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Introduction

This paper concerns the solution of a spatially inhomogeneous model Boltzmann equation known as the
kinetic Fokker—Planck equation, by means of “steepest descent” in the Wasserstein metric. This equation
governs the evolution of a probability density f on the phase space, T% x IR?, of an d dimensional torus.
The case of greatest interest is d = 3, but in most parts of the analysis, the dimension is not particularly
important. We will use z to denote position variables; i.e, points in T¢, and shall use v to denote momentum
variables. (We consider only one species of particles, so we choose units in which the mass is unity, and will
not distinguish between momentum and velocity.)
Given a probability density f(z,v) on T x IR?, we define its spatial density p(z) through

o) = | flav)dv, (L1)
Rd

and we define its conditional velocity distribution at z, F(v;z), through

f(@,v) (1.2)

for all  with p(z) > 0. The bulk velocity u(x) is the mean of F(-;x):

u(z) = /sz vF(v;z)do (1.3)

and the temperature 6(z) is 1/d times the variance of F(-;x):

O(x) = %/]Rd |v — u(z)|?F(v;z)dv . (1.4)
The total energy E(f) of the density is
_1 2 _1 2
B =5 [, Pfo)dde =5 [ [d9(@) + [u(@)] pla)duda (15)

and we shall be concerned exclusively with phase space densities whose energy is finite.
The following probability densities are central to kinetic theory:

Definition. The Mazwellian density with bulk velocity u and temperature 6, M, g, is given by
My o(v) = (270) /2 e~ lv=ul®/20

The Mazwellian with the same temperature 6(x) and bulk velocity u(x) as F(-;x) is denoted Mp(..5y. Finally,
the local Mazwellian corresponding to f is the density My on the phase space T4 x IR? where

These notational conventions will be used throughout the paper.
The equation studied here is

%f(a:,v,t)—l—vx-(vf(x,v,t))zﬁff(a:,v,t) (1.7)
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where the operator L is given by

Lid =06V, (vav (M%)) = 0"V, - (qbvv In (M%)) (1.8)

with p being a positive number. (The role of p will be discussed shortly). One easily sees that

L= 0P (z) (AU¢+V- (“;(71;5@@) : (1.9)

The equation is, of course, non linear since the coeflicients of £L; depend on f through certain of its local
moments, namely the bulk velocity and the temperature.
The equation (1.7) is closely related to the Boltzmann equation

%f(x,v,t) + V.- (vf(z,v,t) = Q(f(z,v,t)) . (1.10)
The right hand side Q(f) is the so—called collision kernel, and we will further discuss it below. In (1.7),
Q(f) has been replaced by L;f. Among the most characteristic properties of any evolution equation are
quantities that are monotone or conserved under the corresponding evolution. In replacing Q(f) by Lff, we
have not changed the formal conservation and monotonicity properties of the Boltzmann equation. These
are conservation of energy, momentum and mass, and increase of entropy:

Indeed, considering any sufficiently smooth solution f of (1.7). Then formally integrating by parts, one
easily obtains

d

SE(f)=0 (1.11)

so that the energy is conserved by the evolution. Similarly, if U(f) denotes the total momentum; i.e.,

U(f)= / vf(x,v)dedv = / u(z)p(x)dx (1.12)
Tdx R4 Td
one finds that this is conserved as well: d
U =0. (1.13)

The conservation of mass, or in other words, deled fdzdo, is clear.
Finally, define the Boltzmann entropy H(f) of f through

H(f)= _/dele f(z,v)In f(z,v)dzdv . (1.14)

This time, formal integration by parts leads to

%H(f) = /Td [/w 0(x) |VoIn F(2) — V, lnMF(.;x)|2F(v;x)d’u plx)dx . (1.15)

Thus, H(f) is strictly increasing in unless f = My, and hence the analog of Boltzmann’s H-theorem holds
for this equation, together with conservation of energy and momentum.

These conservation laws, together with the H-theorem, are the features of the Boltzmann equation that
are responsible, at least on a formal level, for its connection with the Euler Equations in a hydrodynamic
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scaling limit [11]. For this reason, it is important to maintain them in any model kinetic equation. Other such
model kinetic equations, particularly the BGK equation, have been discussed extensively in the literature.
While in the kinetic Fokker—Planck equation, the collision kernel Q(f) of (1.10) is replaced by Lff, in the
BGK model it is replaced by a constant mutiple of M — f. See Cercignani’s book [11] for further discussion
of the BGK equation. It suffices to remark here that as far as existence, uniqueness and regularity, the
present state of knowledge concerning the BGK equation is no better than for the Boltzmann equation itself.
A theory leading to global existence of solutions of the Boltzmann equation has been developed by DiPerna
and Lions [13], [14]. This is a very significant advance over what had been the state of the art; however,
there is no uniqueness result, nor are the solutions shown to conserve energy.

To better understand the relationship between (1.7) and (1.10), we briefly recall a few facts about (1.10)
and its origins. Consider the evolution of a gas consisting of a very large number of molecules moving in a
large box with periodic boundaries, corresponding to 7'¢. The full microscopic state of the system is given
by specifying all of the positions and velocities.

Such a specification is far too detailed for many purposes, and is at any rate computationally inaccessible,
and so Boltzmann [4] sought only to describe something simpler: the single particle density, f(z,v,t).
Imagine all of the molecules to be individually labeled, and at time ¢, we randomly select the label of one of
the molecules, which of course has a position = and a velocity v. Thus, in randomly selecting a label, one
has randomly generated a point (x,v) of the phase space T¢ x IR?, and f (z,v,t) denotes the probability
density of this random point on the phase space. One can then ask how this density will evolve in time.

There are two mechanisms at work in the evolution. First, there is streaming: In a short time step h a
molecule at (x,v) moves to (x + hv,v) provided there is no intervening collision. If there were no collisions,
the equation would be

% (z,v,t) +v - Vo f(z,v,t) =0 (1.16)

and everything would be very simple and uninteresting. The second mechanism is provided by the collisions,
which are assumed to be local and binary. That is, only molecules at the same location x can collide, and
each colliding pair completes its collision before either of its members enter into a new one.
In the abscence of streaming, at each z, the local conditional velocity distribution F'(v;z,t) is updated
by solving
0

&F(th) = Q(Fa F)(th) (117)

independently at each xz. The equation (1.17) is known as the spatially homogeneous Boltzmann equation,
and there is a well developed theory of it [12].

While separately, each of the evolution mechanisms described by (1.16) and (1.17) is well understood,
much less is known when they are both present, as in (1.10). Though considerable progress has been made
by DiPerna and Lions, there is no uniqueness result for the solutions that these authors construct, and the
sense in which they solve the equation does not permit one to conclude that they even conserve energy.

That said, we return to a brief description of the collision mechanism. The collision mechanism conserves
the momentum and energy of a pair of colliding particles. For the case d = 3, given a pair of pre-collisional
velocities v and w, the possible post—collisional velocities v* and w* are

., Uvtw |juv—w

2 2
., Uvtw |v—w
w'=———-"—"—0
2 2

where ¢ is a unit vector, i.e., 0 € S2. If the two particles interact through a force which is inversely
proportional to some power s of their separation, the rate of at which such such collisions occur at x is
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proportional to
(5 z)(w)F(v; 2)b(Jv — wl, cos(d))

where cos(¥) = o - (v — w)/|v — w|. The function b has a complicated dependence on cos(¥) for general

s=5)/s  The case s = 5 is referred to as the case of Maxwellian

s, but it is simply proportional to |v — wl(
molecules since Maxwell observed [24] that in this case many quantities are readily computed due to the lack
of dependence on |v—w|. (He actually tried to argue that an inverse fifth power force law did in fact mediate
molecular collisions, which is not unreasonable since Nature often seems to opt for simplicity, though in this
case, further investigations have not borne Maxwell out.) Another case of special interest is the case of hard
sphere collisions, which formally correspond to s = co. In this case, b is a constant multiple of |v — w]| cos(?).

Since the underlying dynamics is time-reversible, the reverse collision occurs at an equal rate, and this

leads to

Q(F, F)(v) = /IRS /S (F(v*)F(w*) — F(v)F(w)) b(|v — w], cos(9))dodw . (1.18)
The term Q(f(z,v)) in (1.10) is then given by
Q(f(z,v)) = p*(t,2) Q(F (1 2,1), F (s 2,1)) (v) -
Because b is proportional to [v — w|(*=5)/% Q satisfies a scaling law. That is, if
Fy(v) = XF(w) ,

then
Q(Fy, Fx) = A"U=/5 [Q(F, F)], .

It is easily seen that
,CFAF)\(U) = \2"2% (ﬁFF)/\ .

Thus for
s—5

2s '
L, FA(v) = A"/ (LpF), .

p=1+ (1.19)

Thus, by choosing the value of p in (1.19), we can match the scaling properties of the Boltzmann equation,
as well as the conservation laws and the H-theorem. We note that hard sphere scaling corresponds to p = 2,
and the case of Maxwellian molecules corresponds to p = 1. Interestingly enough, this case is especially nice
for (1.7) as well as for (1.10).

The model equation (1.7) studied here is obtained by replacing the true Boltzmann collision mechanism
for updating F'(-;z) at each x by what amounts to a mechanism of steepest ascent in the entropy, under the
constraint that the momentum and energy are conserved locally at each x, as required by the conservation
laws. The replacement of the true collision mechanism by such a “constained gradient flow” for the entropy
is natural if one seeks a simple replacement for the Boltzmann evolution that respects both the conservation
laws and the H—theorem.

To explain our starting point, we recall a recent result [20] of Jordan, Kinderlehrer and Otto, who have
shown how to regard the linear Fokker—Planck equation as gradient flow for the relative entropy functional.

Let P denote the set of probability densities on IR? with finite second moments; i.e., the set of all non—
negative measurable functions F' on IR? such that Jgpe F(v)dv =1 and [} [v]*F(v)dv < co. Equip P with
the metric Wa(Fpy, Fy) where

1
~|v — w|*y(dv, dw) (1.20)

W2(Fy,Fy) =  inf /
2 (Fo, F1) YEC(Fo,F1) Jpdx ma 2
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where C(Fy, F1) counsists of all couplings of Fi and Fy; i.e., the set of all probability measures v on IR x IR?
such that for all test functions  on IR?

/ n(v)y(dv, dw) = / 0(v) Fo(v)dv
R x IR

R4

and

/ n(w)y(dv, dw) = / n(w)Fy(w)dv .
R x R4 R4

The infimum in (1.20) is actually a minimum, and it is attained at a unique point yg, r, in C(Fp, F).
Recent results of Brenier, Caffarelli, Gangbo and McCann have shed considerable light on the nature of this
minimizer, and we shall recall some of their results later. But for the purposes of the introduction, it suffices
the metric, commonly called the Wasserstein metric, is defined.

Next, let the entropy H(F') be defined by

H(F) = _/JRd F(v)In F(v)dv . (1.21)

This is well defined, with —occ as a possible value under the assumption that [, [v]*F(v)dv is finite. Given
any Maxwellian density M on IR, the relative entropy of F with respect to M, H(F|M), is defined by

H(F|M) = /m ) ( AZ%) In ( AZ((?)) M(v)do . (1.22)

Kinderlehrer Jordan and Otto introduced the following scheme for solving the linear Fokker—Planck equa-
tion: Fix an initial density Fy with [p4 [v|*Fo(v)dv finite. Further fix a time step & > 0. Then inductively
define F} in terms of Fj_1 by choosing F} to minimize the functional

F — [W3(Fy-1,F) + hH(F|M)] (1.23)

on P. They show that there is a unique maximizer F}, so that each F} is well defined. Then they define a
time dependent probability density F(" (v,t) by putting

F®M (v, kh) = Fy,
and linearly interpolating when ¢ is not an integer multiple of h. Finally, they show that for each ¢

exists weakly in L', and that the resulting time dependent probability density solves

%F(v,t) -Vv. (F(v,t)vm (P;\;E:)))) (1.24)

with

lim F(-,t) = Fy .

20 (~7) 0
The equation (1.24) has much in common with (1.17). Our object here is to combine this “collision mech-
anism” with streaming and to study the resulting model kinetic equation. Our approch is to implement a
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“splitting scheme” in which we alternately run the streaming and collisions in a succesion of time intervals
of length h > 0. We shall obtain estimates on this process that are independent of h, and which lead to
solutions of (1.7). A key feature in our approach is that the Wasserstein 2-metric is naturally suited to both
the streaming and the substitute collision mechanism, as we shall explain further on.

As t tends to infinity on the other hand, F'(-,¢) tends to M, and the bulk velocity up(. ;) and the tem-
perature 0p(. 4y of F(-,t) tend to the bulk velocity and temperature of M. Indeed, one easily sees that if the
initial data Fy and M have the same bulk velocity and temperature, then these quantities are conserved for
solutions of (1.24). That is, the evolution given by

%F(U,t) _v. <F(v,t)V1n <AZ;“(Z)))> (1.25)

conserves energy and momentum, while, as easily seen, decreasing the entropy. At the discrete level, this
evolution is obtained by choosing M = Mp, in (1.23).

This suggest the following scheme for the solution of (1.7): Fix an initial phase space density fo(x,v),
and a time step h > 0. Inductively define fi(x,v) in terms of fi_1(x,v) through the following algorithm:

Definition. (The flow and descend algortithm) This algorithm consists of the following steps:

(1) First, run the streaming: Define fi(z,v) by

fu(z,v) = fr—1(z — hv,v) . (1.26)

(2) Define pp(z) = [ f(x,v)dv and the precollision conditional velocity distribution Fy(v;z) by

[ - fk(xvv)
Fi(v;z) = (@) (1.27)
Then define g (z) and 0y (x) by
g (z) = /Bd vE (v; z)dv and Op () = é/ﬂ%d |v — i (2)|? Fr (v; 2)dw . (1.28)

(3) Now run the collisions though steepest descent of the relative entropy: For each z, let Fy(v; ) minimize
the functional
W3 (F, Fi, ()

9k$

F —

+ hH(F|MFk(.;x))] (1.29)

over P. This functional, with the factor of 8 in the denominator is scale invariant. As we shall see, it leads
to (1.7) with p = 1 in (1.8). As explained around (1.19), this makes LrF scale invariant, as is Q(F, F) in
the case of Maxwellain molecules.

Notice that the “target Maxwellian” My changes from step to step due to the effects of the streaming.
This is what produces the non-linearity in our equation, and separates this evolution form the linear evolution
studied in [20].

(4) Finally, one reconstructs fi(x,v) through
fr(@,v) = pr()Fi(vi @) , (1.30)
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which completes the passage from fr_1 to fr. Then define a time dependent phase space probability density
f(x,v,t) through
f(x,v,kh) = fr(z,v)

and by an interpolation when ¢ is not an integer multiple of h.
We shall show that for each ¢, the weak L' limit

flz,v,t) = flLiII%) FM (0,1

exists and satisfies the evolution equation (1.7).

The difficulty in studying equations such as (1.7) arises largely from the fact that there is no direct
mechanism producing regularity in . The chief advantage of working in the Wasserstein metric here is that
the distance between f(x,v) and f(x — hv,v) is easily controlled in terms of the energy without any recourse
to estimates on spatial derivatives of f(x,v), as we shall see.

On the other hand, several difficulties arise in connection with the discrete method. For example, the
discrete Fokker—Planck evolution does not conserve the energy; at any finite h, there is energy dissipation.
However, it is possible to bound the energy dissipation, and to show that the size of the effect vanished as
h tends to zero.

Another natural approach to this evolution would be to replace the relative entropy H (F|M Fk) by the
entropy H(F') itself. Then one would have to enforce energy conservation by an explicit constraint. That
is, one would restrict the class of densities F' to be considered in the variational problem in step 3 for the
functional in (1.29) to the "submanifold” S, gy of P consisting of densities. This constrained minimization
problem is much more delicate due to the fact that S, ) is not weakly closed in P. Though we have
proven existence and uniqueness of minimizers for this constrained problem in [10], there are open problems,
discussed in in [10], about the nature of the minimizers that complicate the approach via constrained descent.
Hence we have chosen the present route using the relative entropy and bounding energy dissipation in the
present paper.

The paper is organized as follows. In section 2, we derive the Euler-Lagrange equation for Fj41(x;v),
and establish the formal connection between the algorithm specified in (1.26) through (1.30). In sections
3 and 4, we establish, on the basis of the variational principle, several of the a-priori estimates needed to
make the connection rigorous. In section 5, we prove crucial modulus of continuity in ¢ estimates. In section
6, we establish a form of the velocity averaging lemma, and then finally in section 7 take the limit as h tends
to zero and prove the main existence and regularity theorem. In section 8, we conclude by establishing that
in the limit as ¢ tends to infinity, the solutions of (1.7) tend to set M of local Maxwellian densities.

In closing this introduction, we would like to expres particular thanks to Francoise Bochut and Cedric
Villani for helpful conversations.

2 The Euler-Lagrange equation

The main purpose of this section is to derive the Euler Lagrange equation for the minimizer of the discrete—
time problem, and to introduce the appropriate continuous time interpolation. The variational problem
considered here is the following: For fixed h > 0, and a given density F, we seek to minimize the functional

/TRd pi(z)
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Existence an uniqueness of the optimizers for this problem is proved in [20], where the Euler-Lagrange equa-
tion is derived as well. The differences here are that the “target Maxwellian” M £ 18 fixed and independent
of k in [20], and of course, the fact that there is no z dependence to deal with. At each fixed = and time
step however, these differences are immaterial.

We begin by briefly sketching the derivation of the Euler—Lagrange equation in a notation suited to our
application. We refer [20] for details. We will then use this to make a first formal connection between the
discrete the scheme defined in (1.26) through (1.30) with the kinetic Fokker—Planck equation (1.7).

Lemma 2.1 (Explicit expression for optimal maps) Let Fy, be the unique minimizer to of
the functional given in (2.1). Let vy, be the convex function on IR such that

Vi #Fy = Fy, .
Then

Vo (v) = v + hy(z)V, (m Ai—’“> . (2.2)

Fy,

Proof: Consider a smooth function ¢ : IRY — IR? and define the flow T}(v) = v + t&(v). Use this to define
the parameterized family of probability densities G(t) by

G(t) = (T3) #F) -

Fy )
. = /le Vo <ln W) <€) Fy(v; x)dv . (2.3)

For a detailed justification of this computation, as well as what follow in the next paragraph, see [20] or, in

d

SH(G(1)|Mg,)

similar notation, [10]. To compute the variation in the 2-Wasserstein distance, note that since Ty #Fy, = G(¢),
Vi, o Ty ' #G(t) = Fy. Thus

W5 (G(t), Fy,) < %/Bd|V1ﬁkoTt_1(v)—v|2G(t,v)dv
=5 [ IV = Do) (i)
< W2(Fy, EFy) —t Vi —v) - EF) (v; 2)d
< W5 (Fy, Fy) /]Rd(wk v)ék(vx)fu
2 )
+ — |€|* F(v; z)dv .
2 le

From this, (2.3) and the fact that I} is a minimizer, it follows that

~ ~ F
/ ((v - Vwk(v)) + hOi(x)V, <ln b )) &) F(v;x)do <0 . (2.4)
Rd MFk
Replacing & by —&, we obtain the desired equality. W

We now proceed from the Euler-Lagrange equation to the weak form of the evolution equation. Let ¢ be
any test function on IR?. Then

() (F — F)dv = / (6(v) — S(Vhx (v)) Frdv . (2.5)
Rd Rd
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Now define
1 t
Kul](v) = /0 /0 D26(v + 5 (Ve (v) — 0)) (Vi (0) — v, Viii(v) — v)dsd | (2.6)

so that we have

BV (0) = 6(v) + Vo(v) - (Vi (v) = v) + Kulo] (v) - (2.7)
Combining (2.5) and (2.7), and then using (2.2), we obtain:
O(0) (B — Fi)dv = | Vo(v) - (Vie(v) - v) Fi(v;2)dv
le le

+ Ki[o](v) Fy (v; z)dv

" . (2.8)
=h Vo(v) - (ék(x)v <ln M—k>> Fy.(v;x)dv
R4 Fy
+ K9] (v) F (v; z)dv .
R4
Let ug and 0 be defined by
ug(z) = /Bd vEy(v; x)dv and Or(z) = é/ﬂ%d |v — ug ()2 Fy (v; )dv | (2.9)

which corresponds to the definition (1.28) of @ and 0. We shall see in the next section that for each z and
k,

ug(x) = Ug(x) but Or(z) < O(z) .

Therefore

Fy,

Vo(v) - <ék($)v (m M—)) Fr(v;z)dv = - Vo (v) - <0k(x)V (m Aik )) Fr(v; )dv

R4 Fy Fy

+ (B(x) — () /

A, o (V) Fy (v;z)do .
IR

Now let ¢ denote a test function on the whole phase space, T x IR?. Integrating both sides of (2.8)
against pi(x), one obtains

/ (f& = fr)pdvda :h/ (L, ®) fredvda
T4x IR

Tex IR?

+h / (O () — O(2) Ay d(v) fr (v; 2)dadv (2.10)
Tx IR

+/Td><IRd Kk[d)]fkdvdx

Provided the terms in the last two lines of (2.10) are negligible, as we shall see, (2.10) bears a close resemblance
to a weak form of the kinetic Fokker—Planck equation.
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To make the passage from discrete to continuous time, we require a properly chosen interpolation of our
sequence of densities fj, to obtain the discontinuous time dependent density f" where for ¢ in [tg,tx11),

@, 0,t) = folz — (t —tp)v,0)  for t € [tg,try1) , (2.11)
and by convention, ¢, = kh. Note that by this definition and (1.26),

lim f*(z,v,t) = fri1(z,0) and Mz, ty) = felz,v) .

tTtg41

Also, if ¢ is any test function on T x IR? x IR, , we have for t in [tg, try1),

/ fh(xv v, t)d)(xa v, t)d(Ed’U = / fk(xv ’U)(ﬁ(l’ + (t - tk)va v, t)d(Ed’U .
Tdx R4

T x R4

tht1 ad)
h —_ =
[ U (G ewee ] a

/ (fk+1(x,v)¢(x,v,tk+1) - fk(x,v)cﬁ(x,v,tk)) dzdv .
Tdx R4

It follows that

(2.12)

Now let T'= Nh for some positive integer N, and suppose that ¢(-,-,¢t) =0 for ¢t =0 and t = T'. Define

//Tdmd ( +”V¢>dxdvdt.

Now sum (2.12) to obtain

N-1
A0 =Y [ (Rerleo)oeotin) = fule.)ole,0.0)) dodo
k=0 Y T¢xRR*
(2.13)
N-1 )
=— / (fk(a:,v) — fk(x,v)) o(x, v, tg)dzdv .
k=1 Y T3xR?

Using (2.10) in (2.13), one obtains the following:

Theorem 2.2: (Approximate transport equation: part I) Let fi. be a sequence of prob-
ability densities given by the mazimize and flow algorithm for a fized time step h > 0. Let f(z,v,t) be
defined by (2.11). For any integer N, let T = Nh. Then for any test function ¢ on T x IR x IR, such
that ¢(-,-,t) =0 fort =0 andt =T

N—-1
/ / (— +0v-V ¢> dzdvdt = —h Z (L, d(x, - ty)) fedvda
TdxIR? -0 TdxIR?
1
hZ/ — 0p(2)) Ay (a, -, tr) fedazdv  (2.14)
—0 Td><JRd

1

x, -, t)] frdvdz
;)/dled e
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where Ky, is given in (2.6).

We shall have to show that the last two sums in (2.14) are negligible as h tends to zero. It is clear that
for any 7' > 0, and any N with Nh < T,

N-1 N—-1
[, ula) = @)oo ) fededo| < D20 rnnmoen,y [ Y |Bu(o) = O0la) prlolde
Tdx R Td

(2.15)
We shall show in Section 4 that the sum on the right vanishes as h tends to zero. In fact, as we shall see

k=0

Or(x) — Ox(z) > 0 for all = and k, so that the absolute value sign in the sum on the right is superfluous.
We close this section with a simple preparatory estimate on the summand in the final term in (2.14).

Lemma 2.3: For each k,

/ |l (2, -, tr)]] frdvde S/ 1D, M e (e xcm, ypr(2) W3 (Fr, Fr)da
Tdx R4 Td

Proof: From (2.6), one has for each z

/sz | Kilo(x, -, t0)]| Fidv < D3, )| oo () W3 (Fiy Fi)-

We multiply both sides of the above inequality by pr and integrate both sides of the subsequent inequality
over T to conclude the proof of Lemma 2.3. W

3 Displacement convexity and a-priori bounds

The main purpose of this section is to derive a—priori moment, LP, and energy estimates for our discrete time
evolution. All of these are deduced as consequences of McCann’s displacement convexity. If ® is a functional
on the space P of probability densities G on IR? with finite second moments, then ® is displacement convex
in case for all ¢ with 0 < ¢t < 1, and all Gy and G in P,

D(Gy) <tP(Go) + (1 —t)P(Gr) (3.1)
where t — G, is the geodesic for the 2-Wasserstein metric joining Go and G;. This is given by
Gt = Vii#Go

where v is the convex potential for the map Vi that pushes Gy forward onto G1, and

9w = - 4 () 3:2)
Then it follows that ]
B(G1) ~ B(Go) 2 lim 1+ (B(Gr) ~ B(Go) 3.3)
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We will apply this for various choices of ® with Go = F; and G; = Fj,, which we can do since since
(2.2) gives us the form of the potential ¢ for which Vy#F), = F},. Note that since F}, precedes F}, in the
evolution, (3.3) gives us a bound on the growth over one ”collision” step of the quantity measured by ®.

On the other hand, if we have an a—priori bound on how large the quantity measured by ® can get, then
(3.3) gives us a bound on the derivative on the right hand side. We will use (3.3) in both of these ways.

First, we consider moments. The functional

G— W (v)G(v)dv (3.4)

R4

is displacement convex whenever W is convex on IR, strictly so when W is strictly convex on IR?. Therefore,
taking W (v) = |v|*™ for m an integer, we can get a bound on the growth of moments from (3.3). In this case,
we could also proceed by direct computation, and this is convenient for small m. Indeed, we can compute
the change in the first and second moments as follows:

For given F}, let F}, be the optimizer in (2.1), and let ¥y be such that Vip#F), = F. First, by (2.2)

ﬂ,k = / vﬁkdv = V@dev
Rd’ Rd’
:/ kadv+h§k/ V(ln Fy, — In Mg, ) Fy.dv
R4 R4 *

= uk—i—h(uk —ﬂk) .

Thus, uj = 4, and the passage from F}, to F}, conserves momentum. Energy however, is dissipated, as the
next calculation shows.

/d|v|2ﬁkdv:/d|V¢~1k|2dev
IR IR

:/]Rd

:/JRd |v|2dev+h2§k/lev-V(lan—lnMFk)dev (3.5)

~ 2
v+ bWV (In Fi = In Mg, )| Fedo

+h2§§/ |V (In i — In M, )|* Frdo
Rd
:/d|v|2dev—h2d (ék—ek) +h29§/d |V (In F, —In M, )|* Fdv .

Therefore,
2

25 (v :/ 25 (v:
/]Rd [v|* Fy (v; 2)dw - ] k(v,a:)dv+1+2h

é,ﬁ(x)/ IV (0 Fy, — In Mg )| Fedo | (3.6)
le

and hence

Or(z) < ék(x) . (3.7)
Integrating against py(z), we see that the energy is monotonicly decreasing for the discrete scheme. Formally,
the decrease is of order h?, and one might therefore expect the energy to be conserved in the limit as A tends
to zero. We shall establish this in the next sections, but first we need the a—priori inequalities that we now
derive.
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For higher moments, it is more convenient to use (3.3) . For any positive integer m, define

Lo (k) = /T o= (@) ) dado (3.8)

By the conservation of momentum that we have just displayed, we may as well assume, making a common
translation of both F), and Fy., that

’l]k = Uk = 0. (3.9)
Then since v — |v[*™ is a convex function of v, we are considering a functional of the form in (3.4), for which
- 1
/ (o2 B (v)do — / o™ Fy(v)do > Tim ~ / 2™ (FP (0) — FO(0))do (3.10)
R4 R4 h—0+ h R4
where F} = V¢, #F}, and
2 P
_ (e — 11
ol 5 T VY 5 (3.11)

for 0 <t < 1. From well-known formulas that can be found in [10] in a similar notation, it follows that any
convex function W on le,

hliI(I)l+ % W (v)(F}(v) — F (v))dv = VW () - (Vb (v) — v)FL(v)do .
— le le

Then using W (v) = |v|*” and the explicit form (2.2) for 9y, we have that the right hand side of (3.10) is

equal to
2m—2 0 Fk
2m v v | WO (2)Vy [ In —— | | Fr(v)dv ,
R4 MF
k

and hence one easily computes that

/ ) [v|>™ By, (v)dv — / ) |v[*™ Fy(v)dv 2h2m/ . |v|*™ Fy (v)do
n n " (3.12)

— B (z)2m(2m — 2 + d)/ [v>™ 2 F (v)do .
R4

Observe that in particular, when m = 1, this reduces an inequality for 0y (z) and ék(m), namely ék(a:) > 0 (x)
for all z and k, as deduced above.
Next, restore @ (z) and ug(x), and integrate both sides of (3.12) against px(z) to obtain

I (k= 1) — Iy (k) >
2mh | Iz (k) — (2m — 2+ d) 01 () |v — ug(x) P2 Fy(v)dv | pi(x)da| .
Td R4

By applying Holder to remaining explicit integral, we obtain

AN
|
fou
3
—~
oy
|
—_
~
—
~
3
o
—~
&y
~—
3
<
~
3

IA
o
3
=
|
Naw?
_|_
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since, by Jensen’s inequality,

/W lv = #(z)*" Fi(v; 2)dv 2 ( /B o a(x)PFk(v;x)dv)m — A" ()"

Therefore,

I (k) [1 + %(d —2(m — 1)2)} < I (k—1) [1 + %(d—l— 2(m — 1))} .

We have now proved the following result:

Theorem 3.1: For all k,

/ v fi(z,v)dvde = / v fo(z,v)dodz (3.13)
T4 x R? Tdx R4
and
/ [v|? fr (2, v)dvda < / [v|? fo(z, v)dvdz . (3.14)
Tdx IR Tx IR

Moreover, for all k and all m > 1, there is a constant C' depending only on m and d so that

Lo (k) < (14 Ch)* L5 (0) (3.15)

We shall also need the energy inequality that results from applying the displacement convexity argument
to the entropy, which is displacement convex by McCann’s criterion. The entropy function is not of the form
(3.4), but rather of type

G g(G(v))dv . (3.16)
R4

McCann has proved [26] a general criterion for the convexity of such functionals, and shown how to compute
their derivatives along geodesics in the Wasserstein metric. The relevant formulas can be found in [10] in a
notation similar to that used here.

Theorem 3.2: (Energy inequality) For all k, we have that

i
Vv <ln M—fk>

Jr
Ve (hl Mfk )

Note. Notice the different subscripts on the two Maxwellians in (3.17). Both estimates will be used later,
this is why they are all recorded here.

H(fx) — H(fr—1) = H(fx) — H(fx)

>h / 0 (2)
Tdx R

> h/ 0 (2)
T x R4

2
fr(z,v)dzdv

(3.17)

2
fe(z,v)dado .

Proof: The first equality in (3.17) is easy to obtain. Next, because the entropy is a convex function of F,
we have that

/ <1n(ﬁk(1}))ﬁk(v)—ln(Fk(v))Fk(v))dvz}lLiHb % In (F*(v)) Ff'(v) — In (F2(v)) F2(w)dv  (3.18)
le s le
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where, as in the previous theorem, F{ = V¢#F};. Then, using McCann’s differentiation formula, we obtain
that the expression at the right handside of (3.18) is

Vo Fi(v;z) - | hp(z)V, In Lk dv:hék(x)/ [|Vv1an|2Fk+Vka- " }dv
R4 MFk R4 9 ( )

(X

= hly(z) UBd IV, In Fy|* Fpdo — é}:(ix)] (3.19)

~ 2
= hOi(z) / ) Vo In(Fy /Mg )| Frdv
lR L
We use (3.19) in (3.18), multiply both sides of the subsequent inequality by py(z), and integrate over T% to

obtain the first estimate in (3.17).
Moreover, since 0y (z) < 0x(z), we can continue the estimate for the penultimate terms as follows.

y d _ d
ho V,In Fi|? Fdv — = }>h0 [/ Vo In Fy|? Frdy — ——
(@) [/JR| nFif” Fedv = 5 @) = e@) | [ Vel Eil" Fidv = 22

LT

— hiu() / |V In(By /M) Fedo
IR

which leads directly to the second estimate. W

Finally, we need the analog of Theorem 3.1 for L? norms. Note that G + |G|} is a functional of the type
(3.16), and it is dispalcement convex for p > 1.

Theorem 3.3: (L? bounds on f,) For all k, and all 1 < p < oo,

/ | fx(z,v)[Pdvdz < (1 —d(p — 1)h)_k/ | folz,v)[Pdvde (3.20)
Tdx R

T x R?

Note that this will give us an exponentially growing bound on the LP norm of our solutions, uniform in
h, provided the initial data is in LP.

Proof: Again we exploit displacement convexity exactly as in the previous proof:

- ~ F
/ |Fy[Pdv — / |Fi|Pdv > hoy(z)p(p — 1)/ (F)P 'V, Fy -V, <1n b ) dv
IR IR IR M

Fy,
— hBy(x)p(p — 1) / (Fe)P 2|V FuPdv + hip — 1)p / VL ET - odu
R4 R4
> ~hdp~1)p [ [P
Rd’

Now multiplying both sides by pi(x)P and integrating in x, we obtain that

/ \Fi(, v) Pdoda — / iz, v)Pdvdz > —hd(p— 1)p / iz, v)Pdvdz .
Tdx IR Tdx IR

T4 x R4
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Finally, since streaming is measure preserving,

/ |Fi(z, v)Pdudz = / [fios (2, 0)Pdvda
Tdx R Tdx IR

so that finally,
/ | (e, v)Pdvdz < (1 — hd(p — 1))—1/ | fo1 (2, v)Pdvdz
Tdx IR

T4 x R4

from which the result easily follows. W

4 Conservation of energy in the small » limit

For given F}, let Fj, be the optimizer in (2.1), and let ¥y, be a convex function such that VY#F, = Fj.
As in the previous section, we may assume without loss of generality that @, = ur = 0, making a common
translation Fj, and Fy if necessary.

We know from (3.7) of the previous section that

/d |v|? Fldv < / , |v|? Frdv
Ra R4

and our goal in this section is to obtain the estimates needed to show that our evolution conserves energy in
the limit as h tends to zero. Specifically, we prove:

Theorem 4.1: (Controlling energy dissipation) Let fo be any initial density with

/ [0|® fo(z,v)dvdr = A < 0o , (4.1)
Tax R4
and let T be any positive number. Then there is finite constant C' depending only on A and T so that

/ v fo(a, v)dvdz — / 0] fu (@, v)dvda < C (H(fr) — H(fo))*° h'/°
Tdx RA

Tdx R4
for all k with kh <T.

Proof: We may assume without loss of generality that uj = % = 0, by making a translation for each k,
since in any case ug = Ug. This will simplify a number of the expressions below.
We know from (3.6) that

/ﬂ%d [v|? By (v; ) dv < /ﬂ%d 0|2 Fy, (v; 2)dv + h262 (z) /IRd ‘V (In Fy, — In Mpk)‘Q Frdv . (4.2)
Clearly, we shall need an upper bound on
éi(m)/ |V (In Fy — In Mg, )|* Frdo .
R4

Henceforth in this section, C' shall denote a constant depending only on T and A, but which changes from

instance to instance.
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By (4.1), Holder’s inequality and Theorem 3.1,

/Td </1R Ivl“Fk(v;x)dv) pi(z)dz < C . (4.3)

for all k£ with kh <T.
To apply (4.3), again do the computation that led to (4.2), except with fourth powers this time. In the
interest of a readable notation, we write the map Vi, of (2.2) as Vi, = v + R, where,

R=h6yV (InFx —In M) .

We use that V@k#Fk = Fk to conclude that
- _ 4
/ v|* Fjdv :/ ‘v—i—hé)kv (In Fj, — In M, )’ Frdv
RY R4 *
d

> h4é;/ ) |V (In Fy, —1nMFk)|4dev+4/ (Jol* + |R|?) (v R)Fydv ,
IR* IR

where we have neglected all manifestly positive terms on the right. Then using the arithmetic—geometric
mean inequality to estimate, for example,

1 3
/ (v- R)|R|*Fjdv < —/ |v|4dev+—/ |R|* Fldv ,
Rd' 4 le 4 Rd’

we easily conclude the existence of a universal constant K so that

hﬂ%/ ‘V(lan —In Mg )‘4 <K (/ |v|4}~7kdv+/ |v|4dev> ,
R4 k R4 R4

and hence that

= K 1 5 N
92/ V(nF, —InM:)|* < = (/ v4de—|—/ 1)4de> . 4.4
k le| ( k Fk)| — h4 6]%(.7;) Rd| | k ﬂ{d| | k ( )

Now multiply both sides of (4.2) by pi(x), and integrate over T%. We obtain

/ [* (fe—1(z,v) = fr(z,v)) dvde
T xR
(4.5)

< h2 /Td <§i($) /le |V(lan —lnMpk)|2deU> pk(x)dx :

To estimate the integral on the right of (4.5) , we must use different arguments on the regions where the
temperature 0y (x) is large and where is small. Toward this end, define

Ay={zeT?|Gp(z) >N} .

Then applying Holder’s inequality with dual indices p and p’,

/A A (é;%(a:) /]Rd |V (In B — In Mg, )| dev) o)z <

~ ! 1/p
([, 0@ u(@lae) " 16lurg
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where ||G|[1»(,,) is given by

- P 1/p
IGll Lr(pr) = (/A (l%(a:) /JRd ‘V (1an — 1nMpk)‘2dev) pk(x)da:> .
A

It follows from Theorem 3.2 that

1GlLion) < 7 ( (fe—1) = H(fx)) - (4.7)
It follows from (4.4) that
C
Gl E2 o0y < 535 - (4.8)
Then for 0 < s < 1, let p =1+ s, so that by Holder’s inequlaity
2s/(1 1 1+s
1G] ooy < NGITESS NG (4.9)

Combining (4.6), (4.7), (4.8) and (4.9),

G| <C L 2o/t H(fx—1) — H(fx) (1—5)/(1+s)
Lr(py) = 53\ ; |

Then since p = 1+ s so that p’ = (1 + s)/s, as long as s > 1/2,by Theorem 3.3 and (4.1)
- , 1/p’
( O ()P pk(m)dx) <C
Td
for all k with kh < T. Altogether then, for 1/2 << s < 1,
/ (9,%(3:)/ |V (In F}, — In M )‘Qdev) pr(x)de <
Ay R4 g

. (L)QS/(l-‘rS) (H(fk—l) _ H(fk))(l—s)/(l-i-s) (4.10)

h2X h

for all k with kh < T. Here we have also used (4.6).
On the other hand, we have directly from Theorem 3.2 that

/C (9,3(95) /m,d IV (In F — In Mg )| dev) pr(z)dz < A (H(f’“‘1>h_ Hm)) . (4.11)

Now combining (4.5), (4.10) and (4.11), and optimizing over A, one obtains

_ (145)/(1435)
/ I (feo1(z,0) = fa(z,v)) dode < B2CH™*/0F39) (H(fkl) H(fk))
Tdx R4 h

< Ch(+s)/(1+3s) (H(fr—1) — H(fk))(1+8)/(1+38) )

With N denoting the first integer greater than T'/h, one more applications of Holder’s inequality yields

2

/ [0 (fo(w,v) — ful(z,v)) dvdz < CRAF/ O39S (H(fiy) — H(fy,)) )/ 0F5)
Tadx R4

Jj=1

< Ch(1+s)/(1+3s) (H(fn—1) — H(fo))(1+s)/(1+3s) N28/(1+3s)
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Choosing s = 1/2, we obtain the result. H

5 Holder continuity of approximate solutions

The main purpose of this section is to obtain bounds on

Z/pok YW2(F},, F,)dz  and Z/ %dx (5.1)

that vanish as h, the time step, tends to 0, as well as several related sums.

This will be used for showing that we obtain a solution of (1.7) in the limit as h tends to 0, and for
obtaining an a—priori estimate on the Holder continuity of this solution. The first quantity on the right in
(5.1) is estimated as in [20], with some complications due to fact we are working on the phase space and the
energy is not conserved.

Lemma 5.1: For all N,
/ W2 (Fr, Fy)
E pr(z) | ———=

Td

o | dr < B2 (H(f) ~ H(f0) (52)

Proof: For each z, use Fk(~; x) as a trial function in our variational problem. We then clearly obtain

W3(Fy, Fy,)

b [ o Eg) > [ ) |2

+ hH(Fk|M1;ﬂk)] dz . (5.3)

This gives us

/Td pr(x)

W3 (Fy, Fi)
Gk(x)

dz <h [/T oule) (H(Fy|M7,) - H(Fk|MFk))} dz

[ o) (B - s R + [ o, R ds

20k

Note that by (3.6),

2 ~
/ PR B - oo < h29k(x)/ IV (InFy, —In M, )| Fdo .
Rt 20, RY

Conveniently, here the right hand side is linear in ék, making the estimation much more direct than in section
4. By Theorem 3.2, this becomes

/Td pr() [/]Rd |29|: (Fx — Fk)] dv < h(H(fy) — H(fr_1)).

Altogether, this gives us

/Td Pr(2)
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Also, since

A== [ et [ (R

Td
and

H(fx) = H(fx-1) , (5.4)

one obtains
W3 (Fy, Fr)

/T ) | =

and Lemma 5.1 follows upon telescoping the sum on the right. W

de <2h (H(fx) — H(frk-1)) ,

We now turn to the left member in (5.1):

N—-1
Z/ 2\W2(Fy,, Fp,)dz (5.5)
k=0

Clearly, large values of 0 (z) pose a problem if we try to estimate (5.5) in terms of the left had side of (5.2).
To deal with this problem, we require moment estimates on 0 (z).

Lemma 5.2: Suppose that for some r > 1 and all k < N,

/T @) <O (5.6)

Then there is a constant K depending only on C' so that

~ (r—=1)/r
- W2 (Fy, F
/ pr(2)W2(Ey, F)dz < K / pi(z) WilFe Fi) | g, (5.7)
T4 T4 Ox ()
for all k < N. Moreover, with the same constant K,
N-1
> / 2)W3 (i, Fi)de < KNY7 (2h[H (fx—1) — H(fo)))" ™" . (5.8)
k=0
Proof: For any a > 0,
/ ( )W2 Fk,Fk d{E / W2 Fk,Fk)d
Td 0k<a
+/ W2 Fk,Fk)d
0
Ok (x) T 2/
< )WQ (Fk,Fk)dx—i— pk(l’)WQ (Fk,Fk)d{E
0p<a ¥ 6>a a
2d67 (x
g/ R ) W2 (Fk,Fk)dx+/ ark_(l)pk(x)da?,
Td k
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using in the last line the fact that W3 (Fy, F),) < 2dfx(z). One then optimizes this by chosing

~ -1
W3 (Fy, F,)
"'=2dC(r—1 P2 \Tk TR) g
a (r )[/pok() ) z 7
and obtains (5.7).
Next, by this and Holder’s inequality,
ey N-1 ~ r—1/r
2 W2(Fy,, F
/ pe(@)W3 (Fy, Fi)de < ) K / pi () % dz
= k=0 Td k(z)
(= 5.9)
W2(F}, Fy,) (5.
< KNYT / pr(@ 27’ dz
(Z T4 Or ()

< KN (02[H(fy 1) = H(f))

where in the last line we have used (5.2). W

These lemmas may be applied to prove an estimate on the convergence of our approximate solutions:

Theorem 5.3: (Approximate transport equation: part II) Let fi be a sequence of
probability densities given by the mazimize and flow algorithm, with p = 1, for a given time step h > 0.
Let fh(t,z,v) be defined by (2.11). For any integer N, let T = Nh. Suppose moreover that (5.6) holds for
r > 2. Then for any test function ¢ on IR, x T x IR such that d(t,-,) =0 fort =0 and t =T, there is
a constant Cr depending on T, ¢ and r, but not on h, so that

¢ N—-1
h JR—
/Tmm /0 f ( +v- Vvqb)dt—irhkz_o (L, 0) fk] dvdz

Cr (hl’% +h%).

<

(5.10)

Proof: The starting point is Theorem 2.2. In light of (3.7), the middle term on the right side of (2.14) is
bounded by
D3¢ lloc (H(frn—1) = H(fo))-

We use a classical inequality that compare the entropy and the kinetic energy of any density function f:
H(f) <2nE(f). (5.11)
We apply (5.11) to fy—1 and use Theorem 4.1 to prove that the middle term on the right side of (2.14) is

bounded by Crhs. By Lemma 2.3, the final term on the right side of (2.14) is bounded by

2 = 2 =
ID2¢lloe > | prl)Ws (Fr, Fr)da . (5.12)
k=0 /T¢

We use (5.11) in the last inequality of Lemma 5.2, use that T'= Nh, to control the final term on the right
side of (2.14), by Crh!=+. W
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The same sort of reasoning leads to an a—priori Holder continuity result for f* in terms of the Wasserstein
2-metric, Ws.

Theorem 5.4 (Ho6lder Continuity in time): For all s and t with 0 < s <t < T = Nh,

Wa(f"(t,- ), [ (s,-5-)) < VE—=s+hVE(fo) (H(Mo) — H(fo)) + (t — s+ 3h)\/E(fo) , (5.13)

Where My, is the Mazwellian density with spatially homogenous p, u and 6, and with the same total energy

and momentum as fo.

Proof: For any times ¢ > s > 0. Let M = [s], the integer part of s, and let N = [t], so that

WQ(fh(tv ) ')7fh(5a 'a )) <

(5.14)
WQ(fh(tv ) ')7fN('7 )) + W2(fN('a ')a fM(v )) + WQ(fM(v ')7fh(sa " )) .

Let L:T% x IR* — T? x IR be given by L(x,v) = (z + (t — ty)v,v). Then L#fy = f"(t,-,-), and hence

WE (o) PG <5 [ L) = (o0) Py v)dado <
, T (5.15)
h25 /dele [v2 fn (z, v)dadv = K2E(fo) ,
and hence
WQ(fh(ta % ')a fN(’ )) < WQ(fh(Sv ) ')7 fM(v )) <h V E(fo) . (516)
By the same argument,
WQ(fh(Saa)an(;)) Sh\/ E(f()) . (517)

Next, foreach k=M +1,..., N,

Wa(fr-1, frr) < Walfe1, fx) + WalFr, f)

and by the same reasoning as above once again,

Wa(fr—1, fr) < hWE(fo) - (5.18)

Then since f and fk have the same spatial density pg,

Wa(fe, fi) S/Td Wo(Fy, Fy)pr(z)da

) _ q1/2
< Tde,ﬁ”(x) l%] pr(x)dz (5.19)

1/2 9 z 1/2
< ( B ek<x>pk<x>dx) ( /. [W] pk<x>dx> .

Hence, combining (5.18) and (5.19), summing, using Lemma 5.1, and the fact that % Jra PrOrdz is bounded
by the initial energy E(fo) we conclude that

N-—-1
S” Walfi fi) < /N = M)E(fo)/R(H(fx) = B(far)) + (N = M)h/E(fo) 5o
k=M .

< Vt—s+hVE(fo)(H(fn) — H(fm)) + (t =5+ h)V/E(fo) -
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Since for any M < N, H(fn) — H(fum) < H(Ms) — H(fo), the result follows readily from (5.16), (5.17) and
(5.20). W

6 Velocity averaging lemma

In this section we prove a discrete time version of the velocity averaging lemma. Our starting point is (2.13),
which, leaving out the intermediate steps is

//demd < +UV¢>dxdvdt

N-2
=¥ /T (@) = fulew) ot ) dado (6.1)
+/ fN(x,v)gb(T,x,v)dxdv —/ fo(x,v)(i)(O,x,v)dxdv .
Tdx IR Tdx IR

The regularity properties that we investigate here are local, and it suffices to consider test functions that
vanish for ¢ outside (0,T), so that we may neglect the boundary terms.
To begin, define the distribution x on 7% x IR* x (0,T) by

N—2 )
k(z,v,t) (fk z,v) fk(x,v)) St —tg) -
k=1
Consider (z,t) as a variable in R**!, and introduce the d + 1 dimensional vector a(v) = (v, va,...,v4,1)

in terms of which we may rewrite (6.1) as
div g g (a(v)fh(x,v,t)) = k(z,v,t) . (6.2)
Next fix any numbers 8 and m with 0 < § < 1, and m an even positive integer. Define the function g by
g(x,v,t) = (1= Ag) 21— Ay) ™ 2k(z, 0, 1) . (6.3)
Then we can rewrite (6.2) as
vy (a(@) f"(z,0,1)) = (1 = A2 (1 = Ay)™2g(x,v,1) . (6.4)

Now let ¢ be a smooth and compactly supported function on R?, and define
pZ,(x,t) = f (x,v,t)Y(v)do . (6.5)

A theorem due to DiPerna, Lions, Meyer [15] and Bézard [2], presented in this form in [3], Theorem 1.6,
asserts that for f and g satisfying (6.4), and both belonging to L?, some 1 < p < 2, there is a constant C' so
that

11— A(x,t))s/QpZ;HLP(de[O,T]) <C (||fh||Lp(deﬂ%dx[0,T]) + HQHLP(deJRdx[o,T])) ) (6.6)
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where
__1-
-~ (m+ 1)

and C is independent of f and g. (As stated in [3], the theorem requires that 0%a is bounded for all |a| < m.

However, inspection of the proof reveals that a uniform bound on d%a is required only on the support on ),
and this holds in our case.)

To apply this in the present setting, we first prove the following lemma:

Lemma 6.1: For any p with 1 < p < oo, let 3 be a number with (p —1)/p < B < 1, and let h(z) belong
to LP(IRY). Define g(z,t) by

gla,t) = (1= Age) ™72 (M(2)5(1))

where §(t) denotes the Dirac mass at t = 0. Then there is a constant C depending only on d, p' and 8 so
that [|g]l, < Cllhl[p-

Proof: Whether or not [|(1—A,;)~" (h(x)cs(t))HLp(RdH) is finite, there is a function ¢ on IRY** with
||¢||Lp'(md+1) =1 so that

(1= 20.) 72 (@) )|

Lp(IR4+1) - /1Rd+1 ¢z, 1)1 — Axvt)_ﬁ/Q (h(l‘)&(t)) dzdt
= /B , (((1 - Ax,t)*ﬁ%) (x, 0)) h(z)da (6.7)

<[ (0= 20 226)]

N L Py

where 7 denotes the trace map on the hyperplane ¢ = 0. A standard trace theroem for Bessel potentials (see
[31], section VI.4.2, or [32]), there is a constant C' depending only on d, p’ and 3 so that for any 3 > 1/p/,

HT (a —Aw)—ﬁ/qu)le < Gl .

This yields the result. H

Lemma 6.2: (Controlling moments of f?) For any probability density f on T4 x IR?, let
p(x) = [pa f(z,v)dv. Suppose that for some 1 < q < oo,

/ (1+ [v]?) f(z,v)dedv = A < 00 and / f4z,v)dzdv = B < 00 .
Tdx R4 T4 x R4

Then for any 0 < o <1, and p = #ﬂ_(w, there is a constant C' depending only on «, q, A and B so that

/ (1 + [0]2)* f (2, v)Pdadv < C .
TdxIR?

Under the additional condition that 2ap’ > d, there is a constant C' of the same type so that

ooy < C . (6.8)
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Furthermore, for any non-negative function y on T?, and any r with 1 < r < oo, and any s with
0<s<l1/r

S
s 1-s
lypll» < (/Td yl/ de> (HPH(T—ST)/(l—ST‘)) .

Proof: Using Holder’s inequality with dual indices r = 1/aq and 7' = 1/(1 — aq),

/ (14 o) (2, v) [7dado = / (1 + o) (2, 0) 2 f (00w
Tdx IR

T4 x IR

< AM Bl

Now for any function g on 7%,

[ st = [ gfo)sto s

T x R4

- / g(@)(1+ [o[2)=*(1 + [0]2)° £ (, v)ddv
T4 xIRY

, 1/p' 1/p
< </ l9(@) (1 + [o2) dxdv) (/ 1+ |v|2)af(x,v)|pdxdv>
Tdx R4 Td % R

As long as 2ap’ > d, the first integral on the right is bounded by a constant multiple of [|g|| ' 74y, and this
proves (6.8)
Finally, for any non-negative function y on 7%,

s 1—sr
/ yrprdx — / yrpsrpr—srdx < (/ yl/sde?) (/ p(r—sT)/(l—sT)dl)
Td Td Td Td

where we have used Holder’s inequality with exponents 1/sr and 1/(1 — sr). This yields the result. W

Lemma 6.3: (Controlling the transport term div(, ,[af"]) For any p with 1 < p < 334,

any T > 0, and any m > 2 + 2d/p’ even integer, there exists a constant C depending only on d, T,
Jray ga 018 fodzdv, and | foll2 so that uniformly in N and h with Nh < T,

N

Z ”(1 - Av)_m/Q(fk - fk)”Lp(TdXRd) <(C.

-1
k=1

Proof: As in the proof of Lemma 6.1,there is a function ¢ on T% x IR? with 9l Lo’ (i x may = 1 so that

(L= 20) 7™ 2(f = fi)llp = / (1= A0) " 2(x,0)(fr(w,v) = fu(z,v))dzdv . (6.9)

lR2d
Let 9 (x,v) be given by
U(w,0) = (1= A) ™ 2¢(z,0) = (1= A) 711 = A) "D/ 26(z,0) .

15/march/2002; 13:37 26



Choose m large enough that m — 2 > d/p’. Then for each z, (1 — A,)~("=2)/2¢(z,) is uniformly bounded
and Hélder continuous with the bound depending only on [[¢(z, )|/, (gay- This follows from properties
of Bessel potentials; see the appendix for details. This in turn implies [23 Theorem 10.3] that the second
derivative of (1 —A,)~'(1 — A,)~(m=2)/2¢ are uniformly bounded and Hélder continuous. Thus,

(@, oo + IVoth(@, oo + 1DF(2, Yo < Cllg(a, )l (6.10)

with C finite and depending only on the dimension, p and the choice of m.
Then, by (2.10), and Lemma 2.3,

‘/JR ((1=20)7"26) (fi = fi)dadv

/ (fr — fr)vdoda
Tdx IR

,/demd (ﬁfkw) Jrdvdz

+ / D20, ) | sopi () WE(Fr, F)da
Td

,/Td < R4 (ﬁfk 7/’) frdvda

+C [ oty pela) W3 (P Fida

/demd (Efkw) frdvdx

) \p 1/p
ol oo ([ (W3 (hF0) ac)

<h

<h (6.11)

<h

Here, because ug = g, Efk is Ly, with 67, A, replaced by éfk A,.
Next we estimate the last term in (6.11). Fix k, and let e(x) denote [, ] Fy, (v; 2)dv, which is essentially
the local energy density at the kth time step. Then since [a [v[*Fy(v;z)dv < [ |v|? F (v; ) dw,
W3 (Fye, Fr) < e(2)

for each z. Now choose any § with 0 < § < 1/p. Then

/Td (pk(a:)Wg(Fk,Fk))pdx < /Td (pk(a?)WQQ(ijk))gp (r(@)e(@) 797 da

: </Td pi (@)W (E Fk)d$> ’ (/Td (pr(x)e(x))" dx> -

where r = p(1 — 5)/(1 — 5p). Recall that by Theorem 3.1, the sixth moment at time ¢t < T is controlled by
the initial sixth moment, and so, [, e(z)?px(x)dz is controlled by the initial sixth moment of the velocity

(6.12)

uniformly in k for hk < T. Therefore, for such values of k, there is a constant C' depending only on T" and
the initial sixth moment so that if we apply Lemma 6.2 with s = 1/3 and r € (0, 3), we obtain

([, ety ar)” <o (1) (6.13)
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Now take s = 1/2 in (6.12) so that r = p/(2 — p). Then 2r/(3 —r) = p/(3 — 2p). By Theorem 3.3 and
Lemma 6.2, ||pk|| 2= is bounded uniformly in k for all kh < T by a constant C' depending only on T" and

3—r

I foll2. Combining (6.12) and (6.13) we obtain

1/2

< /T d (pk(x)WQQ(Fk, Fk))pdx>1/1’ <of. (pk(x)wg(Fk,Fk)) (6.14)

uniformly in k& with kh < T for a constant C' depending only on T', the initial sixth moment and || fol|2,
which completes our estimation of the last term in (6.11).
We now estimate the penultimate term. Note that

| | Lh dv| < (@) [ D2 (@, oo + 6@, Yoo + (1 + A Vatb(, ).

This, combined with (6.10) yields that there exists a constant C' depending only on d and p such that,

,/Td < R4 (Efk 7/’) frdvdx

<C [ oty 1+ ele)pula)ds
< ol 11+ (o)l

Applying Lemma 6.2 with s = 1/3, we obtain that

/dele (ﬁfk 1Z)) frdvdx

uniformly in &k with kh < T for a constant C' depending only on 7', the initial sixth moment and || fo|2, which

<C (6.15)

completes our estimation of the penultimate term in (6.11). Combining (6.9), (6.11), (6.14) and (6.15), we
have

-0 2= ol <€ ht [ (mewia.fo) | (6.16)

By Lemma 5.2 with r = 2, there is a constant K so that
N-2 .
S [ oele WA (B Fds < K (Nh2(H () — H ()2
k=1"T

Because of the standard inequality (5.11), this quantity is plainly controlled by the energy of fy. Hence we
may sum the right hand side of (6.16) over k with kh < T, and we obtain a bound that is independent of h.
|

Theorem 6.4: (Strong compactness of averaging functions) Let ¢ be any compactly
supported function on IR, and define

Pt = [ v

Then for any p with 1 < p < gigg, and any T > 0, there is a constant C depending only on d, T,

Jray ga [0|® fodazdv, || follz and ¥ so that uniformly in N and h with Nh < T, then there is an s > 0 with

11— 2a) 2Pl < C
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(In fact, s € (0,1) is a constant depending only on d, T, deled [v[8 fodzdv, || foll2, p, and 2.)

Proof: We simply need to apply the lemmas to verify (6.6) in the cited theorem of DiPerna-Lions-Meyer-
Bézard. First, we know that || f(-,-,)||, is bounded uniformly on [0,T] in terms of || fo||», and hence we have
a bound on || f[| Lr(rax mix[o,r])- As for g, Lemma 6.1 says that there is a constant C' so that

N-—1
I fll o (rixmexpor)) < Z (1= A) ™™ 2(fr = fu)llp -
k=1

Note that the dependence on v is suppressed in Lemma 6.1, but

1/p
||9||Lv(de1Rdx[o,T]) = </le (|g('avat)”LP(de[O,T]))p) .

Now Lemma 6.3 give us the desired bound on gl » (74 x maxjo,r))- W

As we shall show in the next section, this gives us the compactness we need to show that the when we let
h tend to zero, the limit of the temperatures is the temperature of the limit. With that in hand, the rest
follows directly.

7 Existence of solutions

In this section we prove that a sequence of our discrete time approximations f” converges to a solution f of
the kinetic Fokker—Planck equation.

Theorem 7.1(Main result: existence of a solution) Let fy be a probability density on T x IR? such
that

/d , |v|® fo(z, v)dzdv < oo ,
Tex IR

[ e s < oo
Td % R4

Then for any T > 0. Then there is a sequence of time steps hy with limy_oc hy = 0 so that limy_o f'* = f
weakly in LY (T% x IR x [0, T]) and where f is a weak solution of the kinetic Fokker—Planck equation (1.7),
and

,}E,I(l) f(a 'at) = fO('a ) )

weakly in LY(T% x IR?). Moreover,

/ ” [v]2f (z,v,t)dzdv = / [v|? fo(x,v)dadv
Trx

T7x R4

for all t and there is a constant C' depending only on the energy and entropy of the initial data fy so that

WQ(f('a 'at)vf('v 78)) < C( \% |t_ S| + |t_ S|) .

Finally, for allt > 0,

t
H(f(-,-,t)—H(f(-,-,O)z/O [ 0w U]Rd|vv1nf(.,.,t)—vvlan(.,.,t)ff(a:,v,t)dv dedt |
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Proof: Most of the work required to prove this result has been done in the previous sections of this
manuscript. In fact, because the velocity averaging lemma provides the strong compactness needed to deal
with the nonlinear term Ly, ¢, Theorem 5.3, almost gives us the convergence result.

The starting point is the fact that the family of functions {f"* | b > 0} is weakly compact in LP(T% x
IR x [0,T]) for any 1 < ¢ < 2. This is a direct consequence of our uniform L? bound on the f” that is
provided by Theorem 3.3, and the uniform bound on the set of entropies {H(f")},~o. We may therefore
select a sequence of times steps hy tending to zero so that

3 hi
klggof =/

weakly in L9(T¢ x IR® x [0,T]), and hence locally in L*(T% x IR* x [0,T]).
Now let pi(z,t) = [a [ (z,v,t)dv and pi(z,t) = [a f(z,v,t)dv. Also let

pr(x, ug(z,t) = /

1
’U.fhk (.ﬁ,v,t)d’l) and pk(x7t)9k(xa t) =3 / |U - uk(x7t)|2fhk (J?,U,y)d’l) ’
R? d R?

and let

plastutet) = |

- vf(z,v,y)dv and plx, t)0(x,t) = %/]Rd lv — u(z, t))?f(z,v,t)dv .
Note the change in notation: Here k indexes an approximate solution f™*, and not a particular time step.
We cannot directly apply Theorem 6.4 to, say, f]Rd v f (z,v,t)dv, since this would correspond to choosing
1 (v) = v in that Theorem, and % is required to have compact support. Consider instead 1(v) = x(v)v where
X is a smooth radial decreasing function with values in [0, 1] that equals 1 identically on the ball of radius
R, and vanishes outside the ball of radius 2R. For any € > 0, using the energy bound we can choose a value
of R so that [(1 — x(v))|v|f"(x,v,t) < € uniformly in h and ¢. This gives us strong compactness of the
pruk. In a like manner, we obtain strong compactness of the p,. Passing to subsequences, we may arrange
that both sequences {pr} and {prur} converge almost everywhere. Hence we have that {uy} converges
almost everywhere on {p > 0} to u. Hence, we may select a further subsequence that converges strongly in
LT x [0,T)).
We now claim that for any test function ¢ on T% x IR x [0, T

/ Vaed(z, v, t)u(z,t) f(z,v,t)dvdazdt = lim Ved(z,v, t)ug(z,t) f* (z, v, y)dzdvd
Tdx R x[0,T] k—oo Jrdy Rdx[0,T]

(7.1)
where here and in what follows, k& progesses along our most recently selected subsequence.
By Egoroft’s theorem, for any € > 0, there is a further subsequence so that uj converges to u uniformly
on a substet G, of T¢ x [0, T| whose complement B, has a p-measure of no more than e. We have that

/ Voo(x, v, t)ug (2, t) f* (2, v, t)dedodt
Tdx IR%[0,T)
= / Vaoo(x, v, tyug (2, 1) £ (2, v, t)dzdodt
B xIRY
+ / Voo(x,v,t) (ug(z,t) — u(z,t)) f* (z, v, t)dedodt
Gex IR?

—I—/ Ve o(z, v, t)(u(z, 1)) f* (2, v, t)dedodt
G xIR?
— L4+
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Since we have a uniform L" bound on ug(x,t) f]Rd f (x,v,t)dv for some r > 1, by Theorem 3.1 and
Lemma 6.2, it follows from Holder’s inequality that for some constant C' depending on ¢,

|I| < Cer=/m

By the uniform convergence on G of {uy}x>1, and the weak compactness of {f"*};>1,

lim Voo (z,v)(ug(z,t) — u(z, ) £ (2, v, y)dzdvdt = 0,
k—oo Gex R?

and so I tends to zero as k increases. Finally, by the weak convergence

lim Vab(a, v)(ulz, £) f* (v, y)dado = / Vo d(z, v) (u(z, £)) f (v, y)dzdo .
k—oo JG xR G x R?

But in the same way we bounded I;, we conclude that

/ Vo (z,v)(u(z, 1) f (2, v, y)dedo| < Cer=D/T
B x IR4
Since € is arbitrary, (7.1) is established.
The same sort of argument now shows that
/ Ay p(z,0)0(z,t) f(z,v,t)dvde = lim App(x,v)0 (2, 1) f* (2,0, y)dado (7.2)
Td % R k—oo Jpdy rd

The only difference is that we must use the propagation of higher moments proved in Theroem 3.1 instead
of just the energy bound. The structure of the argument is the same, though.
Next, it follows immediately from Theorem 5.3 that f satisfies

lim =0

k—o0

T ad) T
/ / fhk (_ tou- Vv¢> e / fhk (OrAv¢ + (v —ug) - Vo) di | dudz
Tadx R |Jo ot 0

and

T 96 -
i hie [ 22 ) B B .
lim S [/0 f (3t + v Vu¢> dt +/0 F (0rAvd+ (v —ug) - Vyo) dt] dvdz

k—o0

T T
S 1€ EER X N IO R T
Tixmr? |Jo t 0

The conclusion is that

T a¢ T
—_— . ) Av _ . v _ 7
/TdXRd [/0 f(at_'_v v¢>dt+/0 f(e ¢+(U u) V(b)dt]dvda: 0

and hence f is a weak solution of (1.7).

dvdx .

The conservation of the energy follows from Theorem 4.1 and (5.11) which ensure that the discrete
solutions do a better and better job of conserving energy as h tends to zero. We have also used the strong
compactness of {px|uk|*}r>0 and {pr0k }r>o0-
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We now deal with the entropy inequality. Since the entropy is a concave function, and hence weakly upper
semicontinuous, for ¢ > 0,

The entropy production for f"* at time t is

][

which can be written

Vol f* (o t) = Vo In Mpny ()

2
fhe (v, t)dv} dx

O (x,t)pr(z,t) (I(Fk(-,x,t)) - I(Mpk(-,x,t))) dx

Td

where I(F') is the Fisher information
I(F) = / |VIn FI2Fdo .
Td

It is well known that

I(F) = supyc,(mra) {/Bd VFEdv — A\(V) }

where A(V) is the fundamental eigenvalue of the operator —A + V. It follows that for any continuous and
compactly supported function V on T% x IR? that if we let A(V,z) denote the fundamental eigenvalue of
—A, + V(z,-), then

Gk@gﬂpk@;ﬂI(Fk(guthxzzjgd[;d(/;dfthdv——A(V;wpk>dx.

Td

Using the strong convergence of {#;} and {p.}, and weak convergence of {f**} in appropriate L? spaces,
we have

liminf/ Or (2, ) pr.(, ) [(F* (-, 2, t))dz > liminf/ 01 ( fVdv — AV, x)pg)dx
Td Tdx R4 R4

k—oo k—o0

:/ OV — AV, 2))dwdv
Tdx IR

Now taking the sup over all such V', we get

likminf Or (z,t) pi(z, ) [(F* (-, z, t))dx > Oz, t)p(x, ) I(F (-, z,t))dx .
— 00 Td Td

Finally, since ;I (Mpr) = d, identically in k, there is nothing to estimate there. Hence,

liminf [ Og(z,t)pp(z, t)(I(F*(-,2,t)) — I(Mpr))dz > [ 0(z,t)p(x, t)(I(F(-,z,t)) — I(Mp))dz .

k—oo Jpad Td

This shows that while the entropy itself can only increase “jump upwards” in the limit, the entropy production
can only “jump downwards”, and so the entropy production inequality holds. (Note that H(f"*(-,- 0)) =
H(fo(,-)) independent of k).
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It remains observe that lim;_o f(-,-,t) = fo(+,:) weakly; this follows directly from the uniform modulus
of continuity in ¢ of the approximate solutions f*. W

8 Convergence to equilibrium

In this section, we study the sense in which the solutions that we have constructed, tend toward the set M
of local Maxwellian densities as ¢t tends to infinity. Our main tools in this effort will be the Holder continuity
of the solutions in the Wasserstein metric, and Talagrand’s inequality, which tells us that [34], [306]

WE(F,Mp) < 0pH(F, Mp)

for any probability density F' on IR®. Here, 6 is 1/d times the variance of F, as defined in (1.4).
We have from Theorem 7.1, and the logarithmic Sobolev inequality, and then Talgrand’s inequality, for
any T' > 0,

d

T
H(f(-,-,:r)—H(f(-,-,o)z/0 Td@(a:,t) Um |vU1nf(-,-,t)—vvlan(.,.,t)|2f(x,u,t)du dxdt

T

> [ H (Gl oo e (8.)
o Jra
r Wg(F(';xvt)aMFt'x t))

Z/ / = p(z, t)dzdt .
o Jra 0(x,1)

We need to control the effect of large values of (x,t), and since we need to do this uniformly in time, we
can only use the energy bound, and not our bounds on higher velocity moments since they are not uniform
in time.

For any a > 0,

/ WQQ(F(';xvt)aMF(-;a:,t)) W;(F(';xat)vMF(qz,t))
Td

>
) plx,t)dx > /9§a2 8. 0) p(x, t)dx o
. .
> ) ( WQ(F(7xat)7MF(,z,t))p(xat)dx>
a 0<a?

where we have used Jensen’s inequality in the last line. To proceed, we shall make use of the inequality
W3 (F, Mp) < 2d6p

which follows directly from the definition of the left hand side. Hence,

W2 (F(7 Zz, t)a MF(-;x,t))p(xa t)dl‘

0<a?
> WQ(F(';xvt)aMF(';x,t))p(xat)dx - WQ(F(';xvt)aMF(';x,t))p(xat)dx
Td 0>a2
g (8.3)
> [ WalF G ) Mpgapote. e = [ 308 Dp(e, )z
Td 0>a?
2
> Wa(F (5 2,t), Mp(.pp)p(x, t)de — Q ( O(z, t)p(x, t)da:)
Td a Td
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Since the last integral in (8.3) is bounded uniformly in time by the energy, we have that for some constant
C depending only on the initial energy,

WQ(F(7 x, t)7 MF(~;z,t))p(x7 t)dx

0<a?

(8.4)
> dWQ(F(';xat)7MF(~;z,t))p(x7t)dx_C/a'
T
N h
ow choose . o0 .
de WQ(F(';xvt)aMF(~;x,t))p(xvt)dx . .
Combining (8.2) and (8.4), and using this value of a, we get
W2(F(-;2,t), Mp(..p 4
/ 2 (F(52,t), Mp, ’t))p(a:,t)da: >C Wa(F (s 2,t), Mp(ize)p(z, t)da
Td 0(z,1) Td "
(8.6)

4
>0 ([ Wl s Myt e
T
CW{l(f(v ) t)a Mf(',',t))

for a constant C' depending only on the dimension d and the energy of the initial data. Note in the last line,
the subscript in the expression Wiy (f(-,-,t), My(.. ) ), where W; denotes the 1-Wasserstein metric defined on
the set of densities on T x IR%. To obtain (8.6) we have used Schwarz’s inequality yielding that Wy < Wa,
and we have used the simple fact that since f and M have the same spatial marginal density p(x,t), then

Wl(f(~, o t), Mf(.7.7t)) < . Wy (F(, o t), MF(n,t))P(x; t)dx .
T L

It seems likely that
t— Wl (f(a 'at)v Mf(~,~,t))

is Holder continuous in ¢. Indeed, given the bounds in Section 5, it would suffice to show that
Wi (Mg, My, ) < Clt = s]'/?

for some constant C' independent of s and t. However, we do not know how to do this. For each T > 0
large time, we then introduce My, a subset of the set M of local Maxwellian densities, that depends on the
initial density fj :

Mrp = {Mysqy..y: t >T}.

For f € M, we define
distp(f, M) = inf{W1(f, M) | M € Mr} ,

through the W; Wasserstein metric.

Theorem 8.1: (Gbobal asymptotic behavior for large times) Let f be a solution of (1.7)
constructed as in Theorem 7.1, and let T > 0. Then

. ligrn dist (f (-, -, t), Mr) = 0.
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Proof: Define
B(t) = diStT(f('a 'at)vM)'

Schwarz’s inequality that gives that W7 < Ws. This, together with Theorem 7.1, yields that there exists
C > 0 depending only on the entropy and the energy of the initial data fy such that

1B~ B(s)| < C (It = sl + V/IE—5])

for all s,¢ € (0,+00). Since (5.11), (8.1), and (8.6) imply that B* € L'(0,0), we conclude the proof of
Theorem 8.1. W

Note: The fact on which the proof of Theorem 8.1 turns is that an integrable uniformly Hélder continuous
function on IR tends to zero at infinity.
We also observe that as a consequence of (5.11) and (8.1) we have that

/0 H (f(, ',t)|Mf(,,,,t)) dt < oo .

Hence, as a consequence of the Csiszar—Kullback inequality,

L)
/0 Hf('v'vt)_Mf(~,~,t)H%1(Td><IRd)dt<OO .

These estimates complement the information on asymptotic behavior that is provided by Theorem 8.1.

Appendix: Regularity of Bessel potentials

In this appendix, we prove regularity estimates on Bessel potentials that are used in the velocity averaging
analysis. These results are probably in the literature, but we have not found a reference. Results comparable
to those we need here appear in a lecture notes by Tartar [?]. For some reason most versions of the Sobolev
inequality giving L™ bounds are stated for bounded domains IR?. The version of Morrey’s inequality stated
in Brezis’s book [6] is an exception, though it doesn’t directly give exactly what we need. The following
simple result does.

First, let us recall that for any g € LP(IR%) and a > 0,

(1-28)"2g(v) = [ Galv—w)g(w)dw (9-1)
R4

where G, is a Bessel potential given by

Go(v) = C’a/ 67‘v|2/4t67tt(7d+a)/2% (9.2)
0

and C, is a constant depending only on « and d. The constant are such that | R Ga(v)dv = 1, and so the
convolution operation in (9.1) is a contraction on each LP(IR?), 1 < p < oo. For these facts, as well as the
value of C,, see [31]. There, one also finds the following: First since |v|?/4t +t > |v],

e [v] /4te tSe \U|/26 |v] /Ste t/2.
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Therefore, for |v| > 1,
dt

Gu(v) < e““VQCa/ o~ 1/8t g —t/24(—d+a) /240
- t
0

Hence there is a constant C' depending only on « and d so that
Go(v) < CeIv1/2 for all lv| > 1.

Also, deleting the factor of e~! from the integral (9.2),
Ga(v) < C(y /OO e—lv‘2/4tt(*d+a)/2% _ C|U|(7d+a)
a t
0

where again, C' is a finite constant depending only on « and d. To avoid frequent repetition of this phrase,
we fix for the rest of this appendix the convention that C denotes such a constant. It follows that for
pla—d) > —d,

Gq € LP(IRY) . (9.3)

The result proven here is the following:

Theorem: (Holder Continuity of Bessel Potentials) For 0 < a < d, 1 < p < oo, and and
p(a —d) > —d, the map
a— Gu(-—a)

is Holder continuous into LP(IR®) with
1Ga() = Gal- = a)ll, < Clal”/ 0+ (9-4)

where = (d+p(a —d))/(2p).

An immediate consequence of (9.3) is that for 0 < o < d and ¢ in )i (le), p > d/a,
[Ga * glloc < Cligllp-
Moreover, (9.4) gives that

IGa * g(v) = Ga * g(w)| < Cllglly v — w|*/ .

Proof: For any T > 0, define

T 2 dt
R e
0
and
Koz,T = Ga - Ha,T .
Then
[Ga(-) = Ga(- —a)llp < 2||Ha,rllp + | Kar () — Ko (- —a)llp - (9.5)
We now show that
|Haorll, < OT(d—p(d=))/2p (9.6)
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Indeed,

T T/|v)?
/ o—lvl?/at —ty(~d+a) /2t _ (/ 61/455(‘““)/26”'2%) [v]* 4
0 0 i

t
/OO max 671/85 671/858(7d+a)/2§ |,U|a7d
0 0<s<T/|v|? S

)
(/ 6—1/835(—n+a)/2§> e—|v\2/8T|,U|o¢—n
O S

Ha,T(U) < Cef\v|2/8T|v|a7d

IN

The integral is finite, and hence

from which (9.6) follows immediately.
We now show that

IKoir() = Ko =l < € (3] (0.7

Let w = v — a. Then
[0 = Jw]?| < lal (20| + |a]) ,

and hence
e_lv\2 _ e_\w\2‘ < e—lv\2 (e‘“‘”'”‘ﬂal) B 1)
< |al(2|0] + |a])elal@lvI+laD o= lvl?
< |a|(2|v| + |a|)elal(Q‘U|+‘a‘)_‘U|2/26—\U|2/2
< |a|(2]v] + |a])e?lel® e v1*/2
Therefore,

oo
[Kar0) = Ko=) < € [ LUCL I oo miop syt
T

<c, |al(2]v] + |a|)e5a2/4T /Oo e—\u|2/8te—tt(—d+a)/2ﬁ
= AT . ¢

< lal@lv] + |a])

5a2 /4T 5
< T e CGu(v/V?2) .

Now both Gy (v) and |v]Gy (v) belong to LP(IR?), and so it follows from this that
la| + |af® 5lal2/T
1EKar() = Kayr( = a)llp < O ——— | /7. (9.8)

This is not quite (9.7), but since no matter how large |a| is, [|[Ko (") — Ko 7(- — a)|lp < 2||Gollp, we can
increase C' so that (9.7) holds.
Combining (9.4), (9.6) and (9.7), we have

IGa() = Ga(- = a)ll, < C(T7 + |al/T) .
The optimal choice of T is T = |a|"/(**#) | which yields (9.4) W
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