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7x ≡ 1 (mod 15) ⇔ 7x = 15k + 1 *,+.-0/1+3254 k 687:9<;=/02>4@?.A</0BC9	?DB0BC9<4E-14

/F9<+3G<H=I�J�4K?ML.?NHOG<45+.* x ;=A {0, 1, . . . , 14} /1G<PQ9�B19	?NB 7x H=4R?RL34E/�?S-14@2>?.;=A<I<4@-T+.*UWV 9X4@AYI<;ZL�;=I<4@I[J�\ U�] 6�^�4_/14E4WBC9<?NB x = 13 /1?NBC;=/F`	4E/KBC9X;O/KPE+3A<I<;ZBC;=+3A[/F;OA<PE4
7x ≡ 91 ≡ 1 (mod 15) 6S7:9<4E-14E*,+.-14 x ≡ 13 (mod 15) 6Mab25+3-F45*,+3-F2K?NH V ?R\
B1+K/1+.H=L34cBC9<;=/d;=/dJ�\
/14E4@;OAXe>BC9<?NBfe3PEIW+.*hgK?.A<I U�] ;=/ U 6i7:9<4E-14E*,+.-14jB19<4k;=A�L34@-F/14�+N*
g>25+lI<G<HO+ U�] 4nmX;=/FB1/@6cod/F;OA<ep4nm�B14@A<IX4@Iq4@G<PEHO;=I�rs/f?.HOe3+.-1;=B19<2 V 4�/14E4�BC9	?NB 7−1 ≡ 13
(mod 15) 6t7:9<4@-F4E*,+3-F4 7−17x ≡ 13 · 1 (mod 15) ⇒ x ≡ 13 (mod 15) 6uv)

10x + 20 ≡ 11 (mod 23) ⇒ 10x ≡ −9 ≡ 14 (mod 23) 6cwi+ V e3PEI"x URyXz|{N}�~
� U 6�7:9<4@-F4E*,+3-F4 10−1 2>+lI<G<H=+ {.} 4nm�;O/FB1/@6�oi/1;OAXeK4�mlB14@A<I<4EI_4@GXP@HO;=I�r�/�?.H=e3+3-F;=BC2 V 4
e34�B 10−1 ≡ 7 (mod 23) 6:7:9<4@-F4E*,+3-F4 10−110x ≡ 7 · 14 (mod 23) ⇒ x ≡ 98 ≡ 6
(mod 23) 6
� )

5x + 15 ≡ 4 (mod 20) ⇒ 5x ≡ −11 ≡ 9 (mod 20) 6��i+ V 4�L34@-M/F;OA<PE4
e3PEI"x ]lz|{.y3~ � ]�z B19<4@A���/19X+3G<HOIqJ�4�I<;=Ll/1;=J<HO4jJ�\�e3P@I�x ]�z�{.y�~ � ]�z�V 9<;OPQ9q;ZB0;O/0A<+NBR6
7:9<4E-14�*,+3-14TA<+5;OA�BC4Ee3-C?NH�/1+3H=GXBC;=+3A�BC+ x 4�m�;O/�BC/:*,+3-�BC9X;O/:4@��G	?DBC;O+.A�6�h) ^�4K9	?RL34 3x + 2y ≡ 0 (mod 7) ?.A<I 2x + y ≡ 4 (mod 7) 6��
GXH=BC;=�<H=\l;=A<e
B19<4k/F4@P@+.A<I_4@��G	?DBC;O+.AWJ�\ { ?.A<I
/1G<JXB1-C?.P�BC;=A<e>B19<4j`	-F/FBd*,-1+32�;ZB z	V 4je34EB x ≡ 8 ≡ 1
(mod 7) 6t7:9<4@-F4E*,+3-F4 2x + y ≡ 2 + y ≡ 4 (mod 7) ⇒ y ≡ 2 (mod 7) 6
��) ^�4K?.-14>e3;=L.4@A�B19	?NB ab = cd

z�V 9<4E-14 a
z ?.A<I d ?.-F4K-F4@H�?DBC;=L.4@HZ\��<-1;=2>4N6Swd+ VTz

c = ab

d
6v��;=A<P@4 c ;O/:?NAp;OA�BC4Ee34@- ab 2�G</�B�J�4fIX;=Ll;O/F;OJ<H=4�J�\ d 6t�i+ V 4�L34@- z /1;OAXP@4 a ?NA<I

d ?.-14�-F4@H�?DBC;=L.4@HZ\_�<-F;O254 z BC9X4E\q/19<?.-145A<+MP@+32525+3A�* ?.PEB1+3-1/E6>7:9<4E-14�*,+3-14 z *,+3- ab B1+
J�40I<;=Ll;=/1;OJXHO4�J�\ d

z ?.HOH�BC9<4f* ?NPEBC+.-1/:+.* d 2�G</FB�P@?.A<PE4@H�+3GXB V ;ZBC9 b
z ;OAp+NBC9<4E- V +.-1I</ z

b 2kG</FB�J�4TI<;=Ll;O/F;OJ<H=4fJ�\ d 6
� (�) ^�4d?.-14ie3;=L.4@A ax ≡ ay (mod n)

z�V 9X;OPQ9K254R?NA</vB19	?NBvBC9<4E-14d;O/�? k /1G<PQ9�B19	?NB
ax − ay = kn 6Mwd+ V ;=* gcd(a, n) = 1

z ;=Bc254R?.A</TBC9<?NB a ?.AXI n ?.-145-14EH�?NB1;=L34EH=\
�<-F;O254.6�a�HO/F+ V 4i9	?RL34dB19	?NB a(x−y) = kn 6t��\�B19<4d�X-1+3��4@-�B�\��<-1+$L34EI�;OA>�t-1+3JXHO4@2{�z�V 4ce34EB:B19	?NB x − y 2�GX/FBiJ�4TI<;ZLl;O/1;=J<HO4dJ�\ n

z BC9X4@-14�*,+3-14 x ≡ y (mod n) 6uv)�� 4EB a = 4, n = 6, x = 3, y = 6 6qwd+ VTz
ax = 12

z
ay = 24 ?NA<I ax ≡ ay

(mod n) 6��i+ V 4�L34@- z 3 6≡ 6 (mod 6) 6
� ) ( 7�+�4@AXP@-F\l�XB�¡3¢ z�V 4hA<4@4EIcB1+:PR?.H=P@G<HO?NBC4 86e (mod n) = 863 (mod 11·17) = 863

(mod 187) = 69 6
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d ≡ e−1 (mod (p − 1)(q − 1)) 6d7:9<4@-F4E*,+3-F4 3d ≡ 1 (mod 160) 6i7:9<4E-14E*,+.-14 z

G</F;OA<e�4nm�B14@A<IX4@IW4EG<P@H=;OI�r�/i?.HOe.+3-1;ZBC9<2 V 4je34�B d = 107 6
� ) 7'+fI<4@PE-F\l�XB V 4�A<4E4@IkB1+�P@?.HOPEG<H�?NB14vB19<4�4EA<P@-�\l�XBC4EI82>4E/1/C?Ne34�-1?.;O/F4@IjB1+�BC9X4���+ V 4@-
d 2>+lI<G<H=+ n 6h7:9<4E-14�*,+3-14 V 4TA<4E4@ISBC+�PR?.H=P@G<HO?NBC4 69107 (mod 187) = 86 6
��) ( ^ 9<4EA V 4d/F;Oe3AK?c254@/F/C?.e34 V 4�4@/F/14EA�B1;�?.H=H=\8+.GXBC�<G�B Md (mod n)

zlV 9<4E-14 M ;O/
B19<4:2>4E/1/1?.e34:BC+TJ�4:/1;Oe.A<4@I>?.A<I (d, n) ;O/t+.G<-t�<-1;ZLN?NBC4 � 4E\.6h�d+ V 4�L34E- z ;Z* M ?NHO-14@?.IX\
/F+32>4�BC9<;=A<eS4@A<PE-F\l�XBC4EI G</1;=A<eW+.G<-j�XG<J<HO;=P � 4E\�; 6s4N6 M = N e (mod n) *,+.-j/F+32>4
254@/F/C?.e34 N

z B19<4@A V 9X4@A V 48/F;Oe3AW;=B z�V 48e.4EB N ed (mod n) = N 6T7:9<4E-14�*,+3-14 V 4
-F4@P@+$L.4@-�BC9<4T+3-F;Oe3;=A	?.H�2>4E/1/C?Ne34.6uv) ^ 9<4@A V 45/1;=e3A�BC9<4�e3;ZL34EA�254@/F/C?.e34 yex′

z�V 9<4@-F4 x′ = xe (mod n)
z'V 4>e.;=L34

B1+�B19<4W?NIXL34E-1/C?N-F\ (yex′)d (mod n) = yedx′d (mod n) = yxed (mod n) = xy

(mod n) 6�� *�BC9<4�LN?.HOG<48-F4EB1G<-1A<4EI�B1+SB19<45?.IXL34E-1/1?.-F\�;O/T/1?$\ c (mod n)
z B19<4@A�9<4

P@?.AKe34�B x J�\�/1+3HZL�;=A<e xy ≡ c (mod n)
z /1;=A<P@4i9<4 � A<+ V /�BC9X4iLN?.H=G<4�+.* y 6���AX* ?NPEB�;=*

9<4�PQ9<+l+3/F4@/ y /1G<PQ9KB19	?NB gcd(y, n) = 1
z 9<4 V ;=HOH<e34�B�?cG<AX;O��G<4:LN?.HOG<4�+.* x 25+3G<I<GXHO+

n x /F;OA<PE4fBC9<4EA y−1 2>+lI<G<H=+ n
V +3GXHOIM4�m�;O/�B ~ 6

� ) 7:9<4 V ?R\KB1+8I<+8BC9<;=/�;OAM?kL.4@-�\p/1;=2>�<H=4d2>?.A<AX4@- V +3G<H=IpJ�4f`Xmp?k��+3H=\lA<+325;�?NH�+N*
I<4Ee3-14E4��p?.A<I_B1+pe3;=L.48��G</F9qB19<4�LN?.HOGX4�+.*tBC9X48��+3HZ\lA<+325;�?.H'?NBcgKIX;O/FB1;OA<P�Bf��+3;OA�B1/ z
?.AXISe.;=L340B19<40-14E/FBd+.*'9<;O/�PR?NJ<;OA<4�B�2>4E2�J�4@-1/�B19<40LN?.HOG<40+N* ��+3H=\lA<+.2>;O?.H�?NB�I<;O/�BC;=A<PEB
/F;OA<e3H=4���+3;OA�B1/@6 ��;OA<PE4�BC9X4�4@A�BC;=-14���+3HZ\�AX+32>;O?.H�PR?.A8J�4�PE+32>�XGXBC4EI8+3A<H=\c;Z*�;=BC/'LN?.HOG<4�;O/� A<+ V A
?NBi?NBCH=4R?./�B U$y I<;=/FBC;=A<PEB���+3;=A�BC/Tx,J�\ � ?Ne3-C?.AXe3;�?.AK;OA�BC4E-1��+3H�?NB1;O+3A z ?./:IX+3A<40;OA
B19<4hP@H�?N/1/ ~nz ��GX/19�?NA<Ik?NA�\0B19<-14E4�+N*X9<;=/"PR?.J<;=A<4EB'254@2�J�4@-F/"PR?.Ace34EB'BC9X4v��+3HZ\�AX+32>;O?.H z
?.AXI V ;ZBC9<+.GXBS��G</F9�;ZB V +3GXHOI -14E�lGX;O-14�?NB1HO4@?./FB U$y +N*k9<;=/MPR?.J<;=A<4EBM254@2kJ�4E-1/�BC+
e34�B>B19<4W��+3HZ\�AX+32>;O?.H 6��fA<PE4
BC9X4W��+3H=\lA<+325;�?NH�/C?R\ P

z ;O/ � A<+ V AY;=B1/5LN?.H=G<4S?NB�?
�<-F4@I<4�BC4E-125;OA<4EIS`Xm�4EI
��+3;OA�B�/1?$\ P (0) PR?NA
J�4TG</14EISB1+5e.4EB�BC9<4THO?.G<A<PQ9MP@+lI<4N6
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