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1. Introduction

The goal of this paper is to investigate the asymptotic behavior of a reacting flow
of two modes with source terms as the relaxation time (or specially the reaction time)
goes to zero. The system in Eulerian form can be written as

(pr)e + (pur)x =S,
(ps): + (pus)y = =S, (R.F.)

(pu)t + (p + puz)x = O:

which was proposed by LeVeque et al. [5] to model the motion of reacting gas with
two modes. Where, pr is the density of the major mode and ps corresponds to the
minor mode, » +s=1. u is the velocity, and p= pc?(r + fBs) is the pressure which can
be derived by Avogadro’s Law. Here, ¢ is the sound speed of the major mode. The
parameter § provides some tenuous link with real physics, if it is considered as the
number of molecules of the minor species produced from one molecule of the major
species. S is the source term
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where ¢ is the reaction time, r5(p) and sg(p) are equilibrium distributions. The reader
is refered to [5] for more physical and numerical background.
The equations in Lagrangian form of (R.F) can be written as (see [3])

v; — uy =0,

u,—l—px:(), xERl,t>0, (11)
_ 1
it po~to = —(pr(v) = p),

where v > 0 is the specific volume, p > 0, pr(v)v = c*(rg + B(1 — rg)).
As the relaxation time ¢ goes to zero, we obtain formally the following well-known
p-system:

{v,—uxzo, (12)
U + pR(U)x =0, .

which is exactly the leading order of the Hilbert expansion of the smooth solutions to
(1.1) about e. Therefore, we expect that (1.2) controls the evolution of the solutions
to (1.1) as ¢ — 0. For smooth flow, this expectation can be easily realized by Hilbert
expansion and a standard energy estimate argument. However, as for the case when
discontinuities occur in the solutions to (1.2), the analysis is much more complicated
and difficulties appear.

In this paper, inspired by [1, 9], we use the method of matched multiscale asymptotic
analysis introduced in [1] to conquer the difficulties, i.e., constructing approximate
solutions by matched multiscale asymptotic expansion and analyzing the stability of the
approximate solutions. More precisely, we first construct a formal solution to (1.1) by
matching the truncated Hilbert expansion (outer expansion, see Section 2.1) and shock
layer expansion (inner expansion, see Section 2.2). Then the existence of solution to
(1.1) and its convergence to the solution to (1.2) are reduced to the stability analysis
of the approximate solution (see [1]). However, because the dissipation of relaxation is
much weaker than viscosity, the asymptotic behavior here is much more singular than
that in [1]. So we have to use higher-order correction to weaken the nonlinearity in the
error equation between (1.1) and (1.2). On the other hand, different from [9], where
the equation is semilinear and the smooth steady shock profile of it can be constructed
explicitly, system (1.1) is quasilinear and only an abstract result on the existence of
shock profiles can be obtained. Besides, the leading order of shock layer expansion,
the time-dependent shock profile, is a steady shock profile with parameters varying
with time. This leads to difficulties. Furthermore, the quasilinearity of Eq. (1.1) also
leads to more difficulties than the semilinear case discussed in [9]. Therefore, much
more information on the shock profiles of (1.1) and more careful analysis related to the
quasilinearity of (1.1) are required when we construct the approximate solutions and
make the corresponding energy estimates in H* space. The main result in the present
paper is to show that the piecewise smooth solutions to (1.2) with finitely noninteracting
shocks satisfying the Lax-entropy condition and subcharacteristic condition are strong
limits of the solutions to (1.1) as ¢ — 0.
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For v > 0, we make the following assumptions:
(Hy) pi(v) <0,
(H2) pg(v) > 0.

It is easy to know that, under (H;) and (H;), (1.2) is strictly hyperbolic and gen-
uinely nonlinear, with eigenvalues

Jy=—(=pr)'? <0 < (= prw)'? = 2. (1.3)

For simplicity, we only discuss the case when the piecewise smooth solution of (1.2)
is a single-shock solution. A function (vy(x,?),uo(x,t)) is called a single-shock solution
of (1.2) up to time 7 > 0 if

(i) (vo(x,1),uo(x,¢)) is a distributional solution of (1.2) in R! x [0, T].

(ii) There is a smooth curve, the shock, x=s(¢), 0 < ¢ < T, such that (vo(x, ), uo(x, 1))
is sufficiently smooth away from x =s(¢) and the left and right limits of (vo(x,?),
up(x,t)) and its derivatives at the shock x = s(¢) exist.

(iii) Across the shock x = s(¢), the Rankine—Hugoniot condition holds

; i
S(Ué —vp) = Uy — Uy,

$(up — up) = —(pr(v) — pr(t))- (14)
(iv) The Lax-entropy condition
M<s<iror 2y <s< i

are satisfied. Here and in the following, we always use the notations /= f(s(¢)—0,1)
and f" = f(s(¢) + 0,1).

Without loss of generality, we only consider the case when the shock is in the second
family, i.e.

L(1) < s(1) < Ah(o). (1.5)
We also make another assumption: for some constants v;, v, satisfying

0<v, < min vh(¢ max vp(t) <v
1 0<1<T 0( ), 0<i<T 0() 25

(H3) | pr(v)| < infoc,<r min{ pr(vg(£))/v)(1), prG(1))/v5(2)}, v € [v1,02],
holds, where (Hj) is the so-called subcharacteristic condition (see [7]).

Theorem 1. Assume that (vo,uqy)(x,t) is a single-shock solution of (1.2) up to time
T >0, and let py = pr(vg). Under (Hy)—(H3), there exist positive constants ny and
&, such that if

T T
Z(// +// )ﬁi(vo,uo,po)(x,t)|2dxdt<+oo (1.6)
1<a<7 WO Jx<s(n) 0 Jx>s00)
and

[0 — 0§ + [uty — uf| + | P — phl <o, Ve E[0,T] (7
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then for any ¢ € (0,¢&], there is a smooth solution (v°,u, p®)(x,t) of (1.1) satisfying
(v* ', p*) € L¥([0, T, H?). (1.8)
Moreover, for any given o € (0,1),

sup |(v° — vo, u° — ug, p° — po) (x,1)[*dx < Cy&* (1.9)
0<t<T JR!
and
sup  |(v° — vo,u® — ug, p° — po) (x,1)| < Cre, Vh >0, (1.10)
0<i<T
[x—s(1)] >h

where Cy and Cj, are positive constants independent of e.

Remark. (i) A careful analysis can show that conditions (H;) and (H3) are only
required to hold in a domain of vy(x,0).

(ii) The advantages of the matched asymptotic analysis method are that the structure
of the solution (v%,u?, p?) in the Theorem 1 will be clear, since it is a perturbation of
a formal solution which will be constructed explicitly.

(iii) The solutions (v°,u®, p®) have carefully chosen initial data which are essentially
those of the Hilbert expansion and the shock-layer expansion.

(iv) In particular, we have that away from the shock, (v% u®, p*) approximates
(vo, ug, po) at an optimal rate in e, i.e. (1.10).

(v) The same results hold for finitely noninteracting shock solutions of (1.2).

(vi) Due to our analysis, it is clear that the technique used here can be extended to
the general relaxation systems proposed by [4].

There are other results about relaxation system and its zero relaxation limit such as
[2-4,6—-10] and references therein.

In the next section, we construct the approximate solutions by use of the matched
multiscale asymptotic expansion method. The existence and asymptotic behavior of the
solutions to (1.1) are proved in Section 3.

2. Construction of approximate solution

In this section we will construct an approximate solution for (1.1) by using the meth-
ods of matched multiscale asymptotic expansions. The outer solutions are constructed
by the Hilbert expansion and inner solutions are obtained by shock layer expansion. By
matching the outer and inner solutions in an appropriate “matching zone”, we can get
the outer and inner functions with an appropriate order and make a formal approximate
solution to (1.1).

Ul‘_ux:()a

U+ pe =0, 2.1)

~ 1
pi+ pvlu = ~(pr(v) = p).



L. Hsiao et al. | Nonlinear Analysis 42 (2000) 905-929 909
2.1. Outer expansion

Let 30 (x,t) = (0°,u°, p°)(x,¢) and y; (x,t) = (vi,u;, pi) (x,t), i =0,1,2,.... In the
domain away from the shock x = s(#), solutions to (2.1) may be approximated by

10+ en (o) + &)+, x #s(0). (2.2)
Substituting (2.2) into (2.1) and comparing the coefficients of power &, we get
O(e~") pr(v’(x,1)) = p’, (2.3)
U? — ug =0,
o(1) {£+£=a (24)

pY+ povy 'ul = — p1 + pr(®)v1,

vy — Uiy =0,

Uy + plx == 07
O(¢) . -, o (2.5)
P+ povy Ui + [p1vg - — povy U1]u,

= — pa + pr(®)v2 + L PRyt

Uy — Uy =0,
O() Uy + prc =0, (2.6)
etc.

Combined with (2.3), first and second equations of (2.4) becomes a closed system
for (v°,u’). This system is equivalent to (1.2). Its solution can be chosen as the
single-shock solution of (1.2). Hence we set

1° = (V0. tt0, po) (x,0) = o(x, 1), x # (). 2.7)
Next, we can obtain from the third equation of (2.4) that

p1 = —(p) + povy 'ud) + ph(vo)vr
o g x # 5(1). (2.8)
= —(povy  + pr(vo))uox + pr(vo)vi,

We conclude from (2.8) that the first and second equations of (2.5) becomes the
following closed system of (vy,u;)(x,¢):

vy — U1 =0,
{ , L X (0 (2.9)
ure + (Pr(vo)vi)x = ((povy  + Pr(v0))uox )xs

and (2.8) and (2.9) are equations for y;(x,?).
Similarly, y.(x,t) satisfies

P2 =—(p1r+ povy 'ure + [p1og ' — povy 'v1]ud)

+ Pr(vo)v2 + 3 pR(vo)v (2.10)
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and
Uy — upy =0,
—1
uy + (pr(v0)02)x = P+ povy Ui x 7 8(1), (2.11)

+(prvg ' = povy o] — 3 pr(vo)v} ),
The above process can be used to find higher-order outer functions y;(x,¢), i > 3
which are expected to be smooth away from the shock uniformly up to x = s(¢).

2.2. Inner expansion and matching conditions

Near the shock, the solution of (2.1) will be represented by a shock layer expansion
of the form

Xo(& 1)+ eXi (&) + EXa(E 1) + -, (2.12)
where X; = (V;, Ui, P;), i=0,1,2,3,...,& is given by
g’ ’SS(” +6(te) (2.13)

and 0(t,¢) is a perturbation of the shock position to be determined later and has the
form of

8(t,8) = 0o(t) + £61(t) + 202(¢) + - - - . (2.14)
Substituting (2.12)—(2.14) into (2.1) and matching the powers of &, we have
—sVoe — Upe =0,
O(e™") { —sUpz + Py =0, (2.15)

—$Po: + PoVy ' Us: = pr(Vo) — Po,

—§V1e — Uz + Vor + 00()Vo: = 0,

—§Uyz + Pz + Uy + 00(1)Up: = 0,

o(1) . 1 | , (2.16)
—SPlCV—FPoVO_ U1¢+(P1 VO_ —P()VO_ V1)U05

= — (Po + do(t)Pos) + pp(Vo)Vi — Py,

—§Vaz — Use + Viy + 00(1)V1e + 01(£)Vo: = 0,

—SUpe 4+ Py + Uy, + So(t)Ulg + 51(t)Uo¢ =0,

O(e)§ —$Py + PoVy ' Upe + (P Vg — PoVy 2 V1)U (2.17)
+(PyVo + PoVy Vi — 2P\ Vs 2 Vi — PoVy V) Uy

+ Py 4 00(2)P1e + 01(t)Po: = pr(Vo)Va — Py + %P%(Vo)Vf,

etc.
The above inner expansion is to be true in a zone of size O(¢) around x = s(¢).
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In order to construct a smooth solution to (1.1), the outer expansion and the inner
expansion are required to be valid and to agree with each other in the “matching zone”,
where |£| — 0o and |x — s(¢)| is small. Expressing the outer solutions in terms of ¢
and using Taylor’s expansion, we easily get the following “matching conditions” of
the outer expansion and the inner expansion as & — F oo:

Xo(&,1) = xo(s(t) F 0,¢) + o(1), (2.18)
Xi(&,0) = n(s(t) F0,2) + (¢ — d0)xox(s(?) F 0,2) + o(1), (2.19)

Xo(&1) = 12(s(t) F 0,0) + (£ = d0)71:(s() F 0,0)

— S170:(5(2) F 0,8) + (& — 60)* 20xe(s(t) F 0, 1) + o(1), (2.20)

etc.
Eqs. (2.18)—(2.20) require that inner functions have algebraic decay rates as
{— Foo.

2.3. Constructions of the outer and inner functions

We need to construct the outer and inner functions order by order at the same time,
make sure the corresponding matching conditions, and determine the value of (¢, ¢).

The leading order of outer functions, yo(x,?), is exactly the single-shock solution to
(1.2) in Theorem 1. For any fixed ¢ (viewed as a parameter), Xo(&,¢) determined by
(2.15) is just the travelling wave solution to (1.1) with the boundary conditions (2.18).
Up to a phase shift, Xy(&,¢) can be uniquely determined (see [3]). Since the shift can
be absorbed by d(z,¢), we can take it as zero. Although, we could not get the explicit
formula for Xy(&,¢) as in [9], we have the following properties of the travelling wave
(see [3,8]).

Lemma 2.1 (Shock profile). Under the Lax-entropy condition and the subcharacter-
istic condition, (2.15) and (2.18) has a smooth solution ®(v,ub, pt, & $)=(Vo, Us, Po),
which is unique up to a shift in & and satisfies Vy: > 0, and

|® — (vh,ub, ph)| < O\t — vh| exp(—C5]¢)),
Voee] < O(1)|vh — vh| Voe
05®| < Cy|vf — vh|exp(—Calé]), 1<k <3, as E— — oo,

where C; (i = 1,2,3) are positive constants. Similar results hold as & — + oo if we
replace vh,ub, p} by vj,ub, phy and make some revisions.

So far, we have constructed the leading order functions yo(x,¢) and Xy(&, ). Now,
we continue to construct the second-order functions yi(x,¢) and X;(&,¢). It will be
shown in the following that y;, X; and Jo(¢#) must be determined at the same time.
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Integrating first and second equations of (2.16) over [0, £], we have

_ ¢
SV1+U1=50V0+/ Vogdé-f—cl(t),
0

. (2.21)

sU; — P = 50U0 + / Uog dé + (1),
0

where ¢ (¢) and c¢;(t) are integration constants to be determined. Egs. (2.16) and (2.21)
lead to

U= fU + 0, (2.22)
where

S =+ pr(Vo) + (V5 ' + PV *)Uoe) (s(s* — Po¥y ') ™,

1 (e ,
Q:m (S/o UOtdfPR(V0)>

/’ Vord& — Uy + pk(Vo)Vo)é + s(sUos + Por) + sco(t) — p;;(V())Cl(l‘)
0

4 4
+Uoe (iVo_l (Cz(f) —/0 U0td§> — PV <01(1)+/0 V0td§>

= 3V o+ Pob ).
From (2.22) we obtain

14 ¢ n
U6 1)= (exp{ /0 f(mt)dn}) < /0 exp{ /0 —f(/l,t)di} Q(n,t)dn) (2.23)

Then X; can be determined, provided that ¢((¢), c,(¢) and d¢(¢z) have been determined,
because we have

1. ¢
V= 3 <50Vo +/ Voed& + ci(t) — U1> ,
0

¢
P1 :.S:Ul —50U0 —/ Uchdé_CZ(t)_F
0

(2.24)

1

=hy.

s
c1(t), c(t) and d¢(¢) will be determined in such a way that X (&,¢) constructed

above satisfies the matching conditions (2.19). Similarly to [9], we have:

Lemma 2.2. The third equation of (2.19) will be satisfied if first and second equations
of (2.19) hold.

Proof. We only need to check that as £ — F oo
Pi(&, 1) = pi(s(t) F 0,2) + (& — 69) pox(s(t) F 0,7) + o(1) (2.25)
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holds. Let us only consider the case of {— 4 oco. The case of { — — oo is similar.
By virtue of the second equation of (2.16) x s+ third equation of (2.16), we get

Py = pr(Vo)Vi + (s> — PoVy YU — (800 + PV — PoVy 2 V1) Up:
—$Uo — 8oPoz — Py (2.26)

Using the first and second equations of (2.19), (2.18), second equation of (2.4), (2.3),
(2.8) and Lemma 2.1, noticing the relations /"= f7 +s /%, we find, as £ — + oo, that
the right-hand side of (2.26) is equivalent to

PRI + (& = 30)vg,) + (57 — PoVy Mgy (t) — sily(¢) — ply + o(1)
=(=PoVy "uf, — Pl + PRWGIV)) + (€ — 30) pr(vh)vG, + o(1)
=pi(s(t) + 0,2) + (& — 80) pr(vo)vox(s(t) + 0,¢) + o(1)

=pi1(s(t) F 0,1) + (& — do) pox(s(t) F 0,2) + o(1),

which is exactly the right-hand side of (2.25). The proof is completed. [

In the following, we will also use the notations f”(¢) = limg_, 1o f(&,¢) and

f10) = lime oo f(& 1)

Due to entropy condition, subcharacteristic condition and Lemma 2.1, we have

t o( - o
fl(é,t){fl(Z)Jr (Dexp{—o[é]} as&— — oo, )
S1() + O0(1) exp{—ao[¢[} as E— + o0

and

-2 1 (a0 -2 ! (2
s+ pr(v " s*+ pr(v
fly=— P g ey S Pelto)

$(s* = Pr(Vo)Vs ) &P 0, (228)

where oy > 0 is a suitable constant.
By Lemma 2.1, we see that

7! o1 — o
Xo,(é,t)Z{A.(,)(t)+ (Dexpi=ol<l} as% - (2.29)
70(t) + O(1)exp{—op|&|} as E— + oo

Let

/
A=3§"+ pr(Vy), B= pREVO). (2.30)

By (1.2), we can make the following relations:
ve = (85 — 1) (D)™, v = (S5 —aig) (47) 7,

ub, = s(AY TV BH + i), up, = $(4")TN(B G + i)
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Then by (2.23), the first equation of (2.24) and the above relations, we can get the
following asymptotic behavior of V;(&,¢) and U,(&,¢):

.. .
Vi = i Golsth — up) + sex(r) + ea(t) + 0,0 + o

+O011(t) + O(1) exp{—ap|&]} as &— — oo,

| (2.31)
Vi= Z(éo(gvg — )+ sci1(t) 4 ca(t)) + E0v) + Dty
+ O012(t) + O(1) exp{—op|&|} as E— + o0
and
1 . . . .
Ul = i o(sug + pr(Vo)ug) + pr(Vo)er(t) = Sea(t)) + E0utp — $0:tp
+ 021(t) + O(1)exp{—op|¢]} as E— — o0,
21 p{—aol¢[} (232)

1. . r r r . r A
Up = Z((so(S”oJrP}e(Vo)Uo)erfe(Vo Jer(t) — Sea(1)) + E0xuy — S0xug
+0() + O(1)exp{—aol¢l} as & + o0,

where O;;, Oy, Oy and O, are known functions.
Therefore, the matching conditions (first and second of (2.19)) will be satisfied if
we choose c(¢) and c,(t) such that

| .
vl — S0l = I(éo(své — ub) + Sc1(t) + ea(t)) + dxub + 011 (2),
| (2.33)
v} = Ootig, = - (So(svh — ) + $c1(6) + ca(1)) + duat + Ona(0),
1751_i5~1 /Vl /Vl
u OHOX*A,( o(sug + pr(Vo)vg) + pr(Vo)ei()
—$ex(t)) — $0zuf + O (), (2.34)
3 1 . .7 r 7 .
uy — doulp, = Z(%(S“o + pr(Vo)vp) + pr(V5)ei(t)
—sca(t)) — $0xug + On(2).
By virtue of (2.33) and (2.34), we obtain, respectively,
ci(t) = ($v} + ul) — S8 — dovh + O31(2), (2.35)
er(t) = —$(ul — B'o)) + Soiily + Soub — A'ul, + On(0), '
c1(t) = ($v) + ) — dotly — dovhy + O (1), 236)
Cz(t) = S(u'l . BrU’i) + 5()1]0 + 50%6 — Arugx + 042(1), .

where O31(1), O3(t), O41(t), Osn(t) are known functions.
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From (2.35) and (2.36), we get the following relations:
S(v] = 05) + (uh — ) = (o(vh — 1)) + Os1(1) = 0, (237)

S(uy — uy) — S(B'vy — B'0Y) — (do(uy — up)) + (A'up — Augy) + Osa(£) =0,

(2.38)
where Os;(¢) and Os,(¢) are known functions.
Define
el = —[sv) + ] = s — o)) + () — u}), (2.39)
ey = —[su1 — pr(Vo)v1 + (povy ' + pi(vo))uox]
=5Gu; — u}) = S(B'v} — B'v]) + (pyvy ' + Pr(vo) g,
—(povo '+ Pr(v9))itgys (2.40)
then (2.37) and (2.38) become
en = do(sh — 1) + do(vh — vh) + Og1 (1), (2.41)
e1y = do(ity — ity + do(uh — uf) + Ogy(1)
= —sen — §(vy — v5)do + Oea(0), (2.42)

where we have used the relation (Ll(l) — ) = s'(ﬁé —0)) — §(v) — v}), and —Og = O,
06 = 05y — ((phvh ™" + plh)ul, — (phvh ' + ph(vi))ud,). Now we find that the
matching conditions (first and second of (2.19)) will be satisfied if the boundary values
crossing the shock for yi(x,?) satisfy (2.41) and (2.42).

Next, we will show that (2.41) and (2.42) are exactly the relation between the
boundary data of y;(x,t) needed to solve the initial boundary value problem for linear
hyperbolic equations (2.9) in Q2 and _, respectively, where

Q_={(x0):x<s(1),0<:<T} Qp={(x1)x>s(),0<t<T}.
System (2.9), i.e.,

{ v — e =0,
ur; + (Pr(vo)v1)x = ((Pr(V0)/v0 + Pi(v0))uox )

has eigenvalues A;(vg)=—+/— pk(vo) and A2(vo)=+/— pi(vo) with corresponding right
eigenvectors 71 = (—1,4,)T and r, = (=1, 1)T, respectively.
Let

("‘) :M(’“) (2.43)
up zZ1



916 L. Hsiao et al. | Nonlinear Analysis 42 (2000) 905-929

with

e
M= .
A A2

Then we can diagonalize system (2.9) to obtain
() %))
z1 ), 0 A z1 ),

_ -1 ny —1 0
=—-M (Mt+(JM)x)(Zl>+M <((p000_1+p%(00))u0x)x), (2.44)

where

(e o)
J= .
Pr(vo) 0

By the characteristic method, we see, due to the entropy condition, that z{ , z1 and
ny will be determined by integrating along appropriate characteristics, and only n{ is
required to be specified at the left-hand side of x=s(¢). The value of n} can be obtained
by (2.41) and (2.42). Rewrite (2.41) and (2.42) in terms of (n,z;) as

€1 e ny 0
(612> B {( M+ M) (Zl )] * Kpovo‘ -l-p}g(vo))uox)x)} : (245)

This is a system of two equations about an unknown 7!, for which the solvability
condition is

Hew +en=21(5 = 1) (S = 2) + (s — 4D (2 — A7)
H2(E = ) (3 = 75) = Lpovy ! + Pivo)uos]
=Fi(¢). (2.46)
If (2.46) is satisfied, one can solve (2.45) to obtain
ny = (8 =)@ = ) + 218 = 5 =216 = 1))
+§(vh — v5)d0 + O(2), (2.47)
where we have used (2.42). By (2.42), we can also reduce (2.46) to
(41— s')%{éowé = 1)} = $(vp — v§)d0 = F1(1) + O(), (2.48)

which is a linear ODE on 50(1;(’) — vp) and which completely determines dy up to
a constant. Then we get n! by (2.46). And the standard theory of mixed problems
for linear hyperbolic systems gives the smooth solutions to (2.9) in Q_ and g,
respectively. The outer functions y;(x,¢) are determined then.
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In terms of the construction of y; and J,, we know the inner functions X;(&,¢) and
first and second equations of (2.19) are satisfied as well. We combine all the results
obtained so far to conclude the following theorem

Theorem 2.3. y(x,t), Xi(&,t) and oy can be determined such that

(1) y1(x,t) and its derivatives are uniformly continuous up to x = s(t) and

Z// 0% (e, )P dxdt < + o0, (2.49)

jaj <37 A
(i) Xi1(&,¢) is smooth and for some oy > 0
X1(& 1) = 1(s() F 0,1) + (S — do)ox(s(2) F 0,1)
+O0(1)exp{—o9|¢|]} as E— F oo (2.50)

holds.

It is easy to see that the above procedure can be carried out to any order. In partic-
ular, we can construct y2(x,1), X2(&,¢), x3(x,t), X3(,t), 01 and J, such that similar
properties in Theorem 2.3 hold.

2.4. Approximate solutions

Now, we construct a smooth approximate solution to (1.1) by patching the inner
and outer solutions discussed in the above.

Set
2 3 x —s5(1) 2
I(x,t)=(Xo +eX1 +e Xy +X3) + 00 + €01 + &°02, (2.51)
and
Ox,0)= (o +ex + &0 +er)x1), x#st). (2.52)
Let m(y) € C*(R') such that 0 < m(y) <1 and
L, |yl<1,
m(y) = (2.53)
0, |yl>2.

Choose o € (3,1) as a constant. We set

Sty =m (x - s(’)> In1) + (1 —m (x - s“)) O, 1) +d(x,1),  (2.54)

80{ 80(

where d(x,t)=(d1,d,d3)'(x,t) is a higher-order correction to be determined later. We
use the following notations:

St =t piY,  I=(,h5), 0=(01,0,,05)"
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Using the structure of the various orders of inner and outer solutions, we have
v — uy =Fy +dy, — day,
u; + py =F3 +dy + ds,, (2.55)
Pi+ Pl — q(SY) = Fy + d, + p'(v) oy — A = R(x,1),
where g(f) = (1/e) (pr(f1) — f3) for [ =(f1, /2 f3)", and
= 83m(52V1cf + (51 + 353)1/25 + (50 + 851 + 8252)V3§ + V)
+m(Iy — O1) — me(l — O2),
F3 = m(5,U1 4 (1 + £03)Une + (30 + €01 + £202)Use + Us,)
+m(l — 02) + my(l; — O3), (2.56)
Fy="m(62P1z + (01 + £03)P2e + (3o + €01 + £702)Ps + Py,)
+mls = 03) + p'(v°) " 'mu(lr — O),
A =q(5°) = mg(I) — (1 = m)q(O) — m(p*(v*) ™" = BI; )l

— (1 =m)(p*(*)"" — 007 )Ox.

The construction of approximate solutions leads to

k
%(1 —0)(x,1) = O(1)e*™ * in &* < |x — s(¢)| < 2¢%, (2.57)
X

which can be obtained from the matching conditions (2.18)—(2.20).
Choosing (d,d,,d3) such that

diy —doyy = —F>,
dy +dszy = —F3, (2.58)
d3 = Cod, .

d1(x,0) = da(x,0) =0

with Cy =2 max;e[o,r] /lé(l)
Due to the following facts

(i) F», F3 and m have their supports in {(x,): |x — s(¢)| <2¢*,0 <¢ < T},
(i) [05(F2, F3)(x,1)| < O(1)eB02 0 < k <2,

we can obtain, by the characteristic method the following lemma.

Lemma 2.4. The solution (di,dy) to (2.58) has a compact support and for integers
0 < k < 3 satisfies

k
‘jxkd < O(1)e* =P v(x,1) e R! x [0,T]. (2.59)
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Furthermore, we can estimate A as follows:

ak
— A <O o<k <2, (2.60)
Oxk

Now, we conclude with the following theorem.

Theorem 2.5. Let S%(x,t) be the smooth function defined in (2.54) with d(x,t) deter-
mined in (2.58). Then S¢ satisfies

vy —ui =0,
U + pi =0, (2.61)
P+ povy U — q(S°) = R(x, 1)

with R(x,t) satisfying

|5R| < O(1)eH =1 0 <k <2,

T ptoo (2.62)
/ / |FR|? dxdr < O(1)24F7=2 0 <k <2.
0 —00

So far, we have finished the construction of the formal approximate solutions
to (1.1).

3. Stability analysis

We now prove that there exists a smooth solution to (1.1) in a neighborhood of
S%(x,t) and, for sufficiently small ¢, the asymptotic behavior of the solution to (1.1) is
governed by S%(x,t).

Let S¢ be an exact solution to (1.1) with initial data S¢(x,0)=5%(x,0). We decompose
the solution as

Se(x, 1) = 8°(x, 1) + (), W) (x, 1), (x,7) €R' x [0,T]. (3.1)

It is easy to show that

q_st_lpx:(L

W, + 0, =0,
- _ - =1 R - (3.2)
W+ (pe +W) (0, + @) Y, = ;(pze(v' + @) — pr(v°) — W) — R(x,1),

P(x,0) = Y(x,0) = w(x,0) = 0.
Setting

b=0¢.. Vv=y,., w=w, (3.3)
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we have

(r{;t_lpx:()a
th“FVD:O,

d(x,0) = J/(x,0) =1(x,0) = 0,
which yields

¢, — ¥, =0,

U = (P + ) (0 + §) "y

$(x,0) = Y(x,0) = ,(x,0) = 0.

Using the following scalings
d=ch, Y=cy,

and

|~

x —s(t)
= b T b
€ &

we simplify (3.4) into

Li(¢.¥) =0,

Ly(d, ) = F(x,1),

D(3,0) = ¥(»,0) = Y (1,0),
where

L, :¢r _jd)y - lﬁy,

L2 = (lpr - S.lpy)r - S(‘pr - Slpy)y - Elpyy + (lpr - S‘//y) - D¢y»

E= (pS - (‘P‘r - S%))(Uf + ¢y)_la

D = — pp(v*),

F =¢R — (pr(v* + ¢y) — pr(v®) — pr(v*),)

F((P° = (e = 5%)) (0 + )™ = p*(0") D,

. . 1 .
Wi+ (pe + W) (0 + )y, = E(PR(US + ¢,) — pr(V") = W) — R(x, 1),

== %(m(ve +¢.) — pr(") + ) + R(x, 1),

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

To study the existence and the asymptotic behavior of S¢(x,¢) for sufficiently small ¢,
we only need to show that, for sufficiently small ¢, (3.7) has a smooth “small” solution
up to 7= T/e. This will be realized by an argument similar to the stability analysis of
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the shock profiles to (1.1) (see [3]). The different part lies in that S depends on ¢ and
¢ here.

From now on, we use H' (I > 1) to denote the usual Sobolev space with the norm
|-l and ||-|| to denote the usual L?>-norm. We also use the following notation for
simplicity:

K
s faneos il = D ISl

i=1
Let us define the solution space of (3.7) by
X(0,70) = {(¢.¥) € C°0, 70 ), e € C°(0,703 H*)} (3.9)

with 0 < 1y < T/e. Suppose, for some 0 < 79 < T/e, there exists a solution (¢, 1) to
(3.7) such that (¢, ) € X(0,79). Denote the norm for (¢,) by

N(t)= sup ([[(¢,4)(s)][5 + [[¥he(s)]]2). (3.10)
0<s<1

The main result in this section is the following a priori estimate.

Theorem 3.1. Suppose (H;)—(H3z) are satisfied. There exist positive constants &y, 1o,
oo and Ky which are independent of ¢ and ty such that if

(1) 0 <e< g,
(i) |vh — vp| + |uy — upl + [P — Pol < o
(i) N(zo) < do,
then for (P, ) € X(0,79) the following inequality holds.

sup ([ 9) (D2 + [¥(DIB) + / Ut O + ()2 de

0<t<19
< Koe® 3. (3.11)

To prove Theorem 3.1, we need the following lemmas.
First, by the construction of S¢ and with a method similar to the one used in [9],
we get some useful properties of S°.

Lemma 3.2. Let S%(x,t) be defined as in (2.54), then

%0 + 0(1)8min(4a¢,1)5 |x 7S(l‘)‘ Z 8“,

(i) S°(x,0) =
Xo + O(1)e”, |x — s(t)| < 2&%,
(i) Si(y,t) =mXoy + O(1)e, S; = O(1)e.
(iii) v* >0, p°*>0.

Now, we begin with the energy estimates. First, we establish the following basic
energy estimate.
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Lemma 3.3. Suppose the conditions in Theorem 3.1 are satisfied, then, for all t© €
(0, 70], we have

||(¢AP)(T)H?+||(l//f—S'le)(f)||2+/O 1Dy Wy e = $3,) (5)]| ds

T +00
+ / / m|Vo,|¥? dy ds
0 J—oo

< O(1)e% 3.

Proof. We consider the equality

(ko¢ + W, )Li + D™ (Y = $9y) + ko)La = D™ (ko + (e — Sy )IF,  (3.12)
which can be reduced to

[G1 + Gal, + G3 + G4 = D™ (ko + (= — $Yy))F, (3.13)

where

1
Gi = skod” + Py + ED_IE%,
. . . _ .
G = 3ko(D™" + 5D W 4 D7 (e — 5y ) + koD ™ (e — Sy,

Gy =((1—ko)D™" = 3D + 35D, 1) (e — s, )’
+(kED™" — JED; ' + JSED,' — 1D~ W(E. — SE,) — 1)ys;
+(ED™Y) (Y — s, )y,

Gy = 3ko(SD, " — D7 WP — koD ' — sipy)

+ko(E — Dy + DT'E) Wy + 3D Dy + {0

and {...}, denotes the terms which disappear after integrations with respect to y.
By Sobolev embedding theorem and Lemma 3.2, we know that v* 4 ¢, >0 and
P* — (Y — $Y,) > 0 are bounded. Thus we can choose ko such that

1 —ko>k >0, inf{ED "}ko— 1>k > 0. (3.14)
We see from Lemma 3.2 that

Dy = D72 pR(°) (mVo, + O(1)e),

D' =0(1)e,

(3.15)

which implies

D' =0(1)(no + &) (3.16)
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We easily get, by virtue of (3.7), that

E. —SE, = (V" + ¢y)_1(_2E¢yy = Doy + . —sY, — F), (3.17)
which implies, by (3.8), (2.62), and Sobolev embedding theorem, that
E. —SE,=O(1)(N(t) + 1o + ¢). (3.18)

Therefore, for dg, 1y and g suitably small, there exist positive constants a;, as, by, b,
and b3 such that

al(§® +¥3) < Gy < bi(¢” + Y1),
@ + WY = $59,)°) < Ga < bW + (e — 5, )%, (3.19)
Gs > bs(; + (e — sy)%).

We now estimate G4. By (3.15) and (3.16), we have, for a positive constant by, that
3D > bamVo,® + O(1)ey?, (3.20)

| — koD; "W — $¥y) + ko(E — D' + DT'E W, + 3(SD, ey’

< O(M)ey® + ¥ + (e — $Y V). (3.21)
With the help of (3.17)—(3.21), we integrate (3.13) over [0, 1] X (—00,400) to obtain

GO + [ (ONF + 1 — s90,) (D]
T T “+00
+/O H(wy,wf—s'wyxs)uzdwfo /_Oo m|Voy |2 dy ds

< 01y /0 (IR + s — ) ()IP ) ds

T 400
+0(1)/0/_ D' (Y + (Y — $,))F| dyds. (3.22)

The last term of (3.22) can be estimated, with the help of (3.8), as follows:

T +oo
/0 /_ D' (Y + u(, — $,))F|dyds

T 400
< o) /O [ D + (e — 59, DI(ERG D)
0 ol — 0| + ol by dy ds

T T 400
SO(l)(N(T)-H?o)/O ||¢y<s>||2ds+e/0/_ R dyds

+0(1)(8+'lo)/0 (I + (s — $,) ()P ds
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and
T ptoo T ptoo
s// deyds:s”// R*(x,n)dxdp
0 —0o0 0 —00

<O0(1)e* 7,
which together with (3.22) yield
eI + W + 11(he — $uy) (I

T T “+o00
+/0 H(wy,wr—s'wyxs)uzdw/o /_m | Vo [0 dy ds
< 0(1)e / (IR + (s — $9,) (S)IP ) ds

+O(1)N(x) /0 @I ds + 01, (3.23)
To estimate ||¢,(7)||*, we use the following relation:
(Edy — (Y — sY,))0yL1 — dpyLs
=[E¢, — (e = $U)$y — 395l — Dy — 51)
+(D — 3(B: —SE)), +{.. (3.24)

Integrating (3.24) over [0, 7] X (—o0,+00), using (3.16) and Young’s inequality, we
can obtain, similar to (3.23), that

I8, + [ 6,017 as
< 0(1)(||(wy,l//r—s'wy)(r)||2+/0 [Py e — $3,) ()| ds

+O(1)(N(1) +¢) /0 ()| ds + O(1)e* 3. (3.25)

Combining (3.23) and (3.25), we have, for suitably small dy, & and 5y and for a
positive constant K, that

(6 ¥) (OIT + (e = s,) (D)

T T 400
+/O H(¢>y,¢y,wf—s'wy>(s>||2ds+/o /_Oo | Vo [0 dy ds

< O0(1)e¥ 3 + Ke /0 W (s)]| ds, (3.26)
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which implies
IR £ 01 + K6 [ uis)|Pas.
Thus, the Gronwall’s inequality gives that
/OT [ (s)||* ds < O(1)e*? /O exp{Ke(t — &)} ds. (3.27)

Substituting (3.27) into (3.26), we have
1 @I + 11 = s95) (D1

T T —+o00
+ /O 1yt — $0) ()| ds + /0 [ ol i dys

S 0(1)88173 <1 —|—Kg /T eXp{KS(T — 8)} dS)
0

< O(1)e¥* 3.

The proof of Lemma 3.3 is complete. [J
Now, we deal with higher-order estimates. We have:

Lemma 3.4. Suppose the conditions in Theorem 3.1 are satisfied, then, for all v €
[0,70], we have

1. ¥) (O3 + (W = $8,),(D]? +/0 1yt (W = $91)) (5)][1 ds

T +0o0
+ / / m|V0y|‘//idyds
0 —o0

< O(1)e% 3.

Proof. Using the following relations:

(kO(f)y + lpyy)ayLl + D_]((lpr - jwy)y + kolpy)ayld = D_l(‘Py + #(lﬁr - j'//y)y)Fy
(3.28)

and

(E(z)yy - (‘701 - ‘S:lpy)y)anyl - d)yyayLZ = —¢nyy (3-29)

with the help of (3.14)—(3.18), we get, by repeating the procedure in the proof of
Lemma 3.3, that

1y (e — ), ) (O + /0 16 (b — 50 ).9) (9| e
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T +o0
+ / / m|Voy|l//§dyds
1] —o00

S 0( 1 )883(—3

T +00
[0 o+ s 0R 0B D dvds (330)
Using the following estimate:

[Fy] < O(DelRy| + O1) (o + |y )5, + O(D)] I by

+10(|(Ye = sYy)y| + [Dyy| + (e = sY)[ + |dy]) (3.31)
and
0(1)82/I/+OOR2dyds=s/gf/+ooR2(x,17)dxd17
0 —0o0 7 0 — o0 *
§0(1)86a71
<O(1)e*3, (3.32)

we can estimate the last term of (3.30), for a positive and suitably small o, as

T 400
/0 [ D~ ko + (e — 0, )F, | + |y, Fy ) dyds
< /0 1By s (e — $9,),) ()| ds + O(1)6™3

T
+0(1) (no +N(T))/ (s s Y — $30,) ()I7 ds, (3.33)
0
which, together with (3.30) and Gronwall’s inequality, leads to Lemma 3.4. [J

Lemma 3.5. Suppose the conditions in Theorem 3.1 are satisfied, then, for all v €
[0,70], we have

IO + 1 — ) (I + /O 16yt (s — 59, )) ()2 ds

T +00
+/ / m|Voy |y, dy ds
0 —00

< O(1)e¥* 3.

Proof. Using the following relations:

(k0¢yy + Wyyy)anyl +D71((l//f - S.'vby)yy + kowyy)ayLz
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:Dil(‘py + H(lﬁr - S‘py)yy)Fyya (3.34)

(E¢yyy — (Y = $¢}’)yy)aynyl - ¢yyya,vyL2 = _¢yny,vy (3.35)

and the following estimates:
[Fyy| < O(D)eRyy] + O (1 + (o + [y Dl byl + 100 D5
+0(1) (o + [y DIyl
+0(D)| ¢y llyy 2+ O(1)]|plIpy |
+10([ (e = 53 )yy] + | Dyl
(e = syl + (@D (L + D] + by
(W = syl + 1Dy DA+ [dyy))s (3.36)

T +0o0
82/ / R}, dyds < O(1)" 3, (3.37)
0 — 00

we can prove Lemma 3.5 with the help of (3.14)—(3.18) and a similar argument as
in the proof of Lemmas 3.3 and 3.4.

The combination of Lemmas 3.3-3.5 leads to Theorem 3.1.

Now, we turn to the initial value problem (3.7). Since there always exists a unique
solution to the initial value problem (3.7) in space X locally (in time), we get, by the
a priori estimates, Theorem 3.1 and a standard continuity argument for the hyperbolic
systems:

Theorem 3.6. Suppose (H\)(Hjz) are satisfied. Let ¢y, 1o, d9 and Ky be the suit-
able constants as in Theorem 3.1, such that vl — vh| + [uy — ub| + | ph — Pl < no.
Then for each ¢ € (0,¢], there exists a unique solution (¢p,\) to (3.7) in X (0, T/e)
satisfying

sup  ([|(,¥) (D)3 + [[=(D)]13)
0<t<T/e

Tle
+/0 (s Yy Y2 (D[ dT < Ko™ (3.38)
for (¢, ) € X(0,T/e).

By Theorem 3.6 and the structure of S%, we find that, for each ¢ € (0,¢], there
exists a smooth solution S¢ to (1.1) on [0,7] x R! such that (1.8) is satisfied.

Turn to the desired asymptotic behavior of Sé(x,z). We have, from (3.1), (3.3),
(3.5), (3.6) and (3.38), that

sup [|(S =S O)|P = sup [[(dy s W) 0|1
0<t<T 0<t<T
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=& sup (% 00|
0<t<T
= sup [[(dy i ¥
0<7<T/e
SKOSSa—?). (339)

On the other hand, by the construction of the approximate solutions (see Lemma 3.2),
we have

sup [|S° — xol* < O(1)¢™.
0<t<T

Hence, we have

> < o(1)e,

sup [[S¢ — xo
0<1<T

which is (1.9).
To prove (1.10), we use Sobolev’s inequality and (3.38) to obtain

sup (8% — S°)[ = sup [(¢y, Yy, )|
xeR! y€ER!

< O|I(ys Yy Y 211Dy Ypps )2
< O(1)e®=3)72, (3.40)

Eq. (3.40) and (i) of Lemma 3.2 yield (1.10), if we choose o > % Theorem 1 is
proved. [
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