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Preliminaries and history

Question

a) Pick a large integer, say, n = 1000000. Flip a fair die n? times. @
Fill an n x n matrix with the outcomes. How likely is this matrix to be
invertible?

NA RN WR
WwWwWwwREN
woNno o
oR O G WM
AR NERWN
TN G HR O G
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Question

a) Pick a large integer, say, n = 1000000. Flip a fair die n? times. @
Fill an n x n matrix with the outcomes. How likely is this matrix to be
invertible?
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b) And what if now we do not roll the same die every time, but rather use
different dice to determine different entries?
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Prelin s and history

Notation and Preliminaries

o The Hilbert-Schmidt norm of a matrix A= (aj;);j is ||A||ns = ZIJ aizj;

o Singular values of A are the axi of the ellipsoid ABj, denoted
o01(A) > ... > on(A);
© The operator norm ||A|| = sup,cgn—1 |Ax| = 01(A);

® The smallest singular value g,(A) = inf, cgn—1 |Ax];

@ A random variable ¢ is anti-concentrated if
sup,er P(J€— 2] <1) < be|[0,1).
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Preliminaries and history

Main question

Question: how likely is a random n x n matrix A to be invertible?

9}
63{(*\7’ )

A harder question: how likely is the smallest singular value
on(A) = infcsn—1 | Ax| to be bigger than £§?
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Preliminaries and history

History

A'is an n x n Gaussian, with i.i.d. entries a;; ~ N(0,1)

on(A) =~

Si-

Furthermore, for every € € (0,1),

P <0n(A) < %) <e

(Edelman, Szareck independently in 1990/1991)
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Preliminaries and history

History

A is n X n matrix with i.i.d. Bernoulli £1 entries

Conjecture (Erdos) 1950s: P(on(A) =0) = Cn?-27"
(when a pair of columns or rows coincide, and rarely elsewhere)

@ Kolmos 60s: P(on(A) =0) = o(1);

@ Khan, Kolmos, Szemeredi 1995: P(on(A) =0) < 0.99";
@ Tao, Vu 2006, 2007: P(on(A) =0) <0.75";

Bourgain, Vu, Wood, 2010: P(on(A) =0) < \/5_";

@ Tikhomirov, 2019: P(on(A) =0) < (0.5+0(1))"!
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Preliminaries and history

History

A random variable & is sub-Gaussian if for all t > 0, ’

P(lg] > £) < e K

A'is n X n, has entries aj;

Rudelson, Vershynin 2008:
P (JH(A) < \;ﬁ) < Ce+e .

Note: this combines the behavior of Gaussian matrices and the Bernoulli =1
matrices.

Ais n X n, has entries aj; uniformly anti-concentrated,

Rebrova, Tikhomirov 2016:
Sub- ian
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Preliminaries and history

History

Ais n x n, has independent UAC entries, EHAH%_,S < Kn?,
L, 2018+

e In fact, it is enough to assume for any p > 0,

n 1 n 1
Z (E|Ae;|2p) < Kn?; Z (IE|ATe,~|2p) < Kn?.

i= i=

Note: in principle, all entries may have infinite second moment, but distribution

has to depend on n.

e It is much easier to prove this result, and to drop the i.i.d. rows assumption if
C

—cn - C
e is replaced by N

Bai, Cook, Edelman, Gordon, Guedon, Huang, Koltchinckii, Latala, Litvak,
Lytova, Meckes, Meckes, Mendelson, Pajor, Paouris, Rebrova, Rudelson,
O’Rourke, Szarek, Tao, Tatarko, Tomczak-Jaegermann, Tikhomirov, Van

Handel, Vershynin, Vu, Yaskov, Yin, Youssef,... 8/ 32



Results
The smallest singular value: unstructured square case

Theorem (L, Tikhomirov, Vershynin 2019+)

Let A be an nx n random matrix with

@ independent entries aj;

o E[|A|[s < Kn®

o ajj are UAC, that is sup,cg P(]aj —z| <1) < b€ (0,1)
Then for every € € (0,1),

Jn

where C and c are absolute constants which depend (polynomially) only on K
and b.

P (U,,(A) < L) < Cete &,
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Results

Arbitrary aspect ratio: history

Question: what if A is an N x n random matrix with N > n?

Litvak, Pajor, Rudelson, Tomczak-Jaegermann, 2005

N>n+ ﬁgn, strong assumptions: P(on(A) < Civ/N) < e~ @V,

Rudelson, Vershynin, 2009
N > n, ajj i.i.d. sub-Gaussian, Eaj; =0, Ea,-zj = 1. Then for any € € (0,1),

P (O’n(A) < e(m_ \/ﬁ)) < CleN—n+1+e_C2N;

Tao, Vu, 2010

Replaced sub-Gaussian with IEaUC.1 <1, but N € [n,n+ G]

Vershynin, 2011

Replaced sub-Gaussian with Eag- < 0o but

P (O’n(A) <e(VN+1-— \/ﬁ)) < 6(€) =e—00.
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Results
Arbitrary aspect ratio

Theorem (L. 2018+)

Let N> n>1 be integers. Let A be an N X n random matrix with
@ independent UAC entries aj;
@ i.i.d. rows
() IEa,-j =0
2
° IEa,-j S

Then for every € > 0,
P (on(A) < e(vN+1—+/n)) < (Celog1/e)V " &=,

where C and c are absolute constants which depend (polynomially) only on the
concentration function bounds.

Remark: a more general result in fact follows...
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Results
Very tall case

Proposition 1 (L. 2018+) tall case with dependent columns |

Suppose A is an N x n random matrix with independent rows, EHAHﬁS < KNn,
N > Cgn, and assume for every x € S"1,

sup P(|(AT e;,x) —y| <1) < b€ (0,1).
yeR

Then
Eon(A) > cV/N.

Proposition 2 (L. 2018+) tall case with low moments

Fix p > 0. Suppose N > Cén, Ais an N X n random matrix with independent
UAC entries. Suppose

n

1
> N
> (E\Ae,-|2p) * < KnNe' .

i=1

Then

P(on < CVN) < e~ C@min(p N,
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The net theorem

A naive attempt

Discretize S"~L:

Suppose we find a small finite set N’ C R” with
o #N < &;
o VxeS" 13y e N: |A(x —y)| < © with probability > 1—&.

P(on(A) < Q) = P ( inf | Ax]| < @) <
xesn—1

P( injfv\Ay| <2Q9) +&=PEAyeN: |Ax|<20)+& <
ye
& - sup P(|Ay[ <20) +&.
yeEN

So IF we know that for each y, P(|Ay| < 20) < % we are donel!
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The net theorem
The net result

Theorem (L. 2018+) — Lite version

There exists a deterministic net A’ C 3 B5 \ B of cardinality 1000” such that
for any integer N and any N X n random matrix A with independent columns,
with probability at least 1 —e™>", for every x € S"~! there exists y € A such

that 160
|[A(x—y)| < %\/ ]EHAH%-IS
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The net theorem
Previously known cases

Folklore: A has sub-gaussian independent entries a;;, Ea;; =0, Ea,?j = const.

@ Let N\ be the standard e-net, i.e. such that
$"7" C Ukenr (x+¢B3),
and #N < (%)"

. A
Then we can estimate |A(x — y)| < ||Alle < Ce- %?

Recall, for any matrix A: %HAHHS <Al < ||A||Hs-

But specifically for sub-gaussian mean zero variance 1 case,

P (IAI > %\/EIIAH%,S) <e (1)

e Without strong assumptions, (1) is not true.
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The net theorem
Previously known cases

Rebrova, Tikhomirov (2016) proved this Theorem assuming i.i.d. UAC entries
. _ 2 __ —
ajj, with Ea;; =0, IEa,-j = const, and N = n. ’

Guedon, Litvak, Tatarko (2019) extended the result of Rebrova and Tikhomirov
in the case of arbitrary n, N, and replaced i.i.d. entries with i.i.d. columns.

@ Advantage: the Theorem only assumes independence of columns, and no
other structural assumptions!

@ In particular, allowing dependent columns is crucial for the proof of the
arbitrary aspect ratio result.

@ Not requiring mean zero is another cool feature.
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Proof of the net theorem

Step 1: randomized rounding and comparison via Hilbert-Schmidt

Randomized rounding (Raghavan-Tompson 1987, Beck 1987, Kannan-Vempala
1997, Srinivasan 1999, Alon-Klartag 2017, Klartag-L 2018+, L 2018+,
Tikhomirov 2019+,...)

i

(
=
SN

Definition

For £ € S"™ 1 write each &= ﬁ(kﬂrp,-) for ki € Z and p; € [0,1). Consider a

random vector 71 € (e/+/n)Z":

né = %k,-, with probability 1 — p;
’ ﬁ(kiJrl), with probability p;.
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Proof of the net theorem

Step 1: randomized rounding and comparison via Hilbert-Schmidt

PQSSW’LL Bl b
Vol oF %Ls [ N A

@ Therefore, there is a set N such that for all £ € S"71, we have 7]5 eEN,
and #N < (100)

o We have || — 7|00 < - and En® =¢;

@ Hence, using the fact that E(n —¢) =0, we get:

€2|9‘2
n

E|(n* —¢€,0) (®)
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Proof of the net theorem

Step 1: randomized rounding and comparison via Hilbert-Schmidt

Lemma 1 (comparison via Hilbert-Schmidt)

There exists a collection of points F with #F < (%)”_1 such that for any
(deterministic) matrix A: R" — RN, for every £ € S"1 there exists an neFr
satisfying
€
|A(n =)l < —=IIAllns-

Proof.

Recall: |Ax|? = Z,,.V:l(ATe;,x)z, where AT e; are the rows of A;

2 AT ’_2
By (), By|(nf —¢,AT )2 < cA =l

@ Summing up, we get

N 2
By A — )2 =By 3 (AT e, — )2 < (c’%HAHHS) ;
i=1

o If P(find a red ball in a box) > 0.1 then there exists a red ball in a box.

O
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Proof of the net theorem
Step 2: parallelepipeds

2 2
P(||Allfys > 10E||A||s) < 0.1.

Thus Lemma 1 implies the Theorem with probability 0.9 rather than 1 — @ o,
Not good:(

Idea of Rebrova and Tikhomirov, 2016: cover with parallelepipeds and not just
cubes!
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Proof of the net theorem
Step 2: parallelepipeds

Admissible set of parallelepipeds

@ For a=(a1,...,an) € R" with a; > 0, we fix the parallelepiped

Po = {x €R": |xi| < ai}.

@ For k> 1, denote Qx = {a ER": ;i €[0,1], [T/, i > /-c_"}.

o Note: if & € Qx then P, > (0.5x)~" — hence the covering is not too big.

Lemma 2 (comparison via parallelepipeds)

Pick any a € Q. Let A be any N x n matrix. There exists a net F, with
n
#Fa < (%) such that for every & € S"! there exists an n € Fo satisfying

©
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Proof of the net theorem
Step 3: B, and nets on nets

Key definition: for any matrix A

Br(A) = min o; |Ae,\
" «;€[0,1], H Z
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Proof of the net theorem

Step 3: B, and nets on nets

Key definition: for any matrix A

Bk (A) = min aj|Aei|”.
K/() - Z |Ae;?

Corollary of Lemma 2

Let A be any N x n matrix. There exists a small enough net F such that for
every £ € S"7! there exists an 1 € F satisfying

|A(n— §)|<7 By (A).
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Proof of the net theorem
Step 3: B, and nets on nets

Key definition: for any matrix A

Bk (A) = min aj|Ae;
K/() - Z |Aei|*.

Corollary of Lemma 2

Let A be any N x n matrix. There exists a small enough net F such that for
every £ € S"7! there exists an 1 € F satisfying

|A(n— §)|<7 By (A).

But the net depends on the matrix! Not good:(
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Proof of the net theorem
Step 3: B, and nets on nets

Way out: discretize the admissible set €.

Jle={x: <elop, 2] TS0 :f“:Qizo/%q‘7s&j

(c ZE:ES need o Fow mpBes
to Guemr the g.22 1)

The “nets on nets” Lemma

There exists a collection F C Q,.» of cardinality 30" such that for any « € Q4
there exists a 8 € F so that for all i =1,...,n we have oz,2 > B,-z.
In particular, for any N X n matrix A, we have

n
Bi(A) > mi 2| Aei |2
e )_gg;;/%l il
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Proof of the net theorem

A net for deterministic matrices: combining steps 1-3.

Theorem about deterministic matrices

There exists a deterministic net A/ of cardinality 1000” such that for any
integer N and any N X n deterministic matrix A, for every x € S"1 there exists

y € N such that
100
A=) < 20 BolA)

This reduces the proof of the Theorem to estimating the large deviation of
B (A) when A is a random matrix coming from an appropriate model.
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Proof of the net theorem

Step 4: Large deviation of Bj.

. 2 2
Recall: By(A) := m'”a,-e[o,u,]‘[j:la,-zw27:1‘1"|Ae"| :

Let A be a random matrix with independent columns. Pick any x > 1. Then

P (Ba(A) 2 108]|AllEs) < (Cr) 7"
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Proof of the net theorem

Step 4: Large deviation of Bj.

. 2 2
Recall: Bk (A) := mlnai€[0,1]7H7:1 >R Dm0 |Aeil?

Let A be a random matrix with independent columns. Pick any x > 1. Then

P (Ba(A) 2 108]|AllEs) < (Cr) 7"

Theorem follows now!
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Proof of the net theorem
Step 4: Large deviation of Bj.

. 2 2
Recall: Bk (A) := m'na,-e[O,l],HLI >R Dm0 |Aeil?

Let A be a random matrix with independent columns. Pick any x > 1. Then

P (Ba(A) 2 108]|AllEs) < (Cr) 7"

Theorem follows now!

Small Question:

Could the above estimate be improved if we consider
P(Ba(A)2 t-EllAllhs) <7, t o0

If yes, then one could potentially remove the extra (Iog%)n factor in the “tall”
theorem.
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Proof of the net theorem
Step 4: Large deviation of Bj.

Lemma

Let A be a random matrix with independent columns. Pick any x > 1. Then

P (Bx(4) 2 108]IAl%s ) < (CR) ™"

o Denote Y; = |Aej|. If Bx(A) >10) 7 EY?, then for any collection
a1,...,an € [0,1], either

n n
> afv?>10) EYZ
i=1 i=1

n
Ha; <k "
i=1

. . . . EY?
@ Consider a collection of random variables oe,? = min (1, v ) .
i
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Proof of the net theorem
Step 4: Large deviation of Bj.

o We estimate

P (Bx(4) > 108]|A|1%s ) <

n
] EY?Y 2 2
P D min (1,775 ) Y7 > 10E||All5s | +

1
n
(. EY? _
P (Hmm (1, Y.2, ) < 2n> — P +P,.
i=1 i

)—2n.

(] P1 =0.
@ By Markov's inequality, P> < (Ck
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Proof of the net theorem

Summary: the non-lite version of the net theorem

Theorem (NON-lite)

Fix n € N. Consider any S C R". Pick any v € (1,4/n), € € (0, ﬁ) Kk>1,
p>0ands>0.
There exists a (deterministic) net N' C S+ 4eyBj5, with

#N <

_Gn_
N(S,eB5)-(Civ) ™™,  if logr < 82,
N(S,eB3) - (Cklogr)", if logk > Iﬁ)%a

such that for every N € N and every random N X n matrix A with independent
columns, with probability at least

n
1—r 2P (1+ l) ,

for every x € S there exists y € N such that

A=)l < G

Here C, Cy, Gy, C3 are absolute constants. -~y is the “sparsity” parameter
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Additional novel tools and ideas
The distance theorem

Theorem about distances (L, Tikhomirov, Vershynin, 2019+)

Let an nx n A have independent UAC entries and E||A||%,s < Kn?. Denote

Hj =span{Ae;: i #j,i=1,...,n};
Take any j < n such that IE|AeJ-|2 < rn®. Then

P (dist(Aj,Hj) <e) < Ce+2e™ ", e>0.

Theorem (Fernandez, L, Tatarko, TBD) — ongoing

The analogous result is also true for inhomogeneous matrices with arbitrary
aspect ratio.
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Additional novel tools and ideas

Sketch of the proof of the distance theorem

Esseen’'s Lemma

Given a variable £ with the characteristic function ¢(-) = Eexp(27i€-),

ds, t>0,

1
Hm<ﬂ§C/

Jo )

where C > 0 is an absolute constant.

RLCD - definition

For a random vector X in R”, a (deterministic) vector v in R", and parameters
L>0, ue(0,1), define

RLCDfu(v) = inf{e > 0: Edist?(0v+X,Z") < min(u|6v|?, L2)} .

Here by x we denote the Schur product

vk X = (v X1,...,vaXn).

Note: Rudelson-Vershynin previously defined LCD, a parameter which worked
well to study the i.i.d. case.
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Additional novel tools and ideas

Sketch of the proof of the distance theorem

Geometric meaning of RLCD

RLCDX(V) is roughly how much the X-associated lattice has to be scaled
down to get close to v.

Anticoncentration via RLCD

Let X = (Xi,...,Xn) be a random vector with independent coordinates
satisfying max; P(sup,cp | Xi —z| < 1) < b for some b€ (0,1). Let g >0, L>0
and u € (0,1). Then for any vector v € R” with |v| > ¢y and any € > 0, we have

C

P((X,v) <e) < Ce+ Cexp(—cl?) 4 —————.
((X,v) <€) < Ce+ Cexp(—c )+RLCDi<u(v)

Here C > 0,¢ > 0 may only depend on b, ¢, u.

In words

If RLCD of a vector v is large, then the scalar product (X, v) has great
anti-concentration properties!
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Sketch

Additional novel tools and ideas

of the proof of the distance theorem using the double counting idea

Let v be the random normal, orthogonal to columns Aey, ..., Aen.

Goal: RLCD(v) = LARGE.

Let M = [Aey, ..., Aes] |, then Mu = 0 (since it is orthogonal to all the
rows of M).

Consider a net A (from the net theorem) on S"~! with respect to M.
Let Spaq = {y € S""1: RLCD(y) = small but not too small} (a level set)

P(v € Spag) = P(_inf |Mx|=0) <#F-P(|Mx| < ev/n),
XESpad

where F C N which forms a net on Sp,q.
Since on Sp.q RLCD is not too bad, P(|Mx| < ev/n) is small.

Most of the points on a lattice have large RLCD! — the double
counting method.

#F < e 4N, since RLCD is stable.

Combining these bounds allows to iterate on the level sets and to obtain
the distance theorem.
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Questions
Open Questions

@ How to remove the (Iog%)n from the “tall” Theorem?

@ What can one say about the invertibility of inhomogeneous sparse
matrices?

@ Given a random matrix A with an inhomogeneous profile, determine the
expectation of o,(A) explicitly depending on the profile.

o Estimate on(B+ M) where B is the Bernoulli matrix and M has
Hilbert-Schmidt norm larger than Cn.

@ What can be said about the invertibility of the inhomogeneous symmetric
Wigner matrices?
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Questions

Thanks for your attention!
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