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MATH 3012 Final Exam, December 15, 2011, WT'T

1. Consider the 16-element set X consisting of the six capital letters {4, B,C, D, E, F'} and the
()fD ten digits {0,1,2,...,9} .

a. How many stnngs of length 11 can be formed if repetltlon of symbols is pernntted‘?
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b. How many strings of length 11 can be formed if repetition of symbols is not permitted?
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c. How many strings of length 11 can be formed using exactly four 3 s, two B’s and five [7’s7
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d. How many strings of length 11 can be formed if exactly four’ chara,cters are letters and exactly
three of the remaining seven characters are 8’s? Here, repetition is allowed.
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e. How many symmetric binary rel It‘lons are there on X7
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f. How many symimetric and zeli?exive binary relations are there on X7
g. How many equivalence relations are there on X with class sizes 4,4, 4,2, 1and 17
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2. How many integer valued solutions are there to the equation z; + z» + z3 + z + 4 = 52 when:
;> 0fori=1,2,3,4.
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b, z;>0fori=1,23,4.
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c. ;>0forz=1,3,4and 25 > 7.
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J O 3 a. Use the E,uclidean algorithm to i?.'nd d = ged(420, 792). 7 / 3
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b. Use your work in the first part of this problem to find integers @ and b so that d = 420a 4 792b.
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c. Using your previous work, factor 792 completely into a product of primes. You will need this
answer later o this test.
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6 4. Fora pogl’tive integer n, let ¢, count the number of ways to tile a 4 x n array with dominoces of

the following three sizes: 4x1, 1 x4 and 2 x 4. Note that dominoes of size 4 x 2 are not permitted.
Thent; =i; =t3 =1 and ¢4 = éDevelop a recurrence for ¢, and use it to find #.
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5. Use the algot 20T class to fme i Toler et T The graph G shown below (use

node 1 as root):
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6. Consider the following graph.

a. Explain why {3,5 8} zsa,mamm%I chque T (s & c[f’@»u« l"‘{"“—““ i
S'§IT)>J§§ 55 ﬁbt?ﬁ . 74 i b el
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b. Find the maximum clique size w(G) for this graph, and find a set of vertices that form a

maximum clique. ko (é) - L’t j?" Sﬂl gl “‘) 4/) A I - CL,FN ,

c. Show that x(G) = w(G) by providing a proper coloring of . You may indicate your coloring
by writing directly on the figure.

d. Despite the fact that x(G) = w(G), the graph G is not perfect. Explain why.
& i ?ﬁ/ﬁ‘,@ &5 X (W) z il $r gpec ,“,&41,,0
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7. Show that the graph G from the preceding problem is hamiltonian by providing an appropriate
listing of the vertices, starting with 1,11, 4 and ending with 1.
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8. Draw an order diagram for the poset whose ground set is {a,b,¢,d,e, f} and whose order

{D relation is:  {(a, ), (b,b),{c,c}, (d,d) (6 ey, (f, F), (be),{f,c),(e,c),(e,a),(a,e),{f a)}
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9. For the subset lattice 21°,
15"

a. The total number of elements is: |

b. The total number of maximal chains is: i ‘5‘ '

—
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¢. The number of maximal chains through {2,6,7,9,11} is: 5 . (O .

d. The width of 215 is: C'g) er (,i)



1G. For the poset P shown below,
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a. List all elements comparable with 7.

f4,03,9, 1,10,
b. List all elements covered by 7.

{4q,n}

c. By inspection (not by algorithm), explain why this poset is not an interval order; ) Og [/ y '(
35‘93053,63 Forum 7;**1‘\%\161;";?‘ j:t
oAU T A plotes
d. Find the height A and a partition into h minimal elements by recursively stripping off the set of
minimal elements. You may display your answer by writing directly on the diagram. Then darken
a set of points that form a maximum chain.
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11. The poset P shown below is an interval order:
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a. Find the down sets and the up sets. Then use these answers to find an interval representation
of P that uses the least number of end points.

3 D)= c ¥4 Hia)= ge I(a)= [2,41
| Dby= & 3Up) = dge ()= i3]
4 D)= £ AU(c)= adge I{¢)=  [2.2]
4 D(d) = befh 5U(d)= 4 HOERERCA W
5D(e) = ahefh Gey= & H{e)= C<i¢]
| D(fy= & tU(f)= acdge = L3
6 D)= abedt& (U= & Ig)= e 6l
| D(h) = & (U()= acdge I{h) = Cridd



b.

In the space below, draw the representation you have found. Then use the First Fit Coloring
Algorithm for interval graphs to solve the Dilworth Problem for this poset, i.e., find the width w

and a partition of P into w chains. You may display your answers by writing the colors directly on
the intervals in the diagram.
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c. Find a maximum antichain in P: ? l7 / @ ’9‘ }
| 12 a. Write all the partitions of the integer 8 into odd parts:
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b. Write all the partitions of the integer 8 into distinct parts:
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c. Write all partitions of the integer 14 associated with the coefficient of z'* in the generating
series expansion of f(z} = (14 z® + z8)(1 + z%)/(1 — z?).
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13. Find the general solution to the advancement operator equation:
A2A-BP¥A+22(A-Tf=0
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/ 14. Find the solution to the advancement operator equation:
(A*+8A+12)f(n) =0, f(0)=16 and f(2) = —68.

(A2 (Be) FO=0 Yy o0

e ak soluhina Flw) = ¢, (-2

fley= 16 = €+ C>

Y= -6 &= ~2C, -6 Cqp
372 = 'LC’ f'?.-("l

3¢ = ~Y Ca

) D 15 a. Write the inclusion/exclusion formula for the number of onto functions from {1,2,...

to {1,2,...,m}

£ (n,m = Z(_') (T) (=)

L =49

b. Evaluate your formula When n =6 and m 3. 6

£0¢,3)~= (3)’5 -(3)2 4—(—551 “(130

-:36-—3 1"4-3’]

- 7294 - (92 + 3 = 5?0
16.
a. Write the inclusion/exclusion formula for the number of derangements on {1, 2, .
A = Z (-1 ( ) (1-0>
n

b. Evaluate your formula when n = 7.
‘ ENEEWTS
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I 17. Previously, you factored 792 into a prO({uCt of primes.- Using this factorization, evaluate the

euler ¢-function (,b(“;QQ)
Far=1 "o y
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18 a. Let G be a graph on 11 vertices in which every vertex has 6 neighbors. Explain why @ is

hamiltonian but not planar. _ | ‘ s
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a. Show at@nér@éé‘a’nédﬁmamﬂ onian grap‘ﬁ off 1] vertices in which every vertex has degree at
least 5. l & B x> W Aa 6 .

Ke ¢t 05 won-Base b KWF, Aeg 8~

19.  Verify Euler’s formula for the planar graph shown below.
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In the space below, list in order the edges which make up a minimum weight spanning tree using,
respectively Kruskal’s Algorithm (avoid cycles) and Prim’s Algorithm (build tree). For Prim, use
vertex A as the root. : ' :

Kruskal’s Algorithm ‘ Prim’s Algor.ithm
£EC 30 ' AD S0
C& 31 BRD §2
B 37 - C BH D7
cH 33 Gu 33
AD 80 | €6 3%
5D 8 = C
N F s Y

AF 3%



P1. A data file digraph_data.txt has been read for a digraph whose vertex set is [7). The weights
on the directed edges are shown in the matrix below. The entry w(i, j) denotes the length of the
edge from ¢ to j. If there is no entry, then the edge is not present in the graph. Apply Dijkstra’s
algorithm to find the distance from vertex 1 to all other vertices in the graph. Also, for each x, find
a shortest path from 1 to z.

Wi1[12|13]14(5|6]7

110 (384217386429

2 0] 4 3012310

3 0 41 | 18
14 127120[28] 0 45

] 2 01219
1618|513 2!2]0

7 8 (2214 18112} 0




22. Consider the following network flow:

a. What is the current value of the flow? - 3
ég,}-'sg_r.g; =~ 195 85= éS +3%5390
b. What is the capacity of the cut V = {S, A, B,C,F,H} U {D,E,G,l]{?j, I,J,T}. '
48 +3Y 411 29 £33 465 ( BE is bacluets )

c. Carry out the labeling algorithm, using the pseudo-alphabetic order on the vertices and list
below the labels which will be given to the vertices. )
A (8, ~,5

% @‘J*“UQ\ H(C)'rJ:}) \
c (3,4, 8) G (W, t, 7) D(f*-:*,?)
‘—_— (S + ?—f) ICH,‘F’ 6 ) ‘T(D,‘\',s— .
v B( &,%, &
d. Use your work in part ¢ to find an(aggn‘{_eﬁting)path and make the appropriate changes directly

on the diagram.
e gt G,¢H 6 8 A DT)

e. Carry out the labeling algorithm a second time on the updated flow. It should halt without the
sink being labeled.

3(,}{,4—’00\ GCH,‘}’Q)
c(s,+ %)  TH %2
F(S.+,21) B+, 1)
H(C, +,2 E(T +,2)

f. Find a cut whose capacity is equal to the value of the updated flow. 3
!
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23. Consider a poset P whose ground set is X = {a,b,¢,d,e, f,g,h,%,7}. Network flows (and
the special case of bipartite matchings) are used to find the width w of P and a minimum chain
partition. When the labelling algorithm halts, the following edges are matched:

en'gﬂ b.fdll CIG‘H flbﬂ gl h”

a. Find the chain partition of P that is associated with this matching. Also find the value of w.

by 4 .
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