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Abstract We develop an alternative method to matched asymptotic expansions for the construction
of approximate solutions of the Cahn-Hilliard equation suitable for the study of its sharp interface limit.
The method is based on the Hilbert expansion used in kinetic theory. Besides its relative simplicity, it
leads to calculable higher order corrections to the interface motion.

1. Introduction

1.1 The Cahn—Hilliard equation and phase segregation

The purpose of this paper is to present a method for constructing approximate solutions to a class
of evolution equations typified by the Cahn-Hilliard equation. The method produces solutions suitable
for studying the sharp interface limit, and for studying higher order corrections to the sharp interface
limit. The method itself is based on the Hilbert expansion used in kinetic theory [5]. The work of
Caflisch [4] on constructing solutions of the Boltzmann equation from solutions of the Euler equations
can be considered as a paradigm for this sort of investigation. The sharp interface limit of the Cahn—
Hilliard equation itself has been rigorously investigated by Alikakos, Bates and Chen [1], following the
original heuristic analysis of Pego [13]. Both [13] and [1] are based on matched asymptotic expansions.
We aim to show that the Hilbert expansion approach has advantages in the presence of the non—locality
inherent in this class of problems, and that in any case, it provides a means to calculate higher order
corrections to the sharp interface limit. We begin by recalling some background.

Let Q be a compact domain in IR%. The restriction to two dimensions is for simplicity only; we
seek to explain the main ideas in the simplest interesting setting. Let m be an integrable function on
Q. We think of m(z,t) as representing the value of a conserved “order parameter” at x in Q at time
t. The order parameter is conserved in the sense that fQ m(x,t)dz is independent of t. Therefore, the
evolution equation for m can be written in the form

0 -
am(x,t) =V . J(z,t)

where the current J is orthogonal to the normal at the boundary of Q. In the class of equations to be
considered, the current will have the form

-

J(x,t) = o(m(x))Vu(r)
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where the o(m) is the mobility and p(z) is the chemical potential of z. The mobility is positive, so that
the conserved order parameter m “flows” in the direction of increasing chemical potential.
Finally, the chemical potential is the L?(§2) Frechet derivative of a free energy functional F:

_oF
" om

p(x) () .

The simplest and most familiar example is known as the Cahn—Hilliard equation. It results from the
choices o(m) = 1; i.e., constant mobility, and *

F(m) = %/Q|Vm(x)|2dx + i /Q(mz(ac) —1)%dx .

This leads to
7m(x>t) =A (—Am(w,t) + f(m(x,t))) )

where
fm)=m>—-m . (1.1)

If m(x,t) is a solution of this equation, then

d 1 = 2
GFme0) == [ s

so that the evolution decreases the free energy. Also clearly, the minimizers of the free energy are the
constant functions m(xz) = £1. These minimizers represent the “pure phases” of the system. However,
unless the initial data mg happens to satisfy fQ mo(z)dx = £|Q|, these “pure phases” cannot be
reached because of the conservation law. Instead, what will eventually be produced is a region in which
m(z) = +1, with m(z) = —1 in its complement, and with a smooth transition across its boundary.
This is referred to a phase segregation, and the boundary is the interface between the two phases. If
we “stand far enough back” from 2, all we see is the interface, and we do not see any structure across
the interface — the structure now being on an invisibly small scale. The evolution of m under the Cahn
Hilliard equation, or another such evolution equation of this type, drives an evolution of the interface,
and we wish to determine how it evolves. To see any evolution of the interface, one must wait a long
time. More specifically, let A be a small parameter, and introduce new variables 7 and £ through

7=Xt and f=M\z.

Then of course

0 = )\32 and 4 g

ot or or  oe

Hence if m(x,t) is a solution of the Cahn-Hilliard equation, and we define m*(&,7) by m*(&,7) =
m(x(€),t(T)), we obtain

Se ) = A (-AdgmA (e, ) + L E) 12)

Following Pego [13], we will be studying solutions of the equation (1.2) in the limit as A tends to zero. If
we think of A as representing the inverse of a large length scale, the variable £ will be dimensionless, and

* The choice of the nonlinearity %(m2 —1)2 is used only to carry out the explicit computations in Section 3 and Section 4.
Different choices can be made, provided they have the form of a double well potential with equal absolute minima and are

smooth enough.
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indeed, one often refers to the components of £ as being “dimensionless variables”. The dimensionless
variables are “slow” and the original variables “fast” for small A. In what follows we keep the notation
¢ for the slow spatial variables, but drop the use of 7 and replace it by ¢ for convenience. One should
just bear in mind that now we are looking at the evolution over a very long time scale when A is small.
For the reasons indicated above, we shall consider initial data mg(£) that is —1 in the region bounded
by a smooth closed curve I'g in €2, and +1 outside this region. We refer to such initial data as “sharp
interface initial data”. At later times ¢ there will still be a fairly sharp interface between a region
where m(&,t) ~ 41 and where m(&,t) &~ —1, centered on a smooth curve I';. One might hope that
for small values of A, all information about the evolution on m(&,t) is contained in the evolution of the
interface I';. This is indeed the case. To explain the situation more clearly, let M denote the set of all
smooth simple closed curves in §2. As we will explain in Section 2, M can be viewed as a differentiable
manifold. A vector field V on M is a functional associating to each I' in M a function in C°°(T"). This
function gives the normal velocity of a point on I', and thus describes a “flow” on M. We may formally
write

dar,

o= V). (1.3)

Now, given a flow on M, we can produce from it an evolution in C*°(Q) through the following device:
Let m be any function from M to C*°(€2). We write m(§,T") to denote m(I") evaluated at £ € 2. We
can then define a time dependent function on 2, m(&,t), through

m(&,t) =m(§,Ty) . (1.4)

Notice that time dependence in m(&,t) enters only through the evolution of T'y. A simple example of
such a function is the following: Let d(£,T) denote the signed distance from £ to I', where the sign
is negative in case £ is in the interior of I', and positive in case £ is in the exterior of I'. The signed
distance function, unlike the distance function itself, is smooth near I'. Let g be any smooth function
on IR and define

m(&,T) = g(d(&,T)) -

All the functions appearing in this paper are essentially of this type, or only slightly more elaborate.

Now if, for small A\ and sharp interface initial data, all of the information about the evolution of
solutions of the Cahn—Hilliard equation were contained in the motion of the interface, then one might
hope to find a vector field V' on M governing the evolution of the interface, and a function m from M
to C*°(Q) so that (1.4) defines the corresponding solution of the Cahn-Hilliard equation.

In this paper, we prove a result of this type. We construct a sequence of vector fields Vg, Vi, Vo, ...
on M, and we construct a sequence of functions mg, my, ma, ... from M to C*°(Q2) out of which one
may construct arbitrarily accurate approximate solutions of the Cahn-Hilliard equation. The following
is the basic prescription, or ansatz, for our construction relating an asymptotic expansion for a flow
of curves in ) to an asymptotic expansion for an evolution of functions on Q. (We now give only the
first part of the ansatz, which is all we need in the next few sections. A second part is specified at the
beginning of Section 5.)

Ansatz — part one: Let Vo, Vi, Vs, ... be a sequence of vector fields on M and mg, m1,mo, ... be
functions from M to C*(Q). For any given initial interface Ty in M, and oll N > 0, let I‘EN) be the
solution of

(N) N-1

dr!

i - NV (FEN)) with TV =T, (1.5)

Jj=0

Then define the function mN)(€,t) by

(N) N
mM (g, 1) = m(@) + 3 Mmy(e, 1Y)
j=1
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Theorem 1.1 For any N > 1 there are vector fields V;, j =0, ..., (N—1) and functionsm;, j =0,..., N
as prescribed in the ansatz having the following properties: Let T denote the lifetime of the solution of
(1.5) in M. Then there is a constant Cy so that for allt < T,

S0 = & (“3ame, 0 + e 0) ) + ARe. 0 (1.6
where
sup ’R(N)(f,t)' < OV (1.7)
£€N,te[0,T]

Finally the sequences of vector fields and functions are essentially uniquely determined: Given V; for
j <k, then Vi is determined up to O(N**1), and similarly given my; for j <k, then my, is determined
up to O(NFF1),

Here and in the following O(A™) denotes terms which are are of order A™ uniformly in all of their

variables.
The qualified nature of the uniqueness in the theorem is an indication that there will be choices to
be made at every stage of the approximation, and that the manageability of the approximation will
depend on how those choices are made. The full result, which amplifies Theorem 1.1, will be given in
Theorem 5.3.

The connection between flows of curves and the Cahn-Hilliard equation was first made by Pego
[13] using a formal analysis with matched asymptotic expansions. He discovered that in leading order,
the evolution of the interface should be governed by the Mullins—Sekerka flow. Naturally enough, the
corresponding vector field will be the first term, Vp, in our expansion in (1.5). The Mullins—Sekerka
vector field is defined as follows:

Fix a number S > 0 that will later be interpreted as a “surface tension” and denote by K(§) =
K (&,T) the curvature at £ € T'. Then for each I' in M, let p9,0 be the solution of

AM070(§) =0 for f ISy \ r (18)
subject to the boundary conditions

0

Mo,o(f)ZS(K(E)—ZS) onl and g0 on 90 19

(The role of the double subscript will become clear later in the context of our expansion). Now define
Vo(T) to be the real valued function on T' given by

%(&F)z[g/uo,o} € €er (1.10)
r

where the brackets on the right denote the jump in the normal derivative across I'. This clearly defines
a vector field on M, and the flow it generates is known as the Mullins—Sekerka flow. Concerning the
existence of the solution of the free boundary problem (1.8), (1.9) and (1.10). Chen [6] established the
local (in time) existence of a solution in the two dimensional case and, when the initial curve is nearly
circular, the global existence and long time behavior. The local existence of a unique smooth solution
in any space dimension has been established in [8]. Introducing an alternative approach, Escher and
Simonett [10] established the local existence and uniqueness of classical solution to the Mullins—Sekerka
problem in any dimension with and without superficial tension, granted enough regularity for the initial
hypersurface.
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The linear transformation that transforms K () into V5 (€, I') defines what is known as the Dirichlet—
Neumann operator 7. Using this operator, we may write

Vol€.T) = STr (K(.) _ |21f|> € cer

Relevant and useful properties of 71 are recalled in an appendix; see also [9] for more information.

As it is well known, the Mullins—Sekerka flow conserves the area enclosed by I';, and decreases the
arc length of I';. To see this, let Q)7 denote the interior of I', and let fo denote its exterior. It is an
easy consequence of Green’s identity that

/rt Vo(n)dsS,, = /n {aanuoph (n)dS, = Apg,o(n)dn =0 (1.11)

t Q\I';

d
Therefore, since T \Q‘F"t = / V (s, t)ds, the Mullins—Sekerka flow conserves the area of Qift, and hence
Ty

Qr, as well. Furthermore,

d 1 0
“In=-/] K = —_ S 2
dt' | /1“1, (s)Vo(s,t)ds S /., 10,0 [anuo,o] . ds Q[V,Mo,o] d¢

so that the Mullins—Sekerka flow diminishes the length of the boundary. Clearly a single sphere or
multiple spheres of the same radius are equilibria for this evolution. In this paper, we explicitly compute
V1, the next correction to Vg, and show how all higher terms could be computed. The description of
V1, like that of Vj, is potential theoretic, and somewhat complicated.

Theorem 1.2 The vector field Vi on M giving the next corrections to Vy, the Mullins-Sekerka vector
field, is given by Vi = VO + (1),

(V1) /DV to,0(& 1), (1.12)

r 4]

VO (eT) =125+ OB D) - 375 o) - - [ pe1as, ] @

~ (W) T [ [etmas, - [ [ G<s,n>d5ndsg] (©).

Here, 110,0(-,T") is the harmonic function in Q\I' defining Vo, see (1.8) and (1.9), S and C are explicit
constant computed in Section 3, see (3.29) and (3.47),

(1.13)

pe.) =3 [ G [y, mote. )] dn. (119

and DV0 po0(&,T) denotes the rate of change of 110,0(§,T') under the flow induced by Vj.

A formula for computing DVO po0(&,T), see (4.12), is derived in Section 4. Though complicated, it
reduces the computation to standard potential theoretic integrals over I'.

Pego’s work relating the Cahn—Hilliard equation and the Mullins—Sekerka flow was made rigorous by
Alikakos, Bates and Chen [1]. Their construction also yields high order approximate solutions, but does
not yield higher order corrections to the sharp interface flow. Their work, like Pego’s, was based on
matched asymptotic expansions. Our approach is modeled on the Hilbert expansion of kinetic theory
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[4],[5]. Another alternative to matched asymptotic expansions, for the spherically symmetric case, has
been developed by Stoth [15].

The plan of the paper is as follows: In Section 2 we describe M and vector fields on M in a more
precise fashion. In Section 3 we explain the Hilbert expansion, and carry out the computations for the
first two terms in explicit detail, proving Theorem 1.2. This gives us, in Section 4, the formula for V;
mentioned above. Finally, we show that the computations can be carried out to any order, and that
they yield approximate solutions of the Cahn—Hilliard equation, as claimed in Theorem 1.1. This is
accomplished in the remaining sections. We recall the potential theory and some technical lemmas in
an Appendix.

The strategy employed here was devised to treat a non—local variant of the Cahn—Hilliard equation
that has been rigorously derived from a scaling limit of a spin system with exchange dynamics and
local mean field Kac potentials [11]. The sharp interface limit has been investigated by [12] on a formal
level as in Pego’s original work. The present approach was developed to facilitate a rigorous treatment,
which shall appear in a forthcoming paper.

Finally, E. Orlandi would like to acknowledge discussions with Giorgio Fusco and Nicholas Alikakos.
She further thanks the department of Mathematics of Georgia Tech, where part of the work has been
completed, for warm hospitality.

2. Vector fields and flows on M

2.1 A local coordinate system near I' € M

Let T" be a smooth closed simple curve in . Let s — 7(s) be any arc length parametrization
of I'. (The position of n(0) on I' does not matter). In the following, we will often denote by s the
corresponding point on the curve. This slight abuse of notation will prove very convenient. Let K(s)
be the curvature of " at s, and let x(T") be given by

K(T) = max | K (s)| (2.1)

Recall that the signed distance from £ to T, d(&,T), is defined so that d < 0 inside I" and d > 0 outside
I'. Aslong as |d(§,T)| < 1/k(T), there is a uniquely determined point 1 € T" such that

€ =0l =1d(&, )] ;

1

this is the point in I' that is closest to . Therefore, define for all 0 < Ay < =)

N(o) =N (o, T) ={¢ € IR? + |d(&,T)] < Ao} -
There is a natural set of coordinates in N/ (T'): Define s(£) to be the arc length coordinate of the unique

point 1 on I' that is closest to £&. This definition extends the domain of definition of the arc length
coordinate from T itself to all of N'(A\g,T'). For the second coordinate, define

The coordinate transformation £ — (s, z) has a simple inverse:

£ =s() +2An(s(¢)) ,

where n(s) denote the unit outward normal to I' at n(s). Notice that a small variation in £ produces a
small variation in s, but can produce a large variation in z. For this reason, we speak of s as the slow
variable, and z as the fast variable.

2.2 Motion in M
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The coordinates that we have just introduced in A (Ao, ") provide the means to give M the structure
of a differentiable manifold, and to study motions in this manifold. Fix any I' € M, and let s — 7(s)
denote the arc length parameterization of I', as above. Let Ur be the subset of M consisting of curves
I such that for each € € T, |d(¢,T)| < k(T'). Each T' € Ur has a parametrization

s = n(s) +rp(s)n(s) (2.2)

for a uniquely determined smooth function rz. The map I — ri maps Ur onto an open subset in
C*(T"), which can of course be identified with C°°(S!), where S! is the unit circle. Clearly this map
is invertible, and we may regard it is a local coordinate map. For each I' in M, and each e with
0 < e < K(T), let Ur consist of all T in M so that for each £ in G,

|d(&,T)| <e.

We take these sets as a basis for the topology on M. The local coordinates just introduced are very
useful for studying the motion of curves in M. Let ¢ — Ty be a continuous map from some open
interval about ¢ = 0 into M such that I'g = I'. It follows from the continuity that for some a > 0, and
each t with |t| < a, T'; has a parameterization

s n(s) +r(s,t)n(s) .

In this case, knowledge of the function r(s,t) and its evolution provides complete knowledge about T';
and its evolution. In particular, the function*

V(s) = gr(s, t)

== (2.3)

t=0

can be viewed as the tangent vector to the curve t — I’y in M at t = 0. Hence we V' the velocity field
of t — I'y at t = 0. In this sense we write

7]
V—al"t

: (2.4)

t=to

and identify the tangent space to M at I' as the set of all smooth real valued functions V(s) on I'. Thus,
a vector field on M is a map V assigning to each I' in M a smooth real valued function s — V(s,T)
on I'. A sufficiently nice vector field on M defines a flow on M. Given a vector field V on M, and a
path ¢ — T'y in M, we say that
0
I =V({T 2.5
or =V (25)
in case computing the left hand side in the sense of (2.3) and (2.4) gives the same result as evaluating
V(I';) according to whatever rule defines it. Then ¢ +— I'; is an integral curve of the flow given by
I' — V(-,T). Further, we denote the lifetime T of the flow (2.5), starting at I' € M as

T=inf{t >0:k(T:) <Ko} (2.6)

where kg is any arbitrarily chosen positive number so that x(T") < kg < oo. If V(s,T') = K(s,T), the
curvature at s € I', one obtains the curve shortening flow by curvature. The nature of this flow in
d = 2 has been completely clarified by Grayson. A more pertinent example of a vector field on M is
the Mullins—Sekerka vector field that we have described in the previous section.

* This function will be differentiable by the implicit function theorem.

3/april/2007; 15:43 7



There is an obvious but useful decomposition of vector fields on M. For any vector field V on M,
define

1
Vir = /F V(s,T)ds (2.7)

and
VO (s, T)=V(s,T)— (V) .

This gives us the decomposition
V() =VOD) + (V. (2.8)

In this decomposition, (V) is constant, while V() is orthogonal to the constants, and thus generates
a flow that does not alter the enclosed area. In what follows, we shall derive separate equations for the
components V(9 (-, T') and (V) for each of the vector fields V; in the ansatz.

We close the section giving another example of a class functions from M to C*°(Q):

Let some number Ay > 0 be given. Define

d(&, )
h(-,T) = " ( A

0 otherwise

,s(ﬁ,I‘)) when d(§,T) < Ao 2.9)

where h is a C* function on IR x I'. The functions from M to C*°(Q) that we use in the ansatz are
all functions of this type, or else potentials of them.

3. The Hilbert Expansion

3.1 The Hilbert expansion to first order and the Mullins—Sekerka flow

Pego’s heuristic demonstration of the relation between the Cahn—Hilliard equation and the Mullins—
Sekerka flow, as well as subsequent rigorous work, was carried out in the framework of matched asymp-
totic expansions. Our approach is based on a Hilbert expansion, adapted from kinetic theory. Nonethe-
less, the first step is the same: The first step, following Pego, is to write the Cahn—Hilliard equation
as a system: For each £ € Q and each t > 0,

0

amk(&t) = Au)\(fvt) (31)

pNE1) = A (6 1) + 5 F(m (€ 1) (32)

where A denotes the Neumann Laplacian on €. Let I’y be a smooth closed simple curve in €2, and
consider initial data m*(¢,0) such that m*(&,0) ~ —1 in the region enclosed by I'y and m*(£,0) ~ +1,
outside I'y. The precise profile of m*(&,0) across 'y will be specified later. Because the free energy
decreases under the evolution described by the Cahn—Hilliard equation, we expect that for initial data
that is very close to +1 outside 'y and to —1 inside, the solution m(&, ) will remain very close to +1
outside some new curve I'; and to —1 inside. We seek an approximate solution m; of the form (to be
explained below)

m1(&€,t) = mo (d(f/,\l“ﬁ) + Ay (@,s(ﬁ,lﬁ)) + A1 (E,Ty) (3.3)

together with an approximate chemical potential po so that (3.1) and (3.2) are satisfied to leading order
in A:
0

561 = Auo(€,) + O (3.4)

3/april/2007; 15:43 8



and

pol€,t) = ~AAmA(E,6) + 5 F(mr (6,6)) + O, (35)

We have in mind expansions for m* and p* of the form

d(-,I'y)
A ) k A k
m —mo< X >+ E A (hy + ék) and  p —kE>O)\ Ui

k>1

of which m; and po are simply the leading order. In the following sections, we consider expansions
of higher order, but it is (3.4) and (3.5) that force the motion of the interface I'y to be given by the
Mullins—Sekerka flow, at least in leading order. The particular prescription for the form of m; requires
some explanation. The first term on the right side of (3.3) is the easiest to explain. The function myg
will be a minor modification of the free energy minimizing transition profile across a planar interface.
The minimizing transition profile, which we denote by m, is the unique solution of

—m"(z) + f(m(z)) =0 for z€IR
3.6
lirf m(z) = £1 m(0) =0 . (3:6)
It is easy to see that for f(m) = m> —m, m(z) = tanh(z/v/2) and so
dé
m'(z) >0,  |m(z) £ 1| < Coe | ()l < Cee @2l p=12... (3.7)

for all z € IR, where o = /2 and Cj, £ = 0,1... are positive real constants. For more general double
well potentials, the same sorts of bounds would hold with different «; see [14]. It is these sorts of
bounds that we will use, and not really the explicit formula for m(z).

A natural first approximation to a solution of (1.2) with an interface at T’y would be

o(1502)

However, this would not define a C*° function. We can remedy this as follows. Fix a number A\g. Let
r(u) be a smooth, even, unimodal cut-off function so that r(u) = 1 for |u| < 1/2, and r(u) = 0 for
u > 1. For A < Ag, define

mo(z) =r (;Oz> m(z) + (1 —r (i}z)) sgn(z) . (3.8)

Notice that for |z| < Ao/(2X), mo(z) = m(z), and for other values of z, the difference is exponentially
small in )\ because of the bounds (3.7). As long as x(I') < 1/Ao, perpendicular lines through I" meet
only at pomts that are at a distance from I" that is greater than Ay, and no singularities arise. In what
follows, whenever my is used to denote a function on IR, it will be this function defined in (3.8). As a

function from M to C*°(Q), it will always denote mq ( , the first term on the right in (3.3).

The next two terms on the right side of (3.3) require more explanation. The functions h; and ¢;
d(gv Ft)
A

¢1. It will be a smooth function with derivatives of all orders, and will satisfy a Lipschitz bound that
is independent of A. Close to the surface, more rapidly varying corrections may be required, and if

give important corrections to the leading term mg ( > Long range corrections are given by
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S0, these are to be encoded in h;. We shall derive an equation for hy, and as a consequence of this
equation, shall see that hy is a rapidly decaying function of z, like my, above.

As we shall see, there is essentially only one way to choose the motion of I'y, mg, h; and ¢; so that a
solution of (3.4) and (3.5) is possible. As discovered by Pego [13], the motion of I'; must be, to leading
order, given by the Mullins—Sekerka flow. We will extend this approximation scheme to second order,
at which level we compute a first order correction to the Mullins—Sekerka flow, and then from Section
5 on, we show that it may be extended to arbitrary order.

First, however, we explain how (3.4) and (3.5) lead to the Mullins—Sekerka flow. We begin by using
(3.1) and (3.3) to determine a leading order approximation to u. To leading order,

gy~ s (A58 vagsten (3.9

and we wish to extract the leading order of * from (3.1) and this approximation. First recall that the
Cahn—Hilliard equation is conservative in that fQ m(&,t)d¢, does not depend on t. If this conservation
law is to hold at every order, we would require

/Q (img (d(f;\l“t)) VO@(@)) dE=0. (3.10)

d?¢ = M1 — X\zK(s))dsdz , (3.11)

Since

and since my, is even, this holds if and only if

Vo(s,t)ds=0  forall t>0. (3.12)

ry

This of course corresponds to the fact that the flow will not change the area enclosed by I';. We
therefore suppose that Vj satisfies (3.12), and we can now find the chemical potential p to leading
order: The condition (3.10) is the solvability condition of

1 / d(§7 Ft)
Ao ( \

) Vo(s(€),1) = Apol&.t) (3.13)

the equation for the leading term in the chemical potential z* that we have obtained from (3.1) using
(3.9). Therefore, by (3.13), we have that to leading order p* is given by

pot.t) = [ ctem (5 (55 ) Vatsta0)) o+ catt) .11

where G(&,n) is the Neumann Greens function for Q (see the appendix), and cy(t) is a constant (in )
to be determined.
1
Since Xmé (%) ~ 26(x), (3.13) says that pg itself is approximately equal to a single layer potential
plus a time dependent constant cy(t):

Ho0(€.T1) = 2 /F G, mVo(n, T)dS, + co(t) - (3.15)

Because pg is a “smeared” version of pg g, it will be C'°°, unlike 1 ¢ which will only be Lipschitz, with
a jump in the normal derivative across I';. However, the only quantitative smoothness bound we have
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on g that is independent of A is that it is globally Lipschitz: There is a constant C' depending only
on I'; so that

l1ollLipe) < C (3.16)

We can now explain why we have written the first order corrections to mg as a sum of two terms,
Ah1 4+ A¢1. The point is that ug, being an approximate single layer potential, cannot decay rapidly to a
constant: Single layer potentials decay quite slowly, especially in IR?. Therefore, we split the correction
into two pieces: One, given by ¢; will be long range, and will have a purely potential theoretic origin
and specification. It will however be defined in the whole domain, not just in an “outer layer”. The
function h; will provide corrections to mg + A¢; that are required near I'.  As we shall see, such
corrections are only required very near I'; the equation determining h; shall force its support to be
exponentially localized near I'. We now use use (3.5) to determine ¢;. Assuming that ¢; encodes all
first order long range corrections to mg, so that m{, and hy decay rapidly for £ far away from T,

mi(6, ) 21+ A1 (6,)  and  Ami(E,1) ~ MA@ (E,1) . (3.17)
Now consider (3.5). Because of (3.17), and because of the rapid decay of hq, for £ far from Ty,

1

pEN) ~ L FELHAGIED)

To leading order in A, f(£1 4+ Ap1(€,¢)) = Af/(1)é1(&,t). Hence we must have

1
t) = —— t 1
d)l(gﬂ ) f/(1>,u‘0(§7 ) (3 8)
for & such that |d(¢,T;)| > 1/k(T¢). This specifies ¢1 away from I';. It will prove very convenient to
take this as the global definition of ¢, which we do. Closer to Iy, it is the job of hy to provide further
short range corrections — should these turn out to be needed. Hence we take ¢; to be defined globally
in 2 by (3.18). It then follows immediately from (3.16) that
C
[¢1llLipe) < ) (3.19)

Moreover, with this definition

AA(AP1(&,1)) =

)\ / d(fa]-—‘t)
o (S5 ) vt (3.20

Now we examine (3.2) close to I'; to deduce an equation for h; and the motion of I';. Since in (3.2)
time enters simply as a parameter we avoid writing it in the following, when no confusion arises. We
need to express the Laplacian in the (z, s) coordinate system. This is easily worked out to be

NAF = (for + N2 fos) = AK(8)f. — N2K2(s)2f. + O(N\3) . (3.21)

Using (3.21), we easily compute AAm; to O(\). Note that because of (3.20), the term in (3.2) involving
A¢ makes no contribution at order A°. As for mg and hy, we have from (3.21) that

2
XA, (d(i’r),s@,r)) = 2 (2,5(6)) +O0) .
z=d(§,I) /A
and likewise
d¢,T 1 0% 0
samo (58 =[5 ~ K@ )| row,
z= I
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In what follows, we shall use primes to denote derivatives with respect to z. We obtain from the
calculations above and (3.2) that

fo(Az, s) = % [=mg(2) + f(mo(2))] + [ (2, 5) + K(s)mg(2) + f'(mo) (1 + ha)] + O(N) (3.22)

First, the term proportional to A~! in (3.22) must vanish, and so mg must satisfy
—mg(z) + f(mo(z)) = 0.

This equation is satisfied by the free energy minimizing profile m, and this forces mg to be equal to m
— up to corrections that are exponentially small in A. This is the case with mg as we have defined it.
Introducing the operator £ defined by

Lg(z) = —g"(2) + f'(m(2))g(2) , (3.23)

we write (3.22), replacing mo with m where convenient, as

Lhy(z, ) = po(s, z) = K(s)my(2) — f'(mo)d + O(N)

O CE) W
= (1 P ) = (o) + 00

(3.24)

We are now in a position to determine h; and ¢;. Notice that f/(m) is even. In fact, in our case,
f'(m) = 3(m)? — 1. This means that £ is a parity preserving operator; a fact we shall use later on.

1
Now, with F(m) = =(m? — 1)2, f = F' gives
1 g

f(m) = (m* —m), f'(m)=Bm?*—-1) and  f"(m)=06m. (3.25)

For this potential, we have that m(x) = tanh(z/v/2), and so

Hence it follows that

Therefore, (3.24) reduces to

Chi(zs) = (ji,uo(s, 2) - K(s)) w(2) + O() . (3.26)

Since m’(z) tends to zero exponentially as |z| increases, and since po = po,0 + O(N), and since both
are Lipschitz, we finally have

Lhy(z,5) = (\%Mo,o(s, 0) — K(s)) m'(z) + O(N) . (3.27)

The operator L is self adjoint on L?(IR), and has a null space spanned by m’. Therefore, the condition
for solvability of Lhy = g is

[ st ez =0 (3.28)
IR
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Evidently this is possible in the case at hand if and only if

V2
3

10.0(5,0) = SK (s), S= i /JR (7 (2))2 dx = (3.29)

in which case the right hand side of (3.27) vanishes up to O(A), and so we take h; = 0. In other words,

the compatibility condition (3.28) forces (3.29) and allows us to take h; = 0, so that there is no short

range correction at the first order *. (Short range corrections will be required at higher orders).
Next, we identify Vp: It is clear from (3.29) that oo is the Dirichlet extension of SK on I', with

S = \/?/ 3. By standard elements of the theory of single layer potentials (see the the appendix) and
their Dirichlet data,

1 1
po,0(&,T) — m/ruo,o(ﬂ)dnz /FG(&??)VO(W)dSn— m/F/FG(f,W)VO(ﬂ)dSnd% §e (3.30)

where, with 7t denoting the Dirichlet—Neumann operator for T,

Vo(€) = STr <K<-> -3/ K(s)ds) © (3.31)

Comparing with (3.15), we see that (3.31) determines the velocity field, and we recognize it as
the Mullins—Sekerka flow. Next, since for any simple closed curve T, fr K(s)ds = 2w, we have

/uo,o(f,l“)dsf = 270S. Therefore, (3.30) becomes
T
1 2w S
Hoo(6,T) = /F Gl Vo(dS, ~ 7 /F /F Gle.mViln)dS, s + 1= €.

Since we require that jp simply be a “smeared” version of p g, we must use this same constant as
the constant cp(t) in (3.14). We finally have that

poe.) = [ e (5o (“5E) votst0)) a

(3.32)
1 2mwS
_ ds,d -_— Q.
and of course
1 1
$1(¢,T) = muo(fyr) = 5#0(57” . (3.33)

Now that ¢ is determined, the approximate solution m1(,t) in (3.3) is completely specified.
3.2 Relation with the Hilbert expansion of kinetic theory

At this point, the analogy with the Hilbert expansion in kinetic [5] theory can be made clear. In
this analogy, the Cahn—Hilliard equation corresponds to the Boltzmann equation

of 1

* This is a consequence of the choice f(m) = (m? —m).
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with a small parameter \. When A is small, one must have Q(f, f) ~ 0 and so f ~ M, a “local
Maxwellian” density on phase space. This has the form

1 3/2 )
M(iC,’U,t) = p(x’t) (27r9(x t)) e—\v—u(x,t)l /20(z,t)

d(gv Ft)
A

In our problem, the function m ( ) plays the role of a local Maxwellian. In the kinetic theory

problem, to determine the evolution of the local Maxwellian, one just needs to determine the evolution of
the “hydrodynamic moments” p(x,t), u(z,t) and 6(x,t). The functions “center” the local Maxwellian

d(€7 Ft)
A

in exactly the same way that I'y centers the front my ( ) in our problem. In the Hilbert

expansion, to leading order, one writes

f=M(1+Ah)

and seeks a solution of the equation powers of A just as we did here. The Fredholm criterion provides a
compatibility condition for solving an equation involving the linearized Boltzmann operator, and this
provides the equations of motion for p(x,t), u(x,t) and 6(x,t) just as the compatibility condition for
solving an equation involving our operator £ led to the conclusion that I'; evolves under the Mullins-
Sekerka flow.

If one continues the Hilbert expansion to higher order, one obtains further refinements to the evolu-
tion equations for the hydrodynamical moments: Next come the Navier—Stokes equations, and then the
Burnett equations. Continuing it still further, one can construct high order approximate solutions of
the Boltzmann equation. These in turn, as was shown by Caflisch [4], can be used to produce solutions
of the Boltzmann equation. This has recently been extended to go beyond the appearance of the first
shocks by Yu [16]. For recent work on a model with phase segregation, and hence even more directly
relevant to the present paper, see [2].

Our goal in the next section is to push this analogy further, and to obtain higher order corrections
to the evolution of I';, and higher order approximate solutions of the Cahn—Hilliard equation, sufficient
for showing that the unique solution of the Cahn—Hilliard equation with initial data representing phase
segregation with a smooth interface has, for later times that are O(1), a smooth interface that has
evolved according to the Mullins—Sekerka flow.

We next explicitly carry out the second order expansion, and then prove that the expansion can be
continued to arbitrary order.

3.3 The prescription at second order

In this section, we prove Theorem 1.2. For this purpose, we seek an approximate solution m of the
Cahn—Hilliard equation of the form

ma(e,t) =mo (M55 ) 400161 + X2 a6, ) + ol ) (339

where ¢ is the function determined in the previous section, and he and ¢ are to be determined here,
so that (3.1) and (3.2) is satisfied to O(\?). This time, we will require a short range correction, and
ho will not vanish. It is worth doing the expansion to second order explicitly. One reason is that new
features concerning the compatibility conditions enter at second order, but after that, the pattern is
essentially the same. The second reason is that this provides the form of the leading corrections to the
Mullins—Sekerka flow.

Indeed, to carry out the expansion to second order, we let I‘El) denote the solution to

a
grg” =T +anc)y =1y, (3.35)
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where Vj is the Mullins—Sekerka vector field on M, and Vi, as it will be soon explained, is to be
determined by two different types of compatibility conditions. Our first step will be to determine a
higher order approximate chemical potential using (3.1). Keeping terms out to first order in A in both
m and the chemical potential u, we have the equation:

(1)
% (mo (W) + )‘¢1(§,F§1))> = A(po + A1) - (3.36)

The quantity ¢ (€, I‘El)) is not so easy to differentiate, even apart from the fact that r§1) is evolving
under Vo + AV, We must first obtain an equation specifying V1, and for this purpose, we must isolate
the leading contribution from the evolution under Vj: For each ¢, let I'yy s be given by

d - . . .
D =Vo(lhps)  with I, =1
We then define Dy, ¢1 by
1 - .
Dyy1(6,T5") = lim — (616 Ters) — dn(&. 1)) - (3.37)

This way,
0
51 (E T = Dy s(€ T1) + O

since in computing Dy, ¢(&, Fil)) we have only suppressed AV;. We therefore replace (3.36) by

(1)
% <m0 (d(éft)» + ADy,61(&,T8) = Ao + Maa) - (3.38)

The compatibility condition for the solvability of (3.38) is that

(1)
: <mo (‘W))dgm | Prn(eTPae =0, (3.39)

dt Jo

As one sees from the formula (3.32) for ¢1, there is no reason that [, Dy, ¢1 (&, Fgl))df will vanish in
general. We shall deduce a formula for this quantity in the next section, but what is relevant now is

that it must be cancelled by the term in (3.39) involving mg. When Fgl) evolves under (3.35), we have

that
o (de.r")\ 1, (der?)
o (A )—Amo (A [Vo(s(€)) + AVa(s(6)))] -

Integrating the right hand side over 2, we find

/ mi(2)dz / . Wo(s) + AVi(s)] ds = 22 /F o Vile)ds.

Iy

Hence, the compatibility condition for solvability of (3.36) will hold if and only if

2 mm@@:-/D%@@ﬂ%M. (3.40)
¢ Q
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We therefore decompose V; into two pieces Vi = Vl( ) + (Vi)r as in (2.8). The part (V1)r denotes the
average of V1 over I'. Tt’s constant value is determined by (3.40):

1

Vil =——7v
W=

/Q Dy, 1 (€, TV )de . (3.41)

where the ¢; is given in (3.18). (This is somewhat different from the expression for (V; given in
Theorem 1.2, but as we shall see, the difference is O(\)).

The part Vl(o) will be orthogonal to the constants. It will be determined by a compatibility condition
that arises when we solve for hy. The pattern is the same in all higher orders: The constant part
of the kth order velocity field, (Vi)r will be determined by the compatibility condition needed to

solve Laplace’s equation for pg. The non-constant part Vk(o) will be determined by the compatibility

condition needed to solve for hy. Since (V})r is not zero, the area enclosed by 1"51) as it evolves under

(3.35) will not be constant. This should not be surprising. Only at the sharp interface limit does the
conservation of [, m(£,t)d¢ coincide with the conservation of the area enclosed by T'y. At higher order,
the interactions between the shape of the curve and shape of the interface matter. With this choice of
(Vi)r, the compatibility condition (3.39) is satisfied and we can now solve (3.38) for po+ Apy. First, we
use the full evolution, under (3.35), to differentiate the first term in (3.38). Then we apply the Green’s
function to each of the pieces. Taking in account (3.13) we obtain that

(1)
m(et) = 5 [ Glemmy (d“f)> Vils(m)dn + p(E, 1) + ea(1) (3.42)

where we set

6.0 = [ Glen) [Drone. )] an (3.43)

and ¢ (¢) is a constant (in £) to be determined. (Again, this is somewhat different from the expression
for p(&,t) given in Theorem 1.2, but as we shall see, the difference is O(\)). In the next section, we
shall derive a more explicit formula, at least in terms of potential theory, for p(¢,t). For the time being,
it is convenient to work with this compact form. The first term on the right is an approximate single

layer potential and it is still to be fully determined, since we do not know Vl(o) yet.

Toward this end, we first determine ¢5. As before, consider £ far from Fgl) where m3 — 1 and hy are
negligible. We then have

f”( )

po-+ A & 1 F (1L by + N2) ~ /(1) (61 + Ao) +

1 ”(1 1 3
Since po = f'(1)¢1, we define ¢ by ¢ = 0 {/ﬂ — 2({”((1)))2143] =gt gug. As before, we use
this definition globally in £, and ¢y is Lipschitz with a norm bounded independently of A. We now
return to (3.2), and replace pu* by o+ A1 and m* by (3.34). From (3.21), and the potential theoretic

definition of ¢q,

P

— AMA(mg + APy 4+ N2ha + N2hy) =

1
— Y kml 42 {—hg +

3 moVo + Kzzmé} +0(N\?) .

1
@)
Clearly,

1
*f(mo + Ap1 + AN2ho + N2¢o) =

f"(mo) 5

7f(m0) + f (mo)¢1 + )\f (mo)[hz + (;52] + A ——= B

7 .
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Hence from (3.2), since m solves (3.6), and since my = m up to exponentially small corrections,

pio + Apa = [K'mg + f'(mo) 1]

1
A [ﬁhz + K2m) + moVo + f'(mo) g2 + 2f”(mo)¢ﬂ +O(N?) .

b
S

Therefore, since ¢y = (1/f(1))po = (1/2) 0, we can use the identity (1—f'(mq)/f'(1)) = (3/v/2)m!
and have

1 3
= — _ — 4
251 b\ (K \/iuo) Mo

(3.44)
+ [ﬁhz + K%zm{ +

Vo + £ ma)éa + 31" o) | + O
Notice that the first term on the right is bounded uniformly in A because pg is Lipschitz, pug =
to.0 + O(N), and m( decays rapidly. From (3.44) we obtain

1 3
ﬁhgz,ul—x (K—\/i,l.m) mg

(3.45)
— |:K22’m0 ——mVo + f'(mo)da + f//(m0)¢1:| +O(N).

fr()

To solve (3.45), the compatibility condition (3.28) need to be satisfied. This condition will determine
Vl(o) and therefore py will be fully determined. Denote

g1(s) = /]R |:K22’m0 i )mOVO + f'(mo)da + f”(mg)qﬁZ] mgdz

Since my(z) is even, f”(mg) = 6myg, ¢1 and ¢, have a Lipschitz bound independently on A we obtain

n= [ [ Yo+ 1 (mo)n(0,) + 5 (ma) 30 s)} mpdz + O()

= 28Vy(s) + O(N).

(3.46)

where S is the surface tension defined in (3.29). We next investigate

nle) =5 [ (5= o) (e
Then
/\/ ( “0 0) (mp)*(2)dz — % /ZR(/JO — po.0) (mp(2))* dz .

The second term, involving the difference between the “smeared” and exact single layer potentials is
easily seen to be O(A?). As for the first one, note that we have pgo(s,z) = SK + alz + O(\?) for
z >0 and poo(s,2) = SK + bz + O(\?) for z > 0. The quantity b — a is just the jump in the normal
derivative of pg o across the interface at s, which is V(s). Hence with C defined by

4ln() 1
C= /|z\ ; , (3.47)
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we have

g2(s) = CVo(s) + O(N) . (3.48)

The compatibility condition that we must have in order to solve for hsy is that

/ul()\z, s)my(z)dz = g1(s) + ga(s) , (3.49)

where p; is given in (3.42). It is convenient to single out from p; the part still unknown which will be
determined so that (3.49) holds. We denote

mol&) =7 [ Gsnmo( (€, ))v1<°><s<n>>dn+c1<t> (3.50)

and

Taking in account (3.46) and (3.48) we then write (3.49) as
/,ulyo()\z, s)ymg(z)dz = (25 + C)Vp — /,&1()\27 s)ymg(z)dz = (25 + C)Vo — 211 (0, 5) + O(N)

having fi; a Lipschitz bound independent on A. As in the previous section, we may substitute 1,0 by
the corresponding single layer potential

pool€D) =2 [ GEnVi(m)as, +a ) (3.52)

and further restrict to z = 0, obtaining

/uLO,O(O, s)ymg(z)dz = 2p1,0,0(0,8) = (25 + C)Vo — 211 (0, 5)

(3.53)
— (254 C)Vh + 4(Vi)r [ Glsn)dS, + 2p(s) + OW)
r
Inserting (3.52) into (3.53) and integrating over I' we obtain that
21 (t) = m{//Gén v deSg—i—/ng/andS}
(3.54)

In this way ¢ (t) is written in term of Vl(o), still to be determined. Taking in account (3.54) we obtain

from (3.53) an equation for Vl(o)

S = 25+ o) — e | [ Glemas, - & [ asi [ aiemas,]

_% [p(g) - |1F|/Fp(n)d5n] :
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where Sr is the operator defined in (10.9). Finally applying the Dirichlet-Neumann operator, see (10.8)
we obtain

WO = @8+ 0T - e | [ Gtanas, - - [ ase [ Glemas,]

T o0~ g7 [anas,)]

With V; = Vl(o) + (V1)1 determined, we can solve (3.44) for he and we have our approximation.
At this stage it is a simple matter to prove Theorem 1.2:

(3.55)

[N N

Proof of Theorem 1.2 We have seen that up to an adjustment of size O(\), we must have that (V)
is given by (3.41). To see that this agrees, up to an adjustment of size O(X), with the expression (1.12)
given in Theorem 1.2, note first that by (3.18), and the fact that f'(1) = 2, ¢1 = uo/2. It then remains
to show that

DVO:“@(&? F) = DVOMQO(&a F) + O()‘) : (356)

For this purpose, let s — n(s) be any arclength parameterization of I', and let I', denote the curve
parametrized by s — n(s) + A\zn(s), using the notation of Section 2. Then, by the definition of yg,
(3.13), and from (3.11), we have

2yin(£.T) = /R oo (£, T2)mi(2)dz + O(N)

and

2DVOMO(§7 F) = /IRDV()MO,O(é-u Fz)mg(z)dz + O()\> .

To draw the desired conclusion, we must know that I' — Dy, 19(§,T) is continuous from M to, say,
L?(€)). This can be seen from formula (4.12) in the next section, and hence

Dy, 100,0(&,T2) = Dy, po,0(6,T) + O(N) ,

in L?(Q), which gives us (3.56).

Next, we have seen that Vl(o) must be given by (3.55), up to an adjustment of size O(A). This
coincides with the formula (1.13) in Theorem 1.2, except that the formulae for p differ: The formula
(1.14) in Theorem 1.2 involves Dy, f0,0(§,T'), while the formula (3.43) for the p in (3.55) involves
Dy, 1p(&,T). However, by (3.56) once again, these differ by O(\). O

4. Some differentiation formulas

4.1 The general problem
In this section, we produce a potential theoretic formula for the rate of change of V) under its own

time evolution. This permits us to give a potential theoretic formula for the function Dy, ¢; (¢, Fgl)),
and hence p(&,t), so that (1.13) becomes more explicit.

From the formula (3.32) for up and hence ¢, we see that the main problem to be dealt with here
is of the following type: Suppose that we are given two vector fields V and W on M. Suppose further
that the first vector field does not affect the enclosed area; i.e., for all T', fF V(s)ds = 0. Using V, form
the the Neumann harmonic extension (see the Appendix)

by (E.T) = / G@m)vw,r)dsn—I%| / / G(&, MV (1,T)AS,dS; €€ 9 (4.1)
19
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and take

dr
d—tt =W({T,), To=T. (4.2)

d
We wish to compute Dy vy = &wv(f, I't). In the particular case that V is Vp, the Mullins—Sekerka

vector field, ¥y, (§,T") = po,0, and hence if we take W = Vj as well, the quantity we are computing is
DVo to,0, which figures in Theorem 1.2. We first derive a general result. We parameterize I'; by the

arc length of T' as follows: Let s — £(s) be an arc length parametrization of I'. For ¢ sufficiently small,

every point on T’y belongs to N (\g,T'), for some strictly positive \g < ﬁ Hence we can use the

coordinates introduced in Section 2 to write a parametrization
s &(s) +rr(s)n(s)  0<s <[

of T'y. Clearly, rr,(s) = W(s)t + O(t?). Let V(s,t) be the coordinate representation of a vector field
V(-,T¢) on M at T'y. That is, if n(s,t) is the outward normal to I'y at £(s) + rr,(s)n(s), then V(-,T)
is given by the vectorfield

Vi(s,t)n(s,1)

on I'y. We seek a formula for 0V (s,t)/0t. In the case of the Mullins—Sekerka vector field, and others
that we shall encounter here, V is explicitly defined through the Dirichlet-Neumann operator, or
more precisely, its inverse: We are given a function f(-,I") such that fr f(s,T)ds = 0, and then
V(-,T') = Tr f(-,T"). For the Mullins—Sekerka vector field, as we have seen,

2

f(s,T') = SK(s,T) — |I€|/FK(5,F)d5 =5 (K(S,F) - |I’> . (4.3)

It is relatively easy to compute the evolution of f(-,T") as I" evolves according to (4.2). We will use this

0 0
to compute §V(-, t) in terms of af(-, T;). In the following we will denote simply by K(s) = K(s,T")

being T" the initial curve for the evolution (4.2). The result is the following:

Theorem 4.1 Let V and W be two smooth vector fields on M, and suppose that V is defined
through V = Tr,(f(-,Ty). Suppose that Ty evolves according to (4.2). Let Q be the operator on L?(T")
defined by

|
anh(s):/o [VeG(&(s),n(r)) - W(s)n(s) + VyG(E(s), n(r)) - W(r)n(r)] h(r)dr . (4.4)

Then we have
%V(s, 0) + W(s)K(s)V(s,0)

|
— T (gtf(s,O) + ‘%/0 f(s70)W(8)K(8)d8> (4.5)
— 'TF <QF’WV(S,O) — % A Qan(S,O)dS) .

Notice that the operator Qr i is a bounded smoothing operator, the singularities in the two derivatives
of the Green’s function cancel.

Proof: In the proof, we shall drop some subscripts. A simple computation shows that the element of
arc length along I'; in the parameterization that we employ is

1/2

p(s,t)ds = ((1+w(s, t)K(s))* + (dw(s, t)/0s)?) '~ ds 0<s<|I|.
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Again, it is easy to see that
p(s,t) =1+ tW(s)K(s) + O(t?) .

Since, see (10.10), f(-,I'y) = S,V (-, I';) we have

T
f(s,t) = G(&(s) +w(s, t)n(s),n(r) +w(r, t)n(r))V(r,t)p(r, t)dr
7| |F\
i / / ) +w(s,t)n(s),n(r) +w(r, t)n(r))V(r,t)p(r,t)drp(s, t)ds.

Recalling the definition (4.4) of Qr w, we have that

;(30) Sr (gt (s,0) + W(s)K ()V(s,O))

1 IT|
IT] Jo

N
|F||2/ / G(&(s),n(r))V(r,0)drds

1[I IT|
- W/o W(S)K(8)< | G(S(s),n(r))v(r,o)dr> ds .

t=0

+ QF WV(S 0) erwv(s, O)ds

where

== K(s)W(s)ds . (4.6)
0
From the definition of f(s,t) and (4.6) one easily recognizes the contribution of the last two terms as
IT| T

B f(s,0)W (s)K (s)ds. Then since, by assumption, f(s,t)p(s,t)ds = 0 identically in ¢, we
0 0

have that
It 5 Ir|
(s,0)ds = — f(s,00)W(s)K(s)ds .
o Ot 0
Combining results, we have the following identity:

o 1 7|

8tf($ 0) + m f(s,00W(s)K(s)ds

1 vl
= QrwV(s,0) — |1_\|/ OrwV(s,0)ds
0

+Sr (8816 (5,0) + W(s)K ()V(s,O)) .

Applying the Dirichlet—Neumann operator, see (10.8), we have the result. O

4.2 Application to DVo 10,0

Let T evolve under (4.2), from (4.3), using (4.6) again, we obtain
0 0 27TS
— 0)=5S=K K(s
g (90 =S K D]+ e /
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A well known computation yields the result that

St == (5w + W) (47)

Hence in this case, since from (4.3) SK(s) — f(s,0) = Sﬁf’l we obtain

1 |
+ T /0 f(s,00W(s)K(s)ds

d? ) 1o,
_s< W) - K (S)W(s)+m/0 K(s) W(s)ds) .

We now have what we need to compute the derivative in ¢, along the Mullins—Sekerka flow, V{, of
v (,T4) = po,0(-,T'y). We first compute the derivative in ¢ under a flow generated by W of 9y (-, T';),
see (4.1). Then we set V =V and W = V. A computation just as in the proof of Theorem 4.1 yields

(4.8)

/VG& n()W )V (n,0)dS,
i /p Gl&n) (aatv("v 0)+ K <T7>W(n)V(n)> ds,,
! Ty
_m/ QF,WV(T/,O)dSn“FW//G(€7n)V(n’0)dSndS€

|”//ng(at m)+K(WW)Wm®+K@W@WMOd%%b

This simplifies to

Gov(eTo| = [ V,6En nnwnv.oas,
+&N(;<,m+wamwmm)w;AQmwwwm&

(4.9)

IFI’
i G§ )V (n,0)dS,dSk

|r|//Gf nK (€)W (€)V (n,0)dS,dSE .

where & n is the operator defined in (10.12). From (4.6), arguing as before, the contribution of the
the last two terms in (4.9) is given by

1 T

- Yy (€,0)W(s)K (s)ds . (4.10)
Tl Jo

From (3.29) and (3.30) when £ € I and V' = V;, we have that

S
a—ﬁlmmS

) (4.11)
—Ammmmwm—wﬂﬁmmmmmww—m@m.
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Then (4.10), when V = Vj, is equal to

2
(|r [ ewieas - g [ K dsﬁ) |

Now using (4.8), Theorem 4.1 and the definition of & p, see (10.13), we have

¢VO (&, Ft

/V G(&,n) - n(n)W (n)Vo(n,0)dS, — Er,p(Qr,w Vo(n))

42 ) 1 || )
+Ern (5% (—dS2W(s) - K(PW) + o /O K(s) W(s)ds>>
<|F|/ KHOW(©)dse - |r\2/ K€ de) (4.12)

= [ DGEm) - n)W Vo(0,0)d5, — Er.p (QrarVo(1.0))
r
d? 258m
Sérp | —=—=W(s) — K(s)*W K(&)W(£)dsS
+ I,D ( ds2 (S) (S) ) |F|2 / € -
The first term on the right is a double layer potential. Setting W = V; where Vj is the Mullins Sekerka
flow in (4.12) we obtain Dy, po,0 which appears in (1.12) and (1.14).

5. Results for general N

We follow the scheme outlined in the previous sections. We start by ammending our ansatz for
constructing the approximate solutions by further specifying the nature of the functions m;.

Ansatz — part two:  Let any number \g > 0 be given. For any I' € M with x(T') < 1/(2)\g), let
mN (., T) € C®(Q) be

N
d(g,T ,
(1) = mo (HEE) 4 3o Vm(e.r) (5.1
j=1
Here, the function mq is defined in (3.8). For j > 1, set

mote. 1) =y (5 se)) +oier) €e0 i-1, 5.2

Let h;(-,T) be a C™(Q) function of the type (2.9). The ¢;, j = 1,..N satisfy Neuman boundary
conditions on O and a global Lipschitz bound A—independent, i.e.

where C' is a constant independent on .

Notational convention: In the following we denote by m(M(¢,t) = m®V) ({,I‘EN)) the function
having the requirements prescribed in the ansatz and evaluated at FgN), t € [0, T], the solution of (1.5),
1
2X0
This is the upper bound on the curvature that will be tolerated in our estimates, since they suppose

being T its lifetime, see (2.6). We will fix once for all a small value of \g > 0, and define ko =
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that the local coordinate system introduced in Section 2 is valid for all |z| < Ao/A. Hence we use this
value of kg in defining the lifelime T of our solution of (2.5); see (2.6). We will write

(B ‘
me) =h(ME ) e toen =18
(V) d€.ri") :
whenever we need to stress that h; depends on I'; "’ through the fast scale ++— . Further we drop in

the following the superscript (N) in FEN), writing I';. Through what follows, we write C' to designate a

generic positive constant independent on A. Its actual numerical value may change from one occurrence
to the next.

Let Vj, j = 0,..,(N — 1) be the sequence of vector fields introduced in the ansatz. We split them,
according to (2.7) and (2.8), as

V=v9 4+ ()  j=0,..,N-1 (5.4)

The Vj(o) will be determined applying the Dirichlet-Neuman operator, by potential theory, in Theorem
5.2. The (V;), the part constant on I', will be determined in Theorem 5.1, stated next.

Theorem 5.1 Fix N > 1. Let I‘,EN), t € 10,T], be the solution of (1.5) in M, being T its lifetime.

Let m(N)(-,FgN)) be as in the ansatz. There is an unique way to determine the (V;), 7 =0,..,(N —1),
such that there exists an unique (up to constant in £) expansion

N—-1

> Npi6t)  inQx[0,T], (5:5)

=0

PN )

with p;, fori=0,1,..N — 1 given in (6.13), (6.17) and (6.27), satisfying

%m(m (&,1) = ApN =D (& 8) + Ri(£,1,)) in Q% (0,7T), (5.6)

with Ry given in (6.9). Further pN=Y(-,t), for t € [0,T), is a C>®(Q) function satisfying Neumann
homogeneous boundary conditions on 052,

sup  |Ri(6,6,N)] < C(T)AN! (5.7)
£,t€Qx[0,T]
and
sup / Ru(€,1, \)[de < C(T)AN (5.8)
tel0,T] JQ

where C(T') is a constant independent on .

The proof of Theorems 5.1 is deferred to Section 6. The next theorem assures the existence and
(essential) uniqueness of the functions m;j, j = 0,..N, having the properties requiremed in the ansatz.
Existence and unicity are obtained provided a compatibility condition is satisfied. This determines

Vj(o), the orthogonal part of the velocity fields.
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Theorem 5.2  Let T be the lifetime of the solution of (1.5) in M. Let p™N=V(-t), t € [0,T], as

in Theorem 5.1. Then, provided the Vj(o), j=0,..(N—1) are chosen as in (8.18), (8.25) and (8.37),
there exist mj, j = 0,.., N having the requirement stated in the ansatz such that

PNV ) = —AAm™ (€ 1) + %f(m(N) (&:1)) + Ra(&,1,) in £ x (0,77, (5.9)

with Ry given in (8.45). Further mWN) (- t), for t € [0,T], is a C*(Q) function that satisfies homoge-
neous Neumann boundary conditions and

sup sup |Ro(&,t, M) < CAV. (5.10)
£eQte(0,T)

The proof of this result is given in Section 8. Theorem 5.1 and Theorem 5.2 provide the two steps to
construct the approximate solution to (1.2). From Theorem 5.1 and 5.2 one obtains easily the following
comprehensive result, which amplifies Theorem 1.1. Its proof is given in Section 9.

Theorem 5.3 For all N > 1, there are uniquely defined sequences of vector fields V;, j =0,..,(N —1),
on M and functions mj, j =0,..,N, from M to C*>(Q) as in the ansatz such that the following holds.
For anyTy € M, choose kg > (L), set A\g = ﬁ and let T be the lifetime of the solution of (1.5) in M,

according to (2.6). Then for allt < T, for all X € (0, \o] we can construct (™), g(N=1) € C>(Q x
[0, 7)) where m™) is a AN modification of m™N) | i.e. SUD(¢,1)c0x [0, 7] [N (&,1) — mN)(€,t)] < CAN

and g1 4s a A\N=1 modification of p™ =Y, i.e. SUD(¢,1)c0x[0,T] ANV 1) — VD (g )] < OAN T
satisfying

SN = A in 0 x (0,7)
t ) (5.11)
AU D) = =AM (1) + TFmN(E D) + REL ) inQx(0,T).
where
sup sup |R(E,t,\)] < CAVL .

£€Q€[0,T)

Further, i =Y(-,t) and m™N)(-,t), for t € [0,T), satisfy Neumann homogeneous boundary conditions
on the boundary of Q. In addition

sup sup [AN V(1) — po.o(€, 1) < CA, (5.12)
te[0,T] €02

where pig o s the solution of (1.8), (1.9),

(N)
r
sup sup m) (& t)—m (d(ﬁ,”) <CM, (5.13)
tG[O,T] E€N()\0-,FS,N)) )\
sup sup ‘ﬁl(N)(f,t) F 1‘ <CM. (5.14)

eI cea\w (3, ri™)

Once the approximate solution to (1.2) is constructed it remains to show that it is indeed “close” to
the solution of (1.2). This can be achieved arguing as in [1]. One needs only to verify that the spectral
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estimate used there still holds for the approximated solution we constructed. This is indeed the case,
as can be easily verified.

6. Construction of the approximate chemical potential

In this section we apply classical potential theory to prove Theorem 5.1. We look for a function
pN=1 from M to C>(Q) having the form

N-1

pNED) = Y Npm(E ) £eQ, (6.1)

=0

where p;, i =0, .., N —1, are functions to be determined. We insert m("), as in the ansatz, and p(V—1,

as in (6.1), both evaluated at FEN) where FEN) is the solution of (1.5), into (3.1). We obtain (N — 1)

Laplace equations for ,ui(-,F,gN)), i =1,..(N —1). The compatibility condition needed to solve these
Laplace equations determines (V})(F,EN)) for j =0,..,(N—1).

When differentiating m ™ (-, T"™)) with respect to ¢ we need to take into account that m®) depends
on I', trough a fast and slow scale, the fast scale brings a factor A~!.

Notation Let m be a function from M to C(Q) of the type (2.9). Let V be a vector field on M.

We denote by

(¢, T)
A

Dym(e,T) = 1K (S e D)V (s() | (62

where we indicate with prime the derivative of h with respect to the first variable z = d(i’r). When

Wy = Z;.V:_Ol NV, with Vy,...VN_1 a vector fields on M

N-—1
Dwym(§,T) =Y XNDy,m(&T) .

J=0

Note that by the orthogonality of V¢d with respect to the surface there is no contribution in (6.2) from
s(&,T). We have then

ot (€7t):DWN(m ):DVom0+)‘[DV1mO+DV0m1]
N-1 (6.3)
+ A2 [Dy,my + Dy,ma + Dyymg] + ... + AV 7! lz Dymy_1—;| + Ry + E
i=0
where
N-1
Ry = \V [Z Dymy_;| + O(/\N). (6.4)
i=0

The term E = E(&,t, \) is obtained deriving r(@) with respect to the velocity field the function

0

1, dE T [R=
B t,\) = " ( o )| D AVi(@(€),8) | {m — [Liae,r>0y — Lae,r<oy) } (6.5)
=0
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It is exponentially small, namely r’ is different from zero only for ;—g\ < 2] £ % and m goes ex-

ponentially to +1. Taking into account (6.3) and (3.1) we obtain a set of N equations for the pu;,
i=0,.N—1.

Zero order term in A\

1
Dy,mg = XVOm’ = Ao for £ €Q, (6.6)

First order term in A\

[Dv,mo + Dyyma] = Ay for - £ €9 (6.7)
n-th order term in A\ (n < N —1)

=Ap, for £€Q. (6.8)

n
Z Dy,my—;
=0

Remainder term
The remainder term, see (6.4) and (6.5) is given by

It can be easily estimated
sup IR (€,1)] < C(T)ANL . (6.10)
(&,t)eQrx[0,T]

Further, one gains an extra power of A when integrating R, since the terms of order AN ~! have support

n N()\()),

sup / IRy (€,1)]dé < C(T)AN . (6.11)
te[0,T] JQ

Next we show existence and uniqueness (up to constant) of the solutions of the equations obtained at
different order. In Lemma 6.1 and in Lemma 6.2 we consider respectively the first and second order
equation, since for d = 2 the first order term, does not require the extra device we need for higher order
terms. These equations were already discussed in Section 3. We repeat here to make the presentation
more systematic. Finally in Lemma 6.3 we outline the proof for solving the equation to a generic order.

Remark: In the next lemmas, as well in all the paper, G stands for the Neumann Green’s function
on €, see (10.1).

Lemma 6.1  There exists an unique (up to constant in &) solution of (6.6) provided
/ Vo(n,Ty)dS, =0 te[0,T]. (6.12)
T

It is given by

pote.1) = [ Gt (5mb (P5) ol 0)) an + ol (6.13)
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where co(t) is a constant (in &) to be determined. It is a C*°() function for t € [0,T].

Proof: The solvability of (6.6) requires that for all ¢ € [0, T

/Q (imi) (d(ﬁ;\rt)) Vo(s(n), t)) dnp=0 (6.14)

This forces to take V) such that (6.12) holds. Now since

dn = A1 — AzK(s))dsdz (6.15)

and my, is even we have that (6.14) is satisfied. O

Remark In dimension d = 2, the velocity field V{, coincides with VO(O), the constant part being zero.

If we were working in three or more dimensions, the integral (6.14) would not have vanished identically,
but would have been a term of O(A\?). This would have caused only a slight complication, and we shall
explain how to deal with such problems in Lemma 6.2 when we discuss the first order term.

Lemma 6.2  There exists a unique (up to constant in &) solution of (6.7) provided

Vi(Ty) = VOT)+ < Wi > (Ty)
with

V%, T)dS, =0 Ve [0,T] (6.16)
Ty

and < Vi > chosen according to (6.23). It is given by

(&5 t) = pao(€,t) + fin (€, 1) (6.17)

where [i1 is given in (6.26),

1, (d(n/,\I‘t)

mat.t) = [ ctem (5 () O s00.0) an + o) (6.18)
and c¢1(t) is a constant (in &) to be determined. The solution is a C*° () function for t € (0,T].

Proof: The solvability of (6.7) requires
/ [Dy,mo + Dy,m4]dé =0 (6.19)
Q

for any ¢ € [0, T]. Here we are assuming that my, mg and Vj are already determined and so we define

bl(t) = / Dvom1d§ . (620)
Q
Set
Vi(Ty) = V2 (T)+ < Vi > (Ty) (6.21)
Require (6.16). Then we obtain
/ Dy,mod€ =2|Ty| < Vi > (Ty) . (6.22)
Q
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Hence, to satisfy (6.19) we must take

<WTy) >= —ﬁbl(t) . (6.23)

This determines < V;(T';) >, the projection of V;(T';) onto the constants. It still remains to determine

the orthogonal part Vl(o). The solution of (6.7) exists and it is given by

pr(6:0) = [ G&n) [Dvima + D] dn +ea (1) (6:29)
Q
Since decomposition (6.21) and for further use, it is convenient to write

pa(&,t) = p1o(&,t) + (&, t) (6.25)

where f11,0(§,t) is given in (6.18) and

jnte.t) = [ cemprmant <vi)> [ cen (ms (N5 ) an (6.20

Lemma 6.3 The solution of (6.8), for 2 < j < N — 1 exists and is unique (up to constant in &)
provided
Vi) = VO T+ < V() >,
/ vO(s,T)ds=0  Vtel0,T]
Ft Vi ) L 7

and < V;(T'y) > chosen according to (6.84). It is given by

1 (& 1) = pjo(&,t) + a5 (6, 1) (6.27)
where
miole) = [ aten (5o (N5 ) VO ) ans i) (6.29)
and fi; is

(&, 1) = /Q G(&m) [Z Dvn,mj_n] dn

n=0

#<vim> [ e (mp (U5) ) an

The solution 1;(-,t), fort € (0,T] is a C*() function.

(6.29)

Proof: The proof goes as in Lemma 6.2. The solution exists if

/ [ZJ: DVnmj_n] e =0 (6.30)
Q

n=0
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for any ¢ € [0,T]. Here, Dy, mj_,, for n =0,..,j — 1 are determined and so we define

b;(t) :/Q [Z_: DWzmj—n] d¢ . (6.31)
n=0

Requiring
Vi(Th) = VO (T)+ < V(Ty) >
with
/ V(s,T)ds =0 . (6.32)
I
gives
/ Dy, modé = 2|T| < Vi(Ty) > . (6.33)
Q
Hence to fulfill (6.30) we must take
<VATY) = —— (1) (6.34)

This determines < V;(I'y) >, the projection of V;(I';) onto the constants. It still remains to determine

the orthogonal part Vj(o). The solution of (6.8) exists and, as done before, is represented by (6.27). O

Proof of Theorem 5.1

From Lemma 6.1, Lemma 6.2 and Lemma 6.3 we have that u(V =1 satisfies by construction (1.1). The
remainder R; is defined in (6.9) and estimated in (6.10)) and (6.11). The pV=1(. ) for t € [0,T]
satisfies homogeneous Neumann boundary conditions by construction. Theorem 5.1 is then proved. O

7. Proof of Theorem 5.2: Derivation of the equations

In this section we begin the proof of Theorem 5.2. We write (3.2), inserting in the left side the
function p=1 (-, T{")) determined in Theorem 5.1, see (5.5):

)\M(N—l)(&t) — —)\QAm(f,t) + f(m(&,t)) in Q x (0,7) (7.1)

The pN—1 are written in terms of the m("N), chosen according to the ansatz. Here we prove that there
exists an unique way to find the function m™), having indeed the property required in the ansatz and
satisfying equation (7.1) in the sense of Theorem 5.2. The existence at any order of the m;, j =0,..,N
is obtained provided a compatibility condition is satisfied. This compatibility condition imposes to

take Vj(o), j=0,1..,(N — 1), according to (8.9), (8.25) and (8.37). In the proof of the Theorem 5.2 we
distinguish two main steps

e step 1: Determination at any order of the equations. This is carried out in this section.
e step 2: Analysis of the equations derived in the first step. This will be done in the next section.

In this and in the next section I'; is kept fixed, so to simplify notations we drop to write the dependence
on t, writing explicitly only when we think it is worth to remind it.

To separate the fast and slow scale of m") near the surface T', we write the Laplacian in the system
of local coordinates introduced in Subsection 2.1. The expansion in A of the Laplacian written in this
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coordinate system is reported in the appendix. We match the right and left terms of the equations
having the same power of A, distinguishing the case where £ € N'()\g) from the one with & € Q\ N (Xg).
We therefore get at any order two sets of equations, one for £ € N'(Ag) and the other for £ € Q\ N (Xg).
After simple, however lengthly conputations we obtain the following. Taking into account a formula
from the appendix, namely (10.15), and denoting by ’ the derivative with respect to z, and letting a,,
by, ¢, denote the quantities defined in (10.16),

N
NAmWN) (2, 5) = {m”(z) + Z AR (2, 8) + an(z, s)m']}

{Z/\"Zanlzsh’zs +Z)\”[anlzsd2 i(2, s)] (7.2)

N n—3
n d 3
+ DAY ennilz8) bl } +A%A ZA $i(€)| + Br(&,t, ) + AVTLA(E 1, 0)
n=4 i=1

with
sup  |A(§,t,\)] < O(T), (7.3)
(&,t)eQx[0,T)
sup [ deJAE, £ N)] < AC(D), (7.4)
tel0,T]JQ
d&,r) [ dE&T
E1(&,2) = A Ar( (io )){m( (i ))— []I{d<s,r>>o}—]I{d<s,r)<oﬂ}
+2\%Vr -V [m(d(i’\ D )}
and
lim sup |E1(&,t,A)] =0 (7.5)

A=0 (g neax(o1]

the convergence being exponentially fast due to the decay of .

Define f; such that

N
+ ) N fi(mo,ma, . mi1)

i=1

N
Fm™N) = f(mo) + f'(mo) [Z X'

+ AT BN (5N

i=2 (7.6)

sup |BN+1(§at7>\)| <C (77)

£€Q,t€[0,T]

One easily obtains the f;, for ¢ = 2,.., N Taylor expanding up to N— order f around mg and collecting
terms having the same power of A\. We insert (7.2) and (7.6) into (7.1). We equate terms having the
same order (when estimated with the L°°(£2) norm) in A obtaining at any order two equations one for
€ € Q\ N(\), the other for & € N(Xg). The one for & € Q\ N(\g), determines the ¢;, the slowly
changing terms, the other for £ € N'(\g) determines the h;, the rapidly decaying terms. When deriving
the equations for £ € N'()\g) terms of the type Ag;(\z,s) appear. As was shown for the first term in
the expansion, see Subsection 3.1, the ¢; are C'"*° functions, since are proportional to the u;, and have
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the same type of singularity in A when differentiated in &. Therefore terms A"t Ag,,_1(\z,s) = O(A")

and we write them in the A" order equation.

Zero order term in A\

0= (D) + fmole) for ze 23220
(D) =0 for £ € Q\N(X)
First order term in \:
to(Az, s) = — [h] (2, 5) — K(s)mq(2)]
+ f'(mo) [h1(z, 8) + d1(\z, )] for £ e N\

and

po(&) = f'(1)e1(€) for £€Q\N(No)

Second order term in \:
i(hzs) = — W (2. ) — K2(s)zmiy(=) — K ()0 (2. 9)]
+ f'(mo(2)) [ha(z, 8) + d2(Az, 8)] — AAd1(Az, 8) + fa(mo, m1)(Az, 5)
for £ € N(Xg).
p1(8) = f(D)d2(8) + fo(1,01(8)) — M1 (§) for £ Q\N(No)
More explicitly the fy term is given
f2(m07 ml)()‘z’ S) = %fﬁ<m0(z>) [h%(z, S) + gb%()\Z, S) + 2¢1()‘Z’ S)hl(zv 5)}

for £ € N'(Xo), and
£2(1,61(6)) = 31" (VGE)

for £ € Q\ N (o).

n-th order term in A (3 <n < N):

Hn—1 ()‘Za S)

n—1 2

n—2
= — |h(z2,s) + an(z, s)my(2) + Z [an_i(z,8)h,(z,8)] + Z br—i(z, s)%hi(z, s)

i=1 i=1
n—3

+1n>ay Z en—i(z, s)%hi(z, s)| — Mon_1(Az,8) + f'(mo) [hn(z, 8) + ¢n(z, 5)]

i=1

+fn(mOamlamQ;--7mn—1)(>\z7s) fEN(AO)
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(7.10)

(7.11)

(7.12)

(7.13)

(7.14)



pin—1(§) = =AAdn_1(&) + f'(1)dn (&) + fu (1, é1, 82, ., dn—1)(§) £ € Q\N(Xo) (7.15)

The Remainder:

The remainder term is given by
ARQ (57 t, )‘) = )‘N+1A(§a t, >‘> + )\N+2A¢N (fa t) + Ey (57 t, A) =+ A1\/}131\74-1(57 t, A) (716)
(From (7.3), (7.5), (7.7), we have

sup  |Rao(€,t,0)] < CAN . (7.17)
(&,t)ex][0,T)

8. Proof of Theorem 5.2: Analysis of compatibility conditions

In this section we analyze the equations obtained in Section 7. As in Section 3, the strategy is to find

at each order in ), first, the slowly varying part, the ¢;, solving the equations for £ € 2\ N'(\o, FgN)).
Then we extend ¢; globally in 2 and determine the rapidly decaying part h; solving the equations in

EeN (%, FEN)). However here, in order to continue to arbitrary order, it is convenient to modify the
way we extract the compatibility condition required to solve the equation for the h;. The modification
is to add and subtract to each order a term of lower order X+l (s, T')m/(2), with o;(-,I') € C>(T).
Adding and subtracting terms does not change, of course, the total quantity but it modifies the equation
we obtain at each single order. We obtain at any ¢ > 1 order in A the corresponding m; split in one
part, the function ¢; defined globally in €2, satisfying Neumann condition on the boundary of €2, the

other part, the h;, is different from zero only in a tubular neighborhood of T, A/ (%,Fim) and it is
exponentially decaying to 0 far from I'. The 0 order term is different, in the sense that mg far from the
interfaces relaxes exponentially fast to +1. We first state the following Lemma, taken from[1]. We use
this to determine the condition for solvability of equations of the type (8.1), where L is the operator
on L?(IR) defined in (3.23).

Lemma 8.1 [ABC] Let A(z,s,t), 2z € IR, s € T', t € [0,T]. Assume that there exists AT (s,t) such
that for A(z,s,t) — A*(s,t) = O(e= ) as |2| — oo for s €T and t € [0,T]. Then for each s €T and
te[0,7T)

(Lw)(z,s,t) = A(z,s,t)  for z € IR
(8.1)
w(0,s,t) = 0,w(-,s,t) € L(IR)
has a solution if and only if
/ A(z,s,t)m/(2)dz =0 forall seT,tel0,T] (8.2)
R
In addition if the solution exists, then it is unique and satisfies
Ax
D} |:w(z7 s,t) + f,((sf)t)] = O(e™I2ly as |z] = o0 and £ =0,1,2 (8.3)

Furthermore if A(z,s,t) satisfies

DPDPDE [A(z, 5,t) — A(s,1)] = O(e 1))
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then
A% (s,t)
f)

forallm=0,1..M,n=0,1...N, and £ = 0,1...L+2. Further, since L is a preserving parity operator,
the solution w(z, s,t) is odd (even) with respect to z if A(z,s,t) is odd (even) with respect to z for s € T
and t € [0,T].

D™DDE |w(z,s,t) + = O(e el

Remark: In case A(-,-,-) € C*° (IR x I" x [0,T]), the solution w(-,-,-) of (8.1) is C* (IR x T x [0,T7]).
Whenever we apply Lemma 8.1, the right hand side of (8.7) will be C*° (IR x I" x [0,T1]), then the
solutions will be in C*° (IR x T" x [0,T7).

The compatibility conditions must hold for every I' in M and so in our derivation we do must refer to
Ty.

Zero order term in \:

For ¢ € N(%2) we have from (7.8)

0= —m"(2) + f(m(z)) for e [—%, %] (8.4)

and from (7.9)
0= f(£1) for &€ Q\N(\) (8.5)

The (8.4) and (3.7) are satisfied by m, see (3.6) and (3.7).
First order term in A:

As explained at the beginning of this section, it is convenient for solving (7.10) to add a term
Aag (s, I)m/(z) , s € T and z € IR, with a;(-,I") to be determined. This term will be subtracted
to the second order. In the following we will short notation, writing a;(s) = a1(s,I"). Recalling the
definition of £, see (3.23), adding Aas(s)m/(z), we write (7.10) as

po(Az, s) = f'(m(2))¢1(Az, s) = K(s)m'(2) + Aar (s)m/ (2) = (Lha)(2, 5) (8.6)
for ¢ € N'(22). One has from (7.11) that

d1(€) = for E€eQ\N() . (8.7)

We extend this definition of ¢; globally in Q. We then insert (8.7) into (8.6) obtaining for s € T',|z| < 22.

f'(m(2))

1

Since the left hand side of (8.8) tends exponentially to 0 as z — oo if the solution of (8.8) exists, see
Lemma 8.1, then decays exponentially fast to 0. We can therefore extend (8.8) for z in all IR. We have
the following result.

1o(Az, s) {1 - ] — K(s)m'(2) + daq (s)m/(2) = (Lh1)(z, s) (8.8)

Lemma 8.2 Set
WO = 5T K0 - [ Kwas,|© et (5.9)
34
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where

S = 1/ (' (2))° dz = V2 (8.10)
R

and Tr is the operator defined in (10.8). Then it is uniquely determined a1(-,T) € C*(T') and it exists
an unique solution of (8.8), hi(-,s), s € T, such that hi(0,s) = 0 and hy(-,s) € L*(IR). Moreover
hi(-, s), for s € T is even as function of z and its derivatives with respect to z decay exponentially to 0
as z tends to +oo.

Proof: For any fixed s € T, the condition for the existence of hq, see (8.2), requires

) . (8.11)
= [K(s) = A (s)] | (W (2))d= for seT
R
Let
00l =2 [ P WGENAS, +al) e (5.12)
since f10,0(&) — po(§) =~ A, we first choose V})(O) imposing for s € T’
F10m (=) i [ oo o
[ moat0.5) 1= Z tyas = (o) [ om'e)* s (8.13)
We obtain, since
| @i = 50) = f-1) = 0 (8.14)
2u00(¢) = K(9) [ (') dz €er. (3.15)
R
Inserting (8.12) in (8.15) and integrating over I" we obtain that
/dsé/vo G(&,n)dS, + 2¢o(t)]T| :Qﬂ/lR(m/(z))de. (8.16)

Then from (8.16) we obtain

co(t);rl{ /( Ydz—4 /dS /v“” dS] . (8.17)

In this way the constant ¢q(¢) of the single layer potential, see (8.12), is written in term of the velocity
field VO(O) still to be determined. We then insert cq(t) as in (8.17) into (8.15) obtaining the equation
determining VO(O). We have

(0) 27
SV <,r>—s[K<n>—m} ner .

where Sr is the linear operator defined in (10.9). Applying the Dirichlet-Neumann operator, see (10.10),
we obtain
27

VO (e,r) = ST [K(-) -

} & fel. (8.18)
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This determines VO(O) and then c¢y(t), see (8.17). Now that VO(O) and c¢o(t) are chosen, we simply choose
a1(s) so that (8.11) is satisfied. Then for any s € T, Lemma 8.1 assures the existence of the unique
solution of (8.8) with h1(0,s) = 0, exponentially decaying to zero as |z| — co. Since the left hand side
of (8.8) is even, the solution hq (-, s) is even as function of z. O

Note that uo,o(-,l"gN)), defined in (8.12) and (8.17) with VO(O) given in (8.18) solves for any ¢t € (0,7T)
the (1.8) and (1.9). It is the same already derived in Section 3, see (3.15). The function h; determined
in Lemma 8.2 is A different from the one of Section 3. In fact the equation determining hy here, see
(8.6), has terms of order A not taken in account in Section 3 when solving for h;.

Second order term in \:

We proceed as before. Since (7.13) and A¢; = 0 in Q \ N (\g) we obtain

() = F6a(€) + T MAE  E€Q\N ). (5.19)
which gives, for £ € Q\ N (),

L
S

As done before, we extend the validity of (8.20) globally in 2. We insert (8.20) into (7.12). We add,
subtracting to the next order, Aas(s)m’(z) obtaining

526) = Fg7 ml©) - 56O (5.20)

p1(Az, s) [1 - } — As(z,8) + Aaa(s)m'(2) = (Lha)(z,s) &€ N(%) (8.21)

where we set

f/ (Z))fQ( ,¢1)()\Z7S)

As(z,8) = M1 (Az, 8) — fa(m,my)(Az, 8) + ) | (322)

— K%(s)zm(2) — K ()R} (2, 5) + ai(s)m/(2)

All the quantities in (8.22) have been already determined. Further

lim As(z,s) =0 sel (8.23)

|z| =00

exponentially fast. Namely, since the exponential convergence of m(-) to =1 and the one of m/(-) and
hi(-,8), for s € T, to 0 we need only to verify that

lim AAqsl(/\z,s)7f2(m,ml)(>\z,s)+f’( m(z))

(From (8.7) and (3.14) we have that AA¢;1(Az,s) = 1 V(O)(s)m’(z). Then as |z| — oo, it converges

(1
) /(1) = f/(-1) and lim|;| oo hi(z,8) =0

)
exponentially fast to 0. Further since lim|.|_ f’ (m ) =
.23). As done before, we extend (8.21) in IR.

exponentially fast, we have (8.24) and therefore (8

(2
).
Lemma 8.3 Set

Vi) =Tr {4 1( 4|F|/Bl ds} el (8.25)
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where By(s) is defined in (8.28) and Tr is the operator defined in (10.8). Then there are uniquely
determined as(-,T') € C®°(T) and ha(-,s) € A®(IR), h2(0,s) = 0 with s € T, solution of (8.21).
Moreover hy(-,s) and its derivatives with respect to z decay exponentially to 0, as z tends to +oo.

Proof The solvability condition, see (8.2), is satisfied provided for s € T" and ¢ € [0, T

o

/ p1(Az, s) [ ! (rln(z } m(2)dz —/ As(z,s)m' (2)dz — Aaa(s )/ (m/(2))* dz (8.26)
R fr() R

where pq is defined in (6.25). The term fi; of uq has been already completely determined. Still to be

detrmined are, as in the previous case, the constant ¢;(t), the velocity Vl(o) and as(s). Write (8.26) as

FOED] b v [ o s
/IR,uLO()\z,S) {1— 0 } (z)dz = B1(s) — Aaa( )/IR( (2))°d (8.27)
where
= z,8) — fi1(Az,s) |1 — fim(z)) m'(2)dz
B = [ {0 [1- EEE e (5.28)
Let
100(6) = 2 / VO )G, m)dS, + e ()€ € € (3.29)

since f11,0,0(§) — p1,0(€) =~ A, we first choose V; imposing

10 )
[ maal0.5) 1= EEED s = o (3.30)
We obtain

,Ul,O,O(O; S) = %Bl(s) sel (831)

Inserting (8.29) in (8.31) and integrating over I" we obtain
1 |1
at) = |5 [ Bmas, —2 [ ase [ vOucienas, (8.52)
Tel [2 Jr, r, r,

Since fF s)ds = 0, let Sr be the linear operator defined in (10.9). Then (8.31) can be written as

1 1
SFVl(O)(f) = 131(5) - M/FBI(SMS £erT

and applying the Dirichket-Neumann operator, see (10.10) we obtain (8.25). This determines the

(constant in &) ¢1(t). Now that Vl(o) and ¢ (t) are determined, we choose as(s) so that (8.27) is
satisfied. O

Notice that f11,0,0 solves

A/JI,O,O =0 for 5 S Q\F

111,0,0(8) = Bi(s) on T (8.33)
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n—th order term in )\, 3 <n < N.

As previously, we determine the function ¢, for £ € Q\ N(\g) from (7.15). Then, we extend the
validity in 2 obtaining

on(§) = 70) (n—1(8) + AAGn—1(§) — fu(EL, ¢1,d2, ., Pn—1)(§)] £ €Q (8.34)

We then insert (8.34) into (7.14). We add and subtract (at the next order) the quantity Ao, (s)m’(z),
to the left hand side of (7.14) and we obtain

tn—1(Az,8) [1 - f’;:zi,)z))} — An(z,8) + Ay (s)m' (2) = (Lhy) (2, s) (8.35)

where we set

n—1 n—2 2
Ap(z,8) = —an_1(z,8)m' — Z [an_i(z,8)h,(z,8)] — Z b_i(z, s)%hi(z, s)
i=1 i=1
— >4 i [cni(@s)ihi(z,s)} —AM¢,_1(Az,8)[1 — f/;,(g))] (8.36)
f'(m(2))
+ an(ilv G102, s Pn—1)(A2, 8) — fu(mo, ma, ma, .., my_1)(Az, 5)

It is easy to verify that for all s € T’
lim A,(z,8)=0

|z|—o0

exponentially fast. Namely there is no problem for those terms involving m/, h;(-, s) and their deriva-
tives, because of the exponential convergence to zero of all these terms, for all s € T". For the remaining
terms recall that lim|.| o f'(7m(2)) = f'(£1), ms = h; + ¢; with hy(z,5) — 0, as [z| — oo forall s € T,
all limits being exponentially fast. Then one obtains immediately

i ({072

2|00 f (1) f’n(:tl ¢17¢27 . 7¢n 1)()\Z7S) - fn(m07m17m27 "7mn71)()‘z78)] =0

exponentially fast. We extend (8.35) to hold on all of IR, and regard it as an equation for h,(-,s) for
sel.

Lemma 8.4 For any positive integer n, n < N, set

1
Vn(o)l(f,F)Trél[ n—1( |F|/ n—1( } for cerl (8.37)

where By,_1(s) is defined in (8.40). Then there are uniquely determined ay, (-, T') € C°(T') and hy (-, s) €
L>®(IR) for s € T, with h,(0,s) = 0 solutions of (8.35). Moreover hy(-,s), for all s € T, and its
derivatives with respect to z decay exponentially to 0 as z — £oo.

Proof: The solvability condition is satisfied provided

/lRun_1()\z,s) {1—” (Z>] dz—/ A (2,87 (2)dz — Aan(s )/ (7 (2))? do. (8.38)

R
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Since, see (6.27), fin—1 = fn—1,0 + fin—1 With fi,_1 already determined, to satisfy (8.38) we require that

P i s
[ mnerazs) 1= PO ) = By < dante) [ )7 (5.39)
where
= 2,8) — [ 2,8 - M m’(2)dz
Brs(s) = [ {nle9) = sz [1 - LD ) (3.40)
We set
un_lﬂp<§>=:2/§v@_loncxsnﬂdsg-+cn_1u> (8.41)

Since f1n—1,0(&,t) — pn—1,0,0(&,t) = A we determine V,,_; imposing

f'm(z)] _
/IR tn—100(0,5) [1 Ty } (2)dz = By,—1(s) (8.42)
obtaining
Pn—1,00(0,8) = %Bn,l(s) sel (8.43)

Inserting (8.41) in (8.43)and integrating over I' we obtain

en1(t) = m{/BH1 S—Z/dS/V() gn)ds] (8.44)

We insert (8.44) into (8.41) obtaining from (8.43)
StV () = 1 | Buc( /Bn i ger
n—1 4 |F|

and then (8.37). This determines V( ) and then ¢, _1(¢). We then chose «,, to satisty (8.39). O
—1

Proof of Theorem 5.2:

To complete the proof of Theorem 5.2 we need to estimate the remainder term, given, see (7.16), by

. d,r
AR2(€,6,0) = AR (€,t, ) — AN lan (s(6), t)m/( (5)’\ )) (8.45)
Since (7.17) we obtain that
sup sup |Ra(&,t,\)] < CAY (8.46)
€€ te(0,T)
Theorem 5.2 is then proved. O
9. Proof of Theorem 5.3
Set
t
() =m0 - [ Ra(rNdr (9.1)
0
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where

Ri(t, ) = ﬁﬂ /Q Ri(€,t, \)de

and Ry(&,t,A) is the remainder in Theorem 5.1, defined in (6.9) and estimated in (6.10) and (6.11).
Denote

AT ) = p D) +u(E 1) (9:2)
where v(,t) solves
Av(&,t) = Ri(&,t,0) — Ri(t,\)  for  £€Q

0 (9.3)
—v =0 on o
ov

with the further requirement

/u(g,t)dgzo tel0,T].
Q

Since |R(£,t,\)| < C(T)AN~1 we have that |[v(¢,t)] < CAN~!. The function m®) and g(N—1 satisfy
(5.11). Namely the first equation of (5.11) is satisfied by Theorem 5.1 and by construction, see (9.1)
and (9.3). The second equation is obtained from Theorem 5.2 adding and subtracting terms to obtain
A1 and mY). We obtain

ANV = (N1 4y = AARDY) %f(m(N)) +R

where

t
R=R(E,t\) = % {f <m<N> +/ R (r, )\)d7> - f(m<N>)] + Ry 4w

0

and Ry is the remainder in Theorem 5.2, see (8.45). Since Ry = O(AY), Ry = O(\Y), v = O(AN 1)
and

% [f (mUV) - /O t Ry(r, A)dT) — f(m“V))} < % /0 t Ry(r,\)dr = O(AN 1) (9.4)

the second equation of (5.11) is satisfied as well. The (5.13) and (5.14) are satisfied by construction of
the m™®). Theorem 5.3 is then proved. [

Appendix A
A.1: The Dirichlet—Neumann operator

Let G(&,7n) be the Green function in 2, with Neumann boundary condition on 952, satisfying the
equation

1

AG(&n) :5(6777)*@7 (10.1)

so that
/G(ém)dn = / G(&ndE=0. (10.2)
Q Q

Under the compatibility condition / f(&)d¢ = 0, the unique solution of the equation
Q

Av(€) = f(&) for £€Q (10.3)
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with Neumann boundary conditions in 952, and with / v(€)d¢ = 0, is given by
Q

o(€) = /Q G(&n)f (m)d . (10.4)

All other solutions with Neumann boundary conditions differ from this one by a constant. We will be
particularly concerned with certain single layer potentials in what follows. Given a smooth function h
defined on T, consider the single layer potential

on(6) = / G(€. )h(n)dS, .

where dS,, denotes the arclength measure along I'; this notation is standard in potential theory. The
function ¢, satisfies Neumann boundary boundary conditions on 0f), and satisfies the equation

A6n(6) = he)ase - 5 [ n(njas,

Clearly there is a discontinuity in the the normal derivatives of ¢; across I', and we have that

e = 5] (© (105)

where the right hand side is the difference in the normal derivatives at £ € I":

[aimh (6 = @fj)g () - (%ﬁ)g (€ .

This is a well known result from potential theory [9]. For  away from T,

Bon() = & [ s,

Thus the single layer potential is harmonic away from I' if and only if [.h(£)dSe = 0. Otherwise,
it is subharmonic or superharmonic, according to whether fr h(€)dSe is positive or negative. Every
continuous function ¢ that satisfies the Neumann boundary condition, and is harmonic away from I,
and which satisfies

JRGIEE (10.6)
is the single layer potential of a uniquely determined function h defined on I" satisfying
/ h(€)dSe = 0 . (10.7)
r
Indeed, if ¢y, is such a single layer potential, then from (10.2), [, ¢4 (£)d€ = 0.

On the other hand, let ¢ be any continuous function that is harmonic on Q and i, and which
satisfies (10.6). Define h in I' by

h(e) = [as] ©
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we refer to this as the Neumann data for ¢. By the divergence theorem,

/Fh(g)ds6 :/Fqu-nng+/FV¢-(—n)dS§:/ﬂi A¢d£+/m Apde =0 .

Hence, h satisfies (10.7).
Notice that ¢ — ¢, satisfies Neumann boundary conditions and

[aanw - m)] (€ =0.

T

This means that ¢ — ¢y, is a constant. Since the integral is zero, it is zero, and so ¢ = ¢y,.

This proves the one to one correspondence between single layer potentials of functions h satisfying
(10.7), and continuous functions ¢ that are harmonic on Qp and i, and which satisfy (10.6).

Next, given a continuous function ¢ that is harmonic on on Q. and fo, whether or not (10.6) is
satisfied, define the function g on I" by g = ¢|pr. We naturally refer to g as the Dirichlet data for ¢.

The Neumann data is {;gb] . The Dirichlet—Neuman operator 7r defined by
noIr

Trg = [;&L (10.5).

where ¢ is the continuous function that is Harmonic in € and QIJE, and with ¢|r = g.
A simple argument shows that 7t is a positive Hermitian operator. Indeed, let 1) be continuous on
2, and harmonic on . and Ql'f, and with ¥|r = h. Then

frosa= [5[3 o

_ / V@V + / V- ((V))de
Qr Ql"

- / Vi Vode .
Q

Taking h = 1, so that ¢ = 1, we further see that the range of 71 is orthogonal to the constants. We let
Tr denote the Friedrichs extension of 7r. It is easy to see, and well known, that the form domain of 71
is the Sobolev space H'/2(T"), and that the kernel consists exactly of the constants. There is an explicit
formula for the inverse of 7t restricted to the orthogonal complement of the constants; we denote this
by Sr. Indeed, let v be any function on I with fr v(s)ds = 0. Since the single layer potential ¢, for
v has Neumann data v, all we need to do is to subtract a constant to make this function orthogonal
to the constants on I'; instead of being orthogonal to the constant on 2. Therefore, the inverse Sr is
given by

Sru(€) = / G(f,n)v(ﬂ)dsn*ﬁ / / G(€, n)u(n)dS,dS cer. (10.9)

It is easily checked that this is self adjoint on the orthogonal complement of the constants. Now let h
be an arbitrary smooth function on I' satisfying fr h(s)ds = 0. Consider the single layer potential

o(6) = / G(€.)h(n)ds, ceq.
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In general, the Dirichlet data for ¢ does not integrate to zero on I', and hence is not directly related
to the Neumann data through the Dirichlet—Neumann operator. However, we can correct for this by
subtracting a constant: Form the function

~ 1
€)= 0(6) - /F o(n)ds

Then clearly
dlr = Srh

i (10.10)
h =1r¢

We can now express the vector field V' driving the Mullins—Sekerka flow as

V=1 (K - HE/FK(s)ds> . (10.11)

We close by establishing notation for the two harmonic extension operators that will arise throughout
what follows: The Neumann harmonic extension operator Er n is defined by

1
En)© = [ Gemuimas, -5 [ [ Genmas,ase ceo. (10.12)

where v is a function on I' satisfying

/Fv(g)olsE =0.

Notice that (Epr,yv) (§) is the unique function that is continuous on 2, harmonic on Q\I' satisfying
Neumann boundary conditions on 952, with Neuman data v on A, and with zero integral over I'.

The Dirichlet harmonic extension operator Ep p is defined by setting &r pg(€) to be the harmonic
function ¢ on Q\I' with Neumann boundary conditions on 9", and with ¢|r = g. Here, there is no
restriction on the integral of g over I'.

Naturally, the Dirichlet extension can be expressed in terms of the Neumann extension and the
Dirichlet~Neumann operator. We have from (10.9) and (10.12) that

erpa©) = e (T (5 g7 [amas,) ) © + 5 [aonas, cca. qo)

A.2: The expansion in A of the Laplacian in local coordinates.

Le f(z,8), z = %, be a C? function from IR x I' to IR. Then, in dimension d = 2, we have that

% {((1 ~ K(s)A2)), + 2 (H{fm)}

fss LK(s)z
R T TR TN T R eaee

NAf(z,5) =
(10.14)
= fzz - AK(S)fz

Recalling that, for |z| < 1

1 — . _ IR R e
_w):nX:%x, (1_x an ; m—ign(nfl)x 2
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we rewrite (10.14) as the following

NAf = foo+ D N T ant1(2,8) fz + bnsa(2,8) fos + capa (2,8) fs} (10.15)
n=0
where
ani1(z,8) = —K"(s)2" |
bus1(z,8) = nK" ' (s)2" ", (10.16)
1 el P d
ent1(z,8) = §n(n —1)z" K" 2(5)£K(5) .
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