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summary

The GOEDEL program has two ordered pairs, which agree fa, dmit not for proper classes. The tgrair[x,y] is a
primitive undefined term whose properties are cstesit with Kuratowski's ordered pair. The othedesed pair is a
defined quantity:

In[2]:= A[cart[set [x], set[y]]l]

Qut[2]= PAIR[X, Y]

In this notebook an equality rule fBAIR[X, y] is derived. A counterexample is presented to sh@aw this equality rule
differs from the equality rule fgpair[Xx, y].

derivation

Lemma.

In[3]:= SubstTest[i nplies, equal[w, z],
equal [cart [set [first[w]], set [second[w]]], cart[set [first[z]], set[second[z]]]],
{w- PAlI R[u, V], z » PAIR[X, y]}] // Reverse

Qut[3]= or [equal [cart [set [u], set [v]], cart [set [x], set [y]]],
not [equal [PAI R[u, v], PAIR[X, y]]]] = True

Inf[4]:= (%/. {u>uU_, VoV_, X>X_, y->Yy_1}) /. Equal » Set Del ayed

Lemma.
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In[5]:= SubstTest[inplies, equal[w, z], equal [A[w], A[z]],
{w->cart [set [u], set[v]], z->cart[set [x], set[y]l]1}] // Reverse

Qut[5]= or [equal [PAIR[u, v], PAIR[X, Y]],
not [equal [cart [set [u], set [v]], cart [set [x], set[y]]]]] == True

In[6]:= (%/. {u->u_, VoV_, X->X_, y->Yy_}) /. Equal - Set Del ayed
Theorem.

In[7]:= equiv[equal [cart [set [u], set[v]], cart[set[x], set[y]l]l], equal [PAI R[u, v], PAIR[X, y11]

Qut[7]= True

In[8]:= equal [PAIR[u_, v_1, PAIR[x_, y_11:=equal [cart [set [u], set[v]], cart[set [x], set[y]]]

a counterexample

The equality rule foPAIR differs from that fopair. The latter is:

In[9]:= equal [pair[u, v], pair[x, Y]]

Qut[9]= and[equal [set [u], set [x]], equal [set [v], set [y]]]
We do have an implication in one direction:

In[10]:= inplies[equal [pair[u, v], pair[x, yl]l, equal [PAI R[u, v], PAIR[X, y11]

Qut[ 10] True

In the other direction, the following provides auoterexample.

In[11]:= inplies[equal [PAI R[u, v], PAIR[X, y1], equal [pair[u, v], pair[x, y11] /.
{u-V, voV, x>0, y->V}

Qut[11]= Fal se



