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O N  C O L O R I N G  G R A P H S  W I T H  L O C A L L Y  
S M A L L  C H R O M A T I C  N U M B E R  

H. A. K1ERSTEAD x, E. SZEMERI~DI 1 and W. T. TROTTER,  Jr. L~ 

Rece ived  19 S e p t e m b e r  1983 

In 1973, P. Erd6s  conjectured tha t  for  each k ~ 2 ,  there exists a cons tan t  ck so that  if G is 
a g raph  on n vertices and  G has  no  odd  cycle with length less than  ckn  ~/k, then  the  chromat ic  n u m b e r  
o f  G is at mos t  k +  1. Cons t ruc t ions  due to LovAsz and  Schriver show that  ck, if it exists, mus t  be 
at least 1. In this paper  we settle Erd6s '  conjecture in the affirmative. We actually prove a s t ronger  
result which provides  an  uppe r  b o u n d  on the chromat ic  n u m b e r  of  a g raph  in which we have a bound  
on the ch romat i c  n u m b e r  of  subg raphs  with small  diameter .  

O. Introduction 

P. Erd6s conjectured that for every positive integer k, there exists a constant 
c k such that if  G is a graph on n vertices with no odd cycle of  length less than Ckn a/k 
then the chromatic number  of  G is at most k + 1. In this paper we prove the follow- 
ing theorem of which Erd6s'  conjecture is the special case c = 2, with ,), =4k.  

Theorem 1. For each pair o f  positive integers c and k, i f  G is a graph on n vertices with 
~7o subgraph H, whose chromatic number is greater than c and whose radius #t G is at 
most 2kn l/k, then the chromatic number o f  G is at most k ( c -  1) + 1. 

We refer the reader to Erd6s'  paper [1] for a discussion of  the background of  
his conjecture. In section 2, we discuss two constructions. The first construction shows 
that our theorem is essentially best possible when c=2 .  The second shows that our 
theorem is essentially best possible for any rational number k =<2. 

Expressions of  the form n talk will always mean [#?/kl'. I f  x and y are vertices 
of  a graph G, the distance from x to y, denoted by d6(x, y), is the number  of  edges in 
tile shortest path in G from x to y. I f  S is a set of  vertices in G the distance f rom x to 
S. denoted by de(x, S), is da(x, S ) =  rain de(x, y). I f  H is a subgraph of  G then the 

" yES 
radius of  H in G, denoted by R(; (H), is Rc (H) = rain (max dG (x, y)). When G is clear 

x(-_H y(_ll 
from the context we will omit the subscript in the above notations. The chromatic 
number  of  a graph G is denoted by z(G). 
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I. Proof of the Principal Theorem 

We begin with a definition. 

Definition. An (7., fl)-obstructio/t in a graph G is a subgraph Q of G such that ',Q1777. 
and R(Q)-- fi. 

In order to make our inductive argument we shall prove the following more 
general lemma v~hich yields the theorem ha the case / ,=I ,  W=G,  and [I[= I. since 
if z ( G ) > k ( c -  I )+  1, there are not enough vertices in G - 1  for the requhed obstruc- 
tion. 

Lemma 2. Let G be a graph on i7 ~ertices such thacfor any subgraph H of  G. zf Rc,(tt) 
~_2knU'. then 7 . (H) -c .  1/" O<l--k,  W c G .  Z(W)>I (c  I ) + [ .  am~ 1c14  iv 
im[cpemlent, lhez7 W - I  cottlains' an O//JL 2h~l/k)-obstrucNo~. 

Proof. We shali argue by induction on 1. First suppose that /=0 .  Then Z ( W ) - 2 .  
so there exist two adjacent vertices t /and t, in W. One of these, say u, is not in I, so 
{u} is a (l, 0)-obstruction in W--I. 

Now assume the result for l=n/  and consider the case l = m +  I --k. Let H be 
a c-partite subgraph of  W, with c-partition H=(J, . . . . . .  J~,_~), having the maxinltlnl 
number of vertices. Consider the subgraph W'= W -  I J Js. Clearly Z(tl") 

i - ~ c - I  

> r e ( c -  1)+ I, so by the inductive hypothesi,~ W'-J , ,_ ,  contains an (z, '''It'. 2m~z ~ t,)_ 
obstruction &.  Note that H(-1P.~=(). For each j > 0 ,  let P j =  {.vc H: d(.v, P,,~=/}. 
Let Q =  I J Pi" Clearly R(Q)-2z~'/;'+R('Po)-_2h7 '/'. 

C/aim. For m U' ./<2z~ a/t, (P.it-JPj., ,) 1~;=~'/''k. If not. then the cardinality of  tt" 
=(H-((Pj[JPi_~ . ) - I ) U & , )  is greater than the cardinality of  H. We shall obtain 
a contradiction by showing that z(H')~~c. Partition H '  into (H,,  H,) where H,, 
=(P.i(ql) [j [ J Pi and Ht=(P i ~( ' l l)(J (J Pi" Sillce R(Ho)%2ktY',  z(tt, .): c. 

i - . i  i-'-- i - ,  ~ l 

Since HI c H, z ( H 0  ~c. Since I is independent, there are no edges between H ,  and 
Hi.  Thus 7.(H ~) <c.  

By the claim, it is clear that ] Q - - I ! -  I/2.2;l~/k.n ''/k. Thus Q - 1  is an (;/;', 
2h?"/') -°bstructi°n- I 

2. Examples 

In this section, we consider whether tile bound o11 z(G) of Theorem I can be 
improved for integer values of k and also whether we gain anything by allowing k to 
be any rational numl-,er. We shall not be interested in lowering the constant in the 
bound on R(H). The first example, due to Gallai in the case k = 2 ,  Lovglsz [2] ql lhe 
general case, and independently to Schrijver [4], shows that when e=2, our bonnd 
is best possible, regardless ,,)f whether k is rational. 

Example 3. For el~er.!' positit~e ratiomd k, there cxLs'ts a graph G ott n ~;crtices such that 
t f  H is a subgrapl~ of  G with R ( H ) <  I/2.n 1/1', then z ( H ) ~ 2 ,  but z (G)=k + 2. | 
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The becond example  shows that  regardless o f t ,  i f  I < k ~ 2  then our  restllt 
canno t  be improved.  It was constructed by Schmerl [3] to prove a result in recursive 
combinato,-ics.  

Exalnple 4. For any ralio/la/ / lumber /~ and onv posi:it'e i/?leger c such l/tat I < / c <  2, 
there c.vists a graph G on n cc'rlices such that (/' H i r  a s uhgr~qdt o f  G with R ( H )  
<1/2 /?  :k. then 7 . (H)~c ,  but z ( G ) = 2 ( c  13+1. II 

The  question of  whether Tl-;icorenn I is best possible ,ahen both c and k are 
greater  than 2 is still opea.  
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