems. The theory of first and second order PDE in
Hilbert spaces has been developed the most. A complete overview of various approaches, classical
solutions, viscosity solutions, mild solutions, L?-solutions, solutions using backward stochastic dif-
ferential equations methods can be found in [37]. Results about classical solutions of linear second
order PDE can be found in [35] and earlier results about mild solutions for first order PDE and
solutions using convex regularization procedures can be found in [4]. Viscosity solutions in Hilbert
spaces have been originally introduced by Crandall and P. L. Lions in [28] 29| 30, [31] 32} [33]. We
refer to [37] for the full account of the theory and further references. Some aspects of the theory
for first order equations can also be found in [62].

The original interest in the PDE in spaces of probability measures came from partially observed
optimal control problems through the study of fully observable so called separated problems where
one controls a new measure valued state process (unnormalized conditional density of the original
state with respect to the observation process) which satisfies the so-called Duncan-Mortensen-Zakai
equation. Early attempts to look at HJB equations in the space of measures for such a problem
was made in [54]. A Bellman equation in the space of measures was also studied in [55]. A
renewed interest in HJB equations in spaces of probability measures started with the development
of the theory of mass transport and a calculus in the Wasserstein space of probability measures
and later the study of mean field control and mean field game problems. The first definition
of a viscosity solution using sub- and super-differentials in the Wasserstein space appeared in
[46] and later different notions of viscosity solutions were introduced of equations in the space of
probability measures and more abstract metric spaces in various contexts. In particular a notion
of the so-called L-viscosity solution was introduced in [63] which “lifts” the equation from the
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Wasserstein space to an Hilbert space of L? random variables and this approach was developed
further in [50] (see also [20, 21I] for more on the lifting procedure). We refer the readers to
[5, 8, ©, 10, 01, 12, 13 16l 17, 18, 19, 25, B6, 44, 45, 47, 48| (2 (6l 67, B8, 67, 71, 72, 73]
for equations related to mean field control and optimal control/variational problems in spaces
of probability measures. Equations related to control problems with partial observation were
studied in [0] and equations related to differential games were investigated in [26, 59]. HJB
equations in the Wasserstein and metric spaces with formal Riemannian structure as well as
completely regular spaces, mostly related to control of gradient flows, large deviations and fluid
dynamics were studied by different techniques in [23| 24, [38] 39, [40, 41, 42l 60, 6I]. Various
comparison theorems and uniqueness results for appropriately defined viscosity solutions were
proved in these papers. HJB equations in abstract metric spaces were studied by various techniques
in |1} 14 15] 47, [49, 53| 64, [65] 69, [70]. Uniqueness of appropriately defined viscosity solutions of
first order HJB equations in the Wasserstein space was proved in |5 58]. Uniqueness of viscosity
solutions of a second order Bellman master equation in the Wasserstein space arising in stochastic
optimal control problems for McKean-Vlasov diffusion processes was established in [25]. Other
papers containing uniqueness results are [I7], where a uniqueness result for a notion of viscosity
solution for a class of integro-differential Bellman equations of a special type was shown, and [73],
where well-posedness of viscosity solutions of parabolic master equations, including HJB master
equations associated with control problems for McKean-Vlasov stochastic differential equations
was established. There is also vast literature on master equations of mean field games which are
integro-differential PDE in the space of probability measures. We do not discuss them here since
they are not HJB equations.

In this manuscript we investigate Hamilton-Jacobi equations on the Wasserstein space of prob-
ability measures on graphs. Discrete optimal transport calculus, in the space of probability mea-
sures on graphs and gradient and Hamiltonian like flows on graphs, have been studied in many
papers; we refer for instance to [22, 34] [66], [68]. In particular, finite state mean field games have
received significant attention in recent years. Master equation for finite state mean field games
with Wright-Fisher common noise have been studied in [7] and [51] derived master equations from
finite state Hamilton-Jacobi equation which appear in potential games. However very little is
known about Hamilton-Jacobi equations in such spaces. The goal in this manuscript is to develop
a mathematical setup for such equations, introduce a notion of a viscosity solution and study their
well-posedness. Since the set of probability measures on a graph with n vertices is identified with a
simplex in R™, the theory resembles the theory of viscosity solutions in finite dimension. Moreover,
it can be seen that it can be recast in terms of viscosity solutions on Riemannian manifolds with
boundary (see Remark [£.4). We refer for instance to [3] for the theory of viscosity solutions on
Riemannian manifolds. The analogy stops here although in our case the manifold (the simplex) is
flat. We have to deal with Hamiltonians which vanish near the boundary of the simplex since we
are working on the Wasserstein space. This makes our study different from the classical theory of
viscosity solutions. Hence, we present everything from the beginning and with details. We focus
on a class of Hamilton-Jacobi equations with a convex and somehow coercive Hamiltonian and an
individual noise type term. We prove two comparison results, one for an initial boundary value
problem and the second for an initial value problem where the boundary is irrelevant. We also
discuss the existence of viscosity solutions by Perron’s method. Even though Perron’s method
here is a rather straightforward adaptation of the classical Perron’s method, we present full details
for the sake of completeness.

Throughout this manuscript, we fix an undirected graph G = (V, E,w), where V- = {1,--- ,n}
is the set of vertices and E C V2 is the set of edges. The weight w = (w;;) is a n by n symmetric
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matrix with nonnegative entries such that w;; > 0if (i, 5) € E. As in [43], we assume for simplicity
that the graph is connected, simple, with no self-loops or multiple edges. We denote by P(G) the
probability simplex

- 1}

We use a symmetric function g : [0,1]2 — [0, oo), to induce an equivalence relation on S™*"  the
set of n by n skew-symmetric matrices: if p € P(G), we say that v,0 € S"*" are p-equivalent if
(vij — 0ij)gij(p) = 0 for all (i,5) € E. We denote the quotient space by H,. Under appropriate
conditions which will later be specified, g is used to define a metric tensor on P(G) and endow H,
with an inner product and a discrete norm as follows:

{pEOl

(1.1) Z 0ijij9i(p) and |lv]|, ==/ (v,0),, Vov,0€ S
(m JEE

Here the coefficient 1/2 accounts for the fact that whenever (i,j) € E then (j,1) € E.
If ¢ : V — R, its graph gradient denoted V¢ is defined as
Ve = Jwij(di — 9j)(ij)eE
The adjoint of V¢ for the (-,-), inner product is —div, : H, — R" given by

div,(v) = (Z VW09 (p ))n , Yuvesvm,

j=1 =1

We call div, the divergence operator. In this manuscript, we impose that

(1.2) < 400,

/1 dr
0 v g(ra 1- T)
to ensure that the expression W, defined below in (2.7)), is a metric on P(G) (cf. [66] and [43]).

We fix T' > 0 and assume that we are given F,G € C(P(G)) and H € C(P(G) x S™*"). We
denote by L(p, -) the Legendre transform of H(p, -) with respect to the inner product (-, -),. Setting

g(s,t) := 9(s,1),

for s # ¢ such that s,t¢ > 0, in this introduction, we shall keep our focus on the cases where

logs — logt
s—1

(1.3) g has a unique continuous extension to [0, 1]2.
As a consequence, as a function a-priori defined on a subset of (0,1)",
(1.4) p — div,(Vlogp) has a unique continuous extension to [0, 1]™.

We list examples of ¢’s satisfying (|1.3) in (2.5) and (2.6). However, in most of this work, we do
not need to assume that (1.3)) holds.

In light of (T.4)), standard ODEs theory ensures that given o € L'(0,T;S™*") and h > 0, the
system of equations

(1.5) &+ div, (0+ MV log o) =0

has a distributional solution o : [0, T] — R", of class W11
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When the range of o is contained in P(G), we call v a control for o on [0,T]. For t € (0,7] we
consider

¢

(1.6) U(t,p) = inf) {Q(JO) + / (ﬁ(a, v)ds + f(a))ds Do = ,u},
a,v 0

where the infimum is performed over the set of (0,v) such that v is a control for o over [0,¢].

Formally at least, we expect U to satisfy a Hamilton—Jacobi equation, after defining a suitable

notion of Wasserstein gradient operator on the set of functions on P(G). More precisely, we expect

that U would satisfy, in a sense which remains to be specified, the equation

(1.7) OU(t, 1) + H(p, VWU (t, 1)) + F () = hAinald (¢, ).
Here
Aald (t, 1) = (div, (T (1)) log 1) = =0, (Tl (1))
and we have set
Ou(p) = —=(p,Valogp),,  Y(p.p) € P(G) x 8™

We call Ajng, the graph individual noise operator. The assumption (1.3) ensures that O, (p)
satisfies (6.1]), an essential condition in the application of Perron’s method to obtain the existence
of a solution to (1.7)).

The above arguments relating ([1.7)) to the control problem ((1.6) will not be pursued in this
manuscript. This formalism was brought up here only to motivate the study of (1.7)).

Observe that (1.7)) is linear in U, when F = 0, H = 0 and g is given by Example which

means g(s,t) = 1. One can check that the solution in this special case is given by

Uit ) = G(en).
where
Wijg(UuUj), if j e N(i);
e Ay} =9 O it ¢ N(i).j # i
_ZkGN(z’) wirg(oi, o), if j=1.

Here, N(i) := {j € V : w;; > 0}. In fact, for each t > 0, ' is a transition matrix and there
exists a constant C' > 0 such that if y; > € for all i € V' then (etA,u,)i >CetforallieV.

The plan of paper is the following. In Section [2] we present the definitions, notation and the
mathematical setup for the Wasserstein space of probability measures on a finite graph. Section
collects preliminary material about calculus on the Wasserstein space on a graph and in Definition
[3.15] we introduce the so-called individual noise operator. In Section [ we introduce the definition
of viscosity solution and in Section [5| we prove two comparison results. Existence of viscosity
solutions and some regularity results are discussed in Section@ The Appendix (Section contains
proofs of some technical results.

2. DEFINITIONS AND NOTATION

We denote the set of skew—symmetric n x n matrices as S"*". Let G = (V, E,w) denote an
undirected graph of vertices V' = {1, ...,n} and edges E, with a weighted metric w = (w;;) given by
an n by n symmetric matrix with nonnegative entries w;; and such that w;; > 0 if (¢,5) € E. For
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simplicity, assume that the graph is connected and simple, with no self-loops or multiple edges.

We set

Ao = sup w; and Cy, = sup /wi;.
(i,5)eE (i.))EE

The range and kernel of the gradient operator. It is customary to identify a function
¢ :V — R with a vector ¢ = (¢;)"_; € R™. We use the standard inner product and norm on R™:

Zm and o] = V(4 0), Vo beR

=1

We denote by R(V¢) the range of V¢ (defined in the introduction) and by 1 € R™ the vector
whose entries are all equal to 1. Since GG is connected, the kernel of V is the one dimensional
space spanned by 1. The orthogonal complement in R" of the latter space is ker (V)" the set of
h € R™ such that > 7" | h; = 0.

G-Divergence of vector field. The divergence operator associates to any vector field m on
G a function on V defined by

Ve - (m) =divg(m (Z \/aTmﬂ)

JEN(3)

Set of probability measures and its boundary. We identify P(G), the set of probability
measures on V, with the simplex

| Sam1)

We denote for 0 < € < 1, P(G) := P(G) N (e,1)" so that Py(G) is the interior of P(G). The
boundary of P(G) is P(G) \ Po(G).

The set C(p°, 1) of paths connections probability measures. Given p%, p! € P(G), we
denote as C(po 1) the set of pairs (o, m) such that

o€ H'(0,,P(G)), m e L*(0,1;8™"),  (0(0),0(1)) = (p", p")

(2.1) o; + Z Vwijmj; =0, in the weak sense on (0, 1).
JEN()
Throughout this manuscript g : [0,00) % [0, 00) — [0, 00) satisfies the following assumptions:
(H-i) g is continuous on [0, 00) X [0,00) and is of class C* on (0, 00) X (0, c0);
(H-ii) g(r,s) = g(s,r) for any s,r € [0, 00);
(H-iii) min{r,s} < g(r,s) < max{r s} for any r, s € [0,00);
)
v)

(H-iv) g(Ar,As) = Ag(r, s) for any A, s, 7 € [0, 00);
(H-v) g is concave.

We set
gij(p) = 9(pi,pj), VpeR", VijeV.
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The Hilbert spaces H, and integration by parts. If p € P(G), we shall use the inner
product defined in (1.1)). Similarly, if m,m € S"*", we set

- 1 -
(m,m) = 3 Z miymi;  and ||m]| = /(m, m).
(i,))eE
If € R™ and v € S"™*", we have the integration by parts formula
(2.2) (Vag,v)p, = —(¢,div,(v)).

Using the notation from [43], we denote by T, P(G) the closure of the range of V¢ in H,. We refer
to T,P(G) as the tangent space to P(G). We denote by 7, the projection onto T,P(G).

Using the fact that by (H-iii) g;;(p) < pi + p;, one shows that
(2.3) Idivy ()l < V2nCo [[v]lps  and so,  [[divy(v)lle, < V2nC,, [[0]],-

Connected components. Let p € P(G). We say that i,j € V are g-connected if either i = j or
i # j but there are iy, 19, ...,i; € V such that iy =4, i = j, (ij,441) € Efor I =1,....k — 1 and

k
H i1y (:0> > 0.
=2

Example 2.1. Ezamples of g satisfying (H-1)-(H-v) and (1.2]) include

(24) glr.s) =22,
1 log::lsogs7 Zf r 7& 85
(2.5) g(r,s) = / rtstdt = 0, if r=0o0rs=0;
0 T, if r=s,
and
0, if r=0o0rs=0;
(2.6) g(rs) = lZi’ otherwise.

One can generate more examples by taking conver combinations of the g’s in (2.4)-(2.6)).

The Monge-Kantorovich metric on P(G). We define the square 2-Monge-Kantorovich metric
between pY, p! € P(G) by

1
27) W, pl) = (inf){ / (v, v)gdt ‘ &+ divy(v) = 0, 0(0) = p°, o(1) = pl}.
o, 0

Here the infimum is performed over the set of pairs (o,v) such that o € H'(0,1;R") and v :
[0,1] — S™*™ is measurable. Recall that if C; < +o00, then W(p°, p!) < 400 for any p%, p! € P(G)
(see Proposition 3.7 [43]). There exists a minimizer (o, v) in such that ||v|l, = W(p°, p')
almost everywhere on (0,1). Using the continuity equation and the second identity in , we
conclude that

(2.8) 16(t) e < V20CW(R°, p").

This proves that the W1h*-norm of ¢ is bounded by a constant depending only on n,g, G,w.
Further assume that vp(p%), vp(p') > 0, where vp is the Poincaré function on G given in [43]. By
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Remark 6.5 and Theorem 7.5 [43], we can find a Borel map ¢ = ¢[p", p'] : [0,1] — R™ such that
v =Vg¢ and
(2.9) vij = Vg¢ is uniquely determined on {t € (0,1) : g;;(o(t)) > 0}.

Under the stringent assumption that there exists € > 0 such that p°, p* € P.(G), Theorem 7.3 [43]
asserts that [|¢[|yy1.1(0,1) is bounded by a constant which is independent of pY and p'. Thus,

(2.10) (p°, pt) = 8[p°, p'](1) is continuous for the metric £; on Pc(G) x P(G).

Remark 2.2. We recall that the (P(G), W) topology is the same as the (P(G),¢1) topology (cf.
[66]) and thus it is also the same as the {a—topology. Therefore, P(G) is a compact set and the
notion of a continuous function is the same for all these three topologies. In particular, Po(G) is
a dense subset of P(G) for the W-topology. Since P(G) is a compact set, it has a finite diameter.

Throughout the paper, for any » > 0 and p € P(G), we denote the open ball with radius r
centered at p in (P(G), |- ||e,) by Br(1). By Remark[2.2] B,(p) is also an open neighborhood of p
in (P(G),W) and in (P(G),|| - |l¢,)- Similarly, for any t € [0,T],7 > 0, € P(G), we use B,(t, u)
to denote the open ball with radius 7 centered at (¢, ) in [0,7] x (P(G), || - |le,)-

3. PRELIMINARIES

Throughout the section, we use the same notation as in Section [2] and assume that (H-i)-(H-v)

and (1.2)) hold. For p € P(G), we set

= Ssu \/i "
(3:1) Aolp) = (i,j)gE { VWij \/9:5(p)

Note that Ag(p) < oo if p has a g-connected component of cardinality greater than or equal to 2.

: 9ij(p) > 0}-

Remark 3.1. If e > 0 and p € P(G) is such that p; > € for alli € V then \y(p) < v/2X,€e 0.
3.1. Further properties of tangent vectors and tangent spaces. For p € P(G) and v €
T,P(G), denote by [v], the set of © € T, P(G) such that v and © are p—equivalent.

Lemma 3.2. For any p € P(G) such that A\y(p) < oo, there exists P, : T,P(G) — R™ such that
if p € R™ and we set 1) := P,,([Vqu]p) then

(i) Ve and Vg are p-equivalent and so,
(i) 03] < Xy(0)|| V| for allie V.

Vadl, = [Vai ],

Proof. Let Ci(p),- -+ ,Cn(p) be all the g-connected components of p € P(G) and forl € {1,--- | N},
set

k; ;= min k.
keCi(p)

Given ¢ : V — R, we define

i = dj — ¢r,, Vi€ Ci(p).
Note that if 7,5 € Ci(p) then
(3.2) Y, =0 and (Vay)i; = (Vao)ij-

This is enough to conclude that Vg1 and Vg¢ are p-equivalent.
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If i € Ci(p) and @ # ki, we can find Iy = k;,--- ,lo, = ¢ such that g;,,,- - s Gla;—1la, > 0. The
identity
Ui, = V1,1 + (Vo)

and 1;, = 0 implies that the sequence (wlm)f::l is uniquely determined by Vg¢. This is enough
to conclude that the map P, is well-defined.

Let E; be the set of (4,j) in E such that i,57 € Cj(p). We use the first identity in (3.2)) to

conclude that
2HV(;¢H Z Z VGQP 92]( )-
= ( 7])€El
If i € Cy(p) and ¢ # kK, using the above notation, we have

, Ym > 2

Im lmfl

2 i 9
ZHVc;stp > wisty Uy Gt () + D Wi st (Vi s = Vi)™ Gl 11 (P)-
m=3

One checks that

N V2
|ihi] < Z W ,79% - HVG¢Hp-

We conclude that (ii) holds for i in the union of the sets Cj(p) of a cardinality greater than or equal
to 2. It is obvious that (ii) continues to hold for ¢ in the union of the sets Cj(p) with cardinality

1. The proof of (iii) follows from the fact that v; = ¢; — ¢1 and wi; [1;|? g1i(p) < HVC,vngi. O

Corollary 3.3. By Lemma if p € P(GQ) and Ag(p) < oo, then for any v € T,P(G) there exists
1 € R™ such that v =Vgy and |[¢;| < Ag(p)||v]l, for all i € V.

3.2. The Wasserstein metric and the space of absolutely continuous paths on (P(G), W).
Lemma 3.4. For any p,p € P(G), we have ||p — plle, < 2¢/nCy, W(p, p).

Proof. Since there exists a VW geodesic connecting p to p, (cf. Theorem 4.5-(i) in [43]), we use
(2.8) to conclude. O
Lemma 3.5. If € > 0 and p,p € P(G) are such that p;, p; > € for all i € V then

VeW(p,p) < V2 un |5 = plle,.-

Proof. Setting
o) =(1—tp+tp,  Vte[0,1]
we have o;(t) > € for i € V and t € [0, 1]. We then use Remark to conclude that

(3.3) N(o(B)VE < VDo,
We define
L
B0) = [ (5IVa0lE — 0.=p)dt. Vo€ 20 1R")

For ¢ € L*(0,1;R™), using the operator P, from Lemma [3.2| and setting 1 (t) = ¢(t) — ¢1(t), we
have

P € L*(0,,R™), ¢ =P, (Vao(t)],), E(¢)=E®).
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By (3.3),
1 c , )
2) = [ (55501 = 1ol 1= ol )t

This proves that F is bounded from below and if (1) is a sequence in the range of P, such that
(E(T/Jk))k decreases to the infimum of E over L?(0,1;R"™) then (v;) is bounded in L?(0,1;R™).
Hence, (¢)r admits a point of accumulation 1, for the weak topology. Since ¢ — E(¢) is a
quadratic and convex function, we conclude that

lim inf E(4s) > E(hoo)

We can assume without loss of generality that 1o = P, ([ngoo} U). The Euler-Lagrange equation
satisfied by 1 is

1
(3.4) / ((Voto Vao), = (= p.@))dt =0, ¥ e L%(0,1;R").
0
This means that
(3.5) 6+ divy(Vaheo) = 0.

Using ¢ = 1 in (3.4), we obtain
1 ) 1 1 1
/0 |Vatool|, dt = /0 (P = pytboo)dt < [P = plle, /0 Voo lledt < |7 = plley /0 Ag(0) IV Gthool|odt.
We first use (3.3]) and then use Holder’s inequality to conclude that
1 1
[ 1ot <ol VI [ Fovelpar
0 0

We simplify the previous identity and use the fact that, by (3.5)), Vgt is a velocity for o to
obtain

1 1
W(e(0),0(1)) S/ IVGthoollodt < \// IVavoollzdt < o= plley V2Awe n.
0 0

This concludes the proof. ]

Remark 3.6. Let ¢ > 0 and let p € P(G) be such that p; > € for all i € V. Suppose f € R™ is
such that Y i | fi = 0. As done in Lemma one can show that there exists ¢ € R"™ such that

f+divy(Vag) =0, [[Vaoll, <[ flle V2Auetn.
Remark 3.7. Suppose that o : [0,1] = P(G) and v : [0,1] — R"™ is a Borel map such that

0 +divy(v) =0 in the weak sense in (0,1) and /01 ”’U(t)H?T(t)dt < +o0.
By definition of W, we have that o is an absolutely continuous curve on (P(G), W) since
W(o(t),o(s)) < /t lvllodr, VO<s<t<l.
s
Hence, if we denote by |o’|w the W metric derivative of o, then o'l < ||v|, a.e. on (0,1).

We next show that v can be chosen in an optimal way.
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Proposition 3.8. Suppose that o : [0,1] — P(G) such that

(3.6) W(o(t), o(s)) < / B(r)dr and B € L2(0,1).
t
Then there exists v : (0,1) — S"™*™ Borel such that v(t) € Ty P(G) for almost every t,
(3.7) 0+ divy(v) =0 in the weak sense in (0,1)
and
(3.8) [vllo < lo'lw < B, 6] <V2nCuld'lw ae on [0,1].
Proof. We skip the proof since it is similar to the proof of Theorem 8.3.1 of [2]. O

3.3. The Wasserstein gradient on P(G).
Definition 3.9 (Wasserstein gradient). Let F : P(G) — R and p € P(G).

(i) We say that F is W-differentiable at p if there exist v € T,P(G) and C > 0 such that: for
every € > 0 there exists § > 0 such that if p € P(G) and v € T,P(G) then

3.9)  lp—rle <6 = [F(p)—F(p) = (0,0),] <eW(p,p) +C||p— p+div, ()|,

(i) We write F € CY*(Po(G), W) if F is W-differentiable everywhere on Po(G) and its Wasser-
stein gradient VyF is continuous on Po(G).

Remark 3.10. Let F and p be as in Definition[3.9

(1) We will later show that when there exists v as in Deﬁnition it is uniquely determined.
If this is the case, we use the notation v = VywF(p) and call v the Wasserstein gradient
of F at p. One similarly defines Wasserstein sub and super gradients.

(ii) Observe that if p € Po(G) then for any p in a small enough neighborhood of p in P(G),
| - |l5 and || - ||¢, are equivalent. Therefore in Definition there is no confusion about
what it means that VywF is continuous on Po(G).

Definition 3.11 (Fréchet derivative). Let F : P(G) — R and let p € P(G).

(i) We say that F has a Fréchet derivative at p if there exists p € R™ such that

B10)  n=0 and i 200D = F0)
=1

s—0t S

= (p,p =), Y0 € P(G).

We will later show that there is at most one p € R™ satisfying (3.10). When such p exists,

we write p = %—]p:(p) and call it the Fréchet derivative at p. Lemma shows a relation

between %—]p: and VwF. One similarly defines Fréchet sub and super differentials.
(ii) We write that F € CY(Po(G), £2) if F has a continuous Fréchet derivative everywhere on
Po(G).

Lemma 3.12. If ViwF(p) exists for some p € P(G), then it is uniquely determined as an element
of the quotient space T,P(G).
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Proof. Assume v, 0 € T,P(G) are Wasserstein gradients of F at p. We are to show that if (,j) € £
and g;;(p) > 0 then v;; = v;;. We assume without loss of generality that p; > p;. Since by (H-iii)
we have (p;, pj) # (0,0), we conclude that p; > 0. For 0 < a << 1, we set v}, = 0 except that

a a Wij
(3.11) v = —vj; = 791']'(0) a.
Note that div,(v®), = 0 when k # ¢, j and
div,(v?); = wija = —div,y(v?);.
We set
(3.12) o(s) =p—sdiv,(v*), p=o(1), V%(s)= UOLM, Vs € [0, 1].
9ij((5))

Since 0 < a << 1, the range of o is contained in P(G) and the range of g;; o o lies in (0, 00).

Let € > 0 and let § > 0 be such that (3.9) holds for v and ¥. Assuming 2w;;ja < 0 we get
lp— plle, <. Since p — p + div,(v) = 0, we conclude that

|F(p) — F(p) — (v, 0),|, |F(B) — Flp) — (v°,9),| < eW(p, p)

and so,
(3.13) [(v*, v = D),| < 2eW(p, p).
But,
(3.14) ‘(v“,v —0),| = wgalvij — 0] and  div,(v?) = dive(s?).
The first identity in and the last identity in yield ¢ + div, (%) = 0. Thus,
! 1
/ o U(S s = s /o 9(pi — wijas, pj + Wijas)ds'

We conclude that for a sufficiently small, we have

1
(3.15) W2(p, p) < /0 ||17“(5)||§(5)ds = a?C?wjj, C? .= gj(p)'
This, together with and the first identity in , implies

Vwijalvig — 05 < 2, /wizeaC.
Since € > 0 is arbitrary, we conclude that |v;; — ;5| = 0. O

Lemma 3.13. If %(p) exists for p € P(G), then it is uniquely determined.

Proof. Suppose &, € € R™ are Fréchet derivatives of F at p- The second identity in 1) implies
that (€ —¢&,7 — p) = 0 for all p € P(G). This means that € — ¢ is parallel to 1 := (1,---,1). The
first identity in 0) implies that £ — ¢ is perpendicular to 1. Consequently, £ — & = 0. U

Lemma 3.14. Let F : P(G) = R and p € P(G).

(i) If F has both the Fréchet derivative and the Wasserstein gradient at p then VywF(p) =

Va(0F/0p)(p).
(ii) If F has the Fréchet derivative in an ¢1-neighborhood of p and if §F /dp is continuous
at p for the £y metric, then F has the Wasserstein gradient at p and v := Vi F(p) =

Va(6F/6p)(p).
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Proof. (i) Suppose that F has both the Fréchet derivative and the Wasserstein gradient at p
and set v! = Vg (0F/5p)(p), v} = VwF(p). We are to show that whenever (i,5j) € E is such
that g;;(p) > 0, we have vilj = v?] We can assume without loss of generality that p; > p;. For
0 <a<<1,let v* be as in and let 0%(s) € P(G) be as in (3.12). We first use the fact that
F has the Wasserstein gradient at p and then use that F has the Fréchet derivative at p to obtain

o%(s)) — 1)
(v“,v2)p = lim Flo%(s)) = F(p) = —<6}p-(p),divp(va)> = (va,vl)p.

[ W
—a Ve v?j:—a Ve vz-lj, V0 <a<<1
gz‘j(P) gij(p)

This means

1 2
and so, V= Uy

(ii) Assume that F has the Fréchet derivative in an ¢1-neighborhood of p and 6 F /dp is continuous
at p for the ¢; metric. Thanks to Lemma we may choose a constant ¢ = ¢(G, g) such that
|- —1le, < eWC(-,-). Let dp > 0 be such that F has the Fréchet derivative in B, the closed ¢;-ball
of radius dp and centered at p. Let € > 0 and choose ¢ € (0, dp) such that

2e sup |2 ) - 52|, <
neB loo
Assume
FEPG) and [5—plo <do, ©ET,P(G).
Set pr := p+t(p—p). Ilf t € (0,1) and |h| is small enough, since pyp = pr +h(p—pt), t = F(pt) is
differentiable on (0,1) and its Fréchet derivative is (6F/dp(pt), p — p). Since 6F /8p is continuous
at p, its absolute value is bounded by a constant M on B. Thus, ¢t — F(p;) is Lipschitz and so,

Fio - 5o = (2 @.5-0) + [ (- 2005 p)a

op op dp
Thus,
OF 0OF , | _ L
Fio = Fiow =(Va 01:0) + (G007 aivio))
L(6F 5F
I i
\ 3, (pt) — 5p( p),p—p
Hence,
_ OF _

F(p) = (o) = (0.9), | < |50 ,_llo = p+ divi@)l, + sup || 5o =50, 1=l

We bound the ¢; norm by the W-metric and use the condltlon on € to conclude (ii). O

Definition 3.15. If u : P(G) — R is differentiable at p € Py(G), the graph individual noise
operator Niq 1s defined by

(3.16) Aipau(p) == <divp (Vwu(p)),log p).

When ([1.3)) holds, we can extend the definition of Ay,qu(p) up to the boundary of P(G). Integrating
by parts (cf. (2.2])), we conclude that

(3.17) Ainat(p) = —(Vwulp), Ve log p)p.
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Remark 3.16. In the continuum setting, the individual noise operator is known to be a second
order differential operator, obtained by differentiating Wasserstein derivatives with respect to spatial
derivatives. However, in the discrete setting, the individual noise operator is obtained just as a
special combination of first order Wasserstein derivatives. Here, the spatial graph gradient exists
for every function since there is no notion of smoothness with respect to the graph gradient.

Lemma 3.17. LetT > 0 ando € AC2((0,T); (P(G),W)) and let v be the velocity given by Propo-
sition . The proposition asserts that T, the set of tg € (0,T) such that the metric derivative of
o at ty exists, v(to) € T, P(G), o is differentiable at to and
(3.18) & (to) + divysg)(v(to)) = 0,

is of full measure in (0,T). If F : P(G) — R has the Wasserstein gradient at o(ty) and ty € T
then

d
GFem)|_, = (YwFelo)viw)
If we further assume that %(U(to)) exists, then

jt}“(o(t))‘tto (fsf( (to)), (t0)>_

Proof. Let tyg € T and let C > 0 be such that for every € > 0 there exists § > 0 such that if
p =o(to) and v € T,;)P(G) then (3.9) holds. Let 6: (—1,1) — R be a function continuous at 0
and such that 0(0) = 0 and

o(t) —o(to) + (t — to)divy(y) (v(to)) = (t —to)o(t — to).
For ||lo(t) — o(to)|le, << 1, we use (3.9) to infer

F) = FO) (g 2(.uite)) | < 2 E:2)
’ p

+ Cllo(t —to)lle, -

t—to T |t =t
Hence,
t —
timsup [T =FO) g 70 wto) | < elol(to).
t—to t—1o P

which proves the first statement of the lemma, as € > 0 is arbitrary. In light of Lemma [3.14], we
now conclude that the second statement of the lemma holds. O

Corollary 3.18. Assume that F : Po(G) — R has a local minimum at p € Py(G).

(i) If F € C*(Po(G), W) then VwF(p) = 0.
(ii) If F € CH(Po(Q), o) then 5 (p) = 0.

Proof. (i) Assume that F € C'(Py(G),W). Let (0,7%) be as in the proof of Lemma 2, except
that now, we can choose § > 0 such that o : [—4,d] — Py(G). By Lemma [3.17] and the mlnlmahty
property of F and p, the following proves (i):

F(o(t) - F(p)
t

- (VW}-(p)’@a(O)) :a(vW}—( )) wzy.

0=
p Gij (p)

(ii) Assume that F € C*(Py(G),£2). For any f € R" such that Y. | f; =0, t = F(p+tf)
achieves its minimum at ¢ = 0 and so, its derivative at ¢ = 0 is null, which means (f, %(p)) =0.
We choose f = %(p) to conclude that %(p) = 0. O
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4. VISCOSITY SOLUTIONS ON P(G).

In this section we introduce a notion of viscosity solution. We assume that (1.2]) hold. We fix
T > 0 and assume that F € C(P(G)) and H € C(P(G) x S™*™).

Recall that we denote by C1(Py(G), f2) the set of real valued functions on Py(G) which have a
continuous Fréchet derivative and we denote by C*(Py(G), W) the set of real valued functions on
Po(G) which have a continuous Wasserstein gradient. By Lemma (ii),

CH(Po(G), £2) C CH(Po(G), W).
Note that for v € P(G), the function
(4.1) p— T (p,v) = 1/2|u = v||Z,
is of class C1(Py(Q), ). Similarly, J (i, -) is of class C*(Py(G), £2) and we have
YwI(v)(w) =Valp—v) and VT (u,-)(v) = Va(v — p).
We also consider the function
(4.2) P T 32 = ST, Ve Ro(C),
i=1 """ =1
which is of class C1(Py(G), £2).
For each 1 € P(G), we assume to be given a linear functional
0, :§"" SR

such that u — O,(p) is continuous for all p € S"*".

Remark 4.1. Any H : P(G) x ™" — R, can be written as H(u, p) = H(u, p) + F(u), where

H(p,p) == H(p,p) — H(p, 0),  F(u) :=H(p,0).
In the sequel, we chose to adopt the notation H(p, p)+F (1) only to emphasize the fact that we will
impose assumptions on H(p,p) — H(w,0). Therefore, H(u,p) + F(u) represents a large class of
Hamiltonians and is not contained in the restrictive class of the discrete analogue of the so-called
“separable Hamailtonians”.

Given ug : P(G) — R, we consider the Hamilton-Jacobi equation
(4.3) Oult, 1) + H(p, Vwu(t, p) + F () = Op(Vwult, p)),  u(0,-) = uo

for a class of Hamiltonian functions H which will be specified later.

Definition 4.2.

(i) A function u € USC([0,T) x Po(G)) is a viscosity subsolution to (4.3)) if u(0,-) < wup and
for every (to, po) € (0,T) x Po(G) and every ¢ € C*((0,T) x Py(G),l2) such that u — ¢
has a local maximum at (to, po), we have

drp(to, po) + H(po, Vwe(to, po)) + F(po) < Opy (Ve (to, po)).

(ii) A function u € LSC([0,T) X Po(Q)) is a viscosity supersolution to (4.3) if u(0,-) > ug and
for every (to, po) € (0,T) x Po(G) and every ¢ € C'((0,T) x Po(G),¥2) such that u — ¢
has a local minimum at (to, po), we have

due(to, po) + Hpo, Viwe(to, po)) + F(po) = Opy (Viwe(to, po))-
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(iii) A function u is a viscosity solution of (4.3) if it is both a wviscosity subsolution and a
viscosity supersolution.

Remark 4.3. By Corollary every p € C1((0,T)xPo(G), L) which achieves a local mazimum
at (t, 1) € (0,T)xPo(G), satisfies Opp(t, 1) = 0 and Vwe(t, ) = 0. Hence, every smooth function
for which holds pointwise on (0,T) x Po(G), is also a wviscosity solution. An analogous
conclusion can be drawn for viscosity subsolutions and supersolutions.

Remark 4.4. For any (i,j) € E such that 1 < i < j < n, we define e;; € R™ to be such that all
its entries are null, except that the i-th entry is —1 and the jth entry is 1. If u : P(G) — R and
its Fréchet derivative exists at p € Po(G), we can define the following limit when it exists:

Veiiu(p) i lim U210 o)
p t—0 t

When the Fréchet derivative of u exists in a neighborhood of p and is continuous at p, then
ou
Vwu(p) =Val| —
wilp) = Ve (5 ) ()
and so, \/wi;V¥iu(p) are the entries of Viyu(p).
Thus, if we consider Po(G) to be a flat Riemannian manifold, Viyu(p) only depends on the
derivatives of u in the directions that span the tangent space. Hence, we can conclude that if u is
a Wasserstein-viscosity solution to

du(t, p) +H(p, Vwul(t, p)) + F(p) = Op(Vwu(t, p))

then at least formally, u is a viscosity solution to

drult, p) + M (p, (VI Vult, ) ) + Flp) = O, (e Voiult, p) )

which we can consider to be a PDE on a flat Riemannian manifold. Moreover, after a change of
coordinates, the equation can be transformed into an equation on (0,T) x Q, where Q is an open
subset of R"1,

5. COMPARISON PRINCIPLES

In this section we show comparison principles for viscosity solutions to equation (4.3[). We will
consider two cases, a boundary value problem for (4.3) and a case when the boundary P(G)\ Py(G)

is irrelevant.

We now introduce the assumptions on H and O. We fix £ > 1 and assume that and there
exist positive constants t, > 1 and non-negative functions v, y,w, € C(]0,00)) such that for any
w,v € Po(@), and p,q € S"*", the following hold:

(A-i) H € C(Po(G) x S™*™) and H(u, ) is convex.
(A-ii) limy_,1+ 7(t) =1, ~(t) > 1 for any ¢ € (1,¢,) and we have

ty(t)H(psp) < Hip,tp) < 3(t) H(p,p), V> 0.

(A-iii) For every 0 < e < 1 there exists 6 > 0 such that 0c[|p[|}; < H(u,p) for all u € Pe(G).
(A-iv) We have H(u,0) = 0 and there are moduli w, and constants C, for 0 < € < 1 such that

(i)~ Hp) > ~wellln = vle) ol = Clllplle — ol (Il + oI5 ™), Vi € Pe(G).
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(A-v) If Z is as in then
[H(p, )| < ClIplIEZ(n) ™", V(i p) € Po(G) x 8™

(O) There exist a constant C' > 0 and for every 0 < € < 1 a constant C, such that for every
b1,ba > 0 (if J is as in )
sy O (blij(-, V) (n) + bngz(u)) o, (blij(u, ) + bngz(y))
< Cebrllp = vIIZ, + Cor(INWZ(i) W Z(1) ™" + IVWI@) [ Z(v)™Y), Vi, v € Pe(G).

Example 5.1. Let a € C(P(G)) be non-negative such that aZ" is bounded from above and for
every € > 0, there exists 0 > 0 such that a > 0. when p € P(G). Setting H(p,p) := a(u)||pll}:,
we have

H(p,p) = H(v,q) + (alp) — a@)pll + a@) (5 = llall?)-

We choose wy to be the modulus of continuity of a and we use the fact that

< &|Ipll — llallv| (uprz-l n Hquz-l),

[Iplls = lal

to conclude that (A-i)-(A-v) hold.

Observe that the {a-Lipschitz constant of the function J := =1 on Po(G) is less than or equal
to 1 and so, J admits a unique Lipschitz extension on P(G) which we continue to denote by J.
Since on Po(G), J(p) < pi for alli € V, one concludes that nJ <y .y, u; =1 on P(G), and J
vanishes on the boundary of P(G). Therefore, (A-i)-(A-v) hold for

a(p) := CoJ"(p), 6.=Coe"n™", C.:=rCyn ".
Remark 5.2. Since IT=! is bounded from above by n, (A-v) implies that
(5.2) [H(p,p)| < Cn"Ipll;,  V(p,p) € P(G) x §*7".
Example 5.3. Assume that O, is the graph individual noise operator so that
Oup) = —(p, Valogp) -

We have

O, (VWI(M)> = —% > (YWI(w) o) (Valog ),

(k)EE

> O VwLi(w) yar(m) (Valog ),

(k)eE  j=1

N | =

One checks that

(5.3)

0 ifk,l£jork=1=},
0Z; 11 11 1 I\T 0T, o,
)= —(=. ... . —_1.= ... = \v4 J =< —wogu;* ifk =741 ,
5lu(lu’) /«LJQ(n’ ’TL’?’L 7n7 an) P G(é[t)('u) jluj f J #]

VR Y ik # gl =.
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Hence,

1
OM<VWI(M)> = > wigji(w)— (log pj — log i)
GeE Hj

11
= > lele(M)(ﬂg_>(logﬂj_10g,ul)

2
Gh)eE,j<I i M
M+
(5.4) =— > legjl(:u)( 3 2J> (log pj —log ) (pj — ) <0,
(G,)EE,j<I Hit

where we have used the fact that (log p; —log ) (p; — ) > 0.

Note that

1

O, (VWJ('»V)(M)> =3 Z wij (i — vi) = (5 — v5)) (log ps — log 1) gij (1)

0, (VW ()W) + 0 (VT (1, ()

=-—c wij (i — vi) = (w5 — vj)) ((10g pi —1og 115) gij (1) — (logv; — log Vj)gij(y))-

We denote by E;; each one of the expressions in the above sum. Since

Bij =~ %wij((ﬂi —vi) = (1 = vj)) ((logui —logv;) + (logv; — IOg/ij))gij(/J)
- %wz‘j((ui — ;) — (1 — v3)) (log vi — logv;) (gij (1) — gi;(v)),

we conclude that
Eij < Cellp— v,

where

1 . 2C,

Ce :=2C, log <7> Lip(gleap2) + —-

€ €

Hence,
2 2
Ou(TwT (1)) + O (VT (1, ) () ) < n2Cllp— w3,

This concludes the proof of (5.1]).

Remark 5.4. The conclusion in Example continues to hold if instead of Z(p) = >y 1/ i,
we take T(p) = Y iy L(pi) for any positive function £ € C*°(0,400) such that £ < 0. We would

need to impose an additional condition that lim,_,o+ £(t) = +o0, to use ),y £(p;) in place of

> icv 1/ui in the proof of the comparison principle.

Let u be a viscosity subsolution and v be a viscosity supersolution to (4.3)) such that v and —v
are bounded above. For any a, 3,¢,0 € (0,1], A € (%, 1], we define
B B

\Ijo(t,S,/L,l/) = )\U(t,,u) — U(S,I/) — Ti—t — T s
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and 9 "
o =vIE, (- o2 L,
W, 5t = Wt - 2 - (7 f).
a,e,é( y S5 Wy V) 0( 787:“?”) % 26 CL; i + v;
We set
M .= sup \IJO(t7t7,U’7 /’L))
[OvT)XPO(G)
"1
Ma = sup \Ilo(t,t,/.l,,ﬂ) - 20’2 1>
[0,7) % Po(G) iz Hi

n

e = vII7 11
Ma7€ = Sup (\Ilo(t’ tmumu’) - Tﬁz o az (7 + ;) )
i

[0,T)xPo(G)?

Ma,e,é = sup ‘Ija,e,ﬁ-
[0,7)2xPo(G)?

Since for every f,a,€,0 € (0,1] and % <A<1, Myes < M, for some constant My, it is easy to
see (see e.g. [27], Proposition 3.7 for such argument) that

(5.5) lim M, (5 = Mg,
6—0
(5.6) lim M, = M,,
6—0
(5.7) lim M, = M.
§—0

Theorem 5.5 (Comparison Principle, No Boundary Condition). Assume that H satisfies (A-
i)-(A-v) and F € C(P(G)). Assume further that O is as above and satisfies (O). If u is a
viscosity subsolution to , v 1S a viscosity supersolution to , u, —v are bounded above and
u(0,-) < v(0,+) on Py(G), then u <wv in [0,T) x Po(G).

Proof. Suppose on the contrary that u < v in [0,T) x Po(G) fails. Let (i, i) € (0,T) x Po(G) be
such that 3e := u(t, i) —v(¢, 1) > 0.

Step 1. Properties of mazimizer of ¥, 5. We will use the notation ¥ in place of ¥, s and to
alleviate the notation, we simply denote a maximizer of ¥, s by (¢, 3, i, 7), without displaying
the dependence in (3, a,¢€,d. It is clear that there exist 0 < Ag < 1,8y > 0,a9 > 0 such that if
M <A< 1,0<8<fpand 0 < a < ag, then U(t, 8, a,7) > 2e and Au(0,z) — v(0,1) < e.
Moreover, we always have
(58) hi, U; > cia, VieV
for some independent constant c¢;.

We start by observing that

t—5)?2 - t—35)°
(59) Ma,e,é + ( 45 ) = \I](tv S, [y ﬁ) + (46) = Ma,ﬁ,Qé
and

n—vl|?  (t—3)?
(510) Ma,e,é‘i‘ Hlu de H + ( 45) < Ma,2e,26
Thus, (5.9)), together with (5.5)), implies that
(t-35)?

(5.11) lim =0, Va, € > 0.

6—0 1)
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Now ({5.5)), (5.6) and (5.10]) give us

= 12
-
(5.12) lim lim sup u =

e—=0 550 €

Similarly, since

D2 (T &2
a, ., _ _ n—v t—§
(5.13) Maes + 2@ + 7)) + B O g
(-5), (5.6) and (5.7)) yield
(5.14) lim lim sup limsup a(Z (i) + Z(7)) = 0.
a=0 0 6—0

Since W is upper semicontinuous, in particular it follows from (5.8)), (5.11]) and (5.12) (even though
the full conclusions of (5.8)), (5.11)), (5.12) are not necessary) that for A\g < A < 1,0 < 8 < 5,0 <
a < ag and for sufficiently small ¢, §, we must have ¢,5 > 0.

Step 2. Control on gradients of C' functions which touch w from above or touch v from below.
Observe that,

@ (tp) — + +

B j(/‘ﬂj) t—S
AT —1t) e 2\ )\Z

belongs to C* ((0,T) x Po(G), £2) and is such that u — ¢ achieves its maximum at (¢, i) in (0,7 x
Po(G). Since u is a viscosity subsolution, we infer

B t—s D
< (£
Tt +/\H<u,>\>+)\}"( ) AO“<)\>,

where we have set

B VwI (-, D) (1 _ _ _

pi= W(E)(M) +aVwI(fi) =: p1 + po.
Let Foo € R be such that |F| < Foo. We have

g t—3 _

(5.15) ot +A7—L<u, ) + F(i) — 0a(p) < (1 — N)Foo.

By (.3), we can find a constant C' independent of p such that
(5.16) IVwIZ(@)lls < OZ

Since H(f, -) is a convex function and 7 := (1 4+ X\)/2 is between 0 and 1, we have

(5. 5) 2 () 2 )

Using (5.16)) and (A-v), we obtain for a constant C' > C' independent of a, €, § such that

)2 (o) el (v ) i

By (5.14]), we can find w(a, €, d) such that lim, ¢ lim sup,_,q lim sups_,qw(a,€,4) = 0 and

AH( )\)>)\”H( p—;)—w(a,e,é).
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Now (A-ii) and (5.15)) imply

B t—s
(5.17) T2 T 5

() 1) + F (i) = Oalp) < (1= M) Foe + 0(a,.0).

Similarly,

] B Ty | (s &1
: — —
o (s,v) T—3+ . + 55 —i-a;w
belongs to C*((0,T) x Py(G), l2) and is such that v+ ¢ achieves its minimum at (5, ) in (0,T) x
Po(G). Using the fact that v is a viscosity supersolution, we infer
B 55—t

g = T 0 + F(7) - Onlg) 2 0.

(5.18)

Here, we have set
7=~ VW (1, )() — aVwI() = ~a1 — o
We notice that —q; = p1.
Since n > A, in light of (A-ii), for 7 < 1 sufficiently close to 1 we have

ri=(1)-m(3) >0

Similarly as before, we use the convexity of H(7,-), (A-ii) and (A-v), to obtain
p 1
H(v,a) < mi(0, ) + 0= (r—7——a2) < 7 (2)H(731) +w(a.e0),
where w is as before. This, together with (5.18|) implies that

_% - ET_t + TVG)”H(D@) + F(7) — O0p(q) + w(a,e,0) = 0.

We combine this with (5.17)) to conclude that

1—171

(M) - (5 ) ) + Fp) — F )
< (1= N)Foo — 28T 4+ 0u(p) — O3(q) + w(a, €, 6).

By (5.1), (5.12), (5.14) and (5.16),

V(QH(’WQ - TW(%)H(”’W + F(fi) — F(7) < (1= M) Foo — 2872 + w(a, €, 0)

(for a different w(a, €, d) satisfying the same properties) and hence, using (A-iii),

1 _
w(2) (M5 1) = H (@ 1) ) + F (@) = F0) + 1o 911 < (1= N Foo = 26T +w(a, e, ).
Thanks to (A-iv), we conclude that if wr is the ¢3-modulus of continuity of F then
e ~ — — ||k — = — |K— — K— — ||k
= 73(=) (waer (1 = Zle) 191115 + Caea 151115 = Wpello| (500 + Wpall57) ) + 78y 1115
(5.19)
<1 = NFoo =287 2 +wr(||f — 7le,) +wla,e,6).
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Step 3. Relative smallness of |||p1||z — ||p1]l7|. Using the fact that p;,v; > acy for alli=1,...,n,
we easily have

Bl — 122ls] < [I71% — 1222

N

1

S o (6 - 950)| | < Kalmlallln o1
(i,j)€E
and
D1l < Kallpilla
for some constant K.

Putting it all together in (5.19) we obtain that for some constant K,

1
- K, (wacl(llﬂ = Vlle,) + 2 — DIIEQ) P15 + 70acy 1P1 ]|
<1 = N)Foo =287 2 +wr (| — 7|l¢,) +wla, e, ).

We now take A so that (1 — A\)Fn < 72 and then take lim, o limsup,_, lim sups_,q of both
sides of the above and use ([5.12)) to obtain a contradiction. O

We next show that a comparison principle still holds even if we weaken the assumptions on H
and O, provided we have additional information about how « and v behave on [0,T") x OP(G).

Theorem 5.6 (Comparison Principle, Boundary Condition). Let the assumptions of Theorem
be satisfied except that we now only require H to satisfy (A-i)-(A-iwv) and O, to satisfy (O) with
by =0. Ifu e USC([0,T) x P(G)) is a viscosity subsolution to ([4.3), v € LSC([0,T) x P(G)) is
a viscosity supersolution to (4.3), u, —v are bounded above, u(0,-) < v(0,-) on P(G) and u < v on
[0,T) x OP(G), then u < v in [0,T) x P(G).

Proof. Since the arguments here are similar to those of the proof of Theorem [5.5] we just sketch
the necessary adjustments. Suppose that u £ v on [0,T) x P(G). For 0 < A < 1,5,¢,§ > 0 we
consider the function
vl -9 8 8
2¢ 26 T—t T-—s
and we denote its maximizer by (¢, 3, i, 7). It is easy to see that there exist 0 < A\g < 1,80 > 0
such that for every Ao < A < 1,0 < 8 < By there is n > 0 (depending only on A, ) such that for
sufficiently small €, > 0, we have n < ¢,5 <T —n, 1,7 € P,. The proof now repeats the lines of
the proof of Theorem and is easier since we do not need to deal with terms coming from the
functions Z(p) and Z(v). We have in place of (5.15))
B t—35
T Tl

U s(t,s,p,v) = Au(t,u) —v(s,v)

M) + (@)~ Op(p) < (1= N Fu,
where
5= VWJ(;D)(ﬂ)‘

The part from ([5.15)) to (5.17)) is skipped and we have in place of ([5.18|)

)+ FO) - 0 2 0



22 GANGBO, MOU, AND SWIECH
We set 7 = (%) — 1 > 0 and we obtain instead of (5.19)),

— (I = Ple) Bl = Calllpelle — Isl] (el + p ™) + vy ol

. o I — 77
(5.20) < (1= NFo = 28T wr (i = 7lle) + Cp— .

This allows us to conclude as in Step 3 of the proof of Theorem by taking lime_,o lim sups_,
of both sides of the above. O

6. PERRON’S METHOD

The goal of this section is to use Perron’s method to show the existence of a viscosity solution
to (4.3]). Throughout the section, we assume that F € C(P(G)), H is continuous on Py(G) x S**"
and O, : S™*" — R is linear, u — O,(p) is continuous for all p € S"*™ and there exists a constant
Co such that

(6.1) Ou(p)l < Collplle,,  ¥(up) € Po(G) x 8™,
For example when (|1.3) holds, the individual noise operator satisfies (6.1]).

When S is a topological space, for a function f defined on a subset of QQ C S, we will write f*
to denote its upper semicontinuous envelope and f, to denote its lower semicontinuous envelope,

i.e.

f7(y) =limsup f(z) and  f.(y) =liminf f(2).

z—Y

In Lemma we do not consider the initial condition to be part of the definition of viscosity
subsolution and we consider viscosity subsolutions to be functions on (0,7") x Py(G).

Lemma 6.1. Let S be a family of viscosity subsolutions to (4.3)). Let v := sup{w; w € S} and
assume that v* < +o00 on (0,T) X Po(G). Then v* is a viscosity subsolution to (4.3).

Proof. Suppose that ¢ € C1((0,T) x Po(G), Zg) and there exists r > 0 and (t°, u°) € (0,T) x Po(G)
such that v* — ¢ achieves its maximum on B, (t°, u°) at (t°, u%). We may assume without loss
of generality that B,.(t°, i) C (0,T) x Po(G). By the definition of v*, there exists (¢", u") and
wy, € S such that
(6.2) ", ™) = (% 1) and  w,(t", 1) — v* (%, 10) as n — +oo.
Set

ps(t, 1) = p(t, 1) + 8]t — t°1 + 6l — p°l|7 - on (0,T) x Po(G).
Note that s is of class C*((0,T) x Po(G),¥2). Furthermore, (t°, u°) is a strict maximizer for
v*(t, 1) — @s(t, 1) on B(t% pl). For any n € N, let (i",4") be a maximizer of w, — @5 over
B,.(t, u%). Observe that

wn (", 1") = s (t", 1) < wa (87, 47) — @, 1" < 0t (1, A7) — @7, ).

Thus, if (¢*°,w) is a point of accumulation for ( (&, o ) then by ., we have

v* (1%, 1) — s (t°, 1°) = lim sup(w,, (£, p") — @s(t", p")) < lim sup(v” (£, ") — s(E", 4"))-
n—-+o0o — 400
We use the fact that v* is upper semicontinuous to conclude that

v* (1%, 1%) — s (t0, 1°) < vF (%, 1) — s

1, 1)
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Since (t°,u°) is the unique maximizer of v* — @5 over B,.(t°, u"), we conclude that (¢, %) =
(t°°,w™>) and so, (t°, u°) is the unique point of accumulation of ((f", ,&”))n Thus, the whole
sequence ((1", fi")), converges to (t°, u”) and so, for n large enough, (", i™) belongs to B,.(t°, u°).
Note that

Orps(t, ) = Brp(t, ) +26(t —1°) and  Vwes(t, n) = Vwe(t, ) + 20V e (p — ).
Since wy, € S and (", i) maximizes w, — @5 over B, (t°, u"), we obtain that
Duip(i", i) + 26(8" — 19) + H (A", Towep(i", A7) + 20V (" — ) + F (i)
<O (Vo (™, i) + 260 (VWVa (2" — u)).
Observe that since u® € Py(G), || - ||zn and | - ||, are equivalent.
Letting n — +o00 and using the continuity of 7, H,O,,, and (/6.1]), we obtain
Arp(t”, 1) + H (1, Vo (7, 1)) + F (1) < O (Vwep(t°, 1)),
This concludes the proof of the lemma. O

Lemma 6.2. Suppose that u is a viscosity subsolution to (4.3) such that u,. is not a viscosity
supersolution to ([£.3). Then, there exist (t°, u°) € (0,T) x Po(G), 6,7 > 0, such that B, (t, u°) C
(0,T) x Po(G) and a viscosity subsolution v to (4.3|) such that the following hold.

(i) v>u on[0,T) x Po(G) and v =u on ([0,T) x Po(G)) \ B.(t°, u°).
(ii) There exists a sequence ((t",u")), C (0,T) x Po(G) such that

" p1") = (@ u"), w1 = (1), v, p") —u(t, u") =5 asn — +oo.
Proof. Since u, is not a supersolution to (4.3|), there exists ¢ € Cl((O, T) x PO(G),EQ), r > 0 and

(%, %) € (0,T) x Py(G) such that u, — ¢ attains the minimum value 0 at (t°, u%) € (0, T) x Py(G)
on Ba,(t°, %) € (0,T) x Po(G) and

at@(to, IU'O) + H(M()? VWQO(tov MO)) + f(lu’o) < OM (VWSO(tOv NO))

By a continuity argument, if d,y > 0 are sufficiently small, reducing the value of r if necessary, we
obtain that

(t, 1) = 5t 1) = @t 1) + 6 — Al — O o — [t — °F

is a classical subsolution to (.3)) on B,.(t°, u®) C (0,T) x Po(G). Thus, by Remark sy 1S a
viscosity subsolution to (4.3) on B,(t°, u"). Observe that

u(t,z) > u.(t,z) > @(t,z) on B(t, u°).
If we choose § = %, then

u(t, ) > @5t ) on B(t%, 1%) \ Bz (t°, 1%).
Setting

_ ) max{u(t, p), ps(t, 1)}, on B, (1%, 1°),
(6.3) v(t, ) = { u(t, ), otherwise,

we conclude that v = u on the open set

Q:=(0,T) x Po(G) \B% (to,uo).



24 GANGBO, MOU, AND SWIECH

Thus, v is a viscosity subsolution to (4.3) on €. Since, by Lemma v = max{u, g5~} is a
viscosity subsolution to (#.3]) on B,(t°, u°) and since the union of the open sets Q and B,.(t°, u°)
is (0,T) x Po(G), we conclude that v is a viscosity subsolution to (4.3) on [0,7") x Py(G).

Let {(t", u™) }nen C (0,T) x Po(G) be such that
lim (t",p") = (% 4% and  lim w(t, p") = u.(t°, 1°).

n—+o0o n—+oo
We have
im0, 1) =, 1) Z s (8, 17) = w8, 1) = ua (7, 1) + 6 — u(t', 1%) = 6,
which completes the proof of (ii). O

Theorem 6.3 (Perron’s Method, No Boundary Condition). Let the assumptions of Theorem[5.5
be satisfied, let hold and let ug € C(Po(G)). Suppose that u is a bounded viscosity subsolution
to (4.3)), @ is a bounded viscosity supersolution to and in addition w, (0, ) = u*(0, u) = up(p)
for all i € Po(G). Then, setting

S = {w cu<w<uonl0,T)x Py(G) and w is a viscosity subsolution to },

the function u 1= sup,,csw s a viscosity solution to (4.3)).

Proof. By Lemma u* is a viscosity subsolution to . Since u < u < u, we have u < u* <u
and ug(p) = u, (0, ) < (0, p) < (0, ) < @*(0, ) =: ug(p) and so, u, (0, ) = w(0, ) = uo(p)
for pn € Po(G). By the maximality property of w, this implies that u = u* and so, u is a viscosity
subsolution to (4.3)). If u, fails to be a viscosity supersolution to , let v be the viscosity
subsolution to (4.3)) provided by Lemma Observe that v(0,-) = ug(-). By the comparison
principle, v < @ on [0,7") X Py(G). Also u < u < v by the construction of v. Hence v € § and so,
by the maximality property of u, we have v < u, which contradicts (ii) of Lemma Thus, u, is
also a viscosity supersolution to and then comparison yields u* < wu,. Therefore u = u* = u,
is a viscosity solution to . [l

In the same way we can prove Perron’s method theorem for boundary value problems.

Theorem 6.4 (Perron’s Method, Boundary Condition). Let the assumptions of Theorem be
satisfied, let (6.1) hold and let ug € C(Po(G)), h € C([0,T) x (P(G) \ Po(G))) be such that
h = ugp on {0} x (P(G) \ Po(G)). Suppose that u € USC([0,T) x P(G)) is a bounded viscosity
subsolution to , u e LSC(]0,T)xP(Q)) is a bounded viscosity supersolution to . Suppose
in addition that w, (0, n) = @*(0, u) = up(p) for all p € P(G) and w,(t,p) = u*(t, ) = h(t,u) for
all (t,p) € (0,T) x (P(G) \ Po(G)). Then, setting

S = {w cu<w<uonl0,T)xP(G) and w is a viscosity subsolution to },

the function u = sup,csw is a viscosity solution to (4.3)) such that w = h on [0,T) x (P(G) \
Po(@)).

In light of Theorems , and to show that (4.3) has a unique viscosity solution, it

suffices to construct a viscosity subsolution u and a viscosity supersolution @ to . We achieve
this goal in the next proposition under the assumptions of Theorem [5.5] for the problem without
a boundary condition, but we are unable do so when a boundary value is prescribed, see the
comments after the proof of Proposition [6.5]
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Proposition 6.5. Let the assumptions of Theorem be satisfied (recall that we assume (6.1))
in this section). Suppose that ug : Po(G) — R is a function such that one of the following two
conditions holds:

(i) wo is la-Lipschitz;
(ii) O =0 and ug is W-Lipschitz.

Then there exists a constant Cy > 0 which depends only on ug, H, F such that the functions
u(t,p) = —Cot +uo(p), u(t, p) = Cot + uo(p)

are respectively a viscosity subsolution and a viscosity supersolution to (4.3]). Moreover, if u is a
bounded viscosity solution to (4.3)) then u(-, p) is Co-Lipschitz on [0,T) for every p € Po(G) and
for every e > 0 there is a constant K. such that

(6.4) lu(t, u) —u(t,v)| < Kel|p —vlle, for allt € [0,T), u,v € Pe(G).

Proof. In the case (i), we assume [y is the fo—Lipschitz constant of ug. We fix Cy > C' > 0 whose
value will be specified later and set u(t, ) = —Cot + uo(p). Let ¢ € CH((0,T) x Po(G), l2) be
such that there are r > 0 and (%, p") such that B,.(t°, p%) C (0,7) x Po(G) and u — ¢ achieves its
maximum on B, (%, p%) at (¢, p°). Note that d,¢(t%, p’) = —Cp and Hg—i(to,uo)H(z < lp and so,

IVwe(t?, 1) 0 < 2n2lCl.

Set

C :=Colp + (sup) {\H(uvp) + F(u)| - p € Po(G),p € S, |Ipll,, < QnQZOCw}-
5P

We have
A (t°, p%) + H(po, Viwe(t°, po)) + F(p°) — Opo (Viyu(t’, p%)) < —=Co + C.

This proves that u is a viscosity subsolution to (4.3) such that u(0, -) = ug. In a similar manner, we
construct a viscosity supersolution @ to (4.3]), which is such that @(0,-) = ug. We apply Theorems
and to conclude the proof in case (i).

In the case (ii), one shows that if u — ¢ achieves a local maximum at (¢, p°) € (0,T) x Po(G),
then ||V, u%)||0 < nloC. We follow the same lines of arguments to conclude the proof in
the case (ii) when Cp = 0.

To show Lipschitz continuity in ¢, we notice that comparison principle gives us
(6.5) — Cot + uo(p) < u(t, 1) < Cot + uo(p) = Cot + uo(p)

for any t € [0,T) and p € Po(G). Let s > 0 and define v(t,u) = u(t + s,p). Since H is time
independent, v is a viscosity solution to (4.3)) such that v(0,-) = u(s,-). We have

v(0,-) = [[v(0,-) = (0, ) [loc < u(0,-) <v(0,-) + [|v(0,-) = (0, )[|o-
By the comparison principle,

v(t, ) = [v(0,-) = u(0, Yoo < ult,) < v(t,-) + [|0(0,) = u(0,)]oo  0on (0,T = s) x Po(G).
Thanks to , we conclude that
—Cps < —||lu(s, ) —u(0,)||oo < ult+s, )—u(t,-) < |ju(s,)—u(0,)|lcc < Cos on (0,T—s)xXPy(G).
Thus, u(-, u) is Co-Lipschitz on [0,T) for u € Py(G).
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To prove ((6.4)), for every § > 0 we define the sup-convolution of u in the p variable by
TP
w(t,n) = sup < ult,p) — Nl — ey :
pEPO(C) 20
Let p be a maximizing point. It is easy to see that we must have
= plley < 2v/[Jullocd =: Cs.
Let now 0 < t < T, € P, (G). Then p € Py(G). Suppose u® — ¢ has a maximum at (¢, u). Then

e —all7 lv = pll7
(6.6) u(t,p) = =5t = @t ) 2 uls, p) = 5= — p(s,v)

for all s,v, p. If we set v = p+ (u — p) we thus have

u(t, p) — @(t, p) = uls, p) — (s, p+ (1 — p))
so u—@(+, -+ (u—p)) has a maximum at (¢, p). Thus, using the definition of viscosity subsolution,

(6.7) Oup(t, ) + H(p, Vwe(t, 1) + F(p) < Os(Vwe(t, ) < ColVwe(t, 1)l

Assume in the sequel that p € P.(G) and § is sufficiently small so that Cs < §. Since u(-, i) is
Co-Lipschitz, |9y (t, )| < Co. We use in (6.7), (A-iii) and the fact that by (H-iii) || - || > /€l - ||
on P.(G), to deduce that

0¢2 [ Vwe(t, W)IE, < CollVwe(t, mlle; + Co + Foo,

where |F| < F. Thus, some constant K, independent of § we have
(6.8) IVwe(t, w)lle, < Ke.

Setting s =t,p=p in we also see that the function

lv — 7llZ,
-2 p(t

has a maximum at p so

dp P
(6.9) 5 (t,p) = ——.

Since G is connected Vgp = 0 if and only if p; = p; = 0 for all 4, j and thus, on the set of null
average p, ||[Vaplle, and ||plls, are two equivalent norms. Hence, since Vyyp(t, 1) = Vg(g—i)(t, ),
there is a constant C' such that

Hi‘z(t,ﬂ)u& < ClVwe(t, 1)lle,-

Thus, and imply
(6.10) |

5 HEQ S Ke

for some constant K.

The set of points (¢, 1) such that u® — ¢ has a maximum at (¢, ) for a smooth function ¢ is
dense in (0,7T") x Py(G) (where in Py(G) we take the ||- ||z, norm). This can be seen by considering
for every (o, o) € (0,7) x Po(G),n = 1,2, ..., the functions

u(t, 1) = n((t = to)* + [l — poll7,)
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which, for large n, will have maxima close to (tg, po). We thus conclude from (6.10)) that for every
(t,pn) € (0,T) x P(G) there is a sequence (ty, uy,) such that if p, is the maximizing point for
u(s(tna 'un)a then
—_— < K..
‘ § e~ ¢

Thus, by passing to a subsequence, we obtain that for every (¢, ) € (0,T) x P.(G), there exists a
maximizing point p for u’(t, 1) such that (6.10) holds.

Let now t € (0,7T), u,v € Pe(G). We define the function

Ys(s) = u’(tp+s(v—p),  Vse[o1].

The function s is Lipschitz and hence differentiable a.e. Let 0 < § < 1 be a point of differentia-
bility of 95 and let h € C1(R) be a function such that 15 — h has a maximum at 5. Let p be a
maximizing point for u®(t, pu + s(v — u)) satisfying (6.10). Then the function

Pn — HUn

+ — N 2
s 5t p) - I+ s(v 25#) pllz, ~h(s)

has a maximum at 5. Therefore

W (5) = <p — (p +;(V — 1)) e u)

and thus |h/(5)| < K¢|lv — plle,. We now conclude that
(¢, v) = u(t, )| = s (1) — $5(0)] < Kellv — pille,.

It remains to send 6 — 0. OJ

If ug € C(P(G)) (and hence ug is uniformly continuous), let u$ for 0 < § < 1 be the sup-
convolution of ug defined as in the proof of Proposition Then ug is £9-Lipschitz and ug <
ug < ug + as, where ag — 0 as § — 0. Therefore for every 0 < < 1 there is a constant Cs > 0
such that

us(t, 1) == Cst + ug ()
is a viscosity supersolution to (4.3]). Then the function
w:= inf ug
0<o<1
is a bounded continuous viscosity supersolution to (4.3)) such that @(0, i) = ug(p) for all € Py(G).

We can construct a bounded continuous viscosity subsolution u in the same way by approximating
ug by its inf-convolutions.

Unfortunately in general it does not seem possible to construct viscosity subsolutions u and
viscosity supersolutions @ to (4.3) when a boundary condition is prescribed. Even if we assume
in (A-iii) that there is 6 > 0 such that 0p|[;; < H(u,p) for all p € Po(G) (for instance if
H(p,p) = Ipl};), the Hamiltonian H may still degenerate near 9P (G) since [|p|}; may become small
even when ||p||7, is large and y is near P (G). This prevents typical constructions of supersolution
barriers. Moreover, even if the Hamiltonian were || - ||¢,-coercive near 9P(G), it is not clear how
one would produce a viscosity subsolution unless some special compatibility conditions on the data
were satisfied. We are also not able to use the individual noise type operator to produce barriers

near OP(G).
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7. APPENDIX: DIFFERENTIABILITY PROPERTIES OF W?(p*,-)

Using the same terminology as in [43], we denote by vp(p) the Poincaré constant of p € P(G).
We fix p* € P(G) and define

1 .
]:-O(p) - §W2(p 7')7 Vp € P(G)
We set
1 b 2 b n Snxn
(7.1) H(a,b) = swp {(a,p)+ 32}, V(a,b) € R" x .

PEP(G)

Given A € BVj,.(0,1;R™), we denote by Aabs 21 the absolutely continuous part of distributional
derivative A and denote by A8 its singular part. As in [43], B, stands for the set of A\ €
BVioc(0,1;R™) such that H()\, Vg)\) = 0. In convex analysis this means that, for any non-

negative Borel regular measure v such that —}\iing << vand v and £ are mutually singular, we
have

2ine
dv }
Recall (c.f. Theorem 7.4 [43]) that if p°, p* € P(G) and vp(p°),vp(p*) > 0, then

(7.3) &%{A(p,m) ] (pm) € C(p,p") } = mﬁix{()\(l),pl) — (M(0), 0°) ‘ NEB.}.

(72) H ()'\abs,VG)\> =0 L' ae in(0,1), max {

=0, v a.e. in(0,1).
i=1<i<n

Remark 7.1. Assume that p* € P(G) with vp(p*) > 0 and p € Po(G). In [43], we obtained
a W-geodesic . of constant speed such that pu(0) = p* and p(1) = p. We combine Remark 6.3
and Theorem 7.8 of 43| to conclude that v, the velocity of minimal norm of w, is such that
v is continuous near 1 and v(t) = VA(t) for all t near 1, where X is a mazimizer in (7.3).
Furthermore, we have [[v(t)|| ) = W(p*, p) for every t <1 close to 1. By C’orollary we can
assume without loss of generality that || A(1)]e. < Ag(p)||v(1)]],-

Lemma 7.2. For any p € Po(G) there exists A>° € R™ such that the following hold.
(i) Whenever p € P(G) and its Poincaré constant satisfies yp(p) > 0 then
(7.4) Fo(p) > Folp) + (X%, 5 — p).
(i) VaA™ is a Wasserstein subgradient of Fo at p, |[VA>®|, < W(p*,p) and [[X*°|,, <
Ag(P)W (™, p).

Proof. By Remark there is a sequence (p**);, C Po(G) which converges to p* in the W metric.
By (7.3)) there exists A* € B, such that

(7.5) SV p) = (WH(1),p) — (AH(0), ).
By Remark [7.1]
(7.6) VM ll, < W ) and X1, < Ag(0)W(™, ).

If p € P(G) and vp(p) > 0, due to the maximality property of A\¥ expressed (7.5)), we infer
O RO _
WP, p) = SW2(0™", ) = (N(1). 5 = p).
Thus, letting &k — oo, we obtain (|7.4]).
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If v € T,P(G), implies
Fo(p) >Fo(p) — (A, div,(0)) + (A, p — p + div,(0))
>Fo(p) + (VA ,0) , = A%l [|p = p + divp (D) [,
which concludes the proof. ]

Let p € P(G) and let p : [0,1] — R™ be a geodesic of constant speed connecting p* to p and
assume that the range of u is entirely contained in (0, 1]™. Since the range is a compact set, there
exists € > 0 such that the range of p is contained in [2¢,1 — 2¢]™. The geodesic p is uniquely
characterized by the Euler-Lagrange equations

(7.7) p=VeHe(p, ), &=—V,Hylp, ),
where,
1
Hy(p,0) = > wijglpipi)(di — 65)°.
(i,5)EE

This means
. .1
(78)  fu+ Y wi(d; — ¢l ) =0, i+ 3 > wiOrg(i, i) (di — 6)* =0,
JEN(3) JEN(3)
along with the boundary conditions 1(0) = p* and u(1) = p.

We also know that V¢ is uniquely determined. Replacing ¢; by ¢; — 1/n Z?:l ¢i(1), one
checks that ([7.8)) still holds and

(7.9) Z $i(1) = 0.

Since the second identity in depends only on Vg¢ and p, we conclude that é is uniquely
determined and so, if ¢ is another solution, we must have that ¢ — ¢ = ¢ is a constant. But
S (i — ¢i)(1) = 0 implies that > | ¢; = 0, while V(¢ — ¢) = 0 implies that ¢; = ¢; for all
(1,7) € E. Since (G,V,w) is a connected graph, we obtain that ¢; = ¢; for all 4,j € V and so,
¢; = 0 for all ¢ € V. This shows that the curve ¢ is then uniquely determined under the convention
, which we impose in the sequel. We define

p=plp*,p] and ¢ = @[p*, pl.
We recall that the velocity v of u satisfies the identity
(7.10) v(t) =Vad(t),  [v(®)llue = W(k(0),u(1)),  Vte[0,1].

Let 6 > 0 be sufficiently small such that for any p € Bs(p) C Po(G) there is a unique geodesic
connecting p* to p and the geodesic is contained in [e, 1 — €]™. One readily concludes that (¢, p) —
o[p*, p](t) is continuous on [0, 1] x Bs(p).

Proposition 7.3. Let p, p* € Po(G) and let § > 0 be small enough such that for all p € Bs(p) C
Po(G) there is a unique geodesic connecting p* to p. We further assume that there exists € > 0
such that these geodesics are contained in [¢,1 — €]™. Then:

(i) Fo has the Fréchet derivative at each p € Bs(p) and its derivative §Fy/dp(p) = ¢[p*, p](1)
is £1-continuous in Bs(p).

(ii) Fo has the Wasserstein gradient at each p € Bs(p) and its gradient VwFo(p) = Ve (o[p*, pl(1))

is {1-continuous in Bs(p).
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Proof. (i) Let p € Bs(p). For all s € [0,1], the geodesic of constant speed connecting p* to

p+s(p—p)=p+sfis also contained in [¢,1 — €]™. We have

Folp+sf)=Folp) > (8", p)(1), p+sf) = (¢lp", p1(0), p*) = (¢lp*, pI(1), p) + (810", p1(0), p*)
= s(glo”, pl(1), f)-

Similarly,

Folp+sf) — Folp)

IN

(¢[ﬂ*,p+sf](1),p+sf) - (¢[p*,p+sf](0)7p*>
—(¢[p*,p+ Sf](l),p) + (¢[p*,p+ sf](o),p*)
= s(0lo" o+ 5710 7).

Hence,

lim sup Folp+ sf) = Folp) < limsup (¢[P*7 p+sfl(1), f)

s—1— S P
= (¢[P*7p](1),f) < limint 7055 = Folp)

s—1— S

This shows that

Hence, Fy has the Fréchet derivative at p and 0F/dp(p) = ¢[p*, p](1). Since we may replace p by
any p € Bs(p) in the above arguments, we have

55];0@ =olo" 7(1), VP € Bslp)

and so, since ¢[p*,-](1) is ¢1-continuous on Bj(p), we conclude the proof of (ii).
(ii) In light of Lemma (1) implies (ii). O

Remark 7.4. Lete > 0 and let p, p° € P(G) be such that p; > 10¢ for alli € V and /2nC, W (p, p¢) <
e. Let p be the geodesic of constant speed connecting p¢ to p. We use Lemma[3.4] to conclude that

14(t) = plley < VERCW(u(t), p) = V2n(1 — HCIW(5, ) < .
Hence, pi(t) > 9e for alli e V.

If p € P(G) is such that \/2nC,W(p, p) < € and [i is a geodesic of constant speed connecting p°
to p then

() = p°lley < V2n(1 = 1)CW(p%, p) < V2n(1 - t)C,, (W(p p) +Wip, p))
(V2

Hence, fi;(t) > 8¢ for alli € V. In conclusion, we have proven that if we set § := ¢/(/2nC,,) then
whenever p € Bs(p) then every geodesic connecting p€ to p is contained in [e,1 — €| and so, it is
uniquely determined.

Corollary 7.5. Assume that yp(p*) > 0. Then:

(i) Fo has the Fréchet derivative and the Wasserstein gradient on Po(G), and for any p €
Po(G) we have [|[VywFo(p)|, = W(p, p*). If p© is on a geodesic connecting p* to p and p°
is sufficiently close to p then

5 )= ol (1) amd o) = Vool ()
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In particular, Vgo|p®, p|(1) is independent of the geodesic.
(i) If p* € Po(G) then both % and VwFo are {1—continuous at p.

Proof. (i) Assume p € Py(G) and there exists € > 0 such that p; > 10e for all i € V. Let X\ € B,
be the maximizer in the dual formulation of 1/2?(p*, p) as chosen in the proof of Lemma S0
that

1 * >

WP p) = (A1), p) = (M0), ")
holds. Let p be a geodesic of constant speed connecting p* to p. Choose r € (0,1) so that
W(p, (1 — 7)) < €/(2y/nC,) and set p¢ := p(1 —r). We have

%WQ (0%, p) = (0%, (1), p) — ([0, P)(0), p°).

Let i : [L—r,1] — P(G) be the geodesic connecting p¢ := pu(1—r) to p and extend f to [0, 1 —r]
to be the restriction of y to [0,1—r]. If v is the velocity of u and v is the velocity of i on [1—r, 1],
we have

1 [ 1 [t 1 . .
i) R <y [ Rl [ lelRa=Foe) + 5 (W 0) - W (0) ).

0 1—r
By Remark and Proposition w? (pe, ) has the Fréchet derivative and the Wasserstein
gradient at p. Furthermore,
(SWQ pe’ ) e e (]
5(/))(,0) = lp%,p)(1) and  VwW?(o",-)(p) = Vadlp®, pl(1).

By and in light of the first identity in , @[, p](1) is in the super-differential of Fy at
p. But by Lemma there exists A> € R"™ in the sub-differential of Fy at p. Since p € Py(G),
we have that ¢[p®, p](1) — A*° is orthogonal to any f € R™ such that )", f; = 0. In other words,
o[p, p](1) — A is parallel to 1 := (1,---,1). Since we have imposed the normalization property
that both ¢[p®, p](1) and A*° are perpendicular to 1, we conclude that ¢[p, p](1) = A°.

(7.12)

By (7.11) and in light of the second identity in (7.12)), there exists a constant C' > 0 such that,
for every € > 0, there exists ¢ > 0 satisfying for any v € T,P(G)

1p—=plley <0 = Folp) < Folp) + (Veadlp®, pl(1),7),,+ Cllp — p+ divy(D)lle, +EW(p, p).

Hence, Fy has a Wasserstein super-gradient at p which is Vgo[p®, p](1). Since in light of Lemma
Fo has a Wasserstein sub-gradient at p, we conclude that Vgo[p, p](1) is the gradient of Fy
at p. We use (7.10]) to obtain the identity |VwFo(p)|, = W(p, p*).

(ii) Further assume that p* € Py(G). We observe that ¢[p® p|(l) = ¢[p*, p](Ir + 1 — r) for
[ €0,1]. We use (2.10) when [ =1 to conclude that VyyFy is £1-continuous at p. O
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