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Abstract We consider the spatially homogeneous Boltzmann equation for Maxwellian molecules and
general finite energy initial data: positive Borel measures with finite moments up to order 2. We show
that the coefficients in the Wild sum converge strongly to the equilibrium, and quantitatively estimate
the rate. We show that this depends on the initial data F' essentially only through on the behavior near
r = 0 of the function Jr(r) = flvl>1/r |v]2dF (v). These estimates on the terms in the Wild sum yield
a quantitative estimate, in the strongest physical norm, on the rate at which the solution converges to
equilibrium, as well as a global stability estimate. We show that our upper bounds are qualitatively sharp
by producing examples of solutions for which the convergence is as slow as permitted by our bounds. These
are the first examples of solutions of the Boltzmann equation that converge to equilibrium more slowly

than exponentially.
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1. Introduction
1.1. The Boltzmann Equation in L!(R?). The spatially homogeneous Boltzmann
equation describes time evolution of the velocity density function fi(v) = f(v,t) for a

dilute gas composed of identical particles. Hence f; should be a non—negative integrable
function on R3, and the equation itself is

%ft(v) = Q(ftaft)(v)ﬂ (Uat) € RS X [O’OO) (1'1)

where and @ is the collision integral operator given by
o) = [[ B0 [l - f)glo)] dodo.
X 2

Here, v" and v., denote the post—collisional velocites, and they must obey the conservation
of momentum and kinetic energy:

v+l = v+, V12 + 02 = vl + |v?.

All such pairs of vectors may be parameterized by (unit) vectors o € S2. One particularly
useful parameterization is

bl g Bonl sesl gy

The function B is the collision kernel, which is a non negative Borel function of [v — v,
and (v — vy, o) only.

The results in this paper will all be obtained under two conditions on B. The first is
that we consider so—called Mazwellian molecules, meaning that the kernel B depends only
on (v — vy, 0)/|v— vyl

B(v—m,a)zB((LU*‘,U)) . (1.3)
Here, (-,-) denotes the inner product in R3. For background information on the physical

model, see e.g. [13], [29]. For later convenience, we define B(t) = 0 for |¢| > 1. The second
is the so—called angular cutoff condition, which is

/0 " B(cos(6)) sin(6)d6 < oo . (1.4)

These two conditions have the following consequences. Under the angular cutoff con-
dition (1.4), the collision integral operator Q(f,g) can be split into its so—called gain and
loss terms:

Qf,9)(w) = Q" (f,9)(v) = Q™ (f.9)(v) (1.5)
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where

+ v) = v —vs,0)f(v)g(v))dodv,,
@ (faw = [[  B=r.0)f@e(wl)doa

Q (f.9)(v) = f(v) /

R3

{/SQ B(v — vy, 0)do | g(v.)dvs.

Without the cutoff condition, cancellations in Q(f, g) are crucial, and solutions to (1.1)
have only been shown to exist and studied in a certain weak form [4], [17], [34], [3] and [2].
The cutoff condition facilitates the construction of strong solutions that can be studied in
greater detail.

This is particularly true in the case that B satisfies the Mawellian molecule condition.
Then there is a constructive method, due to Wild [33], of solving (1.1) for any non-negative
initial datum fo = F € L'(R?). Wild’s method gives the (unique) solution in the form

fe=) e (1 —e ) QL (F)
n=1

where a = 2 [ B(cos(6)) sin()df||F || and the @} (F) are certain recursively defined
integral expressions in F. We describe these below in great detail, but before that, we
wish to focus attention on the following point: Wild’s formula allows one to rephrase
questions about the evolution ¢ — f; as questions about the development of the sequence
n+— Q}(F). As we shall see below, they are often much more amenable in this form. This
is particularly true of questions concerning the trend to equilibrium.

As is well known, the only equilibrium (or steady-state) solutions of (1.1) in L' are the
Mazwellians. This is the family of non-—negative integral functions on R? paramterized by
peER,,ucR3and T € R, by

M, 1(v) = p(2nT)~3/2e~l0mul/2T

Given a non—negative function F' € L}(R?), define M to be the Maxwellian with param-
eters (p,u,T) where

| o PYF @) = (p. pu.3T).
R3

For instance under the moment condition [g4(1,v,|v|*)F(v)dv = (1,0, 3) the correspond-
ing Maxwellian Mg is

1\*?
Mp(v) = M(v) := <%) e IvI7/2,
It is also convenient to establish the notations
1 1 5
Pp = Fw)dv, wu, =— vF(v)dv and Tp=-— v —u,|*F(v)dv (1.6)
R3 Pr JR3 3pr JR3
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We shall show here that in broadest physical generality,

lim Q (F) = Mr

n—oo

in the strongest physical norms, and shall obtain precise rate information on the conver-
gence. This in turn shall provide us with precise information concerning how the rate at
which f; approaches Mg depends on F and B.

We now turn to some technical matters and notational conventions required for a clear
statement of our main results.
Define L1(R?) to be the weighted L' space:

LR = {1 | 15 += [ (4 1oP) 2o < oo} 520

where f are real or complex valued measurable function on R3.

It is well known that for any initial datum 0 < F € L}(R?), the solution to (1.1)
with (1.3)-(1.4) in the class C1([0,00); L1(R?)) exists uniquely and conserves the mass,
momentum (or mean velocity) and energy. In fact, even without the cutoff assumption,
global existence, uniqueness, and the conservation laws have been proven in Toscani and
Villani [27] for all initial data having finite mass and finite energy.

Because of the integrability in (1.4), we can assume (after rescaling the time variable)
that the total integral of the kernel B on S? is one:

/82 B((¢, 0))do = 27 /OW B(cos(0)) sin(6)d6 = 2| Bl pa_yyy = 1, CeS% (L7)

Under this condition, for f and g non-negative integrable functions,

/ Q*(frg)do = | fllillglos -
R3

Hence, if f and g are both probability densities, so is Q1 (f, g). As a consequence of (1.2),
changing o to —o does not change the product f(v')f(v.). So it is usual to assume that
the angular function B(-) is even: B(—t) = B(t), t € [—1,1]. This then implies that

QT (f,9)(v) =Q (g, f)(v) .

Following Wild, we now define the Wild convolution f o g of two integrable functions f
and g on R3 by
fog=Q"(f9).

By what has been said above, under the condition that B is even, the Wild convolution is
commutative. However, it is not associative under any natural condition on B. Throughout
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this paper, unless otherwise stated, we always assume that the kernel B(-) is a nonnegative
even function in L'(R) with suppB C [—1,1] and satisfies the normalization (1.7).
Using this notation, and under our assumptions, we can rewrite (1.1) in the form

O R = (o )W) = pefil®), Flimo = F. (19

This may be solved by iteration in a standard way, producing a solution in the form of a
so—called Wild sum [33] ( for instance for p, =1 ):

Z (1—e Hn 1 (F) (1.9)

where
Qy (F) =
and
n—1
QIF) = —= S Qf(F)o Q) (F), n>2 (1.10)
k=1

One can check this by showing that the right hand side of (1.9) is also an energy conserving
solution of the Boltzmann equation with the same initial datum F', and since such solutions
are unique, it is the solution.

It is known that for all non—negative F' € LI(R3), the solution of (1.8) satsifies

lim f, = M . (1.11)

McKean observed an analogy between this convergence and the convergence to a Gaussian
distribution in the central limit theorem [22]. He proposed that there should be a central
limit theorem for Mazwellian molecules asserting that (for p,. = 1)

lim QF(F)= Mp . (1.12)

n—,oo

Under certain smoothness and moment assumptions on F, this was done in [12], and
quantitative bounds were obtained on the rate of convergence in (1.12). Here we take up
the question of the rate of convergence in (1.12) in full generality, making no smoothness
assumptions on F, and requiring no moment conditions other than finite energy. In fact,
not only do we make no smoothness hypothesis on F', we do not even require F' to be a
function. Our arguments all work assuming only that F' is a positive Borel measure with
finite second moments. After explaining what it means to solve the Boltzmann equation
in this setting, we shall finally state our results.

1.2. Distributional Solutions. In view of statistical physics, initial data to the Boltz-
mann equation are best chosen from the largest class, say the positive, finite Borel measures
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on R3. For the Maxwellian model under consideration, the corresponding solutions, called
distributional solutions, give no more essential difficulty than the L!-solutions in dealing
with existence, uniqueness, convergence to equilibrium, stability, etc. Let us introduce
some classes of measures.

Bo(R?3) := finite Borel measures on R3

B,(R3) := {u € By(R?)

/ (1+|v|2)8/2dlul(v)<00}, 5> 0
R3

F >0, /RBdF(v) :1},

Py(R?;09,T) := {F c P»(R?) ‘ /R3 vdF (v) = vy, 1/R?) lv — vo|?dF (v) :T} :

P(R?) := {F € By(R?)

3

Let p € Bs(R3?), s > 0. Then p defines a bounded linear functional on C,(R?) :=
C(R?) N L>=(R3) through

(i, B)s = /R S(0)(1+ [v2)*2du(v) ¥ € Cy(R). (1.13)

The corresponding norm | - [|;_ is given by

lells, = sup{l{u. d)s| | ¢ € Cu(R?), @[> <1} = /Rg(l + o) 2d|ul(v).  (1.14)

For s = 0, [|ulls, is the total variation of the measure p. Let C2° denote the class of
C*°-functions with compact supports. It is easily seen that

s, = sup{[(, 9)s| | ¢ € CZ(R?), o)L= <1} (1.15)

Of course if the measure p is also absolutely continuous with respect to the Lebesgue
measure dv, i.e., du(v) = g(v)dv for some g € L{(R?), then ||ull . = llgllL:.

The following relation (see e.g. chapter 1 of [35]) is a fundamental property of (1.2):
For any f,g € L'(R?), ¢ € L>°(R?) and y € L*°|0, c0),

| 1]

U — Uy

/R3 o(v) [//R3><SQ B (<m70’>) x(|v = v.|) f(v")g(v})dodv, | dv

_ //Rsst US B ((ﬁ,@) gb(v’)da] (v =) f0)g()dvdv,.  (1.16)

Since a measure may have a singular part, a convention should be made for the collision
integral: For any locally bounded Borel function ¢ on R?, we define

Lolo|(v,.) = |

S2

B ((ﬂ,(;)) o(v)do = 6(v)  for v=u,.

v = v.]
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Under this convention, if ¢ is continuous on R?, then Lg[¢] is continuous on R? x R3. (To
prove this one can assume first that B(-) is smooth, then use standard L!-approximation).

Now take F, G € Bs(R?). Let x(r) be a bounded Borel function on [0, c0). Let Q¥ (-,-)
be a collision operator with the kernel B((z/|z|,o))x(|z]), 2 = v — v«. Then, using (1.16),
the collision integral Q;(F ,G) is defined to be the Borel measure specified through the
Riesz representation theorem by

[ owigir o= [[  (Lallendo - u) ) ar@) dGe)  @an

for all Borel function ¢ satisfying sup,cgs |#(v)|(1 + |v|?)7*/2 < co. For x = 1, we simply
write QT (F, G) in place of QF (F,G). As in L', we denote

FoG:=Q"(F,Q)

and F o G is again called the Wild convolution of F, G € Bs(R3), and when F and G both
belong to P (R3;vg, T), so does FoG. Under our assumptions on B, it is still commutative,
and is still not associative.

Among the other useful properties of the Wild convolution is the following continuity
property: if Fy, Fy, G1,Go € Bs(R3), s > 0, then

<||Fy — F3 G1 — Go

G

[F10Gy — FyoGal,, 5. s, T 12, 5.

When considering distributional solutions to the Boltzmann equation, it is usual to
write it in weak form; i.e., to require that ¢ — f; be continuous into Ba(R?,|| - ||,;,), that
fo = F, and that

i) = (oo fudha— |l (o d)e ¥ o€ ORY), £20.

As in the case of L'-solutions, the existence, uniqueness and the conservation laws; i.e.,

/ (L, v, [o]?)df, () = / (Lo, [oP)dF @),  t>0 (1.18)
R3 R3

have been proven to hold for distributional solutions of Eq.(1.1) for Maxwellian model [27]
for all initial data in By (R?).

Interpreting integrals of continuous measure valued functions in the Bochner sense, this
can be recast as the equivalent integral equation

t t
fi— F+/0 (f 0 f.) dr — ||F||BO/O fdr,  t>0. (1.19)
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with initial data 0 < F € By(R?). Here, it is natural to require that the solution 0 < f; €

C([0,00); B2(R?, || - || 5,)) and this then implies that f; € C*([0,00); Bo(R?, || - [|,)). The

Wild expansion (1.9)-(1.10) also holds for distribution solutions with || F[|,; = 1.
Equilibria in the distributional setting are solutions of the following equation:

FoF=|F|,F,  0<FeB(R’), [F|y #0.

In addition to the Maxwellian densities, there is a new class of equilibria: The Dirac
measures. Clearly, these are limits of the Maxwellian equilibria, and it is easily checked
that Maxwellian distributions and Dirac measures are the only equilibria. (This will also
be an easy consequence of the results proved below).

As one final convention, throughout this paper, our notation does not distinguish be-
tween Maxwellian function M (v) and Maxwellian distribution M (v)dv, and we extend the
definitions (1.6) for p,., u, and Tr, as well as Mp, to distributions in the obvious way.

1.3. Main Results. Our main results concern rates of convergence in lim,,_,o, Q;f (F') =
My and lim;_ .o, f; = Mp where f; is the solution of (1.19) with fo = F' € By(R3). These
rates both depend on the initial datum F', and on the collision kernel B. We obtain
bounds on these rates that depend on the initial datum F' only through the rate at which
lim, g Jr(r) = 0 where

Jp(r) = /| o lv[2dF(v), r>0; Jr(0) =0, (1.20)

and only on B through the rate at which lim,_,o Qp(r) = 0 where

Qp(r) = sup |B(-+h) — Bllpyr)y, r=0. (1.21)
|h|<r

Notice that for all F' € By(R3), Jr(r) is well defined for all » > 0, and it is always the
case, by the dominated convergence theorem, that lim,_o Jr(r) = 0. However, the rate
at which this convergence takes place can be arbitrarily slow in the class Bo(R?). A slow
rate of convergence in lim,_,o Jp(r) = 0 means that a large part of the energy distribution
is concentrated in a small part of the mass distribution, out at high energies. Speaking
more loosely, the relaxation to equilibrium is slow when a significant fraction of the energy
is concentrated in a small fraction of the molecules.

Also note that only under the assumption that B is integrable, it will be the case that
lim, o Q2p5(r) = 0. However, once again, the rate may be arbitrarily slow. It is convenient
to define

Qp(r) = Qp(r)|logQp(r)] . (1.22)
We may now state our main result:

Theorem 1. Let F € Py(R3;v0,T) with T > 0, and let Mp € Py(R3;vg,T) be the
corresponding Mazxwellian distribution. Then

1QF(F) — Mpll,;, < ®p 0 (n79), n=1,23,.. (1.23)

26 /december/2002; 12:30 8
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where

@ (1) = Cp o O3 ((r 4+ Jp(r)™), 7120

~1/30
Coe =Call+ w0+ 77 ([ p-wlarw)
R

3

a =60 b/(120 + b), the constants 0 < b < 1 and 0 < Cp < oo depend only on the kernel
B(").
As a consequence of this we shall deduce:

Theorem 2. Let F € P,(R3;v9,T) with T > 0, and let f; be the distributional solution of
the Boltzmann equation (1.19) in C([0,00); Bo(R?, ||-|| 5,) with the initial datum fi|;=o = F'.

Let Mp be the corresponding Mazwellian distribution in Py(R3;v9,T). Then
Hft - MF||B2 < q)B,F(eiﬁt)v t>0 (1'24)

with B = 30 b/(60 + b), where the constant b > 0 and the function ®, .(r) are given
in Theorem 1 with the only difference that the constant Cp for defining @ .(r) is now
replaced by 120 + Cp.

Corollary to Theorem 2. Under the conditions in Theorem 2, suppose further that for
some 0 > 0 the initial datum F satisfy

/ lv*TdF (v) < 0o
R3

and the collision kernel B(-) satisfy the Holder condition in L'-norm: For some constants
0<COp<oo,0<a=a,<1

|B(-+ h) — Bl .y (m) < CB|h|, heR . (1.25)
Then
[ fe — Mp||,, < Ce P, t>0

where the constant 3 > 0 depends only on § and B(-), and the constant C' < oo depends
only on B(-) and F.

As an application of these explicit bounds on the convergence rate, we obtain the fol-
lowing estimate of global stability around any given solution whose initial datum is not a
Dirac measure. (We explain the restriction in Section 6).

Theorem 3. If 0 < F € By(R?) is not a Dirac measure and ||F||, # 0, then for any

0<Ge BQ(RB)
igg Hft - gtHBQ < \IIB,F (HF - G||B2) (1'26)

26 /december/2002; 12:30 9
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where f, gi are solutions of the Boltzmann equation (1.19) in C([0,00); Bo(R3, [ - ||,)
with fili=o = F, gtli=0 = G, and

() = o {1+ Q5 (0 4 Je)DY™) ) 120

o= P 0. ¢ —cpo.
o s, L 5 B
TP, + 0

Cr =0 (Juel T 1Pl [l unldF)) <oo.

and u, s the mean velocity, T, is the temperature, and the constants > 0,Cp < oo de-

pend only on the kernel B(-); the function (y1,v2,ys,y4) — C(y1,Y2,ys3,ys) can be written

as an explicit function of (y1,y2,Yy3,y4) and is continuous on [0,00) x (0, 00)3.

The fact that the stability holds in the ||-||,;, norm, the energy norm, enables us to prove
a bound on the “tails” of the energy distribution that hold globally in time. First recall
[14] that for any s > 2, if [g, [v[*dF(v) < oo, the solution f; with initial datum F has
the property that sup,> ng |v]*df(v) < C for some finite constant depending only on B
and [gs [v|*dF(v). In the case of hard potentials, the evolution actually improves matters,
producing moments of all orders at any finite positive time, assuming only that F' has finite
energy [32]. This is not true for Maxwellian molecules. For instance, if [g, |v|*log(1 +
[v]?)dF(v) = oo, then [gs[v[*log(l + |v|*)df;(v) = oo for all t > 0 because dfy(v) >
exp(—ppt)dF(v) . Bobylev [7] describes this as an increase in the “tail temperature”. The
next result says that the tails cannot get too hot:

Corollary to Theorem 3. Let F be given in Theorem 3, let f, € C([0,00); Bo(R?, |-, ))
be the unique solution of Eq.(1.19) with fi|i=o = F. Then

1
swp [ oPdf0) < W (26(R) 420l Y R>0
t>0 J|v|>R

where W, . (r) is the function given in Theorem 3.

We also obtain lower bounds that reveal the sharpness of the bounds stated above. We
give a construction of initial data through which an arbitrarily slow rate of approach to
equilibrium can be obtained. In fact, this shows for the first time that there are solutions
for which the rate of convergence in lim;_. o ft = Mg is worse than exponential.

Bobylev [7] had earlier shown that for an arbitrary A > 0, initial data F' can be con-
structed with || fy— Mp|| 1 > Ce~*. However, until now, there was no proof that algebraic
rates, or worse, could actually hold. Moreover, the lower bounds obtained here show that
the upper bounds obtained in Theorem 2 are qualitatively best possible, at least when the
kernel B(-) satisfies the Holder condition (1.25). That is, at least in this case, the lower
bounds and the upper bounds can be scale-equivalent. The meaning of this term is as
follows:
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Let ®(t), ¥(t) be nonnegative functions on [0, 00). Define a partial order < between ®
and ¥ by

O(t) X U(t) <= d(t) < C[¥(at))’ Vite[0,00) forsomed<a, f, C<oo.

We say that ® and ¥ are scale-equivalent on [0, 00) in case both ® < ¥ and ¥ < & hold
on [0, 00).
Recall that a function A on [0, 00) is completely monotone if it is a positive function in
C>(0,00) N C[0, 00) satisfying
d'fl
(-1)"—A(t)>0 Vn=0,1,2,---; Vt>0;, A0)=1, and lim A(t)=0.
dtm t—o0
A classical theorem of Bernstein [15] characterizes such functions as the Laplace trans-
forms of finite positive measures on [0, 00). It follows that the decay rate of a completely
monotone function is never faster than e=** for some constant 0 < o < co. Instead, it can
be arbitrarily slow:

Ay =1+1)7°, (T+log(1+8)°, (1+log(l+1log(l+1))"",... (1.27)

are all completely monotone. Indeed, Lemma 5.4 of Section 5 states the following: If Ag(t)
is any complete monotone function, then so is A1(t) = Ao(log(1 + t)).

One more set of definitions is required for a complete statement of our lower bounds.
Let

H*(R?) = {f ' (1 f 1) ;:/ (1+[€?)*1F(&)[2de < 00}7 s >0
R3
where f € L}(R?) or f € By(R?),
— —i{v,£) £l — —i{v,&)
(6 /Rge f(w)dv resp.  f(&) /Rge df (v)

denote the Fourier transforms of an integrable function f, or, respectively, bounded mea-
sure df. Supposing that H € By(R?) and that [g,(1,v)dH(v) = (0,0), we can define
[H][|o by

NHly = sup PO (1.28)
ozecrs €]

This norm defines a weak metric appropriate to the study of f; — Mp. It will also play an
important role in the proof of Theorem 1. We may now state our lower bounds:

Theorem 4. Let A(t) be any given complete monotonic function on [0,00). Then there
is a strictly positive isotropic initial datum F € Li(R?) N H>®(R?) and F is analytic on
R? satisfying [gs(1, v, [v]*)F(v)dv = (1,0,3), such that the unique solution fi(v) of the
Boltzmann equation (1.1) in C*([0, 00); L3(R3)) with initial condition fi|i—o = F satisfies

Ife — Mpllpr > |fi — Mp|lne > cA(t)  Vt>0 (1.29)
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Ife = Mpllpy = [llfe = Mplllo = cA(t) V=0 (1.30)

for some constant ¢ > 0.  Furthermore, if the collision kernel B(-) satisfies the Holder
condition given in the Corollary to Theorem 2, then the upper bounds (1.24) and the lower
bounds (1.29)-(1.30) are scale-equivalent. More precisely, the following functions

1fe = Mplly, Ifi = Mellpr, @507, Je(e™), At), [Ifi = Mrpllze, |llf: = Mrllo

are pair wise scale-equivalent. Here the function ® .(-) is given in Theorem 2.

Note that this theorem, together with the examples in (1.27), shows that even for weak
metric based on ||| - |||o, the convergence rate, whatever the smoothness of kernels, can be
arbitrarily bad!

This is very different from what is known about solutions of the Boltzmann equation for
hard spheres, for which B(v — vy, o) is a multiple of |v — v,|. In this case, it is known that
for all initial data 0 < F € L(R?), the convergence to equilibrium in the L!—topology is
always exponential (see [1] and related results [5], [18], [30] and [31]). Theorem 4 shows
that matters are quite different in the Maxwellian case, and because of the relation between
L'-distance and the relative entropy, it shows that under just a finite energy condition,
the entropy may relax to its equilibrium value arbitrarily slowly. While there are known
examples to Cercignani’s conjecture ([8], [35]) concerning entropy production, these do not
preclude that bad initial data eventually evolves into nice initial data with good entropy
production. Theorem 4 does preclude this.

Theorem 4, together with Theorem 2 and its Corollary show that, for a fixed Maxwellian
B, the key property of the initial datum F' that determines the strong convergence rate
is the decay rate of the function Jg(r) as r — 04. This is sort of a generalized “moment
condition”, and it is what matters rather than any other properties such as an entropy
condition, smoothness, etc. (In fact, the initial datum constructed to prove Theorem 4 is
in C>° N L*>.) Evidently, an essential difference between “hard” potentials such as hard
spheres, is that in the hard case, the function Jy, (r) improves as t increases, while it can
deteriorate in the Maxwellian case, as discussed above the Corollary to Theorem 3.

It may be interesting to note that the method used for the Maxwellian molecules model
does not rely on the strict positivity (almost everywhere) of the collision kernel B(-) (i.e.
nonnegativity is enough). For the entropy method, which is so far still the only (direct or
indirect) method that can deal with general kernels, certain “strong” positivity is needed
in order to determine the entropy production. (See [10],[11],[28], and [35]).

1.4 Methods and Organization. Many features of Maxwellian molecules that we use
here have already been introduced. Among those that have not is the fundamental con-
traction property of Maxwellian molecules, discovered by Tanaka [25], [26]. He proved that
if f; and g; are two solutions of (1.19) with initial data F' and G respectively, then for all
t>0

da(ft, 9t) < d2(F,G) .

Here, ds is a metric on By(R?) often called the 2-Wasserstein distance. As shown in [27],
this metric is equivalent with that induced on By(R3?) by the norm ||| - [||o. Moreover, it
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had already been shown in [16] that in this equivalent metric, the contraction property
still holds.

The strategy behind the proof of Theorem 1 may be summarized as follows. First, in
Section 2, we study the regularizing properties of repeated Wild convolution (see Lemma
2.1). We then use this regularization to prove that if lim, . |||Q;} (F) — MF||lo = 0,
then lim, . [|Q;f (F) — MFp|,, = 0. Moreover, the rates of convergence are related in a
quantitative way depending only on the function Qp defined in (1.21). This is given by
Lemma 2.5. In this part of the work, and elsewhere, we make extensive use of the Fourier
transform of QT (f, g), and Bobylev’s formula [6] for this in the Maxwellian case, (2.1).

In section 3 we prove bounds on the rate at which lim, . [[|Q} (F) — Mp|||,, = 0.
Here is where the contraction property plays a crucial role. We take general initial data
F € P,(R?;0,1), and approximate it by F. in the ||| - |||o norm where F. has finite fourth
moments. The function Jg enters here, and determines the size of the fourth moment for
a given degree of approximation. We can further arrange that Mp = Mp. See Lemma
3.4 for the details. Then, further developing methods from [16] and [12], it is possible to
estimate the rate at which |||Q;f(F.) — Mp|||o tends to zero, using the fourth moment.
Because of the contraction property, if both |||F. — F|||o and |||Q; (FZ) — MF|||o are small,
so is |||@Q;F (F) — Mp|||o- This is given in a series of lemmas, culminating in Lemma 3.3

Section 4 begins by putting together the ideas discussed above to prove Theorem 1.
There is one more ingredient that deserves mention in the introduction. Notice that

Theorem 1 estimates the rate of convergence in the || - ||, norm, not the total variation

norm || - ||5, . However, Lemma 4.1 tells us that for all G in P,(R?;0,1)

2e
G- M < CollG— M 1 _—
| s, < Col 5, log (HG—MHBO>

where M is the Maxwellian in P,(R?;0,1). After taking into account the affine transfor-
mation needed to transform a general distribution in By(R?) into one in Py(R?;0,1), we
obtain Theorem 1. It is through this lemma that Q% enters our estimates. Theorems 2
and its corollary are then deduced from Theorem 1 using the Wild’s sum formula.

In section 5 we prove Theorem 4. This consists of several steps. Among the most
novel is a pointwise comparison property for solutions with the same initial data of the lin-
earized Boltzmann equation and the full non—linear Boltzmann equation. The comparison
is made in the Fourier representation; see Lemma 5.2. Lemma 5.4, assuring the complete
monotonicity of Ag(log(1+ t)) when Ay is completely monotone, is proved here as well.

Finally, in section 6 we prove Theorem 3, the global stability in || - || ;,, and its corollary.
We emphasize that the corollary to Theorem 3 depends on the fact that we have global
stability in the || - [|;, norm, and not just the total variation norm |- |, . This is necessary
to control the energy “tails”. The strategy is similar to that which led to Theorem 1:
Global control of the energy tails is easy and well known when the initial data has a finite
fourth moment. Hence we approximate general finite energy initial data in the [ -||,, norm
by initial data Fr with a finite fourth moment. Because of the global stability in [| - |, ,
the energy tails of the true solution cannot be much worse than those of the approximate
solution.
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2. Estimate of |Q}(F) — Mr||s, by [l|Q5; (F) — Mrlllo

We will make extensive use of the Fourier transform, and hence we recall the Bobylev
identity [6], [27]: For any B € L'[-1,1]

QRGO = [ BUE/ELNFEIGE N FGEBERY) (21

where
_&tlglo
2 )

_t-ldo

§+ 5

&

In deriving the Bobylev identity (2.1), use is made of the following identity:

/ B((w, o)) (¢, o)) do = / B oN((w,0))do Vw,(eS?  (22)
SQ SQ

where 1 is any bounded Borel function.
Our first Lemma is an estimate on the regularity produced by repeated Wild convolution
when B is smooth, and small relative velocities are eliminated:

Lemma 2.1. Suppose the kernel B is smooth: B € C'([-1,1]). Let 0 < 6 < 1 be a
constant, and let Q¥ (-,-) and Q°*(-,-) be collision operators with the kernel B((z/|z|,c))
and B((z/|z],0))121>s (2 = v — v,) respectively. Then for any 0 < s < 1/2, the 4-linear
operator

(F17 FQ; F?n F4) = Q+(Q5+(F1> FQ)? Q6+(F37 F3))
is bounded from [Bo(R3)]* into H®(R3):

4
QT (@™ (F1, F), Q7F(F3, Fu)) ||,y < Crs 02 [ IIFills,
=1

where
Ce = —(|IBll1.0)2 1B
B,s — 1 9s 1,00 L1([—1,1];(1—¢2)~1/2d¢t)>
Cy is an absolute constant and ||Bl1,00 = ]|B||Loo[_1’1] + H%BHLW[—LH '

Proof. We first estimate Q°*(F,G)™ (&) for F,G € By(R?). In the formula (1.17), take
$(v) = e &) and let z denote v — v,. We have

QH(F,G)” (&) =
// l/ B((z/|z|,0>)e*%|z|<§’a> do 1{|Z‘25}67%<§’U+U*>dF(’U)dG(U*) .
R3xR3 S2
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To compute the inner integral, parameterize S? as follows: Let

o = cos(f)— + sin(0)[ cos(¢)i + sin(¢)j |, 0 e€0,7], ¢€l0,2n]

€l

where {£/]€],1,j} is an orthonormal base of R?, then (£, o) = |£] cos(f) and

(/12],0) = {2/ 2], €/ [€]) cos(8) + /1 = (z/]z], €/I€])? sin(0) cos(é — )

here « is independent of ¢. This gives

/SB(<z/|z|,J))e%|Z|<§’U> dO’Z/ sin(Q)e*%V”f'COS(G)AZ’g(Q)dQ
2 0

where

AM@:A”Qmamam +m—wm&mmmwmwﬁ¢

Integration by parts gives

/ sin(f)e 2 #lIElcos(9) 4 (6)db
0

O=m
2 i d
- —312[[€] cos(0) = 4 (6)do
. € z, .
if2]1¢] ¢

—5l2ll€lcos(9) 4 .(p _
€ z, -
5( )9:0 1|Z||£| 0 b

By the inequalities |A, ¢(0)] < 27THB|\LOO[,171] and ]d%Az,g(Q)] < 27TH%BHLOO[,1’1], we

obtain

42| Bl|1,00
((z/|z],0))e —3l2lt60) gor ' .
'/ BEEE

This is a good bound for large |£|. For small |£], the left hand side is trivially bounded by

47 || B| oe[—1,1]- Together, these estimates yield

i 1
B((z/|z|,0))e” 21789 do| < 872 Bll1 000" , z| > .
[ Bt/ Bt e I
Therefore,
~ _ 1
Q.6 (O] <82 Blmd™ Pl |Cls, i €ER

26 /december/2002; 12:30 ]_5

(2.3)



EACXL-Jul 12, 2002

Now applying this estimate at £, and £_ we get

Q°F (F1, o)™ ()IQ7 (F3, Fu)™ (€-)] <

6474 (|| Bll1,00)20 2 (H “Fi”Bo> i \§+|)1(1 +leD)

Since (14 |&4])(14]€-]) > 1+ £]€|?sin(6), it follows from the Bobylev identity (2.1) that

|Q+ (Q6+(F17F2)7Q6+(F37 F4)) A (§)|

4 4 in
< 647 (B )26 (HHFiHBo) o [ Bleos(®) T

I+ LePsin(0)  (2.4)

_ 4
< 2875(|| B|1.00)? (/0 B(cos(e))de) 52 (H HFiHBo> %’5‘2 :

This gives the H*-bounds since for 0 < s < 1/2, [pa(1+[£]?)*72d¢ < 8n/(1—2s). W

Remark. In fact, the proof gives pointwise estimates (2.3)-(2.4) for the Fourier transforms
of the convolved measures. As one sees, the single convolution estimate (2.3) does not give a
sufficiently strong pointwise estimate to obtain the regularity that we require here, though
under other conditions, results have been obtained in this case; see [20], [31], [9], and [21].

Before stating our next lemma, we recall some properties of convolution of measures
with functions: Let u € Bs(R?) and ¢ € L1(R?) (s > 0). The convolution u * ¢ is a Borel
measure defined by (due to Riesz representation theorem)

[ v = [ ( [ +v*>¢<v*>dv*) du(v)

for all Borel functions 1 satisfying sup,cgs |1 (v)|(1+ |v]?)~%/2 < co. From this definition

we have || < | |6, 11+ € Bu(R) and [urdl, < Il [0]:. Andif p> 0,6 >0,
then ¢ >0 and ||u* ¢||5, = ||1ll5, ||| L. Moreover if ¢, € C°(R3) then

— ~ ~

Fro(6) = P3O,  (F)o=(2n) / Fe)d(-e)de.

R3

Let 0 < ¢y € C2°(R?3) be defined by ¢1(2) = ¢ exp{—1/(1 — |2]?)} for |2] < 1, ¢1(2) =0
for |z| > 1, and [gs ¢1(2) = 1. For any € > 0, let ¢.(2) = e 3¢1(2/e).

Lemma 2.2. (i) Let F € P»(R3;0,1). Then

sup / dF(v.) < Co (6 2|||F — Mp||lo + &%) V&> 0, (2.5)
veR3 J v, —v|<s
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I(F = Mg) # dells, < Co e (IIF = Melll)*T  Vo<e<2. (2.6)

(i) Let F € Bo(R3) N H*(R3), 0 < s < 2. Then
IE * ¢ — Flis, < Co(IlF Il )Y T(IF|l)" /T W0<e<2 (2.7)

Here Cy > 0 is an absolute constant, ¢. € COO(R?’) 18 given above.

Proof. (i) Consider the convolution 5 = 1jg 26)(| - |) * ¢5, where ¢s(2) = 6 >¢1(2/0). We
have 0 < 15 € C(R?), ¥s(v) =1 for |v| < 6, and

V(€)= (Ljo.as) (|- D)™ (€)9s(€) = 83 (Lo, (| - )™ (5€) 1 (3€).

In the following, we denote by the same letter Cy various absolute constants, and Mg will be
denoted simply by M. Then by F > 0 and 1j,_,,|<s < ¥s(v—v,) and ¢5(v—-) € C(R?)
we have

/ dF(v,) < Ys(v — ve)dF (vy)
|[ve—v|<8 R3

= Ys(v — ve)dF (vy) — Ys(v — ve) M (vi)dvs + Ys(v — v ) M (vy)dv,
R3 R3 R3
and
Ys(v —ve)dF(vy) — Ps(v — ve) M (vy)dv,
R3 R3
= (2m)73 F(€) — M(€)) ¥s(£)e & m) 3 F(€) — M(€)|vs
m) [ (PO - H©) bat@)eede < 22 [ 1F©) ~ M) |n(e)lde

=) [ 1F©) = 18 (lpa(- 1) G632 (6)le
< (2m) 37— MlIl3* 52 [ 16PIG: (66 lde = Cod2IIIF = Ml
R3

On the other hand,

1 16
— v )M (v.)dv, < ()2 )dv, = ——=0%.
[ wsto— oMo < (G [ ws(on)de. =
This together with (2.8) gives (2.5).
Next, we prove (2.6). Using (1.13) and (1.15),
I(E" = M) * ¢el5, = sup [((F" = M) ¢, ¥)ol -

YeC(R?) , [lih[lLee<1
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For any ¢ € C°(R?) satisfying |[¢]|r~ < 1 and for any R > 0,17 > 0, consider the
decomposition:

Y=g+ R =0 xRy Y =U(1— Xaam)

where x g, € C2°(R?) satisfies 0 < xr, < 1onR3 xg,(v) =1for [v| < R, and xg,(v) =

0 for [v] > R+ 2n. Then i), ¢ € C2(R?) and |4, (0)] < ljyj<nray [¥hy©)] <
Ljy)>r- We have

(F = M) x ey )l < [((F = M) 6ey 0} [+ [((F = M) 0y 02)) |

Using the Cauchy-Schwarz inequality, the Plancherel identity and @(5 )= a(eg ), we have

“> —€)¢-(E)[F(€) — M(€)]

)<< M) s 6o, i) | = (om)

( w(-6) dﬁ) ( /R ) @(5)[?(5) —M@)n?dg)
( YR (V)] dv) (/RB |61 (€)[F(€) — ]‘7(5)]\2615)
-3 (/R 1|v|<R+2,7dv) (/R |@(5§)|2|§|4|||F—M|||gd§)

—6

4 B _
< Cm) S F R 2P NP - MG [ el Pde
This gives [((F — M) * ¢, ¢(1)> | < Co(R + 2n)3/2¢77/2|||F — M]|||op. To estimate the

second term, we use the inequality [gs [v[*d|G * ¢c|(v) < 2[¢ellL1[|Gll4,, valid for all
G € B>(R?). We then have (because 0 < & < 2)

(=20 woe 0 | < [ Nupsrdl(F = 30) = 6.l(0)
SR2AJWﬂW—M%¢JMSGm2-

Thus,
((F = M) % 6, )| < Co(R+20)%%~/2|||F = M]||o + CoR 2

for all R > 0,7 > 0. Letting n — 0 and taking sup with respect to ¢ € C2°(R?) satisfying
9] L < 1 gives || (F — M) * ¢c|g, < Co (R3/?~7/%|||F — M|||o + R~2). Minimizing the
last term with respect to R > 0 gives the inequality (2.6).
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(ii) Suppose F' € By(R?) N H*(R3), 0 < s < 2. For any ¢ € C°(R?) satisfying
|llLe <1, let ¢§%1’)77,¢(2) be given above. Then,

[(F o 6c = Fy ol < |(Froe—F, o)) | +](Fro.—F o)) |-

Estimating the first term on the right side:

2

e N I ol | RO HICRIXGER G

< 2n /R JuwPa) ([ i - 1piF@Pa)
< @0 ([ tensamo) [ 150 - 1P1F@ P )

Since a(O) =1, 8%@;(0) = 0 and the support of ¢; is the unit ball, an estimate using

Taylor’s theorem provides |¢1(€) — 1| < min{2, 1e%[¢?}. The minimum of two positive
numbers is less than any of their geometric means, so

min{2, h} < 2'7*h®, h>0, 0<a<l. (2.9)

Choosing h = 3e2[¢|?, a = s/2 we get \&(55) — 1] < 2175¢8|¢|%. This gives

/ B1(6) — 12IF(€) e < 4 ( / |s\2$|ﬁ<§>|2ds) ?
R3 R3

and thus [(F x ¢. — F (1)) | < Co(R+20)3?||F| g= °
The estimate for the second term is much the same : [(F x ¢. — (2) > | <
fron dlF 6 —F| < Col|Flls, B2, so that |(F x 6. — F, w)o| < co<R+2n>3/2uFuHs o

Col|F|lg,R™2 for all R > 0,7 > 0 and all ¢p € C°(R?) satisfying ||¢| L~ < 1. Letting
n — 0 gives ||F % ¢. — Fllg, < CoR3?||F|| g €% + Co| F||s,R~2 for all R > 0. Taking
minimum for the right hand side with respect to R > 0, we obtain (2.7) . B

In proving our next results, we will require certain properties of the functions Qg (r)
and Q7% (r) defined in (1.21)-(1.22).

Lemma 2.3. The functions Qp(r), Q5 (r) are continuous, non-decreasing on [0,00) and
have the following properties:

ﬁSQB(T)Sl/W and Qp(r) < Qg(r), r>0;

Qp(Ar) < (1+N)Qp(r), QzAr) <A+ NQ5(r), A7 >0
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Proof. By suppB C [~1,1] we have ||B(-+ h) — Bl|p1(r) < 2fi1 B(t)dr=1/m YheR

and Qp(2) > ||B(-+2) — Bl|p1(r3) = 2fi1 B(1)dr = 1/7. These imply that 0 < Qp(r) <
1/m = Qp(2) Vr > 0. Now the inequality 0 < Qp(r) < 1/7 implies that |logQp(r)| > 1
and so Qp(r) < Qp(r)|logQp(r)| = Q5(r) for all r > 0.

To prove the other properties, we use the subadditivity of {2p and Q7%:

QB(T1—|—T’2>§QB(T1)+QB(T’2), Q*B(Tl—i—Tg)SQ*B(T’l)—i—Q*B(TQ) VTl,ngo. (210)

To see this, note that the function y — y|logy| is concave and increasing from zero on
[0,1/e] which implies that (y1 +y2)[log(y1 +y2)| < y1|logy1|+y2|logyal, y1,y2 € [0,1/e].
Since 0 < Qp(r) < 1/7m < 1/e and the function r — Qp(r) is non-decreasing on [0, 00), it
follows that the function r — Q% (r) is also non-decreasing on [0, co) and the first inequality
in (2.10) implies the second one. Thus we need only to prove the first inequality. Let
r1,72 > 0. We can assume that r; + 5 > 0. For any h € R satisfying |h| < ry + 72, let
hl = 1 h, h2 = 2 _h. Then h = hl + h2 and ‘hl‘ S 1, ‘hQ‘ S T2. By definition of

1412 ri+r2
Qp(+), this gives the first inequality in (2.10).
The inequalities in (2.10) and the monotonicity imply the continuity of Qg (r) and Q5 (r).
In fact, for instance for Qp(r) we have |Qp(r1) — Qp(r2)| < Qp(jr1 — r2]), r1,72 > 0.
From (2.10) we have Qp(nr) < nQp(r) forallr > 0, n=1,2,... Let A, > 0 and let [A]
be the largest integer not exceeding A\. Then, by monotonicity,

Qp(Ar) <Qp((1+[A)r) < (1 +[A)Q2s(r) < (1+A)Qp(r) .

Similarly we have Q5 (Ar) < (1 + A\)Q%(r) for all A > 0,7 > 0. Using the this inequality,
we have for all » > 0

r+2

— Q :

. 5(r)

Since Qp(0) = 0, this gives the inequality » < 7(r + 2)Qp(r) forall 7 >0. N
For the later use, we observe the following:

. 1
F € Py(R%0,1) = |||F = M||lo < min{2 , SI|F = Mlls,} - (2.11)

Indeed, by Taylor’s theorem, we have that for F' € P»(R?;0,1),

1
F(6) =1 —/ (1 —T)/ (v,6)2e eV R (v)dr. (2.12)
0 R3
Since M is isotropic, we have [z, (v, E)2Mp(v)dv = €)%, € € R?, and thus

/AP ©)+ 5 [ (0. 6/)*Mr()do < 5 +5 =2
R3

IF(&) = Mp(&)] 1 /
RS

= 3
& T2 2

N —
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Hence |||F — MF|||o < 2. Also, for all £ € R?*\ {0}

(&) = Mr(©)] _ 1
gz =2

| w6160 = M| v)ar < SIF = Ml

So |[[FF = Mrlllo < 5/|1F — M|,
Lemma 2.4. Let F; € P,(R?;0,1), i=1,2,3,4, and let 0 < q < 2 satisfy
min{[||[Fy — M|llo, [[[F2 = M]l[o} <q  and  min{[|[F5 — M|llo, [[[F4—M]llo} <q
where M is the Mazwellian in Py(R3;0,1). Then for ¢ = ¢?/7-1/120,
I[(Fy o Fy) o (F30 Fy) ¢ — (Fio Fy) o (Fy0 Fy)g, < CoQp(q"/%)
where Qp(-) is defined in (1.21), ¢. is given above Lemma 2.2, and Cy < o0 is an absolute

constant.

Note: The present lemma will be applied together with Lemm 2.5 below. The exponents
such as 2/7 —1/120 and 1/60 in these two lemmas are chosen to balance the effectiveness
of these two lemmas together.

Proof. In the following, Cy (0 < Cy < o0) denotes an absolute constant that varies from
line to line.

The first step is to approximate the given kernel B by one that is smmoth so that
Lemma 2.1 may be applied. Let p1(t) = cexp{—1/(1 —2)} for [t| < 1, pi(t) = 0 for
|t] > 1, and choose ¢ so that [ ¢1(t)dt = 1. Let o (t) = 1¢1(%), and Bx(t) = (B*$x)(1),
0 < A < 2. Then B, is also even and satisfies ||By||;1 = ||B||: = 1/27 and

IBx = Bllrr <Q5(\),  [Ballze < CoA™", || Ballec < Cod™ . (2.13)

Also, by Hélder’s inequality we have

L Bi(t) 3/7 wr "
| 2 < sl Qe ([

4/7
(1- t2)7/8dt) < Coy A7, (2.14)

Hence Cp, s < 0o, where Cp s is given in Lemma 2.1, and so Lemma 2.1 may be applied.

Let F; € P»(R?0,1), i = 1,2,3,4, and let Q*, Q°*, QF, Q5" be the collision gain
operators with the kernels B({z/|z|,0)), B({z/|z|,0))1{z|>5}, Ba({2/|2],0)) and
Ba((z/|z|,0))1{)2|>s} respectively, where z = v — v, as above. Let

G(v) = QT (F1, ) (v), Gs(v)=Q " (F1,F)(v), Girsv)=Q3 (F1,F)(v),

H(v) = Q" (F5, F1)(v),  Hs(v) = Q" (Fs, Fi)(v),  Has(v) = Q5" (F3, Fu)(v).
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Then
[[(F1 o Fy) o (F3 0 Fy)| * ¢e — (Fy 0 Fo) o (F3 0 Fy)llg,

= |Q7(G, H) * ¢ — Q" (G, H)||5,

<2|QF (Grs, Hrs) — QT (G, H) g, + |QF (G5, Ha5) * b — QY (G5, Hrs) |18,
(2.15)
and

1Q (G5, Hy5) — QY (G, H)||z,
< QY (G5, Hrs) — QT (Grs, Hao)lls, + [1QT(Gas, Has) — Q1 (G, H)||5,
+ HQ+(G57H5) - Q+(G7 ‘H)HBO .

Since F; € P»(R3;0,1), we have
1GlB0, 1GsliBes 1GasllBoy 1H By, [HsllBes [[HAsllB, < 1.

Using the formula (1.17),

1QY (Grs, Hxs) — QT (Grs, Ha) |, < 27| By — Blls, < 2705(N),
QT (Grs, Hrs) — QT (Gs, Hs) ||, < |Gas — Gslls, + |Hxs — Hsllg, < 41Q5(N),
Q" (Gs,Hs) — Q" (G, H) ||, < ||Gs — G|, + ||Hs — H|| 5,

and for ||Gs — G||B,, ||Hs — H||B, we have for instance
IGs = Gllsy = [ Q" (P72 = @ (PP, <[] 1o jnndFi(0)aR(v.)
X

Suppose, for instance, |||Fy — M]|||o < ¢. Then by Lemma 2.2,

I MviendB@)dFaw) < [Blls, sw [ daRi)
R3xR3 v ER3 J|v—v,|<6

< Co (672|[|Fy — M|[Jo +6%) < Co (6 2q+6%) .
The same argument also holds for |Hs — H||g,, and therefore we get
IGs — Glls, + [|1Hs — Hl|, < Co (67q +6°%) .
In summary,
2)|Q¥ (G5, Hrs) — QT (G, H)||g, < 12705 (\) + Co (67 %q + 6°) . (2.16)
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Next, we estimate HQ;\’—(G)\’(;,H)H(;) * (g — Q;’(GA,(;,H)H(;)HBO. Since B, is smooth, for
any 0 < s < 1/2, Lemma 2.1 provides

QY (Grs, Hyrs) = QF ( §+(F17F2)7 Q§+(F3,F4)) € B:(R’) N H*(R?)

and, by (2.13),(2.14),

C
+ 0 2 —2
10X (G5 Has)le < e (1Bl Bl 0
Co _4—a)7
< — A /7572
T /1 —2s

Thus, by part (i) of Lemma 2.2 with s = 3/7, and the fact that ||Q¥ (Hx s, Gr5) s, <4,

s,
1QX (G5, Hxs) * e — QX (G5, Hxs) |5,
< (HQ}L(GA,(S,HA,J)Hmfﬁ 45/ < ¢ <)\7474/7 52>4/7 c12/49
Together with (2.15) and (2.16), this implies that for all0 < § <land 0 < A <2
I[(Fy o F3) o (F30 Fy)] % ¢ — (Fy o Fy) o (F30 Fy)l5,

< (Cy <QB()\) NI o PRIy L ()\7474/7 5f2)4/7 812/49) .

Now choose A = ¢'/%) § = (¢/2)'/180, then, recalling that ¢ = ¢*/7"1/129 and 0 < ¢ < 2,
we compute

|[(Fy o Fy) o (F30 Fy)|* ¢ — (Fy o Fy) o (F30 Fy)|g,

<CO <QB( 1/60)+q1/60+q4_2(%7ﬁlo)76_10'%$> ,
and 35 (2 = 755) — 55 137 > g Then by the property of Qp(-) and 0 < g <2 we have

1/60 + qrz(%*%o)*% v < 3q1/60 <127 QB(ql/GO) )

n
Lemma 2.5. Let F' € P,(R3;0,1). Then for any 0 < § < 1,
|Qi(F) = Mrls, < Co (n™0 + Qp(a/*™)),  n=1,23,. (2.17)

where

= T(F)—-M
i = max_ (IQA(F) = Ml
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and Cq is an absolute constant.

Proof. Throughtout the proof, we simply denote My by M. Let N = [n'=%] be the least
integer not less than n'=%. If n < 4N, then 1 <4N/n <4(n'~2+1)/n < 8n'%/n =8n~°
and so

1Q7% (F) = Mllg, <2< 160"

So in the following we can assume that n > 4N. Also whenever Q' (F) — M is considered,
we can assume that g, > 0. Let ¢.(2) = (1/¢)3¢1(2/¢) be the function used in the proof

of Lemma 2.2, here and below € = q2/7 1/120, (Recall that ¢, < 2). Consider

Q7 (F) = M5, < Q7 (F) = Qy (F)  ¢cllm, + 1| (Q (F) = M) # e[, + | M ¢ — M| 5,

For the first term, consider the following decomposition (recall definition of Q' (F)):
Qn (F) % ¢ — Qp (F) = [Pa(F) % ¢ = Po(F)] + [Ra(F) * ¢ — R (F)] (2.18)

where (using fog=go f)

n—2N 9 2N—1
Po(F =n_1 D QU)o QI(F), Ra(F)=—"= > Qf(F)oQ}_(F).
k=2N k=1

For the principle term P, (F'), consider further iteration

Qi (F)oQy (F)

T L L ()0 QL (P e () () 0 QL ()
which gives
1 n—2N k-1 n—k-1
HP( )*(bs_ ( )HBO_n—l Z (k 1 n_ _1 Z

k=2N i=1 j=1

[QF (F) 0 Q_;(F)] o [QF (F) 0 QF_j,_;(F)]} * ¢

— QT (F) o Qi (M) 0 [Q (F) 0 Qu_,_;(F)]

Bo

For any k € {2N,...,n — 2N}, any i € {1,...,k — 1} and any j € {1,...n—k — 1}, we
have: either i > k/2 > N or k —i > k/2 > N; and either j > (n — k)/2 > N or
n—k—j>(n—k)/2> N. This implies that for any k € {2N,...,.n — 2N}

min[[|Q; (F) ~ Mlllo, 1@ ,(F) — Mlllo} < guy i =1,k — 1
min[[|Q7 (F) - Mlllo, 1Q;__;(F) = Mlllo} < qus G =L —k—1.
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Since QZ(F) € P,(R3;0,1) V k € N, it follows from Lemma 2.4 that, with ¢ = q721/771/120’

max
1<i<k—1, 1<j<n—k—1

{[QF (F) 0 Qi (F)] 0 [QF (F) 0 Q_j,_; (F)]} * ¢

< Co (g,
Bo

—QF (F) o Qi (M) 0 [Q (F) 0 Qu_,_;(F)]

for all k =2N,...,n—2N. Thus
| P (F) * ¢ — Pp(F)||B, < Co QB(q}z/GO), e = qi/7*1/120.

The estimate for the remainder R, (F) is easy:

[Bn(F) * ¢ — Rn(F)l5, < 2[|Rn(F)l|5,

2N—-1
4

i (F)lls, = H(QN -1)<Con”’

Thus by (2.18)
QF(F) 6. = QF (F) sy < Co (n~? + 2(al/)). (2.19)

For the second term, using Lemma 2.2 part (i) and notice that |||Q; (F) — M]||lo < gn,
we have

1 (Qf (F) = M) * éel, < Coe™2 (1Q(F) — MJ[lo)*”

(2.20)
<C @ —4/7+1/60 4/7 C q1/60 <C A7 QB( 1/60) )

Finally for the third term,
||M*¢5—M||BO:/ gbl(z)(/ |M(U—€z)—M(v)|dv)dz,
lz|<1 R3

using the elementary inequality |e¥ — 1] < |y|e!¥! for y € R, we have for all |z| < 1

|M(v—ez) — M(v)| < Cgee*|”‘2/2(1 + |v|)e2lv!

So
|M ¢ — M||5, < Coe < Coq/®° < Codm Qp(q/).

This together with (2.19) and (2.20) gives the estimate (2.17). |
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3. Estimate of |||Q;(F) — Mr|||o

For any a > 0 and H € By(R?) with vanishing total mass and sufficiently many van-
ishing moments, |||H]|||, is given by

|H(¢)]

|||H|||Oé: Sup ’5‘24_0[ :

These norms have been introduced into kinetic theory by Gabetta, Toscani and Wennberg
n [16]. For Maxwellian molecules they have a contraction property, which, for a = 0, is
equivalent to the contraction property first discovered by Tanaka [25],[26].

(<L) (>1)
For any constant L > 0 we introduce the following semi-norms ||| |||, and |||-|||, :
[H(©) u?us)\
Ao~ = P Jepre Ao 2o
o<lel<z [€] L I€]
. . (<L) (>L) 3
It is obvious that |||H|||o = max{|||H|||, ", |||H|||, "} For any F € By(R?), let
Lo .
pii(F) = vivy = gl ) dF(v), 4,5 =1,2,3.
R3
Here v; are components of v = (vy,v2,v3) and §; ; = 1 for i = j; = 0 for ¢ # j. For a

constant L > 0, let y, be a C°-function on R3 satisfying
0<x,<1 on R% x,(§=1 for [¢<L.

Then define a linear transformation F — Pp : Ba(R?) — By(R?) through the Fourier
transform:

=—3 pr )Gés | x. (),  £eR>

i.e.

dPp(v) = ——pr (2m)~ / &&ix, (6)e! W de | du.

Referring to [12], we now define the following functional on P»(R3;0,1)NB,(R?) for s > 2:

(L)

* (=L)
O*(F) = max{ [||F — Pr — M||[,

L+ K|[Pplllo s [[IF=Mllly "+ (3.1)

where K > 1 is a constant, and = (s — 2)/(s — 1), which implies that ®*(F) < oo for
F € P,(R?;0,1) N B, (R3) (see also below).
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The functions p; ;(F') have the following contraction property (refs. [16], [12]):
a
pij(FoG)=[pi;(F)+pii(G)],  F.GePR(R%0,1) (32)

where

+ Z 2T /07r B(cos(6)) sin(#) cos?()df < 1. (3.3)

Lemma 3.1. Let s > 2 be a constant, « = (s —2)/(s —1). Then there are finite constants
L>0,K>1,0<b<1 and A >0 which depend only on the kernel B(-) and s, such that

P*(Fo@) < 1T_b [ ®*(F) + @*(G) ] V F ,G <€ P,(R?0,1)N Bs(R?)

and

II1F = Mlllo < ®*(F) < A|FIl/®™Y ¥ F e P(R%0,1) N Bs(R?)

where ®* is the functional given in (3.1) with the constants o, L and K.

Proof. We first prove the second estimate. Let F' € P»(R?;0,1) N Bs(R3). We have

(£L)

[1E = Mo

(£L)

<|[|F = Pp =Ml L +[|[Pr|lo-

(£L)

Since [[|[F" — M|[|o = max{ [[[F" — M||,

(=zL)

, I|[F— M|l } and K > 1, it follows that
[[F = Ml[lo < @*(F).
On the other hand, by definition of p; ;(F') and Pp, we have

Fr(© == 5( [ 106 = JoPIEPIFe)do ) )

-3 [ werrm - [ memm)x e

This gives
[ Prlllo <1 (3.4)

and

Pr©)=—5 [ (0.0%ar@ + 5l < (35)
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and then using (2.12) we get for |{] < L

~ —

P& = Pr©) () == [ (1=7) [ (0,027 —1)d[F - Ml(w)ar

In the inequality (2.9) choosing @ = (s —2)/(s — 1), h = 7|¢||v| and using the Hélder
inequality we obtain that for any H € B,(R?)

[ g2t - yao)

< 2P| STV H,, 0<T <L

Applying this inequality to H = F — M gives

(£L)

I|1F = Px = Ml ~ <27%F = M|/C~ V|| F - M2 . (3.6)

(=zL)

On the other hand by the inequality (2.11), we have |||F' — M]|||, = < |||FF — M]|l||o < 2.
Since 4 = ||F||;, < [[F|,,, and since [[M||,;, depends only on s, it follows that

1/(s—1 1/(s—1 1/(s—1 1/(s—1
L<IFIZSY, and  IFIECTY w M < e FIEETY

It then follows from (3.4)-(3.6) that
o*(F) < (IFIYC™D + [MIYCD) Lo 4+ K + 2 < A|[F|Y/¢

where the constant A depends only on s, L and K. This proves the second estimate in the
lemma.

Next we prove the first estimate. Let F,G € Py(R?;0,1) N B,(R3). Then F oG €
Py(R3;0,1) N Bs(R3) so that ®*(F o ) makes sense. Consider the decomposition:

FoG—Prog—M=(F—Pp)o(G—Pg)— M+ FoPg+ ProG— ProPg— Proc
which gives

(L)

[||F'o G — Proc — M]||,

(L)

< ||(F = Pp) o (G = Pa) = M|||,,

(L)

+ |||F o Pg + Pr oG — Pr o Pg — Progl||
(3.7)

Furthermore, since M o M = M,
(F—Pp)o(G—Pg)— M
1 1
:E(F—PF—M)o(G—PG+M)+§(F—PF+M)0(G—P(;—M),
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and then, using the Bobylev identity (2.1),

—~

[(F = Pr)o(G—Pg)]” (§) — M(¢)

/ BUE/IEl, oDIE (L) — Pr(ey) — M(EGE) — Pale_) + M (¢_))do

o~

+5 [ BUE/ELoIF(E) = Pres) + EDIG(E-) - Pol-) — M(€-)ldo

Recall that || = cos(0/2)[¢], |£—| = sin(6/2)|¢], and notice that
|Pr(ex)| < |[|Pr|lloléx]? < €<%, [Pa(Es)] < |[|Palllolé+]? < [€<[?. We have for |¢] < L

'[ﬁm Br(es) - M(EDIG(E.) — Pale ) + M(&)}'
<|IF = P — M]lJ cos® (8/2) €2 + L2 sin(8/2)]
]u%) ~ Br(ey) + M(EDGE.) — Pale.) - M(s_ﬂ'
<1 = P — M]lJosin®(0/2)/¢ (2 + L? cos?(8/2)]

Since B(0) := 27 B(cos(0))sin(f) = B(w — ), it follows that

[(F — Pr) o (G — Pa)]™ (€) — M(€)|/|€]*

/ B((¢/l¢l. o (\HF—PF—Mmf“cos“a(e/z)[H%Lzsm?(e/z)]

(£L)

+ |G = Pg — M|||, ~ sin**(6/2)[1 + %LQ cos2(0/2)])da

A (L) (<p)
=25 (1 = pe = M 4116 - pe - b

where
(L) = /0 "B (cosz+0‘(9/2)[1 + %L2 sin?(0/2)] + sin2+°(0/2)[1 + %L2 cos2(0/2)])d0

Thus

I(F=Pr)o(G—Pe)-n 5 < 22

(L) (<L)
(mF P M]||5" 111G=Po—M])[C ) (3.8)
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(L)

Next, we estimate |||F o Pg + Pp o G — Pr o Pg — Procl||, - We have

(FoPg)™ (&) +(ProG)” (§) = (ProPs)” (§) = Proc(§)

= /S B((g/lel o) ([Fm) —1]Pa(¢-) + Pr(&)[G(e-) — 1] - 13;<5+>1%<5_>)da
+ | BUS/IEL N (Pr(e) + Palé-Ndo - Proale),  I€1< L.

Note that the last difference is zero, i.e.

Proa(€) = [ BUE/ELo)IPRE) + Pate do. J6I < L. (39)

In fact, applying the formula (2.2) (i.e. exchanging the positions of ((v — v.)/|v — v, o)
and (¢/[¢|,0)), and recalling that F, G have zero mean,

/f{3<v,§>2d(FoG)(v) 2/82B((f/\é‘!,a»(LB<U,§+>2dF(v)+/P{3<v*,g_>2dg(v*))d0_

Then applying (3.5) to FoG, F and G respectively and using |£|? = |€, |2 +]£_|* we obtain
(3.9). Thus, for all 0 < |£| < L we have

(FoPg)™ (&) + (ProG) ~ (&) = (ProPa)” (§) = Proc(é)|

< /S B((&/1€l o) (\ﬁm —1|Pa(€2)] + |Pr(ep)|G(E-) — 1] + @(gnz%@_)\)da .

Since |ﬁ(§) -1 < %]5\2 (see (2.12)), ]131\:(5)\ < I1P=||lol€|?, ||| Prl|lo < 1, and the same is
true for G, it follows that

(F o Pe)™ (€) + (Pr o G)™ (€) ~ (Pr o Pa)™ (€) ~ Praa(€)
< (310Pellio+ 3117l + IPellallPello) [ Be/ielople: Ple-Pas

< 5 (I1Prlllo + [IPalllo) [€]*, el < L.

N —

Therefore,

(L)

1 —
[|FFo P+ PpoG — ProPg— Progllla < 5 (llPrlllo + [l Palllo) L°
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which, together with (3.7) and (3.8), yields

b >\1(L) <n
[|[F'o G = Ppoc: — M|[o 5 \IIF' = Pr = Mlllo

(<L) L2
#1116 = P = MIEE® ) + 5 QlPelllo -+ 1l

Also, by the formula (3.2) we have

— a, - —~ a
Prog(§) = 5[Pr(&) + Pa(@)] . [l[Proclllo < Sl[Prlllo + Il|Fa]llo]
which, together with the above inequality, gives

(<L) Lo
I|F'e G = Proc — Ml|lo L + K|||Proclllo

A (L) (SD) 4 (1) o
< 2 (iF - po Ml G- P - ML) )

L2+ Ka
s (I1Prlllo + 11 Palllo) -

It remains to estimate |||F o G — MH]B‘ )

F(€0)G(6-) = M(g0)M(E-)
[F(€) — MENNIGE) + ()] + [G(e) — M(EIF(EL) + M(E,)]

Write, as above,

M|H

Since M(&) = e~ €172, |¢,| = [¢] cos(8/2), |¢-| = |¢]sin(0/2), we have
€]> L= M(£s) <e TS0 M(e ) < e sin’0/2)
Hence by ’ﬁ(fi)\7 ’@(fi)\ <1 and B(f) = B(r — 6) we have for all |{| > L

(FoG)™ (€) — M(€)|
€2

<3 [ st (= 4 S oo

G(¢2) — M(€2))]
ARNTEE

[1+ M(&,)] Sin2(9/2)>d0

<3 [ BO(IF - Mllolt+ e 0 cos072)
2 0
G — M]|lo[L + e~ & «05*©/2)] sin2(9/2)>da

A2(L)

([ = Mllo + [I|G' = M][lo]
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where
m_ /1 2 1 2
A2(L) = / B(0) (5[1 + e S 0/2)] ¢os2(0/2) + S+ e~ c0?(0/2)) sin2(0/2))d0
0
Thus,
(>L) )\2(L)
[F'oG—Mllly " < [[[F" = Ml[lo + [[|G = M[l[o] ,

and since |||F — M|||p < ®*(F') we obtain

=) _ Ao(L
lIFoG—aly” < 22

[@*(F) + *(G)]. (3.11)

Note that by definition of A\;(L) we can choose a small L > 0 such that \;(L) < 1. Since
0 < A2(L) and a < 1, we can choose b > 0 such that

rnax{)\l(L), )\2([;), a} <1-0.
We then choose the constant K such that

L’ + K L?
1 S K and % S K, e.g. K= maX{l, m} .

By (3.10), (3.11) and by definition of ®*(-), we then have

(L)

[[F'oG = Prog — M||, L* + Kl[|Proclllo

1 (L) L’ + Ka
< 232 (1F = P = il 2o+ EERE el
(L) L’ + Ka 1-b,_, .
#lie = P = ML 2o+ S el ) < 250 () + (@)
and
(>L) 1-0, ., N
IFoc—MIg" < 1500 () + 2*(@)]
Therefore
1—-0
¥*(FoG) < — [0 (F) + &*(G)].

Finally we note that the constants L, K and b depend only on B(-) and a = (s —2)/(s—1).
|
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Lemma 3.2. Let 0 < c <1 be a constant and a,, be real numbers with the relation

n—1
c
Ogangn_lzak, n=2,3,
k=1
Then
92 1—c
a, <c (—) ai, n=23,.. (3.12)
n
Proof. Consider
1 n—1
Ap=— ;ak, n=23,

By assumption we have a,, < cA,,n = 2,3, ... This implies for any n > 2,

n n+1

1< 1 b b
k=1

where b = 1 —c¢ > 0. This implies that A,, < (%)bAg, n > 2. Since a, < cA, and As; = aq,
this gives the inequality (3.12). |

Lemma 3.3. Let s > 2 be a constant and let 0 < b < 1 be the constant obtained in Lemma
3.1. Then there is a constant 0 < C' < oo which depends only on the kernel B(-) and s,
such that for all F € P,(R3;0,1) N Bs(R3)

1 b
L/(s=1) (—) n=1,23
Bs n ) ) Ly Dy e

Proof. Let ®* be the functional given by (3.1) and let F' € P,(R3;0,1) N Bs(R?). Since
QF(F) € P2(R30,1)NB,(R3), ®*(Q; (F)) makes sense. By Lemma 3.1, (1.10) and notice

. . . 1 n—1
that the functional F' — Pp is linear, PQ:(F) =D k=1 PQ;:(F)OQ:%(F), we have

Qi (F) = Mlllo < C||F

V(QF(F) € = S @ (QF(F) o QF (F) < -0 S @' (QE(F). n=23...
k=1 k=1

Therefore by Lemma 3.2 (with ¢ = 1 — b) and Lemma 3.1
2" 1\"
w(QHF) <=0 (2) e <a-p 2aFlen (1) a2

n
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Thus with C = 2°A which depends only on B(-) and s and using Lemma 3.1 again we
obtain [||Q; (F) — M||lo < ®*(Q}(F)) < C||F||Y/¢"Vn=b n=1,23... A

A natural connection between Lemma 2.5 and Lemma 3.3 is given by the following
lemma:

Lemma 3.4. Let F € P,(R30,1). Then for any 0 < ¢ < oo, there is an F. €
P2(R3;0,1) N B4(R3) such that

3

|F]l, < 280(1 + 3¢)° (/R \v\dF(v))4 é (3.13)

and
m@—Fwogw<&B+Jﬂ&B». (3.14)

where Jg(r) is defined in (1.20).

Proof. Given any € > 0. By Riesz representation theorem, there is a unique measure
F. € By such that
(b(% - va)

T F(v) (3.15)

m¢@ﬂum:AA

for all ¢ € C,(R3), where A = A\. > 0,p = p. > 0 and v. € R? are determined uniquely by
the system of equations

A/(L%_%Jﬁwﬁumm—uoa (3.16)
R? 1+ elv|? T '

which is solved as follows:

1 1 Jrs ﬁwdF(U)

A= , _
Jrs TrepRdF () P Jro TR AE(v)

2
| 2

(e v tr ) (e w2 dr ) = | tir ()
p= 2
3 s P )

Note that by Cauchy-Schwarz inequality, the right hand side of the last equality is strictly
positive, as it must be for this to define p.

This shows that the function F. satisfying (3.15)-(3.16) is well defined. Moreover since
F € P,(R3;0,1), it easily seen that F. € P»(R?;0,1) N B4(R?) and the equality (3.15)
holds for all Borel functions ¢ satisfying sup,cgs |¢(v)|(1 + |[v]?) 72 < .
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We now prove (3.13) and (3.14). The first step is to estimate A, p, ve.
For any real number y, using ng vdF(v) = 0 we have

‘/R 1—|—Z]v]2 '/R A=yl +elvP)v jp,,

1+ v

< (/R mdﬁ’(v) —2y+(1—|—3€)y2> (/R %dﬁ’(v)) .

The last term takes on its minimum at y = 1/(1 4 3¢), and hence

’/R %Wdﬁ“(v) 2 < (/R ﬁdF(v) - ngg) (/R %dﬂv)). (3.17)

This implies that
1 1
[ kst
rs 1+ ¢lv|? 1+ 3¢

(o i) (o mimtro) =| [ v e

2

and

> L / [0 dF(v) >0
)
~ 14 3¢ Jrs 1 +¢|v|? ’
and hence we obtain
1
1< A= <1+ 3¢ (3.18)
fR3 1+a|v\2dF( )

and

2> m (/R %dﬁ’(v)) (/R ﬁdﬁ’(v)) T a9

The last inequality implies that

1 Els -
— < 3(1 ——dF . 3.20
7 <3 ([ o) (520
Also,
|ve| < 3Ve. (3.21)

In fact, by the estimates (3.17), (3.19) and [g5 Tl‘vde(v) < 1, we have

2

e el ()

(o eetF @)

‘%‘2 =

1 1
<3(1+3 ———dF -] <9e.
7 <301+ 6)</Rg 1+ glv|? () 1+35)_ c
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Now we prove (3.13). We have

|2_U€|4
Fl,. =7 YF.(0) =7+ \ £ _dF(v),
1P, =7+ [ Wl'aRw) =742 [ Emmdre)
2 et <8 (ol ), [ PEip) < 2
— — v v () S EE——— v —
p P S Jgs 1+evf? €

Hence by the estimates (3.18), (3.20) and (3.21),
1
4 4, -4 4
dF.(v) < 8\ e|”) ———=dF

< 8(1+ 3¢) ((3(1 +3¢))? (/R LalF(v)) - : g + 3452> .

2 1+ efuf?

Furthermore, using the Cauchy-Schwarz inequality,

(/R %dﬁ’(v))_l < (1+30) MR \v|dF(v))_2, 372 < (/R |v|dF(v))_4

with the consequence that

/RS [v|*dF.(v) < 8(1+ 3e) (3%(1 + 3¢e)* + 3%?) (/R \v\dF(v))4 . é |

3

Therefore, we compute

—4
IFe]ls, < [7-3% +8(1+3¢) (3%(1 4 3¢)* 4 3°¢?)] (/RB |v|dF(U)) %

< 280(1 + 3¢)° (/R ]v]dF(v)) - é .

This proves (3.13). (The constant 280 is correct, though arriving to it requires close and
careful estimation. However, the value of this constant is not crucial for the argument that
follows, and the reader may substitute more expeditionous estimation if desired.)

Next, note that by F., F € P»(R3;0,1) we have |||F. — F|||o < 3. This implies that if
£ >1/9, then |||F. — F||lo <3 < 15¢/3. So in the following we assume that 0 < & < 1/9.

We need to estimate | EI71)‘2|v|2alF(v) and |p? — 1|. We have
R3 Tte|v]? p :

[ eparw < 72 [ wpare) s [ pare)
— 5 |V v P E—— (Y (% (% v
re 1 +€vf? T 14 Jipcemn o] >e1/3 (3.22)

< 318 4 JF(El/?’) <3 <61/3 + Jp(el/?’)) )
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This gives

/ ﬂdF(v) —3- / ﬂwdp(v) >33 (51/3 + Jp(51/3)>
rs 1 +e¢lv|? rs 1+ ¢lv|? -

So by (3.19) we obtain (since 0 < € < 1/9)

1 1 2
p? > . _/ Ld}w(v)
14+3 3 Jgs 1+¢v|?

> (1 - 3¢) (1 (V34 JF(gl/S))) >1-2 (51/3 n JF(sl/S))
On the other hand, by the equation that defines p?,

fR3 1+a|v\2dF( ) < 3
B 3fR3 1+5|v|2dF(v N 3fR3 ijdF(v)

=A<1+43 ( <4/3).

Thus,
02— 1] <2 (51/3 + JF(51/3)> . (3.23)

Also, by (3.21) and £ < 1/9 we have

3/2
v.] < 3vE <3 (51/3 n JF(el/S)) and v <1. (3.24)

Now, to prove (3.14), consider

Fe(6) = FO _ |F(&) ~ F(pO)| | [Fe(p) — F(OI

R (3.25)

For the first term, use the fact that for any H € P,(R?;0,1)

e < [ ([ wiieran Yar =37 e 0.

Taking H = F. and using (3.23) gives

|F2 (&) — Fu(pe)| < 3|

1 1
[ vt =Py - <3 (5 4 gel) e
o 2
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Therefore

[F=(6) ‘éf’s(pi)l <3 (61/3 " JF(gl/s)) . £eR®\ {0} (3.26)
For the second term, we prove that

’Fg(pﬂ)ﬂ; FOl <1y (242 + Jp(), €€ R*\ {0}, (3.27)

This estimate holds for |£| > % (/3 + JF(51/3))71/2 because HEHLOO, |F|[~ < 1. Now

suppose 0 < [§| < % (e + Jp(el/?’))il/Q. Using (2.12),

F.(p€) — F(¢)
€2

= [l ([ 0o 0am) - [ .02 05 Dara) ar

where ¢ = £/]¢|. Now apply (3.15) with ¢(v) = (v, p¢)2e~ 7% ) and also with ¢(v) =
(v,¢)%e7H7& ) Then

F.(p€) — F(¢€)
€2

1 _— 2 . .
— / (1—7) )\/ weﬂh&, v=Pve) R () _/ (v, ()2ei(TE, ”>dF(v)> dr
0 rs 1+elvf? R3
1 _ 2 .
:/ (1-7)(A— 1)/ W= Ve O it v g () dr
0 r: 1+elvf?

n /01(1 _7) /R3 (<U — pue, §)* — <UaC>2) ¢~iTE V=) P (p)dr

1+elv|?

1 1 .
o 2 — 1) e 178 v=pve) R (1) d
#famn [0 (e 1) (i

1
+/ (1-— 7')/ (v, C)Q <e*i<75’ v=pve) o7, ”>) dF(v)dr
0 R3

2211—|—12+13+I4 .

Estimating I;: By (3.18), p? < 4/3 and |v.| < 1 we have

3 3
nl< % [ 0.0 a0 are) =5 ( [ w.0%re) + (o)
< % (34 .l) < ?52/3 /B <9 (51/3 +JF(€1/3)> .
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Estimating I>: By (3.21) and p? < 4/3 we compute

1 1
|1Io| < 5/ (2plvel[v] + p?[ve|*) dF (v) = p!va!/ [o]dF (v) + 5 p[ve|*
R3 R3

< 6y + 6 <63 <6 <61/3 + JF(€1/3)) .

Estimating I5: By the estimate (3.22) we have

1 2
hl<y [ T lePar) <
R

3
- 2 31+€|’U| -2

(51/3 + JF(€1/3>) .

o ~1/2
Estimating I: By [¢| < % (61/3 + JF(€1/3))

(3.24),

, p < 2/4/3 and using the inequality in

1
1
< elodl ([ 0= yrar) [ prar) = e

< 1 <€1/3 +JF(€1/3))_1/2 ' (51/3+JF(51/3))3/2 1

. (249 4 Ip(e)

Sl

Thus, for 0 < [¢] < ﬁ (/3 + JF(€1/3))_1/2 we obtain

FL(pf) ~F(E)] _ ¥

This proves (3.27). Combining (3.25) - (3.27) gives us (3.14). |
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4. Upper Bounds on the Convergence Rate

In this section we prove Theorem 1, Theorem 2 and the Corollary to Theorem 2. We
begin by introducing the affine transform of distributions. This is necessary so that we may
apply the results of the previous sections to distributions that do not necessarily belong
to PQ(RS; 0, 1)

Let F' € Bo(R?). Let vop € R® and T' > 0. By Riesz Representation Theorem, we can
define an affine transform Fp of F' by the following equality

vV — Vo

[ oarno) = [ o(“0)arw (4.1

for all ¢ € Cp(R3). Since F' € By(R?), the equality (4.1) can be extended to all Borel
function ¢ satisfying sup,cgs |¢(v)|(1+|v]?) ™! < oo. It is easy to check that the following
properties hold:

F,G € Py(R*wy,T) = Fr € P,(R%*0,1) and (FoG)r = FroGr,

F e PB,(R*v0,T) = (QF(F))r = Q) (Fr), n=1,23,.. (4.2)
The norm || - ||, defined in (1.14) with s = 0 is invariant under this affine transform:
| F||8, = |[Fr||5,- But this invariance does not hold for the norm || - [| ;.. However we have

the following inequality

1PN, < (1427 + 2w )| Frlls, V¥ F €B(R). (4.3)

Similarly, if F' > 0, then using (4.1) with ¢(v) = |/U|21|v‘>1+|v0\7’ we have
VT *

VT r 2(1 + |vo|?)
< < 1. 4.4
JFT <1 |’UO‘ . < T JF(’]")7 O0<r< ( )

Another property which will be used in this section is the following variant of Tanaka’s
fundamental non-expansion property

|||QI(F)—QI(G)|||0§|||F—GH\0» FvGEPQ(Rg;U()?T)v n=12.. (4'5)'

This in turn is a consequence of the fact that if Fy, Fb, G1,Go € P»(R?) have the same
mean, then

1
[|F1 oGy — Fy 0 Galllo < 3 ([[1F1 = Gilllo + |[|F2 — Galllo) -

This is much easier to prove for the norm ||| - |||o, using the Bobylev identity, than in
Tanaka’s original setting.
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The following simple lemma plays an important role in the proof; it gives us convergence
in || - ||z, essentially for free, once we have it in || - ||5,.

Lemma 4.1 For all G in P,(R3;0,1),

2e
G- M|, <CylG— M|z log | —5) 4.6
16 = Ml < CollG = Ml og (=57 (4:6)

where M = Mg is the Mazwellian in P,(R3;0,1), Cy is an absolute constant.

Proof: Consider the identity (using the Jordan decomposition)
|G- M|=G—-M+2(M-G)*"

where ()™ = $(|u| 4+ 1) denotes the positive part of . Then since G and M both belong
to P,(R3;0,1) and (M —G)" < |G—M]| and (M —G)* < M, it follows that for any R > 1

IG =My, =2 [ (14 [oP)ir - G)* 0)

<4R|G — Mg, + (2m) /%~ /1 / (1+ o)1 4 (4.7)
lv|>VR

<A4R||G — M|\, + Cy e /% .

Choose R = 4log(2¢/||G — M||,). Then R > 1 because 0 < |G — M||p, < 2. This
together with (4.7) gives (4.6). W

It is worth noting that the proof may be applied much more generally. For the sake of
simplicity, we have avoided a general formulation.

Before proving Theorem 1, let us first note that the function r — @, . (r) given in
Theorem 1 is bounded, non-decreasing on [0,00), continuous at 7 = 0 and ®, .(0) =0
because the functions r — Q% (r) and r — Jp(r) are bounded, non-decreasing on [0, c0),
continuous at r = 0 and Qp(0) = Jr(0) = 0.

Proof of Theorem 1. The proof of the estimate (1.23) for F' € P>(R3;vg,T) is essentially
equivalent to that for the standard case F' € P»(R3;0,1). However since the function Jp(+)
is not invariant under the affine transform of distributions, we have to maintain the notation
F and denote by Fr € P»(R3;0,1) the affine transform of F. From the affine transform
(4.1) and (4.2) we have

(QF(F) = Mp), = (Qi(F)), — (Mp)r = QF (Fr) — M.
where M is the Maxwellian distribution in P,(R3;0,1). This together with the inequality
(4.3) gives

Q7 (F) = M|, < (1+ 2T+ 2Jvo|?)[|Qyf (Fr) — M|, (4.8)
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Next we prove that

@ (Fr) — M|z, < CP) Qp ((n*a + Jp(n~)Y 60) : (4.9)

~1/30
01(3027 = Cp(1 + |uo)/30(1 + T)1/30 (/ lv — vo\dF(v)) (4.10)
’ R

3

where the constant C'p depends only on B(-), but will change from line to line.
We shall apply Lemma 2.5 to the measure Fr € P»(R3;0,1). We first prove that for
any € > 0

1/3 b
IQA(Fr) = Mllla <15 (54 ey (49)) 4 Co(Crp ) (1) (1) (@)

9 m

where

3

Cry e = 280(1+3¢)° ([RB \v\dFT(v)) - = 280(1+3¢)°T> (/R v — vode(v)) - (4.12)

and here 0 < b < 1 is the constant in Lemma 3.3 with s = 4. Let Fr. € P,(R?0,1) N
B4(R3) be the measure given in Lemma 3.4 with respect to the measure Fr and s = 4.
By (4.5), Lemma 3.3 and Lemma 3.4 we have

11Q; (Fr) — M[lo < ||Q;(Fr) — Q. (Fro)lllo + [|Qr (Fr.e) — M|l]o

b
1/3 (1
< 1Fr = Frllo + o (1Pl ()
INV/3 N
<15 <€1/3+JFT(€1/3))+CB(CFT,5)1/3 (g) (E) .

This proves (4.11).

To prove (4.9), we need to balance some exponents: Suppose € = n~3* for some con-
stants o > 0. According to Lemma 2.5 and the above estimate (4.11), we see that the
exponents « and § (see Lemma 2.5) are best chosen as o = (1 — 0)b, & = «/60. This
gives

- 60b b
1204+ b’ 12040

The reason will be clear from the following derivation. Let

g = max |||Q}(Fr) — M|lo, n>1.

nl=9<m<n
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For any integer n > 1, choose

3
. VT n=@
- 1+ ‘Uo‘ n—¢ '

Then by the inequality (4.4) and (4.12) we have

JF(nia),

T (£Y/3) = T, ( VT n=@ ) - 2(1 + |vo|?)

1+ |vg| n—« T

1/3 —4/3
(Crp)'/? < (280(1 + 3T3/2)5> T2/% (/ v — vode(v)> :
R

3

and therefore using (4.11) and o — (1 — 0)b = —« we get
|||Q;(FT) - MH’O S 01(31; (n_a + Jp(n_o‘)) , m 2 nl_‘S

where

1 _ (1 + Juol?) 3/2\5/3 1/6 s
cW) = Cp ﬁ+#+(1+T )31 + v T v — vo|dF(v) :
, -

Thus

1/60
q}l/m < (C’gl) (n*a + JF(nfa))l/(;O = C’g)F (n*a + JF(”fa))

1/60
By the property of Q5(-) given in Lemma 2.3 we have, with C‘(BSL =1+ Cgé,

Qs (41/%) < 0 (€2, (02 + Te(n=) ™) < 0005 (02 + Jr(n=) ™)
Therefore, by Lemma 2.5 and n=% = n=%/%0 < 37Q5(n=*/%9) we obtain that for all n > 1

1@ (Fr) = Mlls, < Co {n™" + 2z (4/*°) } < € Q2 (0™ + Je(n™)) /)

where C’}(;lzv = Co(3m + Cg’)F) Next, we compute the constants: By definition of Cg,)F
(i=1,2,3,4) we have

CM < (3m+1)Co

1 1 4 T3/2yT1/6 1/60
+OO(CB)1/60(1+‘UO|)1/30{\/T+_+ 0 ) )4/3}

T (Js Iv — voldF (v)
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Furthermore, by F € P,(R3;vg,T) we have 1/T < 3 ([gs [v — v0|dF(v))_2 which gives,
after application of the arithmetic—geometric mean inequality to eliminate fractional pow-
ers,

—4/3 -2
1
VT + % 4 (14 T¥2)71/0 (/ v — vo\dp(v)> <6 (/ o — v0|dF(v)) (1+7T)2
T R3 R3
and so CW < Cp(1 + |ug)Y/3(1 + T)30 (figs v — voldF(v)) ~/** := C©) . This proves

(4.9).
For later estimates, we require the coefficient CI(BOL of Qp(+) is not less than 2e. In fact
we have

—1/30
(1+1)4/30 (/RB v — vo\dF(v)> > (14 T)Y/3037)~1/60 > 1,

Thus if Cg > 2e, then C’](BO)F > 2e. Of course we can assume that Cg > 2e.
Now from (4.9) and Cg?zm > 2e and the definition of Q7 (-) one easily checks that

2e
1Qx (Fr) — M|,

1Q; (Fr) — M|z, log < ) < 0O a3 <(n_0‘ + Jp(n~))" 60) . (4.13)

Combining the estimates (4.8), (4.6), (4.13) and (4.10) we obtain that for any n € N

1@ (F) = Ml < (1+2T +2Juf2)Co 005 ((n70 + Tp(n)) /)

and (14 2T + 2Jvo[2)Co C©). < Cp(1+ |vo)3(1 + T)2 (fa v — voldF(v)) "

B,F —

=Cp p-
This proves (1.23) and the proof of Theorem 1 is completed. [ |

Proof of Theorem 2. Recalling that the Wild sum (1.9) also holds for distributional
solutions and using the identity Y > e " (1 —e *)""1 =1, t > 0 we have

1fe = Mplls, <> e (1 —e )" HQE(F) = Mp|,,, t>0.
n=1

Also we have
1QF (F) = Mpl|,, <1QF(F)lls, + I1Mell,s, = 2(1+ |vo|* +3T) .

Let n > 0 satisfy
nb . 120+ b
— 1.€. = —-— .
> = 120 + 20
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For any t > 0, choose an integer N such that e”® < N < 2¢". Then, by Theorem 1, we
have

Ife — MF||,
N o)

<Y e —e ) THQE(F) = Mpll, + Y et (1 —e )" HQF(F) — M|,
n=1 n=N+1

IN

2(1+ [vo|* +3T)Ne "+ (1 —e )N,  (N79)
<1201+ )21+ T)e D0 4 8, L (e77)

where o = 60 b/(120 + b). Since na /60 = nb/(120 + b) = 1 — n, the properties of Qp(-)
implies that

e~ (1=t _ ,—(na/60)t < 375 <(e—77at + JF(e—nozt>)1/60) '

By definition of ®,, ,. (r) given in Theorem 1 and recalling that [, [v—vo|dF (v) < (3T)/2
we get

Ife — Mplls, <12(1+ |vo|)2(1+T)e” PP+ @, (e77)
(120 + Cp) (1 + |vo|)2(1 + T)?
1/30
(Jgs lv — voldF (v))

= &)BJ, (e7not) .

<

Q*B <(6777at+JF(6777at)>1/60>

Here Q:)Bf(r) is a modification of ®, .(r) by only replacing Cp with 120 + Cp. Since

_ 1204b . 60b _ 30b _ : ~
N0 = {50795 * 19043 = cotg = I this proves the estimate (1.24). [ |

Proof of Corollary to Theorem 2. The Hélder condition (1.25) is equivalent to Qp(r) <
Cpr®with0 < a = a,, < 1. Let ; = 30b/(60+b) be the constant in Theorem 2. Using the
inequality y|logy| < Ty%/7 for 0 < y < 1 we have Q% (r) < 7(Qp(r))%/7 < 7(Cp)8/Trbe/T,
and so by Theorem 2 and the definition of ®, . ()

—M < @ *ﬁlt < C *ﬁlt J *ﬁlt 1/60 604/7
||ft F||B2 = B,F(e )— B,F (6 + F(e ))

S C’B,F <6_(51a/70)t + (JF(e—ﬁM))O‘/n)) : ¢ Z 0.

Here C, . denotes the finite constant that depend only on the kernel B(-) and the initial
datum F'. Furthermore by assumption on F' we have for any ¢ > 0

Jp(e Pty < e‘wlt/ jv|>*TOdF (v) = Ce 91t
R3
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Let f = min{p1«/70, §B1c/70}. Then

67(5104/70)t + (JF(efﬁlt))a/’?O S Ceiﬁt .

This proves the corollary. |
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5. Lower Bounds for the Convergence Rate

5.1 Construction of initial data This section is devoted to the lower bounds on the
convergence rate given in Theorem 4. Our starting point is the construction of solutions
tending to equilibrium at an arbitrarily slow exponential rate due to A.V. Bobylev [7].
Bobylev’s technique is based on the use of the Fourier transform. This method readily
produces solutions in L!(R?) that decay at an arbitraily slow exponential rate:

Ifi = Mellr > || fi = Mp|pe > ce™®,  £>0 (5.1)

where ¢ > 0 is a constant and § > 0 can be arbitrarily small.

A key point in the proof is to show that this can be done in such a manner that
the solutions are non-negative, and therefore physically relevant. The initial data Bobylev
used was built out of an eigenfunction of the linearized Boltzmann equation in the isotropic
sector. As long as one uses a single eigenfunction, exponentially decaying lower bounds
are the best that one can hope to obtain.

Here, we build our initial data out of linear combinations of such eigenfunctions to
obtain slower convergence. To motivate this, recall a theorem of S. Bernstein (see [15])
about completely monotone functions: A function A(t) is completey monotone on [0, c0)
if and only if there is a probability measure v on [0,00) such that

A(t) = /OOO e tdu(s), t>0; v({0}) =0. (5.2)

Note that here the condition v({0}) = 0 is equivalent to the condition lim; ., A(t) = 0.
Then, since there are completely monotone functions that decay very slowly (see Lemma
5.4 below), Bernstein’s theorem suggests that we seek appropriate averages of Bobylev’s
initial data.

Again, the challenge is to show that one can do this in such a way that one produces
a non-negative, physical solution. Our strategy for this is rather different for Bobylev’s,
which worked well for single eigenfunctions. We prove a comparison property between
solutions of the linearized equation and the full non—linear equation which reduces the
positivity question to a simple question about the linearized equation. The investigation
is carried out in three subsections, with this one focused on constructing the initial data.

Let A(-) be a completely monotone function on [0,00). We first find a positive Borel
measure & on [0, 1] such that for some constants 1/2 < a < oo and ¢ > 0

cA(t/a) < /01 e Stdu(s) < A(t/a), Vt>0. (5.3)

Let v be the probability measure on [0, 00) determined by A(-) through (5.2). Choose a
constant 1/2 < a < oo such that ([0, a]) > 0. By the Riesz representation theorem, there
is a unique positive Borel measure p on [0, 1], such that

/01 P(s)du(s) = /Oa¢ <§) dv(s), Y ¢eC([0,1]).
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Choose ¢(s) = e~ 5! for each fixed ¢t > 0. This gives

a 1
A(t/a) > / e~ /Dty (s) = / e tdu(s), Vit>0.
0 0

On the other hand, by the inequality

(/D g1 ( e~tul(a. 0o v((a,o0)) ae—(s/a)t e
‘Lm) dv(s) < ~'ul(a,00)) < S | dv(s)

we have

This proves inequality (5.3) with the constant ¢ = v([0, a]) > 0.

Note that the inequality (5.3) and condition lim;_.. A(t) = 0 imply that p({0}) =0
which is essential for constructing positive initial data in L1(R3) with the given moment
condition.

Now consider initial data of the following type:

F(v) = M(v) + 0gho(v), veRS3

where M (v) = (21)~3/2e~1*I/2 is the Maxwellian in P(R3;0, 1),

hae) = (2m)7* [ IR0 el Vg

1
lM@=A\W“@®, ¢eR,

and 6y > 0 is a constant.

Lemma 5.1 The function F' constructed above has the following properties:

(1) F is an isotropic function: F(v) = F(]v|), and F € Ly}(R3) N H®(R?), and F is
analytic on R3.

%)
O =2 Ao, [ Qo P)F@d=(103) (54

and for small 0y > 0, F is strictly positive on R3.
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(3) There are constants 0 < ¢ := ¢(u,0y),C := C(u,0y) < oo which depend only on p and
0y, such that

. 1
c/ e *tdu(s) < Jp(e™") = / ]2 F(v)dv < C/ e " du(s) t=>0. (5.5)
0 |’U|>et 0

Proof: First of all we have the following estimate

0< Up(e) < / (1+ | dp(s) = C(u)(1 + %), € € R, (5.6)

here and below, the constants 0 < ¢(x,...),C’' = C(x,...) < oo depend only on their argu-
ments *, ..., and 0 < ¢g,Cy < oo denote absolute constants. This implies first that the
function hg and therefore F' are well-defined on R? and belong to L>(R3) N C(R?). Now

we prove a representation of hg(v):

1 |v]?
1 —s
ho(v) = ’U’_S(QW)_3/2/ —/ (Jo]* =) /2 rG+I2p(rYe=/2 dr du(s), v #0.
o w(s)Jo
(5.7)
where
w(s) = / r=3/2¢7"/ 24y, P(r) =15 — 10r + 12, (5.8)
0

Note that this representation implies first that hg and therefore F' are isotropic functions.
To prove (5.7), we first write |£|>T* as follows using change of variable for integral:

1 o
|£|2+S=|£\4—w<s) / r e g e RP, 0<s <1
0

(Recalling the convention 0 - oo = 0, the above equality holds also for £ = 0.) Then by
definition of hg(v) and Uy(€), and using Fubini theorem, we have

ho(v) = (2m) =% / ﬁ / S 21 4 ) TR E ()T T ) drdp(s)

where

H(v) = (2m)~3/2 /

|f\4e_|€|2/2ei<€’ ”>d§.
RS

Since e~1v°/2 = (27)=3/2 [ e~IE17 /261 v ge
H(v) = A2 <e*|v\2/2) — P(|v|2)ef|v\2/2
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where A is the Laplacian in v € R?® and P(r) is the polynomial in (5.8). From this and
changing variables in the integral we obtain

ho(v) = (27r>‘3/2/0 ﬁ/ow r= 214 7) 2Pl 2/ (1 + 7))e 2 Q) g qp(s)

‘ 2

1 |v

1 —s

= ‘U‘_E)(ZW)_S/Z/ T/ (Jo]* =) /2 rG+)2p(r)e/2 dr du(s) .
o W\s) Jo

This proves (5.7). Next we prove that

Iho(v)] < Co / s o5 Sdu(s) + Clo ™, o] = 2. (5.9)

To do this we consider a decomposition for |v| > 2:

[

For the first term, we compute using the definition of P(r) and several integrations by
parts that for 0 < s <1 and |v| > 2

‘ 2

|v] |v]?
(Jv]* = r)—s/z rB+)2p(r)e /2 dr = / +/ . (5.10)
0 |v]

[v]
/ (|v|2 — r)_s/2 r(3+8)/2P(T)e*T/2 dr
0

[v]
_ (28—|—S2)/ (|U|2 _T)—s/2 T(3+s)/2677’/2 dr
0 (5.11)

s s —|v —s/2
4 <(6 — 28)[u|O+)/2 _ 2)y| T+ )/2> e~ 11/2 (1) = o))

v
+ / ((32 — 35)r+9)/2 4 sr(7+5)/2> (Jv]* — r)f(s/m*l e 2dr, v >2.
0

The computation is lengthly, but what is crucial is the factor (2s + s2) in the first term
after the equal sign. The fact that this integral is multiplied by something that is O(s) is
what we need later on.

Next, by |v] > 2 and 0 < s < 1, we have

(|v|2 — r)78/2 < 2Jv|7%, (]v]g — r>7(5/2)71 < 4fv| ™2 for 0<r<|vl.

This together with (5.11) gives

|v]
/ (Jo]* =) o2 rBT)2p(r)e™2dr| < Cys|v| = + Colv| 72, lv| > 2
0
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where 0 < Cy < oo is an absolute constant.
For the second term in the right-hand side of (5.10), we have for 0 < s <1 and |v| > 2,

| 2

v s
/| (Jo]* =) /2 rB+)2p(r)e/2 dr| < Colv| 2.

Thus, for all |v| > 2

|v
‘/ \v\z —s/2 7“(3+3)/2P(r)e_T/2 dr| < Cy slv| ™% + Co\v\_z ,

from which (5.9) follows, using the fact that on 0 < s <1, 0 < ¢g < w(s) < Cy.
Next we prove that there is a number 9 < Ry(u) < oo such that

ho(v) > co / sl =5 du(s),  Jol > Ro(w). (5.12)

Since the polynomial P(r) > 0 for » > 9, we have by (5.7), (5.10) and (5.11) that for all
jv[ > 9

1 [v]
1 —s
ho(v) > |v|5(27f)3/2/ —/ (J0]? = ) "2 rB+2p(r)e/2 dr dpu(s)
o w(s) Jo

and

|v]
/ (Jo]* — r)iS/Q rB+)2p(r)e™/2 dr > cos|v| ™ — Colv| 72 .
0

Therefore

ralw) 2 i (e [ sl ="auts) - ) )

By 1({0}) = 0 and ([0, 1]) = v([0,a]) > 0 we have fol sdu(s) > 0 which implies for some
finite number Ro(p) > 9

1 1
o / soP~du(s) = colol [ s du(s) = 2C(w), Vol = Rolw) -
0 0

This gives (5.12).
Now we prove that F' € Li(R?). It suffices to prove that hg € LI(R3). By (5.9) we
have

1
/| o v |ho(v)|dv < C’O/O 27%du(s) + C(p) < 0.
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Since hg € L>°(R3), this implies that ho and therefore F belong to Li(R?).
Next we prove that for small g > 0, F is strictly positive on R3. Let Ro(u) be the
constant in (5.12) and let 6y > 0 be small such that

(2m) /26~ Bol0)*/2 _ gy || hg|| 1o > 0.

Then for any v € R3, if |v| < Ro(p), then

F(v) = M(v) + foho(v) > (2m) 2~ Ro®D*/2 _ gy ||hg|| 1 > 0 ;

if [v| > Ro(u), then by (5.12) we see that F'(v) > Oghg(v) > 0. This proves the strict
positivity of F.

Now we prove that the function F is analytic on R3. Equivalently we prove that hg is
analytic on R3. Let o = (aq, az, @3) be muli-indices with o; nonnegative integers, and let
D = 91°l /901 0€520€5* be a partial differential operator with order |a| = a1 + az + as.
Then from the above estimate and applying the theorem of taking derivative under integral
sign we have with £* = 71 £52£5°,

1
D%hg(v) = (2m)~? 1|a/ e—|€|2/2(/ |§\2+sdu(s)>§o‘ei<§’ Ve
3 0

R

This implies that for any v,z € R® and n € N

2

loe|=n

Daho(v>

ZCY
al

< C(p) [RB € 2(1 4 g3 (V3 ’Z!Hf\)ndg .

n

Since
- el?/2 5y (VB [2llE)" .. /2 3y V3 12lle]
nE_O[RBe (1+€]°) " dﬁ—/RSe (1+1&°) e dé < oo

for all z € R3, this implies that the function hg is analytic on R3.

Next we prove (5.4) and the regularity F € H*(R?). It is obvious that the first
equality in (5.4) and the bound (5.6) imply F € H>*(R3). To prove (5.4), we recall that
F(v) = M(v) + 6pho(v), and thus it is equivalent to prove that

ﬁ}(s) = e_|€|2/2U0(£) and /RB(l, v, |v[*)ho(v)dv = (0,0,0). (5.13)

The first equality is obvious because the functions e~ le1%/2yy, (&) and ho(v) are both even,
continuous, bounded and integrable on R3. To prove the second equality in (5.13), we
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note that ho € L3(R3) implies that its Fourier transform ho € C2(R3), so we need only to
prove that

ho(€) = o(l¢*) (€] = 0).
But this is easy: By definition of Up(&) and p({0}) = 0 we have

ho(€) _ jep

5d —0 —0).
o /H Eldu(s) — 0 (1€ —0)

Finally, we prove the two-sides estimates (5.5). Equivalently we prove that

! —s 1 — 2 ' —s
C/o R™%du(s) < JF(}_Q) = /|«;|>RM F(v)dv < C/O R™*du(s) VR>1. (5.14)

where the constants 0 < ¢ = ¢(u, 0y), C' = C(u,6y) < oo depend only on p and 6.
To obtain the lower bound in (5.14), we have for any R > 1, if R > Ry(u), then by
(5.12) and u({0}) =0

1
/ 0|2 F(v)dv Z/ \v|2(0000 / s |v|_5_sdu(s)>dv = 4mcoby / R™%du(s).
[v|>R [v|>R (0,1] 0

(5.15)
In particular, for R = Ry(u) we have

1
/ WF (v)dv > dmeefy / (Ro(j1))~*dpu(s).
[v[>Ro (1) 0
This implies that if 1 < R < Ry(u), then, since F' > 0,

1
/ |02 F (v)dv > / [v[*F(v)dv > 47?0000/ (Ro(p)) " %du(s) .
|[v|>R [v]|>Ro () 0

Since 1 < R < Rp(p) and 0 < s <1 we have

(Ro())™* = R~ ( R(fm)s > R ( Rol(m)s > R = (o) R

Thus if 1 < R < Rp(u), then
1
/ |02 F(v)dv > / [v]2F(v)dv > 47?0000/ (Ro(p)) " %du(s)
|[v|>R |[v]|>Ro () 0

> 4%0000(R0(u))1/0 R™%du(s) .
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To obtain the upper bound in (5.14), use the estimate (5.9) and obtain that for R > 2

/ [v]2F(v)dv = M(v)dv—|—90/ |v[*ho(v)dv
[v|>R [v|>R [v|>R

<C(p) R71 + 9000/ s(/ ]v]_?’_sdv) du(s)
(0,1] lv|>R

and for 1 < R < 2, f|v‘>R [v]2F (v)dv <3 <3 (fol 2*5du(s)) fol R™*du(s). This proves
the estimate (5.14) and therefore (5.5) holds true. W

5.2. Linear and nonlinear solutions: A comparison property

Let Uy, hg and F' = M + 6yhy be the functions constructed in the Part 1 with a small
constant 0y > 0. Since F € Li(R?) is positive, there is a unique solution f; > 0 of the
Boltzmann equation (1.1) in C*([0,00); L3(R3)) with the initial datum f;|;—g = F and
f+ conserves the mass, momentum and energy, i.c., [gs(1,v,[v]?)fi(v)dv = (1,0, 3) for all
t > 0. Note that since the initial datum F'(v) = F(]v]|) is isotropic, it is easily seen (using

the uniqueness) that the solution f;(v) and therefore its Fourier transform ﬁ(f) are also
isotropic, i.e.,

filo) = F(olt),  Ful®) = f7(IEl,t), v, E€RP, >0,
Let
UE,t)=e2F6) —1=€l2p(g) ) =1 ¢€eR? t>0 (5.16)

or equivalently

F&) = (el t) = 2 (11 UEt), ¢eRP t>0.

It is easily checked that U(&,t) is continuous on R? x [0,00) and satisfies the following
Boltzmann equation of the Fourier transform version:

0

U = /07r B(6) [ —U(&, 1) + Ulcos(6/2)€, 1) + Ulsin(0/2)¢, t)] d

) (5.17)
+ /0 B(6) [U(cos(0/2)§,t)U(sin(H/Q)f,t)}dH

for £ € R3, t > 0 with the initial datum Ul;—¢ = 6oUy. Here B(#) = 27 B(cos(#)) sin(6).
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Now we turn to the linear equation: Let Yy € C(R?) and Yy > 0 on R3. Let Y (&,t) be
a solution of the following linear equation (i.e., neglect the nonlinear term in Eq.(5.17))

0

EY(S, t) = /7r B(0) [-Y(£,t) + Y (cos(0/2)&,t) + Y (sin(0/2)€, )] db (5.18)
0

for all (£,t) € R? x [0,00), and satisfy the initial condition Y|;—g = Y. Existence and
uniqueness of the continuous solution Y is easily proven and Y (,-) € C[0,00) for each
fixed ¢ € R®. Moreover, Y is nonnegative on R3 x [0,00). Here we only prove the
nonnegativeness. It suffices to show that for any R > 0, Y is nonnegative on the set
{(&,t) € R? x [0,00) | [£] < R}. Note that the function y — (—y)™ := max{—y,0} is a
Lipschitz-function on R. By Yy > 0, we have (—Y5(£))*T =0 and

(Y60 = (B + [ (~52Y60) Tpvienn o7

= /0 /07r B(0) <(Y(§,T) Liye,ry<or — Y(cos(0/2)€,7) 1iy(er)<o0}

— Y (sin(6/2)¢, 7) 1{Y(§,T)<o}>d9 dr

S/O /O B(9) ((—Y(COS(9/2)§,T))++(—Y((sin(e/z)g,T))+> a6 dr
< Q/thR(ﬂdr, €| <R, te€0,00).

Here, h,(t) = S.pr|§|§R(—Y(§,t))Jr . Therefore, we obtain

h,(t) < Q/t h,(r)dr, te]0,00).

Since Y (€, t) is continuous on R? x [0, 00), the function h,,(-) is locally bounded on [0, 00).
Thus the Gronwall lemma can be used which implies that i, (t) = 0 on [0, c0). This means
that Y (£,¢) > 0 on {(£,t) € R3 x [0,00) | |€] < R}. Since R > 0 is arbitrary, it follows
that Y (&,¢) > 0 for all (£,t) € R? x [0, 00).

Using the same argument (Gronwall lemma, local boundedness, etc.), it can be proven
that the continuous solution of the non-linear Eq.(5.17) is also unique and is nonnegative
provided that its initial datum is continuous and nonnegative. Generally, we have the
following comparison property:

Lemma 5.2. Let V(€),Yo(€) be continuous on R3 and satisfy
Vo(é) > Ye(€) >0, VEERS.
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Let V(&,t),Y (&, t) be continuous solutions of the non-linear equation (5.17) and the linear
equation (5.18) on R? x [0, 00) respectively, and satisfy V|i—o = Vo, Y|i=0 = Yo. Then

V(E ) >Y(6t)>0 Y (£,1) € R? x [0,00).

Proof. We have proved that the solution Y (£,t) is nonnegative on R? x [0, c0) since Yj is
nonnegative. Therefore, we need only prove that V(¢,t) > Y (£, ). Let

W(§7 t) = V(€7t) - Y(€7t)7 WO(&) = VO(&) - YO(&)
For any 0 < R < oo and any 0 < T < o0, let

Hp(t) = sup (-W(1)",  Crr=  sup max{|[W(1)], V(& 1)}
€I<R |€I<R, 0<t<T

Then Crr < oo. In our derivation below we will use the following simple but useful
inequalities: For any wy,ws,w € R, y >0 and 0 < y < 1, we have

—wiwa X < (—wp) T |wa| + (—w2) T |w |, —wyx < (—w)Ty. (5.19)

By (5.17), (5.18), and using the property (5.19) and notice that Wy > 0, Y > 0 we have
for any (£,t) € R? x [0, 00) satisfying [(| < R, t < T

t 0
(W) = (Wl + [ (=2 WE) Lwierrcor dr

t s
- /0 {/0 B(Q) {W(&T) Liwe,ry<oy — W (cos(0/2)€, 1) Liw e,7)<0}

— W(sin(0/2)¢,7) Liw(e,ry<oy — W(cos(0/2)¢, 7)W (sin(0/2)€, 7) 1iw (e, ry<o}
- W(COS(Q/Q)fa T)Y(Sln(g/Q)ga T) 1{W(§,T)<0}
- Y(COS(Q/Q)fa T)W(Sln(g/Q)ga T) 1{W(§,T)<0}

— Y(COS(Q/Q)E, T)Y(Sin(Q/Q)f, 7') 1{W(§,7—)<0}} d@}d’r

< | { | 5o) [(—W(eos<9/2>5m>>++<—W<sin<0/2>5m>>+
(W (cos(0/2)€, 7)) W (sin(6/2)6, 7)| + (—W (sin(8/2)6, 7)) [IW (cos(6/2)¢. )|
+ (=Wi(cos(8/2)¢,7))TY (sin(0/2)&, 1) + (=W (sin(0/2)&, 7)) 7Y (cos(0/2)€, 7'):| dQ}dT

< /O t { /O "B {2HR(T) + 4C’R,THR(7-)} dG}dT — (24 4Cpr) /0 Hu(r)dr
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Thus by the definition of Hr(t), we obtain
t
HR(t) < (2+4CR,T)/ HR(T)dT Vte [O,T]
0

By Gronwall’s lemma, this implies that Hr(t) = 0 on [0,7]. Equivalently, W (£, t) >
0 V|¢|<R, Vte|0,T]. Letting R — oo, T — oo gives the global comparison:

V(EL) =Y(E)=W(EL) >0 V(&1 €R?x[0,00).

Remark. As one can see, in this comparison property, the nonnegativity of the initial data
and the signs in the integrands in (5.17) and (5.18), are essential. These conditions come
from the physical nature of the Boltzmann equation, an in particular, its irreversibility.

5.3. Lower bounds and the scale-equivalence. Now we will use the comparison
property to estimate the lower bounds of the rate of convergence to equilibrium. Let o be
the positive Borel measure on [0, 1] obtained above. For any s > 0, let

A(s) = /Oﬂ B(6) (1 — (cos(0/2))*** — (sin(6/2))***) do, (5.20)

1
V(e 1) = 90/0 P e N au(s),  (€,1) € R3 x [0, 00). (5.21)

Here and below the constant 6y = y(u) > 0 is fixed and such that the initial datum F(v)
is strictly positive on R3. Let f;(v) be the unique solution of the Boltzmann equation in
C1([0,00); LI(R?)) with fi|4—o = F, and let M = M be the corresponding Maxwellian.

Lemma 5.3 Using the above notation,

-~ —

FO —ME) >e €2y (64)  VEER?, V>0, (5.22)
—A(s) > —s/2, Vs e [0,1] (5.23)

and there is a constant ¢ > 0 such that

Fu(6) - J\?(g)} ‘5—1 > cA(t),  Vt>0. (5.24)

Proof. As mentioned above, the function U (¢, t) defined in (5.16) is a continuous solution
of the nonlinear Eq.(5.17) with the initial datum U|;—9 = 6oUy. By definition of A(s), it is
easily checked that the function Y (&, ¢) given in (5.21) is a continuous solution of the linear

26 /december/2002; 12:30 57



EACXL-Jul 12, 2002

Eq.(5.18) with Y'|;—9 = 0pUy. Since Ul;=g = Y |0, it follows from the comparison property

that U(&,¢) > Y (&, ) for all (£,t) € R3 x [0, 00). Since f;(&) — M(£) = e~ 1€°/2U (¢, 1), this
proves (5.22). Next we estimate A(s). Since s > 0, we have by convexity

(cos(0/2))%T* + (sin(0/2))%F* > 27%/2 > 1 — 5/2.

By (5.20), this gives (5.23):
—A(s) = /O7T B(6) (—1 + (cos(6))*** + (sin(6/2))***) df > —s/2.

Now for [¢] = 1, Y(£,t) = 0 [, e idu(s) > 6y [, e **/2du(s) for all ¢ > 0. This

estimate together with (5 22), (5.3) and 1/2 < a gives (5.24): For all t > 0

1
> Y (g Z e by [ ()
|§1=1 0

> cA(t/(2a)) > cA(t) .

Proof of Theorem 4. From (5.24) we obtain the lower bounds (1.29) and (1.30) in the
Theorem 4:

o= Mles > I~ Wl > [0 - F@) | = cdt, 120,

Ife =My 2 NI = Mllo > [0 - 7] | zeaw,  e2o

Here we have used the inequality (2.11) because [gs(1,v,[v]?)fi(v)dv = (1,0,3) for all
t>0.
Next we prove that if the kernel B(-) satisfies the Holder condition (1.25), then the ¢-

functions || fi = M|, | fo=M|11, @, (™), Jr(e™), A(), ||fi—M]|pe and ||| fi—M][lo
are scale-equivalent each other. We will prove this by showing that the following relation
of a closed chain holds:

11fe = Mlllo = [Ife = M2y = @, (e7) 2 Tp(e™) < A()

<\ fi = Mg < ||fe = M| zr < A®) < [|[fs = M|llo on te[0,00) .

The first and the second ” <” have been proved by the lower bounds (1.30) and by Theorem
2 respectively. And because of (1.30) and (1.29), the last ” < 7 is obvious and cA(t) <
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Ife = M|z < [Ife — Mz < || fs - M]|p1. Thus to complete the proof, we need only to

prove that ®, .(e™") < Jp(e™") < A(t) on t € [0, 00).
By definition of @, . and the Holder condition Qp(r) < Cpr® we have

@, () = O (e + Jule™)) ™)
<C [QB ((e*t + JF(et))l/G())r/? <C (e*t n JF(e’t))a/m .

On the other hand, using (5.5) we have

Jr(e™) > C/o e *tdu(s) > cu([0,1]) e, t>0.

Since 0 < ¢u([0,1]) < oo, this implies that e™* < CJr(e™?) and so

O, ()< C(Ipe)™™, t>0.

Thus @, .(e7") X Jp(e™*) on t € [0,00). Again, using (5.5) and (5.3) we have
1
Jr(e™) < C/ e *tdu(s) < CA(t/a), t>0.
0
This proves Jr(e™*) < A(t) on t € [0, 00). [

We conclude this section with the following lemma, which has been mentioned in the
introduction.

Lemma 5.4. If Ao(t) is any completely monotone function on [0,00), then so is A1 (t) =
Ap(log(1+1)).

Proof. It is obvious that A; is positive, A; € C*°(0, 00) N C[0, ),

A1(0) = Ap(0) =1 and tlim Ai(t) = lim Ap(x) =0.

r— 00
Thus by definition of completely monotone, we need only to prove that

’I’ldn

For n = 1,2 we have
_ 4y (t) = — 4y log(1+¢t) J(1+t)"'>0 t>0
at T \ae )\ %8 =

j—;Al(t) = (1 +t)2{ (j—;Ao) (10g(1 +t)) - (%AO) (10g(1 +t))} >0, t>0.
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Suppose that for some integer n > 2

(" %Al( (141t)~ Za”” ) (dd—;Ao) (log(1+t)), t>0 (5.25)

with a,(fn) >0, k=0,1,...,n. Then we compute

. dntl! 1n+1 (n+1) dk
(_1)n+ dtn+1A ( ) 1 + t —n— Za (d—AO) (log(l + t)), t>0
where
a(1n+1) (n) > 0, agcnﬂ) = na,gn) + a;n)l >0, k=223, ..,n; Sfll) = a;’” > 0.

This proves that the equality (5.25) with all agcn) > 0 holds true for all n = 1,2,3, ... .
Thus A;(t) is completely monotone on [0, 00). |
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6. Global Stability

In this section we prove Theorem 3 and its Corollary. Before proving the theorem, let
us explain why we do not assume that F is a Dirac measure. Suppose that F' € By(R3) is
a Dirac measure. Without loss generality we assume that F' € P»(R?) and F concentrates
on 0 € R? ie. [psd(v)dF(v) = $(0) V ¢ € C(R?). Then we have

V G € P»(R?) satisfying G # F = Jim [ fy = gells, > Hm 1 fe = gells, =2, (6.1)

Here f; and g; are solutions of the Boltzmann equation (1.19) with f;|;—9 = F and g¢|t=0 =
G. Note that since F' is a Dirac measure, it is an equilibrium, i.e. f; = F.

(6.1) shows that even if the initial distance ||F' — G|, can be small, for instance G =
(1 —¢e)F +eM with 0 <e << 1, the distance [|f; — g¢[|;, of corresponding solutions can
not be small uniformly unless G = F'.

The proof of (6.1) is as follows: We first prove the following property:

HeP,(R%) and H({0})=0 = |F—Hl|, =2 (6.2)

Since ||F'— H|| 5, < 2, we need only to prove that ||F'—H]|, > 2. Consider the following
test functions ¢y (v): For each integer N > 2, define a continuous function ¢y (r) on [0, o)
by ¢n(r) =1for 0 <r <1/N ; ¢n(r) = —1 for 2/N <r < N; ¢n(r) = 0 for r > 2N,
and |¢n(r)| <1 for all » > 0. Let ¢n(v) = én(|v]). Then we have, by ||¢pn]|r~ =1 and
H({0}) =0

7=, > | [ onwar) - [ ontirt

2
22—2/ dH(v)—m/ WRAH®W) — 2 (N — o0) .
0<|v|<2/N R3

Now we prove (6.1). If G is not a Dirac measure, then T, = £ [gs |[v — u,|*dG(v) > 0
where u, is the mean velocity. By Theorem 2 we have lim; ., ||g: — Mg||;, = 0. Thus,
recalling that f; = F is an equilibrium and using the property (6.2) we obtain

Tim e~ gilla, > Jim (| — gilly, = | F ~ Mo, =2.

If G is a Dirac measure, i.e. GG concentrates on u,,, then u_ # 0 since G # F'. This implies
that G({0}) = 0. Since g; = G is an equilibrium, it follows from (6.2) that

Ife = gells, = 1fe —gells, = IF = Glly, =2,  t>0.
This proves (6.1).
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Proof of Theorem 3. Let F be given in the theorem and let 0 < G € By (R?). Let fi, g
be distributional solutions of the Boltzmann equation (1.19) in C([0,00); B2(R?, || - [|,5,))
with fi|i=0 = F, g¢|t=0 = G. For a technical reason we define

1 3(1Fls,)* T IF1
DF — min 1, _HFH , 0 , 0 / ’/U—u ’dF(’U) .
{ 200 16([F ) (124 8w IFll, Jre "

By assumption on F, it is obvious that D > 0. If ||FF— G||,, > Dr, then by conservation
law (1.18)
1fe = gills, <NFls, + 1G5, < CrllF =G, -

Here and below the constant Cr depends only on |u,.|, Ty, [|[F||5, and [ [v — u,|dF(v),

ie.
Cr=C (lul. Ty Il [ o= unldr)

and where the function (y1,y2,y3,ya) — C(y1,Y2,¥3,%a) is continuous on [0, 00) x (0, 00)?
and has an explicit representation in terms of its arguments y;. Note that [[F|,, is a
function of (Ju,[, Ty, | F|| 5, ) In fact [|[F||,, = (1+\uF|2—|—3TF)||F||BO. Also, if [[F =G|, =
0, then the uniqueness implies that the estimate (1.26) in the theorem holds true. Therefore
in the following we assume that

0< |F—Gll, < Dp. (6.3)

Note that this implies first that G is not a Dirac measure! (See below).
Before estimating ||f; — gt||62, we collect some elementary estimates which are easily
checked using the condition (6.3) and definition of Dp.

1 3
SIF s, <161, < 1G], < S1F .

F G 4| F |5
- < || F = G4, (6.4)
| 1F]ls, NG, (1], )? o2
2| F| 5 30 Fl
—u | < 2B p g 2 6.5
Uy — g (P12 5l s, |G|_2HFHB (6.5)

and

2 o AFs,)?
— ——||F -G
| Jue* = Jugl® | < (7T )? I s,

dF(v)
T — 2 2
3, = [ W~ el
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gives
Cgy < S (6.6)
3l )

And finally, the condition ||F' — G|, < Dr implies that

|T

F

1 3
0< §TF <T,< 5TF. (6.7)

Now by distributional version (1.19) of the Boltzmann equation we have

t t
1= gells, < |F — G, + / 10 fr — gr 0 G lla, dr + / VPl fr — Gl 0- || dr.
Bo
By the conservation law (1.18) we have
Ifr o fr—grogrlls, < (1Flls, + 1Glls,) 1fr — grlls,
HHFHBOfT NClge| < UF, +1C1) 1 = g0,
Bo
Since |G|, < %||F||B2, this gives
t
1fe = gells, < IF—Gll, +5||F||52/0 Ifr = grlls,dr, € [0,00)
so by fi,g: € C([0,00); Bo(R?, || - || 5,)) and Gronwall lemma we obtain
1fe = gells, <IF—Glly, 171" te(0,00). (6.8)
On the hand, we have
1fe = 9tlls, < e = Mellu, + llge — Ma|lu, + |Mp — Mg, . (6.9)

Here Mg, M are the corresponding Maxwellians. Since the distribution ¢ — 1 f(1) is a
solution to the Boltzmann equation with initial datum 1 F € P,(R?) where a = || F| 5, > 0,
by Theorem 2 we have

1 at 1

af( ) — —Mp

a’ 4 (e77), te0,00) (6.10)

Ife = Mpll,, =a <a®

lp
a

Bg
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and similarly with a = ||G HBO

lge — Mall,, <a®,,

=G
a

(e77%), te[0,00). (6.11)

Now we estimate a® , (e~P4%) . By monotonicity of Q}(r) and 1Gl, > %||F||,60 we

Q=

have, with a = ||F||50,

~ —pa 3 —18a
at, () < S|IFll,, @, (eF7)

B,L
a

-1/
= SIF 10, Call + fug (1 + T, ) ( | o=l ﬁg@) (6.12)

R3 HBO

1/60
x ((e‘%ﬁ“t +J6/1G1,, (6_%5”)) ) :

Further, using the above estimates (6.5), (6.7), (6.4), (6.3) and definition of Dp we compute

3
3[1F| 3 \?
1 31+T V< 1+ B2 ) (1427 ) -
(14 ug)*(1+ 7o) _(+2HFHBO (+2F) ,

dG(v) dF(v) 1 dF(v)
v —ugliz— = | v—uplimm—= <o o=y |
R IG5, Jre 1Flls, | — 2 Jre 1]

0

Thus .
dG(v 1 dF (v
/R3 \U—UG\HG‘(’BS > 5/}{3 |v—up\ﬁ )
and so
~1/30
(14 ug (1L + T,)? (/ \v—ucrm>
R3 1G5,

(6.13)

3F| ’ 3 2 1/30 —1/80
< ol/30 [y 2 B 1+ =T F / —u,|dF .
— + 2 ||}7||BO + 2 F (H ||BO) RS |U uF| (U)

Also by definition of the function Jg(-) and using (5.7) we have

L dG(v)
25&7‘} = Rt L2
Jasial,, (¢ ) /|U|>€%ﬁat o 1G5,
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< Jp (e~ 30, (6.14)
HFH

41F s, 1
1 = Glls, + 775m—
= F s,
Combining (6.11)-(6.14) and using the property Q5 (Ar) < (1 4+ X)Q5(r) (A, r > 0) we get
lg: = Mclls, < CBCrQ5 ([e‘%ﬁ“t +||IF = Glls, + JF(e—%ﬁat)]l/Go) : (6.15)
Next we estimate |[Mp — Mc||r1. We have

|Mp — MclLy

< [ @B 1PN, = 1G], | @T,) 2t P CTg,

+ 1G4, /R3(1+ v]?) ’(QWTF)*Z’»/?@*WfUF' /(2T,) _ (27TTG)f3/267|H

and for the first term in the right hand side of this inequality we have

| a+le)

To estimate the second term, we use the differential mean value formula to the function
2
(u, T) s T73/2e=lv=ul7/CT) "y € R3, T € (0,00). Then we obtain

|Gl | (27T, ) =22 e T dy < || F=G s, (1+ [u, [* +3T,) -

T—3/2e—|v—up|2/(2TF) . TG—3/26—|v—u

F

1
< [ 20y e P T u(0)] i, — |
0

1 1
+ 5 /0 T(0)" /26~ 10— wOF/CTO) (14, —(8)|? + 3T()) |T, — T,,| db

which gives

| @10l |(@nTy ) 026t T a8/l
R3

< Gy / U+ T(0) + [u@®)) (TO) 2 lu, — ug| +TO) |T, ~T,) d6 .

Also, from the estimates (6.7) and (6.5) we have

1 3
§TF <min{T,,T,} <T(0) <max{T,,T,} < §TF
31 Fls
u(9)] < max{|ug|, lug|} < :
ST 2
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Thus
/Rgu + [v]?) ](QWTF)—S/%—W—%l2/<2TF> — (2nT,) "3/ 2 1v—ualP/RTa) | gy
< Co (14 Ty + (1, /1F 18 )2) (T2t = g + THT, = T
and combining the estimates (6.5) and (6.6) for |u, —u,| and |T,, — T,|,
|Mp — Mg| 11 < Cr||[F = G|, (6.16)
Now choose ty > 0 such that
IF - G| e5||FH,32 to _ e*(ﬁHFHBO /120)to
Bo
1 1
i.e. to= log <7> (>0).
B IFI F -G
5HFHB2 + 12060 H HBQ
Then for all ¢ € [0, to], we have, using (6.8),
5| F 5| F
1fe = gells.o < IF = Gllg, €= < | F = @, e e
(6.17)

a 1/60 * o o 1/60
=[IF=alg] " <8np (LIF - GIg, +Jr(IF - Glg,) 1*°)

where o > 0 is the constant given in the theorem. In the following we assume that
t € [to,00). In this case we use the estimate (6.9). Since a = || F||;, and

1 _1 _ 60
e~ 3hat < ¢ 5B F g, to _ <e (5||F|\50/120)t0> _IF -G, t>1
it follows from (6.10) and using the property of Q7 (r) again that
1fi = Mella, < CpCrQ (1IF = Glg, + Jr(IF = GII3,) 1°°),

and for ||g:—Mp|| 5, , notice also that 0 < [[F'=G|[,, <1land 0 < a < B[|F||,, /(10 F||4,) <
1, we have by (6.15) that

lge = Mlls, < CaCrQ (LIF = GI3, + Jr(I1F - GII%,) 1Y) .
Together these with (6.9) and (6.16) gives for all ¢ € [tg, 00)
1fe = gtlls, < OBOF{HF —Gls, + 95 <[ IF—Gle +Je(IF -GJ2) ]1/60> } .
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Combining this with the same kind estimate (6.17) on [0,¢o] gives the global estimate
(1.26) in the theorem, and from the above derivation one sees that the constant C for
defining the function ¥, ,.(-) in the theorem can be written as an explicit and continuous
function of (|u,|, T%, HFHBO Jrs [v — up|dF(v)). The proof is completed. |

We conclude this paper with the proof of the Corollary to Theorem 3. The strategy is to
approximate general initial data F' in the Bs norm by initial data Fz that has finite fourth
moments. It is well known that a bound on fourth moments is propagated uniformly in
time. By the global stability in By that has just been proved, the “energy tails” of the
solution starting from F' cannot be too much worse than those of the solution starting
from Fr. Since these are controlled by the fourth moment, we obtain an estimate on the
“energy tails” of the solution starting from F'.

Although property of moment propagation for the Maxwellian model is not new ([14],
[19] ), we prove a simple explicit bound here that is in a suitable form for our purposes.

Lemma 6.1 Let 0 < F € B4(R?), and let f; be the unique solution of Eq. (1.19) in
C([0,00); B2(R, || - HBQ>) with fi|i=0 = F. Then

/ v *df(v) < (2 - e_At)/ lv[*dF(v), t>0 (6.18)
R3 R3

where

A= W/O B(cos(8)) sin®(0)dd |||, -

Proof: The global boundedness of the fourth moments is well knowm. To obtain the
explicit estimate (6.18), we use the following representation of |v/|? and |v/|?:

1012 = |v]? cos?(0/2) + |v.|?sin?(0/2) + /|v]2|vs |2 — (v,v,)2 sin(8) cos(¢ — a),
[01]? = [v]?sin?(0/2) + |vs]? cos?(0/2) — /|v|2|vs]2 — (v, v.)2 sin(6) cos(¢p — @) ,

where 6 = arccos({(v — vy, 0)/|v — vi|) (for v = v, we define § = 0), ¢ € [0,27] and « is
independent of ¢. This representation results from the following parameterization of the
unit sphere:

o = cos(0) i

+ sin(0) (cos(d))i + sin(¢)j) .

v = v.]

V—Vy

o] b i,j } is an orthonormal base of R3. Using the above representation and

where {

recalling that 27 " B(cos(6)) sin(6)df = 1 one computes

— v, 1
/RS B ((’Z — Z*’,@) [v'|*do = (5 — %) (Jo[* + [vi]*) + alv|v > = %(v,v*>2
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where
a= 27r/ B(cos(0)) sin®(6)db.
0
¢ From this equality and the local boundedness we have (using conservation law (1.18))

d

G [t = [ el foe) - 1FL, [ eltdn)

=N /R ol 4df, (v) + a (/R |v|2dF(v)>2 - %//ngw,v*)?dft(v*) dfi(v)

Neglecting the last term and using the inequality

(/R o dF <”>)2 <[ Flls, /R ol*dF ()

we obtain
d a
G |ttty < = S1FL, [ leldr) +allFll, [ it 20
dt R3 2 0 R3 0 RS

which gives the estimate (6.18) by Gronwall lemma. |

Proof of Corollary to Theorem 3. Let R > 0. By [, p [v]?dfi(v) < ||F]l,s, we can
assume that R > 1. Let Fr be a positive measure defined by

dFRr(v) = 1{|v‘§\/§}dF(v)

Then, since R > 1,

1
|F' = FRlls, < QJF(ﬁ) :

Now let ¢t +— fr,; be the distributional solution of the Boltzmann equation (1.19) in
C([0,00); B2(R?, || - | 5,) With fr,¢|t=0 = Fr. Then by Theorem 3 we have

1
sup 1o~ Frelle, < U rlIF = Fil) < W0 (276()).

On the other hand, applying Lemma 6.1 to the solution fr; we have
/ v dfp,(v) < 2/ lv|*dFp(v) = 2/ [v[*dF(v) < 2R||F||,, -
R3 R? lv|<VR
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Therefore for all ¢t > 0

1
[ P <= filey + g [ Lo
v|>

1 1
<0, (276(2)) + 2, 3

This proves the Corollary. |
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