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We study a rate-type viscoelastic system proposed in I. Suliciu (Int. J. Engng.
Sci. 28 (1990), 827-841), which is a 3 X 3 hyperbolic system with relaxation. As the
relaxation time tends to zero, this system converges to the well-known p-system
formally. In the case that the solutions of the p-system are piecewise smooth,
including finitely many noninteracting shock waves, we show that there exist
smooth solutions for Suliciu’s model which converge to those of the p-system
strongly as the relaxation time goes to zero. The method used here is the so-called
matched asymptotic analysis suggested in J. Goodman and Z. P. Xin (Arch. Ration.
Mech. Anal. 121 (1992), 235-265), which includes two parts: the matched asymp-
totic expansion and stability analysis. ~ © 2000 Academic Press
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1. INTRODUCTION

We are interested in the asymptotic behavior of the rate-type viscoelas-
tic system
v, —u,=0,
u, +p. =0, xeR, t>0,
t px (11)
pr(v) —p
(p+Ev) =——,
&
as the relaxation time ¢ goes to zero. Here v and —p denote strain and
stress, respectively, u is related to the particle velocity, and E is a positive
constant, called the dynamic Young’s modulus.
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This system was proposed in [9] to introduce a relaxation approximation
to the system

v, —u, =0,
(1.2)
u; +pR(U)x = 0.

Since the system (1.2) can be obtained from (1.1) by an expansion proce-
dure as the leading order, it is natural to expect that (1.2) governs the
evolution of the solutions to (1.1) as & — 0. For smooth flow, this state-
ment can be easily verified by Hilbert expansion and a standard energy
estimate argument. However, when discontinuities occur in the solutions
of (1.2), the analysis is much more complicated and more difficulties
appear.

Motivated by [1] and [10], we use the method of matched asymptotic
analysis introduced in [1] to overcome the difficulties, i.e., constructing
approximate solutions by matched asymptotic expansion and then estimat-
ing the error bounds. We show that the piecewise smooth solutions of (1.2)
with finitely many noninteracting shocks satisfying the entropy conditions
and subcharacteristic condition are strong limits as ¢ — 0 of solutions of
(1.1). For simplicity of presentation, we only discuss the case in which the
solution of (1.2) is a distribution solution smooth up to a single shock.

We make the following assumptions:

H) prv) <0,
(H,) pr(v) >0,
Hy) [pr()I <E,
where (H,) is the so-called subcharacteristic condition (see [6]).

It is easy to know that, under (H,)—(H,), (1.2) is strictly hyperbolic and
genuinely nonlinear, with eigenvalues

M= = (—pR())"? <0 < (=pp(v))? = 4, (1.3)

We now give our main result. A function (v (x, 1), u,(x,1)) is called a
single-shock solution of (1.2) up to time 7 > 0 if

@ (wo(x, 1), uy(x, 1) is a distributional solution of (1.2) in the
region R' x [0, T'].

(i) There is a smooth curve, the shock, x = s(¢), 0 < ¢ < T, so that
(vy(x, 1), uy(x, 1)) is sufficiently smooth at any point x # s(¢). The left and
right limits of (vy(x, ), u,(x,t)) and its derivatives exist at the shock
x = s(¢).

(iii) Across the shock x = s(¢), the Rankine—Hugoniot conditions
hold,

(1.4)
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In the following, we will always use the notations f' = f(s(t) — 0,¢) and
fr=fGs() + 0,0).

(iv) The Lax-entropy condition
M <s< A or A <s<A
is satisfied. For definiteness, we assume that the shock is in the second
family, i.e.,
No(t) <s(t) < Ay(1). (1.5)
THEOREM 1. Under (H,)-(H;), setting p, = pr(v,), there exist positive

constants n, and &, such that if (v, uyXx,t) is a single-shock solution up to
time T with

T T
DRI

X

)Ic?x“(vo,uo,po)(x,t)lzdxdt < +o, (1.6)
>s(t)

and
lof — bl + lupy — ubl + 1 ph — phl < mg, Vie[0,T], (1.7)

then for each & € (0, &,], there is a smooth solution (v°, u®, p©)(x,t) of (1.1)
with

(ve,u®, p?) = (v, ug, o) € L7([0,T], H?). (1.8)

Moreover, for any given « € (0, 1),

2
sup j;{1|(U€_Uo,u‘g_uo,pé‘_po)(x,t)| d.xSClea (19)

0<t<T

and

sup |(v8 — vy, u’ — ugy, p° —po)(x,t)| <C,e, Vh >0, (1.10)
0<t<T
[x—s(t)=h

where C, and C, are positive constants independent of .

REMARKS. (1) The advantages of the matched asymptotic analysis
method are that the structure of the solution (v?, u®, p°) in Theorem 1
will be clear, since it is a perturbation of a formal solution which will be
constructed explicitly.

(i) The solutions (v% u®, p®) have carefully chosen initial data
which are essentially those of the Hilbert expansion and the shock-layer
expansion.
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(iii) In particular, we have that, away from the shock, (0%, u®, p°)
approximates (v, u,, p,) at an optimal rate in ¢, i.e., (1.10).

(iv) The same results hold for finite noninteracting shocks solutions
of (1.2); this is clear from our analysis.

(v) The technique used here can be extended to deal with the
general relaxation systems proposed by [5].

It is known (see [1]) that if we can construct a formal solution for (1.1)
by matching the truncated Hilbert expansion (outer expansion) and shock-
layer expansion (inner expansion), then the existence of solutions to (1.1)
and its convergence to the solutions of (1.2) can be reduced to the stability
analysis for the approximate solution. Since the dissipation of relaxation is
much weaker than viscosity, the limit here is more singular than those in
[1], and we need to use the higher-order corrections to weaken the
nonlinearity in the error equations between (1.1) and (1.2). Comparing
with [10], where the smooth steady shock profile can be constructed
explicitly, we only have an abstract result for the existence of shock
profiles for (1.1). Due to the fact that the leading order, the time-depen-
dent shock profile, has exactly the shape of a steady shock profile with
parameters varying with time, this becomes crucial. However, we can get
enough information on shock profiles of (1.1), and then a modified energy
estimate method as used in [2] and [4] gives the result.

For the stability analysis for the elementary waves of (1.1), we refer to
[2-4, 7].

In the next section, we construct the approximate solutions by use of the
matched asymptotic expansion method. The existence and asymptotic
behavior of the solutions to (1.1) are proved in Section 3.

2. CONSTRUCTION OF APPROXIMATE SOLUTION

In this section we will construct an approximate solution for (1.1) by
using the method of matched asymptotic expansions. The outer solutions
come from the Hilbert expansion and the inner solutions are found by
shock-layer expansion. By matching the outer and inner solutions on an
appropriate “matching zone,” we will obtain the various outer and inner
functions and form a formal approximate solution for (1.1). For conve-
nience, instead of (1.1), we will use the following equivalent form of (1.1),
namely,

v, —u,=0,
u, +p, =0,

, (2.1)
p,+ Eu, = ;(pR(v) -p).



302 LI AND PAN

2.1. Outer Expansion

Let x°Cx,t) = (0% u® p°)x,t) and x,(x,t) = (v;, u;, p)x, 1), i=
0,1,2,.... In the zone away from the shock x = s(¢), solutions of (2.1)
may be approximated by

X (x,t) + ex,(x,0) + exxa(x,8) + -, x#s(t). (2.2)

Substituting (2.2) into (2.1) and comparing the coefficients of power &
leads to

o(e™")  pr(v’(x,1)) =p°, (2.3)
v} —u’ =0,
o(1)  ul+p!=0, (2.4)

p! + Eu) = —p, + pr(v°)v,,

X

Uyp = Uy =

O(e)  uy +p,=0, (2.5)

"

Pyt By = —py + pr(v”) v, + 3pR(0) 07,

=0’
Uy, +p2x = O’

0(82) Upp = Upy (2.6)

etc.

From (2.3), (24),, becomes a closed system for (v°,u”), which is
identical with (1.2), and its solution can be taken as the piecewise smooth
functions described in Section 1. Thus we set

x" = (vg g, po)(x,1) = xo(x,1),  x #s(1). (2.7)

Next, we can get from (2.4), that
p1 = —(po + Eug,) + pr(vo)v,

= —(E + pr(vg))ug, + pr(vo)vy,  x#s(t).  (2.8)

We conclude from (2.8) that (2.5), , becomes the following closed system
for (v, u Nx, 1),

Uy — Uy, = 0,

uy, + (Pr(vo) 1), = ((E +Pr(vo))tos),,  x #5(1),
and (2.8)-(2.9) are equations for y,(x, £).

(2.9)
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Similarly, y,(x,?) satisfies

Py = —(py, + Euy,) + pr(vg)v, + %p}g(uo)uf, (2.10)

Uy — Uy, =0,

uy, + (Pr(vo)vy), = (pu + Euyy — 3p5(00)07),s  x #s(1).

This process can be continued to find higher-order outer functions
x:(x,1), i > 3. x; may be discontinuous at x = s(¢) but are expected to be
smooth away from the shock uniformly up to x = s(¢).

(2.11)

2.2. Inner Expansion and Matching Conditions

Near the shock, the solution of (2.1) will be represented by a shock-layer
expansion of the form

Xo(&,1) + eX\(&,0) + &2 X,(&,1) + -, (2.12)
where X; = (V},U, P,) and ¢ is given by
x —s(t)
= ——— +5(t, ¢), (2.13)
&

in which 8(¢, £) is the perturbation of the shock position which is to be
determined later. Assume

8(t,e) = 8,(t) + &d,(t) + &%,(t) + -+ . (2.14)
Substituting (2.12)—(2.14) into (2.1) and matching powers of &, we have
~§Vye — Uy = 0,
O(s')  —§Uy + Py =0, (2.15)

—$Py, + EUy, = pr(Vy) — Py,

Vi = U= _(Vm + So(t)Vog)s
O(1)  —sU + Py = — (U, + 8y(1) Uy ), (2.16)

—$Py; + EU; = _(P()z + So(t)Pog) +Pr(Vo)Vy — Py,

—$Vye = Uy = _(Vn + $o(t)m§) + Sl(t)Vog),
O(e) =il + Py = —(Uy, + 8()Uy) + 8,(0)Uy ), (217)

—§Py, + EUyy = —(Py, + 8)(1) Py + 8,(1) Py, ) + W,
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etc., with
V= pr(Vo)Vy — Py + %P}Q(Vo)Vlz-

The inner expansion is assumed to be true in a zone of size O(&) around
x = s(2).

The outer expansion and the inner expansion are expected to be valid in
the “matching zone,” in which |¢]| — o« and |x — s(¢)| is small. Therefore,
they must agree there. We can express the outer solutions in terms of ¢
and use Taylor’s series to find the following “matching conditions” as
£ Foo

Xo(€,t) = xo(s(t) F0,t) +o(1), (2.18)
X,(£,0) = xi(s(t) T 0,6) + (£— 8,) xou(s(£) F 0,6) + o(1), (2.19)
Xp(&.1) = xo(s(2) F0,0) + (&= 80) x1.(s(2) F0,1)
— 8 xo.(s(2) F0,1)
+3(€ = 80) Xoux(s(1) F 0,1) + 0(1), (2.20)

etc.
Equations (2.18)-(2.20) require that inner functions have algebraic
growth rates at both infinities.

2.3. Constructions of the Outer and Inner Functions

We construct the outer and inner functions order by order. Simultane-
ously, the matching conditions will be satisfied, and 8(¢, £) will be deter-
mined.

The leading order of outer functions, x,(x,t), is the single-shock solu-
tion of (1.2) in Theorem 1. For fixed ¢ (taken as a parameter), X,(¢, 1),
determined by (2.15), is exactly the traveling wave solution of (1.1) with the
boundary conditions (2.18). Up to phase shift, X,(&,¢) can be uniquely
determined (see [2] and [4]). Here, since the shift can be absorbed by
5(t, £), we can take it as zero. Although we could not get the explicit
formula for X( &, ) as in [10], we have the following (see [4]).

LEMMA 2.1 (Shock profile). Under the entropy condition and the subchar-
acteristic condition, (2.15) and (2.18) have a smooth solution ®(v), &, §) =
Vi, Uy, Py) which is unique up to a shift in & and satisfies V; > 0, and

Woel + 1Upel + [Pyl < O(1)|vf — v,

|| < C(lvg = vol)exp( - C,l£]),
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where C;, i = 1,2, is a positive constant. Furthermore, as & — —, it holds
that, for some positive constants C4, C,, and Cs,

D — (vg,up, p)l < O(1)lvf — volexp(—Csl &),

I
— -1

a0l < O(Dexp(—C,l¢l),

< O(1)exp(~ 5| £]).

Similar results hold as ¢ — + if we substitute v}, for v} and make some
revisions.

We now turn to the first-order functions x,(x,¢) and X,(&,1). x;, X,
and 6, will be determined at the same time.
Integrating (2.16), , over [0, £], we have

SV, + U = 8V, + [Vie dé+ (1),

0 (2.21)
§U, = Py = 80Uy + [Upe dé+ (1),

0

where ¢,(¢) and c,(¢) are integration constants to be determined. Equa-
tions (2.16) and (2.21) give

P1§:f1P1 _fzh1 +f3hz +f4

=f,P, + 0, (2.22)
where
_ 8+ pr(M) _ Pr(M) P
YOS -E) > §$2-E’ oot
fo= _F E(50U0§ + Uo:) + 2 _E(80P0§ + Po;)a

: 3
hy = 8,V, + /0 V,, dé+ c,(1),

: I3
hy, = 8,U, + fo Uy, d€ + cy(1).
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From (2.22) we obtain
P(§,1) = (exp{/ggﬁ(n,t) d”’l})

X (/:exp{jon ) d/\}Q(n,t) dn), (2.23)

and then X, can be determined provided that ¢,(¢), c,(¢), and §,(¢) can be
determined, since we have

1
Ul E(Pl +h2)7
(2.24)

1 1
I/l = _j_Z(Pl + hz) + ;hl

c(1), ¢,(t), and §,(t) will be determined in such a way that X,(&,¢)
constructed above satisfies the matching conditions (2.19). Similar to [10],
we observe that

LEMMA 2.2.  Equation (2.19), will be satisfied if (2.19), , hold.
Proof. We need to check that, for £ - + oo, it holds that

Pi(&,1) =pi(s(t) F0,0) + (&€= 8))pos(s(t) F0,2) +o(1)

=pi(s(1) F0,1) + (&= 8)) pe(vo)vo.(s(t) F0,1) +o(1).
(2.25)

We only check the case for & = + oo, since the case for £ — —oe is similar.
From (2.16), we see that

P, = §P1§ _EU1§ + pr(Vo)Vy — 8()Pog - Py,

($2 — E)Uy, — $8,Uy; — $Uy, + pp(Vo)Vi — 84Pye — Py,
As & - +o, using (2.19), , and (2.18), we have
Pi(&,1) = (8* = E)uy, (1) — sug(t) — pg
+ pr(vg) (01 + (&= 8y)vg,) +o(1)
= (—Eug, = i, + pr(vg)v7) + (& = 80) pr(vg) v, + o(1)
=pi(s(2) +0,2) + (&= 8)) Pr(vo)vox(s(t) + 0,1) + o(1),
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where we have used (2.8) and the relations f” = f/ + §f/. The proof is
completed.

In the following, we will also use the notations f"(¢) = lim, , ., f(&,1)
and f'(t) =lim, , . f(£¢). It is clear that these are identical to the
original definition. Due to the entropy condition, we see that

§% + pr(vh) <0, §2 + pr(vg) >0,

which, with Lemma 2.1 and the subcharacteristic condition, imply that

fi(t) + O(Dexp{—a| £} as & > e,
1) = 2.26
h(&,1) {f{(t) + O(1)exp{—ayl€l} as é > +o, (2:26)
and
$* + pr(vo) $? + pk(vp)
107y — r(t) =
where «, > 0 is a suitable constant.
By Lemma 2.1, we see that
Xo(t) + O(D)exp{—ayl¢l} as &> —o»,
X, (&,1) = 2.28
ol(£:0) {;«;(r) + O(1)exp{—ayl&l} as ¢ > +oe. (2.28)

Then we can get the asymptotic behavior of V,(&,¢) and U,(&,t) as
follows,

1,.
Vi = (80(sed — ) + €50 — ih) + sei(1) — ex(0)

+04,(1) + O()exp{ — o £}, (2.29)

1
Ar(SO(suo —up) + §(sv’ - uo) + scy(t) — cz(t))

+ 0p(1) + O(Dexp{—al &1},

V=

and
Ul = %(SO(B’uf, +ug) + E(Bog + ig) + Bley(r) + cz(t))
+ O0y(1) + O(l)exp{—a0|§|}, (2.30)
N
U = A’( So( B'vg + ug) + E(Big + iip) + B'ey(1) + ¢y(1))

+ 0y,(1) + O(l)exp{—a0|§|},
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where
(T

A =5+ pi(Vy), B = S

and O,;, O4,, O,;, and O,, are known functions.

From (1.2), we have
I

P T
he= T e
(2.32)
! S (piat oo 5
_ X y r _ rAr yis
up, = AZ(B oy + uo), up, = A"(B D+ 11p).

Now, we set o(1) = O(Dexp{ — el £[} in (2.19). The matching condition
(2.19), , will be satisfied provided that we can choose c,(#) and c,(¢) such

that
/ 1 1 X -1 1 .
U1 = Ol = _/(50(5% - ”0) + $¢y(t) — Cz(t)) + 04(1),
vy = 8gVoy = Z(go(jUﬁ —up) + Scy(t) — Cz(t)) +0pp(1), (2.33)
and
s .
ul — syul = Z(S (B'vg + ug) + Bley(1) + ¢,(1)) + 0y(1),
. (2.34)
s .
ul — Syul, = F(50(Bru3 +up) + Bley(1) + cy(1)) + Oy(2).
By use of (2.32), (2.33)-(2.34) are reduced to
Sei(1) = ¢y (1) = A'vl = 8,($0f — 1ih) — 8y(svf — uf) —A'0y(1),
(2.35)
Sei(1) —cp(t) = A"vi — 50(“"6 - ”6) - S0(5'06 —up) —A'Op(1),
(2.36)
Ble(1) + ¢,(1)
Al

A .
= —uj — 8&(B'vg + i) — 8(B'vy + up) — Tozl(t), (2.37)

Blc,(t) + c,(1)
A r I . r N "o r A
uf = 8,(B'of + if) = 8y( B'vG + uf) = —0,,(1). (238)
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We can solve (2.35) and (2.37) for ¢,(¢) and c¢,(¢) to get
ci(t) = (SU{ + “{) - 5006 - SOU(I) — 05(1),

c,(t) = s(u1 Blvl) — 8yt — Syub — 04,(1),

where O,,(#) and O4,(t) are known functions. Similarly, we know from
(2.36) and (2.38) that

(2.39)

() = ($v] + u}) — 8,05 — 805 — Oy(1),
¢y (1) = $(uf — B'o]) — 8yt — Syuf — Oy(1).
Thus, the compatibility condition is
$(vf = vf) + (uf —uf) = 8(vh — v§) — 8o(0h — f) + Os5,(2) =0,
$(ut —up) = $(B'vf = B'vy) — 8o(uh — up) — 8,(ih — ity) + Os,(2) =0,

(2.40)

(2.41)
where Os,(¢) and O,(¢) are known functions.
Introducing
en = —[sv, +u ] = s(ui - o) + (u{ — uf), (2.42)

e = —[suy — pr(Vo)vy] = s(ui - u{) - S(Blvi N B"U{), (2.43)
(2.41) becomes

ey =50(U(l)_i’r 8 U(IJ_U6) — O5(1),
I

0) + 8
e, = 8yt — uip) + 8y(ulh — uh) — Os,(1) (2.44)
= —Se;; — §(v) — v)8) — Osy(1).

Now we see that the matching conditions (2.19), , will be satisfied if the
boundary values crossing the shock for y,(x, ¢) satisfy (2.44).

Next, we will show (2.44) is exactly the relation between the boundary
data of x,(x,t) required in solving the initial boundary value problems for
linear hyperbolic equations (2.9) on Q, and Q_, respectively, with

Q_={(x,t): x<s(1),0<t<T},
Q,={(x,t): x>s(t),0<t<T}.
This is now routine by the standard theory. The system (2.9)
=0,

uy, + (pR(UO)bl) ((E + pr(vo))uo.),
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has eigenvalues A(vy) = — v/ —pr(vy) and A,(vy) =/ —pr(v,y), with
corresponding right eigenvectors r; = (—1,A,)" and r, = (=1, A,)", re-
spectively.

Setting

(;) - M(’Zl:) (2.45)

with
-1 -1
M= ( A A )
we can diagonalize the system to obtain
Ty A 0y
Z . 0 )\2 Z .

= -M (M, + (JM),C)(ZI1

1 0
M (((E + Pr(v0))uoy) )
(2.46)

where

0 -1
/= (p;(v()) 0 )

By the characteristic method, with the help of the entropy condition, we
see that z!, z!, and n} will be determined by integrating along appropriate
characteristics, and only n| needs to be specified at x = s(¢). This bound-
ary condition can be obtained by (2.44). Rewrite (2.44) in terms of (n, z,)
as

(eﬂ) - [(—s‘M + JM)(';I1 ” (2:47)

€12
for which the solvability condition is
Ney + ey =z{(Xy = X)) ($ = AY) +nf(s — A)) (A — AY)
+z7(§ — A5) (A — A)
=Fi(0). (2.48)
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If (2.48) is satisfied, one can solve (2.47) to obtain

nh = (5= D) (ni(s = A7+ 2{(5 = 45) =2 (5 - A))
+§(v) = v§) 8y + Os3(1), (2.49)

where we have used (2.44). By (2.44), we also can reduce (2.48) into

d
(A - s')E{fso(ug —vp)} = §(vh — vf) 8
= Fi(t) + Os(t). (2.50)

This is a linear ordinary differential equation on §,(vi — vj), which
completely determines 8, up to a constant. Then we get n| by (2.49). The
standard theory for mixed problems for linear hyperbolic systems gives the
smooth solutions to (2.9) over Q_ and Q,, respectively. The outer
functions y,(x,t) are determined then.

By the constructions of y, and §,, the inner functions X,(&,?) are
obtained, and (2.19), , are satisfied as well. We collect all the results
obtained so far as the following.

THEOREM 2.3.  x(x, 1), X (&,1), and 8, can be determined such that

@ xy(x,t) and its derivatives are uniformly continuous up to x = s(t)
and

Y ff )I&x"‘)(l(x,t)lzdxdt< +oo, (2.51)

\a\sz x#s(t

() X,(&,1) is smooth and, for some a, > 0, we have

Xi(€,0) = xa(s(2) ¥ 0,1) + (€= 8) xo.(s(2) +0,7)
+O0(1)exp{—qylél},  as &> Feo. (2.52)
It is easy to see that the above procedure can be carried out to any
order. Especially, we can construct y,(x,?), X,(&,¢), and 8, such that
similar properties as in Theorem 2.3 hold.
2.4. Approximate Solutions

Now we construct a smooth approximate solution to (1.1) by patching
the inner and outer solutions discussed.
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Set
x —s(t)
I(x,1) = (X, + X, + &°X,)| ——— + 8§, + &8,,1| (2.53)
&
and
O(x,t) = (xo+ &x; + ex2)(x,1),  x#s(1). (2.54)

Let m(y) € C;(R") such that 0 < m(y) < 1 and

L yl<1,
m(y) = {o, = 2. (2.55)

Take a € (3, 1) to be a constant. We define
§*(x.1) =m( —u )) 1(x.1)

+

1 —m( _8 st )))O(x £) +d(x,1), (2.56)

where d(x,t) = (d,,d,, d;)'(x,t) is a higher-order correction to be deter-
mined. We use the following notations:

S8=(U8’”8’P€)[’ 1=(11>12a13)t’ O=(01a02a03)t-

Using the structure of the various orders of inner and outer solutions, we
have

vf —uy=F, +d, —d,,,
u?+pt=F,+d, +d,,, (2.57)
pl +Eul—q(S°) =F, +d;, + Ed,, + A,
where g(f) = é(pR(fl) — fy) for f=(f, f5, f;)', and
Fy = &m(8Vy+ (8 + €8, Vo + V)
+m, (I, — 0y) —m(I, - 0,),
Fy = &m(8,U, + (8, + €8,) U, + Uy, |

+m, (L, — 0,) + m(I; — 03),
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Fy = ’m(8,P, + (8, + £8,) Py, + Py,
+m,(I; — 03) + Em (I, — O0,),
A=-mA — (1 =m)A;, = Ay + (1 = m)(py + Eu,,),
1
A = ;{pR(VO + eV + &)
_(pR(V(J) + epr(Vo)Vy + 82(p}3(V0)V2 + %P%(Vo)Vlz))}:
1

&

A, {Pr(ve + &0, + &%0;)

_(pR(UO) + epr(vy)vy + 82(1’%(”0)”2 + %P%(UO)U%))}a
As=(q(S5°) —q(S° = d))
+(q(mI + (1 —m)0) — (mq(I) + (1 —m)q(0))).
By Taylor’s expansion, we have
A, =0(1)e*,  A,=0(1)e.
Due to the construction, we see that

&k
W(I —0)(x,t) =0(1)e® P ineg”<|x—s(t)<2e”,
X

which can be obtained from the matching conditions (2.18)—(2.20).
Choose (d,, d,, d;) such that

dn - d2x = —F,,
dy +d;, = —F;, (2 58)
dy = Cyd,, .

d(x,0) =d,(x,0) =0,
with Cy = 2max, ¢ o 7, A5(2). In view of the facts
(i) F,, F5, and m have their support in {(x,#): |x — s(1)| < 2£%,0 <
t < T},
(i) a*/ax* ) F,, F)(x, ) < O(D)e? 9 we have, by a standard
characteristic argument, that
LEMMA 2.4. The solution (d,,d,) to (2.58) has compact support and
satisfies, for integers 2 > k > 0,
k

—d|=0(1)eC0, Y(x0) R X[O.T]. (259)
X
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Thus, we can estimate A; by use of the mean value theorem to get

< O(1)Bha-1, (2.60)

&k
ax* As
We conclude that

THEOREM 2.5. Let S®(x,t) be the smooth function defined in (2.56) with
d(x, t) determined in (2.58). Then S* satisfies

v —ui=0,
ul +ps =0, (2.61)
pl + Eul —q(S°) = R(x,t),
with R(x,t) = F, + d,, + Ed,, + A and

(9k
7k a—
‘ﬁ_)CkR 30(1)8(3 ) 1,

) (2.62)

T p+® ﬂk
f [ —R| dxdt <0(1)&¥3~0a2,

0 — &X
This finishes the construction of the formal approximate solution to

(1.D.

3. STABILITY ANALYSIS

We now prove that there exists an exact solution to (1.1) in a neighbor-
hood of our approximate solution S*(x, ¢), and, for ¢ sufficiently small, the
asymptotic behavior of the solution to (1.1) is governed by S*(x, ).

Let S be an exact solution to (1.1) with initial data $*(x,0) = S*(x,0).
We decompose the solution as

§e(x,t) = S*(x,1) + (,8,%) (x,0),  (x,0) €R X [0,T]. (3.1)
It is easy to show that
b — ¥, =0,
U+ w, =0,
W, + Eg, = (pr(v® + &) = pr(v®) = W) = R(x,1),
é(x,0) = #(x,0) =w(x,0) =0.

(3.2)
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Setting
b=0d. d=4y, W=, (3.3)
we have
(Z)t - "Zx =0,
B, +w =0,

W, + Edr, = L pa(v® + &) — pr(v®) — W) — R(x,1),
$(x,0) = §(x,0) = W(x,0) =0,
which implies
¢ — . =0,
U — i = —4(pe(v® + &) = pr(v®) + §) + R(x,1), (3.4)
$(x,0) = (x,0) = 4(x,0) = 0,

Using the scalings

b=cd, Y=ey, (3.5)
and
x —s(t) t
y= P T="> (3.6)
we simplify (3.4) into
L1(¢)7 l1[/) = 07
L2(¢7 l,b) = F(X,t), (37)
é(y,0) = ¥(y,0) = ¢,(y,0) = 0,
where
Ll = d)r _sd)y - llfya
LZ = (lpr - ‘S:wy)f - s(l?bT - ‘S:lpy)y - Elpyy + (lpr - Slpy) - D¢y7(3 8)
D = ~pi(v"). |

F=eR- (PR(U€ + ¢,) — pr(v°) _P}e(ve)‘by)'
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To study the existence and the asymptotic behavior of S°(x,t) for &

small, it is sufficient to show that, for & sufficiently small, (3.7) has a

smooth “small” solution up to 7= L. This will be carried out by an

P

argument similar to the stability anlaysis for the shock profiles of (1.1) (see
[2] and [8]). The different part is that S° depends on & and ¢ here.

In what follows, we use H' (I > 1) to denote the usual Sobolev space
with the norm || -||;, and | - || denotes the usual L*norm. We also use the
following notation for simplicity:

k
I(g1>&25---> gk)”i =) ”gz”zn
i=1

Let us define the solution space of (3.7) by
X(0,7)) ={(¢,¢) € C°(0,T; H?), ¢, € C°(0,T; H")}, (3.9)

with 0 < 7, < L. Suppose that for some 0 < 7, < £, there exists a solu-
tion (¢, ) to (3.7), such that (¢, ) € X(0, 7). Denote the norm for

(¢, ) by
N2 () = sup (I(, ) (I + l()IIT). (3.10)

O0<s<r7

The main result in this section is the following a priori estimate.

THEOREM 3.1. Suppose (H,)-(H,) are satisfied. There exist positive
constants &, 1y, 6,, and K, which are independent of & and 7, such that, if

@ 0<ecx<ey,
(i) lvg — vgl + lug — ugl + 1p5 — pol < my,
(i) N(ry) < §,,
then it holds that

sup  (II(®, ) ()5 + g (7))

0<7<7

# (1, )OI + N (1) do
< Kot (3.11)

for (&, ) € X0, 7).

Before making the energy estimate, we derive some properties of S°.
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LEMMA 3.2.  Let S°(x,t) be defined as in (2.56). Then it holds that

Xo + O(1) ™G |x —s(t)| > &,

(D) §7(x1) = X, + 0(1)e”, lx —s(t)] < 2&°,
(i) S:(y,1) =mX,, + O(l)e, S2=0(1)e.

Proof. This lemma can be shown by the construction of S?. Similar
lemmas can be found in [1] and [10]. The proof is the same (see Lemma 4.2
in [10], for instance) and the details will be omitted.

Now we proceed with the energy estimates. First, we establish the
following basic energy estimate.

LeEmMA 3.3. Suppose the conditions in Theorem 3.1 are satisfied; then,
for all T € [0, 7,1, we have

(s ) () + (s, — $05, ) ()P + /OTH(@, Uyt — 51, ) ()17 ds

T pt >
2
+/0 f,x m|Voy|l,lI dy ds
< 0(1)86“_3.

Proof. By the Sobolev embedding theorem, we know that v° + ¢, is
bounded. Thus we can choose E, = sup|pr(v® + ¢,)| < E in view of (H,).
We consider the equality

(¢ + mi )Ly + D7 (i, = $u,) + ¢) L,
=D (¢ + u(y —$9,))F, (3.12)
with1 < u = (E + E,)/2E, < E/E,. Equation (3.12) can be reduced into
[G,+G,], + Gy + G, =D (¢ + pu(y, — s¢,))F,  (3.13)

with

1 nE
G, = Ed)z + pdy, + TDfl s

Lo S N L2 _ .
G, = E(D LDyt + D7 (= s0) + DT (4 = sy,
_1 1 _1 1 . _1 . 2
Gy=|((p—-1)D" — S uD" + 23D, (4, — sy,)
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1 1
+|ED™! — EMEDT_l + E,U,ED;1 - M (!/y2
+ WED; (4, — $0,) 0.
L —1,2 1 —1,2 -1 ; -1
Gy = 38D, 4" = 5D y" = D, W(, = $9,) + D7 W, + { -y,

where {-:-}, denotes the terms which disappear after integrations with
respect to y.
We see from Lemma 3.2 that

D;' = D 2pi(v°)(mVy, + O(1)¢), (3.14)
D' =0(1)e.
Thus
Dt =0(1)(my + &) (319

For 7, and g, suitably small, there exist positive constants a,, a,, b, b,,
and b5 such that

a1(¢2 + ‘/jyz) <G < b1(¢’2 + l!’yz)’
a9+ (4= 50,)°) < Go b2 + (0 —50,)).  (3.16)

. 2
Gy = by(w + (9 — 5u,)’).
We now estimate G,. By (3.14)-(3.15), we have

5D, = bymVy, ¢ + O(1) e, (3.17)
| = 3D "> = D7 W, — Sip,) + SD; "y |
<o()e(w? + > + (4, —5u,)) (3.18)

for a positive constant b,.
We integrate (3.13) over [0, 7] X (—c0, + ) to obtain, with the help of
(3.16)—(3.18), that

()P + o ()IF + (8, — $u, ) ()2

+/;)T||(1//y, W, — $u,)(s)I* ds + Lff_+wwm|V0y|¢2 dy ds

< 0(1)8/0T(||¢(s)||% + (4w, = $u,)(5)I) ds

+ 0(1)‘[(:[_+:D1(¢ + u(y, — $y,))Fdyds|. (3.19)
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By using the facts
F=¢sR+0()¢;,
T pF+® T 5
[Oj_ |D*1(¢+M(¢T—wy))l¢3dydssO(l)N(T)fO||¢y(s)|| ds,
T pF+®
[ 1D (w+ w(, — su,)) eR| dyds

0 —

< 0(1>ef07(||¢(s)u2 + (0, = su,)()IP) ds + af;f_+:R2 dy ds,
and
8£Tf_+xxR2 dyds = ¢! LSTf_+me2(x, 1) dxdn
< O(1)eb 3,

where the Sobolev embedding theorem has been used, we get, from (3.19),
that

o ()I” + I ()IF + 11, — s3, ) (7)1
+[0||(¢y,¢7—s¢y)(s)|| ds +f0f_wm|V0y|¢2dyds
< 0(1)3/:(||¢(s)||12 + 11w, — sy)(5)I?) ds

+ 0(1)N(T)f(;n(z)y(s)n2 ds + O(1)eb3.  (3.20)

To estimate ||d>y(7')||2, we investigate the following relation:
(Ed)y - (l//T - S(lly))(?yL] - d)yLZ

= [2B¢] = (0= 59,) 6, — 397,
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Integrating (3.22) over [0, 7] X (—o, +), and using Young’s inequality,
one can easily obtain

e, (7)1 + /OT||¢y(s)||2ds
< 0(1)(||(¢y, o, — $y,)()I” + fOTII(dfy, g = 5§, ) (9)I” ds
+ O(1)(N(r) + s)j;)T||¢y(s)|| ds + O(1)e%e=3.  (3.22)

Combining (3.20) and (3.22), for §,, ¢,, and n, suitably small, we arrive
at

(s @) (DIF + (= $u, )(7)II?
+ [, = ) (I s + ]Oij:mWOyW dy ds
<0(1)eb 3 + er;fOTIIa!f(S)II2 ds, (3.23)
for a positive constant K. Equation (3.23) implies that
(TP < 0(1) b3 + Kgfoﬁw(s)nz ds.

Thus, Gronwall’s inequality gives that

/OT”lﬂ(S)HZ ds < 0(1)86“_3/076Xp{K8(T —$))ds.  (3.24)
Inserting (3.24) into (3.22), we have

() (I + 1, = 59 ) ()P + [y, = 50,) ()1 ds
+f07f_+:m|V0y|lp2 dyds
< 0(1)86a3(1 + KngTexp{Kg(T _— ds)

< O(1)gb 3.

This proves Lemma 3.3.
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For higher-order estimates, we have

LeEmMA 3.4. Suppose the conditions in Theorem 3.1 are satisfied; then,
for all T [0, 7,1, we have

(6,5 85, ) (I + (s = $93) (1)
* ,[0 ”(d)yw Wy, (9 — S‘Py)y)(S)H ds

<O0(1)eb 3.
Proof. Instead of (3.12) and (3.21), we study

(&, + miy,) o, Ly + D7 (v, — s), + W) 4, L,
=Dy, + (v, — 50, )F,. (3.25)

and
(Ed’yy - ('!’r - s'd/y) ) - ¢,,0,L, = =, F,. (3.26)

Repeating the procedure in the proof of Lemma 3.3, it is not difficult to
show

H(d)yw(lp S )y’ yy T)H f” d)yy’(‘/j ) ’lpyy)(s)n2 dr
<O(1)gb*3

+ff (107 (0, + u(, — $9,), ) BN+ 16, Fl) dyds. (3.27)

We observe the following facts,
f f ( o, + m(y = s0,), ) + 1y, 1) IR, | dyds
= alfoTH(d’W ds (v — 5‘/’y)y)(s)“2 ds
+ C(a,)ngoT/_MRi dy ds, (3.28)
slj;)Tfj:)Ri dyds = g'/(;”fj:Ri(x, 1) dxdn
<0O(1)g*!

<0(1)&®3, (3.29)
((F = &R),l < O(1)(my + |0, 1)¢; + O(D)Ig,l1,,I,  (3.30)
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and

/Off+:(|D71(¢/y + u(, = 5u,), )| + 16, |)((F = eR),| dyds

= 0N [yt v, = 503 ) ()] s (3.31)

for any positive number «,. Equations (3.27)-(3.31) with «, suitably small
imply Lemma 3.4.

Now with the help of Lemmas 3.3 and 3.4, Theorem 3.1 follows.

Turn to the initial value problem (3.7) now. The local (in time) existence
and uniqueness of the solution in the space X is standard. In view of the
local result, the a priori estimates, and Theorem 3.1, it follows from a
standard continuity argument for hyperbolic systems that

THEOREM 3.5.  Suppose (H,)—(H;) are satisfied. Let &, n,, 8,, and K,
be the suitable constants as in Theorem 3.1, such that v}, — vh| + lul, — ub)
+ | py — phl < my. Then for each & € (0, &,], there exists a unique solution
(¢, ) to (3.7) in X(0, L) satisfying

sup (I, ) ()3 + I (r)I}) + jOT“(||(¢y, Uy 0, )(T)I1F) dr

0<7<T/¢

< K086“_3, (3.32)

for (¢, ) € X(0, D).

It follows from Theorem 3.5 and the structure of S¢ that, for each
e € (0, g,], there exists a smooth solution S¢ to (1.1) on [0, 7] X R such
that (1.8) is satisfied.

Next we study the desired asymptotic behavior of S¢(x, ). From (3.1),
(3.3), (3.5), (3.6), and (3.32), we get that

sup (5% = $9) (0l = sup I, di, %))’

0<t<T 0<t<T

e sup (., ., )l

0<t<T

= sup l(ys 0 )N

0<7<T/e¢

< K,eb3, (3.33)
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On the other hand, by the construction of the approximation solutions (see
Lemma 3.2), we have

sup I8¢ — )(OII2 <0(1)e“.
0<t<T

Hence,

sup |IS° — )(0||2 <0(1)e*,
0<t<T

which is (1.9).
To prove (1.10), we use Sobolev’s inequality and (3.32) to obtain
Sup |(‘§8 - Sé')| = Sup |(¢y7 (py’ dIT)l
xeR! yeR!
O &by, b2 by s 1, I

< O(1)e®e=3/2,

IA

This and Lemma 3.2(i) yield (1.10), if we choose a > 2. The proof of
Theorem 1 is completed then.
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