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A regression is a function g from a partially ordered set to itself such that g(x)~_x for all z. 
A monotone k-chain is a chain of k elements xx<x2< . . . .  .xk such that g(xO~g(x~)~_...~_g(xk). 
If a partial order has sufficiently many elements compared to the size of its largest antichain, every 
regression on it will have a monotone (k+ l)-chain. Fixing w, let f(w, k) be the smallest number 
such that every regression on every partial order with size least f(w, k) but no antichain larger than 
w has a monotone (k-'-1)-chain. We show that f(w, k)=(w+ 1) k. 

1. Introduction 

At  the Sympos ium on Orde red  Sets in Banff, Klaus  Leeb posed  to  us the fol low- 
ing quest ion.  Cons ide r  a finite par t ia l ly  o rdered  set (poset).  Define a regression on a 
pose t  to be a funct ion g mapp ing  the pose t  to i tself  such tha t  g ( x ) < - x  for all x. Define 
a monotone k-chah7 to  be a chain o f  k elements  x l < x 2 <  ... <-¥k such tha t  g(x~) 
<=g(x.,)~.. .  ~g (xk ) .  P r o b l e m :  find bounds  such tha t  any  regression on any poser 
mus t  have a m o n o t o n e  ( k + l ) - c h a i n  if' the size of  the poset  exceeds those  bounds .  

In this no te  we solve this quest ion for  posets  o f  bounded  width .  (The width 
o f  a pose t  is the  size o f  its largest  ant ichain.  Any  poser te rminology  not  explicit ly 
defined here  can be found  in [4].) I f a  poset  has width  e t  most  w and  has a regression 
with  no m o n o t o n e  ( k +  1)-chain, then we call  it a (w, k)-poset .  L e t f ( w ,  k) be the smal-  
lest integer  such that  there  is no (w, k) -pose t  with that  many  elements.  In other  words,  
every regression on every pose t  tha t  has at  least  tha t  many  elements bu t  width  at  most  
w has  a m o n o t o n e  ( k +  1)-chain. This  is ana logous  to the Ramsey  p rob lem,  where 
every color ing  on a large enough s t ructure  must  have a subs t ructure  o f  a certain type.  
However ,  for  this  p rob l em we ob ta in  the op t ima l  so lu t ion:  

Theorem 1. f(w, k ) = ( w +  l )  k. 

In [2] R a d o  shows that  such a bound  also exists in term of  another  parameter .  
Specifically,  he shows tha t  if  a poset  has a regression with no m o n o t o n e  ( k +  l ) -  
chain,  then it canno t  be an a rb i t ro ry  large Boolean algebra.  The  fo rb idden  size is 
not  known.  Harzhe im [1] general izes R a d o ' s  result  and  several o ther  re la ted  result.  
Both  [1] and  [2] use R a m s e y ' s  Theorem [3] as a l emma;  since we obta in  the comp-  
lete solut ion,  it  is not  surpr is ing that  we do  not  use Ramsey ' s  Theorem.  
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2. Proof of the upper bound 

Assume that P is a bt,, k)-poset and that g is a regression on it with no mono- 
tone ( k +  l)-chain. We proceed by induction on k. I f  k =  1, every element of  P must 
be a minimal element. Othelnvise, a non-minimal x and a minimal point below g(x) 
will form a monotone 2-chain. Minimal elements folm an antichain, so IP l~w,  
the bound placed on the width. 

Now assume k > l .  Let G(x) be the longest monotone chain in P that has x 
as its top element. We say that x has effective height IG(x) l -1 .  No point in P can 
have effective height k or more;  let M be the set of points with effective height k - 1 .  
I f M  is deleted from P, then g restricted to P - M  is a well-defined regression on P - M  
having no monotone k-chain. It would fail to be a regression if g(x)-~M for some 
x~ M, but then x could be placed atop G(g(x)) to obtain a monotone ( k +  l)-chain 
in P. The points in P -  M have effective height less than k -  1 in P, so there are no more 
monotone k-chains. We conclude that P - M  is a (w, k -1 ) -pose t .  

We claim that M contains at most ~t, fixed-points of  g, at most ~.v points 
mapped by g to any specified point of  P - M ,  and no points mapped by g to other 
points of  M. Suppose g has two related fixed-points x > y  in M, or two related points 
x>y in M with g(x)=g(y)=z, or two points x, y ~ M  with g ( x ) = y .  Then x 
can be placed at the top of G(y) to obtain a monotone ( k +  l)-chain in P, since g(x) 
>=g(y). The bound on antichain size completes the claim. 

Since P - M  is a (w, k -  1)-poset, its size is at mostJ (w,  k -  I ) -  1. Including 
the points of  M yields a total of  at most , ' + ( , ' + l ) [ ( w + l ) k - a - - 1 ] = ( u ' + l ) k - - 1  
elements in P. 

3. "Fhe construction for the lower bound 

We construct a poset Pk having width w and size (u,+ 1 / ' - 1 ,  and we define 
on it a regression gk with no monotone (k + 1)-chain. The explicit construction con- 
tains many interesting patterns, but it is simpler and faster to describe the poser and 
regression inductively. To achieve the upper bound, Pk must add w fixed-points and u, 
points mapping to each point of Pk-1- 

Let /'1 be a single antichain of  size ,,, at rank 0. For  k > l ,  let Pk--Pk-1 
consist of  w disjoint chains, each having (w+ 1)k-1 elements. Add these chains to the 
top of Pk-~, SO that every new element lies above every old element. The new 
elements form (w + l) k-1 ranks of , '  elements each. Thus it follows by induction that 

Pk has ~ ( ( w + l )  k - l )  full ranks of  w elements each. 

Let gk restricted to Pk-1 be gk-1. Let the minimal points of  Pk--Pk-~ be 
fixed-points. Let g map each remaining rank of Pk--Pk-~ to a single distinct element 
of Pk-~, as follows. The uppermost n, ranks of  P~ map to the w minimal elements of  
Pk- 1" The next highest w ranks of  Pk map tO the ~,, elements of Pk- ~ at rank 1, and so 
on. Since the number  of  non-minimal ranks in Pk--Pk-~ equals [Pk-tl, this is all well- 
defined. 

We must show that gk on Pk has no monotone (k+l ) -cha in .  Since gk-~ on 
Pk-~ has no monotone k-chain, it suffices to show that no two elements of  P~--Pk-t 
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can a p p e a r  in a single m o n o t o n e  chain.  This  is immedia te  from the cons t ruc t ion  ofgk .  
W h e n e v e r  x > y  in Pk--Pk_~,  either g(x)  and  g(y )  are  unre la ted ,  o r  g ( x ) < g ( y ) .  

It is also easy to show tha t  each element  of  Pk - -Pk-~  has effective height  k -  1 
under  gk, appea r ing  at  the  t op  o f  a m o n o t o n e  k-chain tha t  has one e lement  f rom each 
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