CS 1050 Homework 9 Solutions

1. Consider ¢ = 3, then we have,
c-g(n)=3-2" > 2" foralln > 1.
< f(n) <c-g(n) for all n > 1.
& f(n) = O(g(n))
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fn) _ (n+1)?
g(n) —  n?
n?+2n+1 2 1
= 5 =1+-+ —
n non
1
& lim Ln)_ Iim 1+ —+ —
n—o0 g(n) n—o0 n ’I’L2
2 1
& lim M: lim 1+ lim — + lim —
n—00 g(n) n—00 n—oo N = n—oo N2

2 1
Now, since lim — =0 and lim — =0, we get
n—o0 7, n—o0 7,

limwzl

n—00 g(n)
& f(n) = O(g(n))

b. Consider ¢ = 4, and we have,
c-g(n) =4n? = n? + 3n?

Since we know that 1 < n < n? for all n > 1, we have,

cogn)>n*+2n+1=(n+1)*foralln>1
< f(n) <c-g(n)foralln>1
& f(n) = 0(g(n))

3. We will prove this without using the limit. Clearly,
n > (200)? 4 50 for all n > (200)% + 50.



)2 + 50n? for all n > (200)2 + 50.
(200n)% + 50 for all n > (200)% + 50 (using 50n? > 50).
) for all n > (200)? + 50.

4. We have,
g(n)=3f(n)=n>+5m—-6=(n—1)(n+6)>0foralln>1

5. Proof: Consider N = 2A42%. Now for any n > N = 242,
nl=A%(A%+1)...24%. ..n

Now A?! > 1 (since A is a positive integer) and each term on the RHS after
A?! is greater than A? (there n — A? such terms). Therefore,

nl > (A2)"A = 42047

Now since n > 242, we have that n — 2 > A% and so n — A% > 2. Therefore,
n! > A%%)
S nl > A

So, N = 2A? suffices.

6a. We need to prove that f is not O(g). We prove it by contradiction.
Suppose that f = O(g). That means that there exists constants ¢ and ng
such that,

c-g(n) > f(n) for all n > ny

Now pick n; to be any even number greater than ny and ¢, i.e. n; >
max{ng,c} and n; is even. Clearly such an even number can be picked
since ¢ and ng are constants. We have,

f(n)=n?>cn =c-g(n)

which is a contradiction to the fact that c- g(n) > f(n) for all n > ng (since



ny > ny and ny > ¢)
Therefore f(n) cannot be O(g(n)).



