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1. Introduction

As usual, | - | denotes the norm in Euclidean n-space R", and |A| stands for the Lebesgue measure of a measurable set
A C R". Wewill write B = {x € R" : |x| < 1} for the unitballin R" and S"~! = {x € R" : |x| = 1} for the unit n-dimensional
sphere. We will set v, = |B}| =« 3 /T (% + 1). A convex body is a compact convex set with nonempty interior.

In this paper we will study the geometric properties of measures y, on R" with density

P
Qﬂp(y) =Cpp P,

where p € (0, oo) and ¢, is the normalizing constant, chosen in such a way that the measure y, is a probability measure.

Many interesting results are known for the case p = 2, where y;, becomes the standard Gaussian measure. One should
mention the Gaussian isoperimetric inequality of Borell [3] and Sudakov and Tsirel’son [10]: fix some a € (0, 1) and ¢ > 0;
then among all measurable sets A C R" with y,(A) = a, the set for which y, (A 4 ¢B}) has the smallest Gaussian measure is
the half-space. We refer the reader to the books [2,7] for more properties of the Gaussian measure and inequalities of this
type.

Mushtari and Kwapien asked a question in the reverse direction to the isoperimetric inequality: How large can the
Gaussian surface area of a convex set A C R" be? In [1] it was shown that the Gaussian surface area of a convex body

inR" is asymptotically bounded from above by Cn# as n tends to infinity, where C is an absolute constant. Nazarov [9] gave
the complete solution to this problem by proving the sharpness of Ball’s result:

0.28n% < sup y,(3Q) < 0.64n7,

where the supremum is taken over all n-dimensional convex sets. Further estimates for ,(0Q) were very recently proved
by Kane in [6].
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We should note that isoperimetric inequalities for rotation invariant measures were studied by Sudakov and
Tsirel'son [10]. For a positive convex function h(t), let ¥ be the measure with density e "1¢*)_Fora > 0, set My (a) =
y(aQ). In [10] it was proved that M(’z(l) exists whenever Q is a convex body, and the minimum of M(’z(l) over all convex

bodies is attained when Q is a half-space. Of course, their result can be applied to the measure y, by setting h(t) = ‘%t

Some interesting results for manifolds with density were also provided by Bray and Morgan [4] and further generalized by
Maurmann and Morgan [8].

The main goal of this paper is to complement the study of the isoperimetric problem for rotation invariant measures and
prove an inverse isoperimetric inequality for y,. This is done using a generalization of Nazarov's method from [9].

We recall that the surface area of a convex body Q with respect to the measure y, is defined to be

Bn
1 (3Q) = liminf 7@+ BN Q) (1
e—>+0 €
One can also provide an integral formula for y,(9Q):
_ P
00 = [ 60o0) =a, [ T dow), @)
9Q Q

where do (y) stands for Lebesgue surface measure. We refer the reader to [6] for the proof for the case p = 2, and the proof
given there readily generalizes to other p.
The following theorem is the main result of this paper:

Theorem 1. For any positive p,

Alw
ST

c(p)ni~h < sup ¥ (0Q) = C(pyni 7,
where C(p) and c(p) are positive constants depending on p only. The supremum is taken over all n-dimensional convex sets.

In this paper we will denote an asymptotic equality by “~” and an asymptotic inequality by “>". Namely, A(n) > B(n)
iff A > B(1 4 0(1)), where o(1) is an infinitely small number, while n (or some parameter in the context) tends to infinity.
Similarly, A(n) ~ B(n) iff A(n) > B(n) > A(n). Throughout the paper, c1, ¢;, C, C’, C”, ... denote absolute constants,
independent of n and p, whose value may change from line to line; C(p), c(p) denote constants depending on the argument
p only.

Using the trick from [1, p. 413, Proposition 1] one can easily derive an estimate y,(9Q) < ellf n],}] for any convex set.
The calculation is given in Section 2, as well as some other important preliminary facts. The upper bound from Theorem 1
is obtained in Section 3, and the lower bound is shown in Section 4.

1

2. Preliminary lemmas
P

We recall that y, is a probability measure on R" with density ¢,(y) = c,pe ? , where p € (0, 00). The normalizing
constant ¢, , equals [nvn],,_l,p]”, where

(o] P
ja,pz/ t%” P dt. (3)
0

We will use an asymptotic estimate for J, , (see Lemma 3 below). This estimate follows immediately from the well-known
asymptotic formulas for the Gamma function, which can be obtained by the Laplace method (see, for example, [5]). In this
paper we will provide several calculations in the spirit of this technique. For the sake of completeness, we shall present a
short overview of the method here:

Lemma 1. Let h(x) € C%([a, b]), where a and b may be infinities, and 0 € (a, b). Let 0 be the global maximum point of h(x) and
assume for convenience that h(0) = 0. Assume that for any § > 0 there exists n(8) > 0s.t. h(x) < —n(6) forallx & [—6, 8].

Assume also that h”(0) < 0 and that the integral [, b eh®dx < oo, Then

b
2
/ "Wy ~ [ — , t— 00
a h"(0)¢

Proof. First, by the conditions of the lemma and the Taylor formula, for a sufficiently small € > 0 there exists a positive
8 = 8(¢) such that for any x € (-4, 8) it holds that

I (0)X2 2
2

€X
<

=5

h(x) —
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Thus the integral

5 1 /WO
/ eM@dx < ez dy
-5 NEEOE R BN araos
2

() + et

Note that for any constant C > 0,

2 —( *UCZ o0 2 1"
/ e dy<e 2 / e~zdy =Ce ", (5)
c c

and thus, ast — o0,

5~ O- 2
f eM®dx > / ez dy
— v—(h”(O) —€) Jos /(" (0)—)
2
_ T (6)
(h"(0) — )t

It remains to show that fa b eth®dx can be asymptotically estimated by the integral over the small interval about zero.
Indeed, for an arbitrary € we have chosen §(¢), and now by the condition of the lemma, we can pick n(8) = n(¢), so

b
/ et < e—(t—1)n(8)/ e gy — ="t 7)
(a,—8)U(3,b) a

Thus, by (4) an

d(6
f thx) gy >
(h”(O) (h“(O) +ert’

Taking € small enough we finish the proof. O

We will now apply Laplace’s method to deduce the asymptotic estimate for J, ;.

Lemma 2. Let p > 0. Then

where h(x) = plogx — xP + 1.
It is easy to check that all the conditions of Lemma 1 are satisfied:

h(1) =K (1) =0; h’(1) <0 and / "®dx < oo,
0

In addition, for any § > O, there exists 7(§) such that h(x) < —n(§) forallx & [1 — §, 1 + §]. We apply Lemma 1 to finish
the proof. O

Next, we would like to show that the integral

*° _®
/ , tle” pdt
(14+C)aP

is an exponentially small function as a — oo for any absolute positive constant C. Indeed,

* o -2 a _a 1 [ 4 hx)
L tle pdt =are par er dx,
(14+C)aP 1+C
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where h(x) = plogx — xP + 1. We note that forany x > 1+ C, h(x) < h(1+ C) < —C’ for some positive constant C’. Thus,
the above integral can be estimated with

Gt abe () [T g
are " pare  \P e"®dx. (8)
1+C
Applying Lemma 2 together with (8) and the fact that fooo e"®dx converges to some constant, we obtain the following fact:
*© a _P —Cy(p)a
/ , tlem pdt < Gi(p)ape 2P 9)
(14+C)aP

1
Next, we shall observe that the surface area is mostly concentrated in a narrow annulus. Define A, = 1 — (2e) 7. Let

Ay = (14 Ap)(n—1)PBI\ (1— Ay)(n— 1)PB;

we shall call A, the concentration annulus.
Lemma 3. There exist positive constants C'(p) and C"(p), such that y,(3Q N Ay) < C'(p)e=<"®" for any convex body Q C R".

Proof. Let Q' = Q N (1 — A,)(n — 1)7B. Then,

00) = o [ Va0t < 9Q]
= —— o —_—
G m)n.]nfl,p 30’ - m)n]nfl,p

P DT, -4 -1
nVrL]n—l,p ]n—l,p
which is exponentially small by the choice of Ap,.

1
Define now the surface M = 9Q \ (14 Ap)(n — 1)? B}. We can estimate y,(M) using a trick from [1]. Notice that

_ P o - o - n
e = tPle"rdt = """ P x—en(lyDdt, Vy e R".
Iyl 0

Considery e M and t € [0, 1+ 41— 1)1%]; then x[_;.n(ly]) = 0and

e’ = L e P X (lyDdt.
(1+4p)(n—1)P
Thus
o= —— [ eFaog)
Y = e o
’ nvn]n—l,p M
1 o0 i
= e, L P7eT 7y q(lyDdedo (v)
Wiln—1p Ju Jata,m-1p
‘l [e9]

P
7/  tPleT P M N tBY|dt
WnJn-1p J1+ap) -1

1 o p
< f | t2e~ Yy gy
Jn-1p Ja+apm-—1yp

< C'(p)e c'®m

where the last inequality follows from (9). This finishes the proof. O

Remark 1. Lemma 3 implies that when obtaining any polynomial bounds on the y,-surface area of the convex body Q C R",
it is enough to consider only the portion of dQ which is contained in the concentration annulus.

We can also obtain a rough bound for the y,-surface area of a convex body. Namely,

1 e 1 ) .
@) = ——— [ e vdv=—— [ e 7|3Q N tBYdt
MWnn—1,p Jao Mnfn_1p Jo
< ]7“”72"] ~ n],%’ n— oo.
.]nf],p

This bound is far from the best possible. The next section is devoted to the best possible asymptotic upper bound.
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3. The upper bound

We will use the approach developed by Nazarov in [9]. Let us consider a “polar” coordinate system x = X(y, t) in R" with
y € 0Q,t > 0.Then

/ 0p ()0 (y) = / f Dy, Oy (X (y, ))do (),
RN 0 Q

where D(y, t) is the Jacobian of x — X(y, t). Define

EM =9,'W) f D(y, )@ (X (y, 1))dt. (10)
0
Then
- / oy EW)Y,
aQ
and thus

/ Pp(y)dy < (11)
Q

THY

Following [9], we shall consider two such systems. We will be using subindices for X, D and £ to distinguish between the
two corresponding systems.

3.1. The first coordinate system

Consider the “radial” polar coordinate system X; (y, t) = yt. The Jacobianis D;(y, t) = t"~!|y|o, where oo = «(y) denotes
the absolute value of the cosine of the angle between y and v, (the unit outer normal vector at y). From (10),

W,
&) =e? aly| Jn-1p

1
2 wp )
~ [Z—er aly|" " Ze , asn — oo, (12)
p

where F(t) = (n — 1) logt — %. Since (n — 1)1lJ is the maximum point for F(t), we get that F ((n — 1)%> > F(|y|) for all
y € R™. So we can estimate (12) from below by

“Za. (13)

3.2, The second coordinate system

Now consider the “normal” polar coordinate system X, (y, t) = y 4 tv,. Then D,(y, t) > 1forally ¢ Q. Thus, by the law
of cosines,

ly + tvy| < VIyl2 + t2 + 2t|yle.

Thus,
£3) > e# /0" e*(ly‘ZHz;ZtW)% dt. (14)
0
Note that for any positive function f (x) defined on the interval I, and any ¢, € I,
[t =i fo < et 01, (15)
I
Consider

(Iy)? + €2 + 2tlyla) s
p .

f) =
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By the intermediate value theorem there is t; such that

(Iyl? + £ + 2t1]yle) 2 = lyl” + 1. (16)
Since f (t) is increasing, from (15) and (16) we get

_1
L) ze Pty
Now we need to estimate t; from below. By Remark 1, it suffices to consider y € A,. For such y, note that the Mean Value
Theorem yields

2 2
— P+ WP+ 1P = Blyl2 P (17)
Using (16) and (17), we get

2 / 2
t = \/szlyl2 — P4+ yP+1DP —alyl ~ [o?ly2 + EIyIZ*P —alyl.

Multiplying the last expression by its conjugate and applying the inequality v/a + b < /a + Vb, we get

L) > e‘é\fm“z’lp. (18)
p 14+ /2paly|2

Now we shall combine estimates (13) and (18) with the assumption that |y| € Ap:

. i |27 Ci(p)
EO) =&0) +&@) zn (,/pa+aﬁ+1>. (19)

Note that (19) is minimized whenever ¢ = C/(p)n‘%. The minimal value of (19) is C(p)‘ln% %. Together with (11), this

implies that
3
Yp(0Q NAp) < C(p)n*

One can note that C(p) tends to infinity while p tends to infinity or to zero. Finally, we use the above together with Remark 1
to finish the proof of the upper bound part of Theorem 1.

1
P,

4. The lower bound

1 1
‘dandr =r, = n? 4+ w,

Let us consider N uniformly distributed independent random vectors x; € S"!. Let p = nlli

where w € [-W, W], and W = n%f%. Consider a random polytope Q in R", defined as follows:
Q={xeR": x,x;) <p,Vi=1,...,N}

Let q(t) be the probability that the fixed point on the sphere of radius /t2 + p?2 is separated from the origin by the

hyperplane (x, x;) = p. Consider a point x belonging to the intersection of \/t2 + p2 - S"~! and the hyperplane (x1, x) = p.

Since the vectors x;, ..., xy are independent, the probability that x is not separated from the polytope by any of the
remaining N — 1 hyperplanes is (1 — q(t))V . So the expected value of ,(3Q) is
p
1 (yl? + p») .
7N/ exp | ————— ) (1 —q(lyD)" 'dy, (20)
nu,,_]n_lqp Rrn—1 D

Passing to polar coordinates, making a change of variables and truncating the integral, we shall estimate (20)
asymptotically from below by

)4
2

Vn—1 Yo L L S N—1
N/ (nP n w) e p (1 = q(ry)"~dw. 1)
Vih-1p  J-w
v Ja 1 n—2 L, - .
Note that ’L—: ~ NEE Also note that (nl’ + w) < Gnvr et for a positive constant C, depending on p only

ST
NN

(since lw| <W=n ) Using the above facts together with Lemma 2, we estimate (21) from below by

1o\20 N2
1 . w ((np+w) +p) .
Cyn *ﬁeﬁN/ e 7 e "(1—q(r,)" 'dw. (22)
-w

==
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Claim.

NS

1 2
nP +w +f>2
1,1

p

N 2 T _n _Jn
e P > C(p)e re” 2z e "

1_1 1
Proof. Plugging in the value n? 4 for parameter p, and estimating w with W = n?

p
1 2 2 2 1 1 B
p ) 1 _1 2
<” ”) tp ;(1—(1+2wn P 4n 2+n—‘> )
e p .

_n
>e re

1 . .
P, as announced earlier, we obtain that

The claim now follows from the fact (obtained by the Mean Value Theorem) that

NN

1 1\ p _1 _1 1
<1+2wn P+n2+4n ) —1§5n 2 +pwn P +0 - O

Using the above claim we get that (22) is greater than

2 n w
Cpn' e EN / (1= q(ru)"dw. (23)
-w

Next, we estimate the probability q(r) the same way as in [9]: the probability that a point on a sphere is separated from the
polytope by a hyperplane is the quotient of the area of the cap to the area of the whole sphere. We recover both of these by
integrating over the “circles” (the spheres with one fewer dimension) and using the Fubini Theorem. Thus,

-1
A/ 12402 £2 2 A/ 12 +p? £2 12
q(r) = o (1 — rz—i—pz) dt X /p (1 — r2+p2) dt. (24)

1
2 .

By the Laplace method, the first integral is approximately equal to +/ Znn%
2

2
Using the elementary inequality 1 —a < e"Te foralla> 0 (which is true since the function f (a) = e~ 7 % is convex
for all positive g, its derivative at zero is —1, and its value at zero is 1), one can estimate the second integral in (24) by

[ o) om (o ) [
exp|l ———— -exp| ———— <exp|———=0p expl ————
o 4(T2 + p2)2 T2 + 102 2 4(r2 + p2)2 o r2 + pZ 2
The first multiple is of order e~ % under our assumptions on r and p. The second integral can be estimated with usage of the
inequality

00 2 1 02
/ e 'zdt < —e "2, a>0, p>0.
P ape

. _ . 1 _1 . _1
We note that under our assumptions on p and W, ap? = 332 p? is of order nz (l —3n 2) up to an additive error ~ n~ 2.

P
Hence, one can estimate q(r):

Ja
q(r) < Cn_%e_T. (25)
Now, one can choose N = Cn4 e’z . From (23) and (25) it follows that the expectation of y,(3Q) is greater than
_2 _4n v/
c’"(p)n' be T nie? . 2W. (26)

1_1 3_1
Pluggingin W = n? "2, we get c(p)n4~ ? for the lower bound for the expectation of y,(3Q ), which finishes the proof of
Theorem 1. O
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