MATH 1501 J3/J4/J5 Test 111
Fall 2008

Name:

GTid (9xxxxxxxX):
Instructor: Allen K. Hoffmeyer

Teaching Assistant and Section:

There are 5 questions on this exam on 6 pages (not counting this coverpage). Be sure
to explain your answers, as answers that are not accompanied by explanations/work may
receive no credit. You are to complete this exam completely alone, without the aid of notes,
texts, calculators, cellular telephones, personal digital assistants, or any other mechanical or
digital calculating device.

By signing on the line below, you agree to abide by the Georgia Tech Honor Code, the
principles of which are embodied by the Challenge Statement:

I commit to uphold the ideals of honor and integrity by refusing to betray the trust bestowed
upon me as a member of the Georgia Tech community.

Failure to sign this cover page will not be considered evidence of academic misconduct.
However, if the cover page is not signed, seven points may be deducted from your
raw total score on this exam.

Student signature:

Question | Points | Score
1 5
2 5
3 5
4 5
5 5
Total: 25
Average: 5
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1. (5 points) Evaluate the indefinite integral

oAt
— dt.
/ e2t + 3et + 2

Note: This is a multistep problem. You may use subsitution and then find out you need
apply another method to the new integral.

Solution: First we apply the substitution u = ! which has du = e'dt. So, we get
(after applying long division to the rational function)

oAt w3
/—dt _ /—du
e2t + 3et + 2 u? 4+ 3u + 2

= /[(u—3)+ 18

u+1l w42

1
= §u2—3u—ln(u—|—1)+81n(u—|—2)+C

1
= §ezt—3et—ln(et+1)+8ln(et+2)+C.
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2. (5 points) Consider the region bounded by the curves y = cosz, y = 1, x = 0, and

™

r = 7 and the solid generated by rotation the region about the z axis. Write as a

definite integral the expression for the volume V' of the solid by (i) using the washer
method and (ii) using the shell method. Evaluate exactly one of these integrals. Note:
Your answer should have two (2) integrals, one evaluated and one unevaluated. You

might need the formula sin? u = 1_+S(2“)

Solution: First, we set up the integral for volumes using the shell method. For this,
the outer radius is 1 and the inner radius is cosz. Thus, we have the volume is

V:/27T(12—COSQJZ)dI:/27T(1—COS2 )dm.
0 0

Next, we use the shell method, but we need to get the functions in terms of x. The
curves that bound the region are r = 7 and z = arcsiny. So, we get the volume is

1
V= 27r/ yarcsiny dy.
0

The first integral is solved by integrating sin?

using parts. The final answer is V' = 7.

x and the second integral is solved
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3. (b points) Let m and n be positive integers and prove that
1 1
/ (1 —x)" de = / z™(1 —x)" du.
0 0

Solution: Here, we just use the substitution u = 1 — x which gives du = —dx.
Observe if z = 0, then v = 1; also, if x = 1, then v = 0. Finally, we note that
u = 1 — z implies that x = 1 — u, thus

/lem—x)m dr = —/10(1—u)”um (—du)

1
= / (1 —u)"u™ du.
0

Replacing u by x gives the result. (Note: We can do this because u is just a dummy
variable in the previous expression. If that doesn’t convince you, then do a new
substitution u = = which gives du = dx and convice yourself that way.)
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4. (5 points) Evaluate the following indefinite integral

/ (zIn v/ +sin® z) dz.

Solution: On the first integral we use parts. We let u = In \/z and dv = xdz which

implies du = 5-dz and v = 327, So, we get

2

1 1
/xlnﬁdm = §x21n\/5—/zlxdx
= 1:1:21n\/5—1m2+0
2 8 '

For the second part of the integral, we take out a sinz from the expression and
replace the rest with cosines. So, we have

/ sin® xdr = / sin? x sin zdx

= /(1 — cos® x)* sin wdw
= /(1 — 2cos? & + cos® x) sin vdw

= /(1 —2u? + ut)(—du)

2 1
= —u+§u3—gu5—|—0
2 3

1
= —COS$+§COS x—gcos5zv—|—0.
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5. (5 points) Find the volume of the ellipsoid obtained by rotating the region bounded by
the curve y = %\/4 — 22 and the x axis, about the x axis.

Solution: Probably the easiest way to solve this problem is to use the shell method.
Here, we only have one function bound and so the volume is

vV o= /2 ﬂ%my dz

—2

2
= %/_2(4—1’2)6155
2
= z/(4—3:2)cl3c
2 Jo
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Scratch Work
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