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1. Introduction

In the course of describing Lie group multiplication

laws in terms of canonical coordinates, F. Schur [ll in
1BB9 began an investigation of In ex eY for non-commuting

variables x and y. The first few terms of this expansion

are

l-n ex eY = x + y * +[x,y] . #[x, [x,y]l
(1)

. #[y, [y,x] I - *[x, [y, [x,y] I I +

where

[x,y]=xy yx.

This series exhibits the symmetry property

(2)

.xv--v-xInee-=-Ine-e (3)

Work by J. E. Campbell [2], H. F. Baker [3], and

F. Hausdorff t4l soon led to a description of the terms

linear in y but of arbitrary degree in x. Writing ad x for
the operator defined by



(ad x)y = [x,y],

these terms are expressible as

rn ex aY = x + ad xr , y +. -adx-IC

n (ul trr)

(1) = 0

(ad ur)

satisfies n2 = 'r 2 as one establishes

(4)

(5)

Methods due to E. I\Iitt [5], W. Specht [6], F. Wever

l7l and K. O. Friedrichs (see also W. Magnus IBI ) can be

used to prove that the formal expansion {1) is a Lie element,

that is, a formal power series whose terms involve only

various higher-order commutators of x and y. Once this is

known, dD explicit formula can be obtained by a standard

projectionr ds described, for examPle, by E. B. Dynkin t9l.

We do this below in a way that leads to a formal integral

representation exhibiting the symmetry (3). rf x and y

are elements of a Banach algebra, then the series (f) con-

verses in norm for ll"ll + llvll. ln 2. t10l

2. An Iqlegral Representation

The ring F of formal power series in non-commuting

variables x and y over a field of characteristic zero is

spanned by monomials, that is, products tI u' where

each u., is x or y. The linear operator ?T: F + F defined by
l_

'tf

1
n

(ad un-r) u'

by induction on n t111.



A formal power series f(xry) is a Lie element if and only

if rf = f. We can write any formal power series f(xry)
without constant term as

f (x,y) = [(x,y)x + n(x,y)y, (7)

and then, using

t
n(f (x,y) ) = / dtig(t ad x, t ad y)x + n(t ad x, t ad y)y].

0

. (e)

Here t commutes with both x and y and has only a formal

significance, defined by (B).

Introducing

I n-l I

{ 
r" *dr = i, (8)

we can rewrite (6) as a forrnal- integral,

(10)

r{e nave

ln ex "Y = 0(exeY) (exey r) = s(exeY) ((ex- l) +"*"Y(r-e-Y)).

( 1r)

, wlnw lrrw-l+(rv)w: \iiry = #tl = o(w-ly, n2)

Since



then (11) can be written as

rn ex "Y = o(exeY) (ex - r) + p1e-ye-x) tt .-Y). (13)

Since this is a Lie element, then

rn exeY = ,'r(ln u*"Y) =

The terms with n > 2 do not contribute since, for example,

(ad x)x = [x,x] = 0. Hence

ln ex *y = n(O(exey)x + 61e-ye-x)v)

1
= / dt{o(et ad x.t ad y)x + 4(e-t ad y e-t td *)y}.

0
(rs)

This version of the BCH formula disptays ln u*"Y explicitly

as a Lie element, and has the symn.ctry (3).

3. Related Formulas and Results

Another method of arriving at Lhe :ntegral representa-

tion (15) is to b"gin by establ-ishing tliat h - h(sx,ty) =
+rt

ln eo^e'J satisfies the formal dif feren-uial equations [12] -

116l

Eh adh_=
\^ -'l Ld5 0u ll

CI

(16 )

ah_ adh
ai=, -aaTYI-e



Since h is a Lie element, then t12l

ad h(sx,ty) = h(s ad x' t ad Y)

and the equations (16) can be rewritten as

(17)

(20)

a. sxtv ,sadx tadv.
as 'n e e

( 141

a , sxtv -tadv -sadx._Inee

Then, by the chain rule,

d - txtv tadx tadv. ., -tadv-tadx,
dtrne e

(1e)

and integrating over t from 0 to I yields (]5).

irie can also obtain a generalization of (5) by inte-

grating the second equation of (18) over t from 0 to 1,

^ ^! ! .: .^ - 1>eLLrlr9

" -x-v /1 dt+(e-t ad y *-.d *)y.Inee-:x+0

A modj-fied version of this formula rvas used by S. Greenspan

and R. D. Richtmyer to obtain the first five hundred terms

of the series (1) by computer tI7l.



BTBLIOGRAPHY

Ia. F. Schur, "On the Canonical Form of Parameter GrouPSr"
Leipzige Berichte Math.-Phys. Klasse 41, 229-23L (1889)'

lb. , "Proof of the Representability of Infinitesimal
franstormations of Transitive Finite Groups as Quotients
of Uniformly Convergent Power Seriesr" Leipzige Berichte
42, L-7 (1890).

lc. , "New Foundation for the Theory of Finite Trans-
tormation Groupsr" Math. Ann. 35, 161-197 (1890).

2a. J. E. Canrpbell, "On a Law of Combination of Operators
Bearing on the Theory of Continuous Transformation
Groups," Proc. London Math. Soc. 28, 381-390 (1897).

2b. , "On a Law of Combination of Operators. Second
PaFer, " Proc. London l"Iath. Soc . 29, 14-32 (t897) .

3a. H. F. Baker, "On the Integration of Linear Differential
Equationsr" Proc. London Math. Soc. 34, 347-360 11902);
36, 333-374 (r903); (Ser. 2) 2, 293-Zq6 (1904).

3b. _, "Alternants and Continuous Groupsr" Proc. London
Math. Soc. (2) 3, 24-47 (1904) .

4. F. Hausdorff, "The Symbolic Exponential Formula in
Group Theory," Ber. Verh. Sdchs. Ges. Wiss. Leipzlg
Math.-Phys. K1. 58, 19-48 (1906).

5. E. WitL, "Faithfu1 Representations of Lie Rings,"
J. Reine Angew. Math. L'|7, 152-160 (1937) .

6. W. Specht, "The Linear Relations Betv.'een Higher
Commutatorsr" Math. Zeits. 51, 367-376 (f948).

7. F. I{ever, "On Invariants in Lie Rings r " }Iath. Ann . l-20 |
553-sB0 (1949).

Ba. K. O. Friedrichs, "Mathemati-cal Aspects of the Quantum
Theory of Fie1ds, Part 5," Commun. Pure Appl. Math,
6, L-72 (1953), see footnote on P. 19.

Bb. W. Magnus, "On the Exponential Solution of Differential
Equations for a Linear Operatorr" Commun. Pure Appl.
Math. 7, 649-673 (f954) .



9a. E. B, Dynkin, "Computation of Coefficients in the
Campbell-Hausdorff Formular" Doklady Akad. Nauk SSSR
(N.s.) 57, 323-326 (L947).

9b. , "On the Representation of the Series 1og (exeY;
for Noncommutative x and y by Commutators, " Mat.
Sbornik 25, 155-162 (1949).

9c. _, "Normed Li-e Algebras and Analytic Groupsr"
Uspehi Mat. Nauk 5, 135-186 (1950).

10. M. Suzuki, "Generalized Trotter Formula and Systematic
Approximants of Exponential Operators and Inner
Derivations with Applications ot Many-Body Problems,"
Commun. Math. Phys. 51, 183-190 (1976).

11a. N. Jacobson, Lie Algebras, J. Wiley and Sons, New York
(L9621 , p. 169, theorem 8.

Ilb. G. Hochschild, The Structure of Lie Groups, Holden-Day,
San Francisco (1965), p. 110, theorem 2.2.

llc. W. Magnus, A. Karrass and D. Solitar, Combinatorial
Group Th_eory, J. Wiley and Sons, New YoiI-lT%6-t, p. 362,
theorem 5.17.

12. D. Finkelstein, "On Relations Between Commutators,"
Commun. Pure Appl. Math. B, 245-250 (1955).

13. K. Goldberg, "The Formal Power Series for 1n eXeYr"
Duke Math. J. 23, 13-22 (1956) .

L4. !V. von Waldenfels, "The Coefficients of Certain Formal
Power Series in Non-Commutative Indeterminates, "
Arch. Math. L7, 302-307 (1966).

15. E. Eriksen, "Properties of Higher-Order Commutator
Products and the Baker-Hausdorff Formula," J. Ilath.
Phys. 9, 790-796 (1968).

16. D. V. Djokovi6, "An Elementary Proof of the Baker-
Campbell-Hausdorff-Dynkin Formula," Math. Zeits. I43,
209-2rL (197s).

I7a. S. Greenspan and R. D. Richtmyer, "Expansion of the
Campbell-Baker-Hausdorff Formula by Computerr" Comm-
Pure Appl. Math, 18, 107-108 (1965).

17b. J. G. F. Belinfante and B. Ko1man, A Survey of Lie
Groups and Lie Algebras with.ApPlic_aliolg_g!9 Compgla-
Tf -PhiladelPhia {L972) , P. 52-


