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Abstract We study several constrained variational problem in the 2-Wasserstein metric
for which the set of probability densities satisfying the constraint is not closed. For ex-
ample, given a probability density F, on IR? and a time-step h > 0, we seek to minimize
I(F) = hS(F) + W2(Fy, F) over all of the probability densities F' that have the same
mean and variance as Fy, where S(F') is the entropy of F'. We prove existence of minimiz-
ers. We also analyze the induced geometry of the set of densities satisfying the constraint
on the variance and means, and we determine all of the geodesics on it. From this, we
determine a criterion for convexity of functionals in the induced geometry. It turns out,
for example, that the entropy is uniformly strictly convex on the constrained manifold,
though not uniformly convex without the constraint. The problems solved here arose in a
study of a variational approach to constructing and studying solutions of the non—linear
kinetic Fokker—Planck equation, which is briefly described here and fully developed in a
companion paper.
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infimum W22 (Fo, Fl) = inf /

Introduction

Recently there has been considerable progress in understanding a wide range of dissipa-
tive evolution equations in terms of variational problems involving the Wasserstein metric.
In particular, Jordan, Kinderlehrer and Otto, have shown in [12] that the heat equation
is gradient flow for the entropy functional in the 2-Wasserstein metric. We can arrive
most rapidly to the point of departure for our own problem, which concerns constrained
gradient flow, by reviewing this result.

Let P denote the set of probability densities on IR? with finite second moments; i.e.,
the set of all non-negative measurable functions F on IR? such that [ e F(v)dv =1 and

Jipa IV?F(v)dv < co. We use v and w to denote points in IR since in the problem to
be described below they represent velocities. Equip P with the 2—-Wasserstein metric,
WQ(F(), F1)7 where

1 2

—|v—w dv,dw) . 1.1
e RdledQ\ " ) (1.1)
Here, C(Fy, F1) consists of all couplings of Fy and F7y; i.e., all probability measures v on
IR* x IR? such that for all test functions n on IR?

/ n(v)y(dv, dw) = / () Fo(v)dv
R IR4

le

and

[ awhindw = [ p@Fwd.
R x R4 R4

The infimum in (1.1) is actually a minimum, and it is attained at a unique point yg,
in C(Fp, Fy). Brenier [3] was able to characterize this unique minimzer, and then further
results of Caffarelli [4], Gangbo [10] and McCann [16] have shed considerable light on the
nature of this minimizer.

Next, let the entropy S(F') be defined by

rent S(F) = / Fv) In F(v)dv . (1.2)
R4
This is well defined, with co as a possible value, since [q [v|*F(v)dv < co.

The following scheme for solving the linear heat equation was in introduced in [12]: Fix
an initial density Fy with [ |v[*Fo(v)dv finite, and also fix a time step » > 0. Then
inductively define Fj in terms of Fj;_1 by choosing Fj to minimize the functional

heat func F— [Wg(kal,F) —f-hS(F)] (13)

on P. It is shown in [12] that there is a unique minimizer Fj, € P, so that each F} is
well defined. Then the time dependent probability density F ) (v, t) is defined by putting
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FM(y,kh) = Fy and interpolating when t is not an integer multiple of h. Finally, it is
shown that for each t F(-,t) = limj,_o F")(-, ) exists weakly in L', and that the resulting
time dependent probability density solves the heat equation 0/0tF (v,t) = AF(v,t) with
limt_,() F(, t) = F().

This variational approach is particularly useful when the functional being minimized
with each time step is convex in the geometry associated to the 2-Wasserstein metric. It
makes sense to speak of convexity in this context since, as McCann showed [16], when P is
equipped with the 2-Wasserstein metric, every pair of elements F{y and Fj is connected by a
unique continuous path t — F}, 0 < t < 1 such that Wy (Fy, Fy) + Wa(F}, F1) = Wa(Fy, F1)
for all such ¢. It is natural to refer to this path as the geodesic connecting Fy and F;, and
we shall do so. A functional ® on P is displacement convex in McCann’s sense if ¢ — ®(F})
is convex on [0, 1] for every Fy and F; in P. It turns out that the entropy S(F’) is a convex
function of F' in this sense.

Gradient flows od convex functions in Euclidean space are well known to have strong
contractive properties, and Otto [18] showed that the same is true in P, and applied this to
obtain strong new results on rate of relaxation of certain solutions of the porous medium
equation.

Our aim is to extend this line of analysis to a range of problems that are not purely
dissipative, but which also satisfy certain conservation laws. An important example of
such an evolution is given by the Boltzmann equation

0

ST )+ Vi (0 (0,1) = Q) (,0,1)

where for each ¢, f(-,-,t) is a probability density on the phase space A x IR? of a molecule
in a region A C IR?, and Q is a nonlinear operator representing the effects of collisions
to the evolution of molecular velocities. This evolution is dissipative and decreases the
entropy while formally conserving the energy [, . |v|2f(z,v,t)dzdv and the momentum

Jaxma vf (@, v, t)dzdv. A good deal is known about this equation [7], but there is not
yet an existence theorem for solutions that conserve the energy, nor is there any general
uniqueness result.

The investigation in this paper arose in the study of a related equation, the non—linear
kinetic Fokker—Planck equation to which we have applied an analog of the scheme in
[12] to the evolution of the conditional probability densities F'(v;x) for the velocities of the
molecules at x; i.e., for the contributions of the collisions to the evolution of the distribution
of velocities of particles in a gas. These collisions are supposed to conserve both the “bulk
velocity” u and “temperature” 6, of the distribution where

w(F) = /Bd vF(u)do  and 9(F):C—11 /Rd o2 (v)dv, (1.4)

and for this reason we add a constraint to the variational problem in [12]. Let u € IR and
# > 0 be given. Define the subset &, ¢ of P specified by

Eup = {F ep ' é/ﬂd v — ul2F(v)dv = and /IR vF(v)dv = u } (1.5)
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This is the set of all probability densities with a mean u and a variance df, and we use
& to denote it because the constraint on the variance is interpreted as an internal energy
constraint in the context discussed above.

Then given Fy € &, ¢, define the functional I(F) on &, ¢ by

_ [WE(F, F)

1(F) -

+ hS(F) (1.6)

Our main goal is to study the minimization problem associated with determining
inf {I(F) | F € Eu} - (1.7)

Note that this problem is scale invariant in that if Fj is rescaled, the minimizer F' will be
rescaled in the same way, and in any case, this normalization, with 6 in the denominator,
is dimensionally natural.

Since the constraint is not weakly closed, existence of minimizers does not follow as
easily as in the unconstrained case. The same difficulty arises in the determination of the
geodesics in &, ¢.

We build on previous work on the geometry of P in the 2-Wasserstein metric, and
section 2 contains a brief exposition of the relevant results. While this section is largely
review, several of the simple proofs given here do not seem to be in the literature, and are
more readily adapted to the constrained setting.

In section 3, we analyze the geometry of £, and determine its geodesics. As mentioned
above, since £ is not weakly closed, direct methods do not yield the geodesics. The
characterization of the geodesics is quite explicit, and from it we deduce a criterion for
convexity in &£, and show that the entropy is uniformly strictly convex, in contrast with
the unconstrained case.

In section 4, we turn to the variational problem (1.7), and determine the Euler-Lagrange
equation associated with it, and several consequences of the Euler-Lagrange equation.

In section 5 we introduce variational problem that is dual to (1.7), and by y analyzing
it, we produce a minimizer for I(F). We conclude the paper in section 6 by discussing
some open problems and possible applications.

2: Riemannian Geometry of the 2—Wasserstein Metric

The purpose of this section is to collect a number of facts concerning the 2—Wasserstein
metric and its associated Riemannian geometry. The Riemannian point of view has been
developed by several authors, promimemtly including McCann, Otto, and Villani. Though
for the most part the facts presented in this section are known, there is no single convenient
reference for all of them. Moreover, it seems that some of the proofs and formulae that we
use do not appear elsewhere in the literature.

We begin by recalling the identification of the geodesics in P equipped with the 2—
Wasserstein metric. The fundamental facts from which we start are these: The infimum in
(1.1) is actually a minimum, and it is attained at a unique point yg, p, in C(Fy, F1), and
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this measure is such that there exist a pair of dual convex functions ¢ and v such that for
all bounded measurable functions 7 on IR? x IR?,

apform / n(v,w)vpo’Fl (dv,dw) = /
IR x IR4

n(v,V¢(v))F0dv:/ n(Vi(w), w)Fidw . (2.1)
R4 R4

In particular, for all bounded measurable functions 7 on IRY,

df g /Rd n(ng)(v))Fodv:/ n(w)Fidw , (2.2)

le

and V¢ is the unique gradient convex function defined on the convex hull of the support
of Fy so that (2.2) holds for all such 7.

Recall that for any convex function 1 on IR?, ¢* denotes its Legendre transform; i.e.,
the dual convex function, which is defined through

legendre ¢*(w) = Sup { w-v — ¢(U) } . (23)

vEIR?

The convex functions v arising as optimizers in (2.1) have the further property that (¢*)* =
1. Being convex, both 1 and 1* are locally Lipschitz and differentiable on the complement
of a set of Haussdorf dimension d — 1. (It is for this reason that we work with densities
instead of measures; Vi #u might not be well defined if 4 charged sets Haussdorf dimension
d — 1.) In our quotation of Brenier’s result concerning in (2.1), the statement that the
convex functions ¢ and ¢ in (2.1) are a dual pair simply means that ¢ = ¢* and hence
1 = ¢*. It follows from (2.3) that Vi and V* are inverse transormations in that

inversee V¢(V¢*(w)) = w and V@ZJ*(Vl/J(’U)) =0 (24)

for F}(w)dw almost every w and Fy(v)dv almost every v respectively.
Given a map T : IR® — IR? and F € P, define T#F € P by

/ n(v) (THF (v)) do = / n(T(v))F(v)d
Rd

R4

for all test functions n on IR%. Then we can express (2.2) more briefly by writing Vo#F, =
Fy. The uniqueness of the convex potential ¢ is very useful for computing W2 (Fy, F}) since
if one can find some convex function gg such that VQ;#F() = F}, then ng is the potential
for the minimizing map and

tich W2(Fy, Fy) = / d %\v V() PF(v)dv . (2.5)

R

From here it is easy to determine the Geodesics. These are given in terms of a natural
interpolation between two densities F{y and F} that was was introduced and applied by
McCann in his thesis [15] and in [16].
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Fix two densities Fy and F; in P. Let v be the convex function on IR? such that
(V) #Fy = Fy. Then for any t with 0 < ¢t < 1, define the convex function ; by

Pi(v) = (1—t)% + t(v) (2.6)

and define the density F; by
Fy = Vi #Fy (2.7)

At t =0, V), is the identity, while at ¢t = 1, it is V.

Cleary for each 0 <t < 1, 94 is convex, and so the map V1; gives the optimal transport
from Fy to F;. What map gives the optimal transport from F; on to F;?

By definition Vi, #Fy = F;. Tt follows from (2.4) that V(¢)*#F; = Fo, and therefore
that Vi) o V(¢y)*#F;, = Fy. It turns out that Vi o V(¢4)* is the gradient of a convex
function, and therefore, that is is the optimal transport from F}; on to F3.

To see this, note that from (2.6), Vi;(v) = (1 — t)v 4+ tVe(v), which is the same as
tVy(v) = (Ve (v) — (1 — t)v). Again using (2.4), we have

S

Vipo V()" (w) = + (w — (1 =) V()" (w)) (2.8)
This at least shows that Vi o V(1;)*(w) is a gradient. The next lemma identifies it as the
gradient of ((1/*)1_¢)", a convex function.

Lemma 2.1 (Interpolation and Legendre Transforms) Let ¢ be a convex function
such that 1 = ¢*x. Then using the interpoltation in (2.6),

t

<wwlo*wo=1(@i~wl—wwwWwQ . (2.9)

Proof: Calculating, with use of the the mini-max theorem, one has

(@) @) =swp {w— (12w -y ) |

z
|2

:sup{z w—tT—(l—t)mf{v z—;b(v)}}
Es
(1= tp0) — L

= sup 1nf

o)}

{s o
:mfsup{ —(1—t)) — t|2| +(1—t)w(v)}
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As an immediate consequence,

corn4b Vv ((Qﬂ*)l,t)* = Vw o V(@/Jt)* (210)

is the optimal transport from F; to F;. This also shows that if F, is the McCann inter-
polation between F; and F{ strating from F}, then for each 0 < t < 1, ﬁ’l_t = F;. This
was proved by McCann in [15] using a cyclic monotonicity argument. Lemma 2.1 gives an
easy proof of another result of McCann, again from [15]:

Theorem 2.2 (Geodesics for the 2—Wasserstein Metric): Fiz two densities Fyy and
Fy in P. Let ¢ be the convex function on IR® such that (V) #Fy = Fy. Then for any t

with 0 < t < 1, define the convex function ¢ by (2.6) and define the density Fy by (2.7).
Then for all0 <t <1,

flock WQ(FO,Ft) = tW2(F0,F1) and WQ(Ft,Fl) = (1 — t)WQ(Fo,Fl) (211)

and t — F; is the unique path from Fy to Fy for the 2-Wasserstein metric that has
this property. In particular, there is exactly one geodesic for the 2-Wasserstein metric
connecting any two densities in P

Proof: It follows from (2.5) that

W3 (Fy, Fy) = 5 /IR o= (1~ )0+ 199 Folw)d

1
=12 / v = V(o) 2Ry (v)dv = WS (Fy, ) .
R

Next, since V ((¢*)1_;)" is the optimal transport from F; to F, using (2.9),

2

WE(F, F)) = /Bd W (w— (1= V() ()| F(w)dy

2

- (?) 3 10 = VPR = (1 = 2 WE (R P

Together, the last two computations give us (2.11).

The uniqueness follows from a strict convexity property of the distance: For any prob-
ability density Gg, the function G — W2(Go, Q) is strictly convex on P in that for any
pair GG1, G5 in P and any t with 0 <t < 1,

apstrictcon W;(Go, (1 — t)Gl + tGg) < (1 — t)W;(Go, Gl) + tW22(G0, G2> (212)
and there is equality if and only if G; = G5. This follows easily from the uniqueness of
the optimal coupling specified in (2.1); non—trivial convex combinations of such couplings

are not of the form (2.1), and therefore cannot be optimal.
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Now suppose that there were two geodesics t — F; and t +— F,. Pick some t, with
F, # Fto. Then the path consisting of a geodesic from Fy to (Fy, + Fto) /2, and from
there on to F; would have a strictly shorter length than the geodesic from Fjy to Fi, which
cannot be. W

To obtain an Eulerian description of these geodesics, let f be any smooth function on
le, and compute:

d d
G | fR@w =G [ f(Tie) R

:Vf(th( ) [ = Vip(v)] Fo(v)dv
= VI (w) [V(¢r)" (w) = Vi (V ()" (w))] Fiy (w)dw

Y w) lw - v(;bt)*(w)} Fy (w)dw

(2.13)

In other words, when Fj is defined in terms of Fjy and % as in (2.6) and (2.7), F} is a weak
solution to

9 Fu(w) + ¥ - (W(w, ) (w) = 0 (2.14)

where, according to Lemma 2.1,

t

W) = LYW g (@ - —( ) (w )) . (2.15)

From the first two equalities in (2.13),

W(w,0) =V (— - (w)) = v — V() . (2.16)

This gradient vector field can be viewed as giving the “tangent direction” to the geodesic
t F,att=0.

We would like to identify some subspace of the space of gradient vector fields as the
tangent space T, to P at Fj. Towards this end we ask: Given a smooth, rapidly decaying
function 1 on IR?, is there a geodesic ¢t — F} passing through Fy at ¢ = 0 so that, in the
weak sense,

=0. (2.17)
t=0

(gtpt v (VnFt))

The next theorem says that this is the case, and provides us with a geodesic that (2.17)
holds with 7 sufficiently small. But then by changing the time parameterization, we obtain
a geodesic, possibly quite short, that has any multiple of V7 as its initial “tangent vector”.
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Theorem 2.3: (Tangents to Geodesics): Let n be any smooth, rapidly decaying func-
tion n on IR* such that for all v,

_ P

wheat? Y(v) + n(v) (2.18)

18 strictly convex. For any density Fy in P, and t with 0 <t < 1, define
gradform th(v) = (1 — t)U + tVQﬂ(U) =0+ tVn(v) . (219)

Then for all t with 0 < t < 1, Fy = Viy#Fy is absolutely continuous, and is a weak
solution of

0

tangent aFt(U) + V- (Vm(v)Ft(v)) =0 N (220)

where

L (|v]? "

etadef3 77t(U> = z 7 — (wt) (’U) (221)

Moreover,

t

etatder V??t (U) = V??(U) — EV|V77(U)’2 + t2VRt(U) s (222)

where the remainder term V Ry (v) satisifes ||V Ryl < |[Hess(n)||%, uniformly in t.

Proof: First, the fact that Vi,#Fy is absolutely continuous follows from the fact that
V(1¢)* is Lipschitz. Formulas (2.20) and (2.21) follow directly from (2.14) and (2.15).

To obtain (2.22), use (2.4) to see that V()" (v) = ®(V(¢1)*(v)) where ®(w) = v —
tVn(w). Iterating this fixed point equation three times yileds (2.22). W

From Theorems 2.2 and 2.3, we now know that every geodesic t — F} through F{, at
t = 0 satisifes (2.17), and conversely, for every smooth rapidly decaying gradient vector
field, there is a geodesic t — F; through Fj at ¢ = 0 satisifing (2.17) for that function 7.
Moreover, along this geodesic

rice6 W3 (Fy, Fy) = /0 t ( /Rd ]Vns(v)\st(v)dv> ds =t /IR ) IVn(v)]2Fy(v)do , (2.23)

where 7, is related to n as in Theorem 2.3.
Furthermore if t — F} is a path in P satisfying (2.17) for some gradient vector field Vn,
then this vector field is unique. For suppose that t — F} also satisfies

=0. (2.24)
t=0

0
ricel2 <&Ft + V- (Vth))
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Then, V- (V(n — &) Fy) = 0. Integrating against n — £, we obtain that

/ , |V — VEPFy(v)dv =0 .
IR

Careful consideration of this well known argument, inserting a cut off function before
integrating by parts, reveals that all it requires is that both Vi and V¢ are square integrable
with respect to Fy. this justifies the indentification of the tangent vector 0F /0t with Vn
when (2.17) holds and Vn is square integrable with respect to Fjp.

This identifies the “tangent vector” OF;/0t with Vn, and gives us the Riemannian
metric, first introduced by Otto [18],

g <%—f, %—f) = %/\Vn(v)\zFo(v)dv : (2.25)

By (2.23), the distance on P induced by this metric is the 2-Wasserstein distance.

Interestingly, Theorem 2.2 provides a global description of the geodesics without having
to first determine and study the Riemannian metric. Theorem 2.3 gives an Eulerian charac-
terization of the geodesics which provides a complement to McCann’s original Lagrangian
characterization. Another Eulerian analysis of the geodesics in terms of the Hamilton—-
Jacobi equation seems to be folklore in the subject. A clear account can be found in recent
lecture notes of Villani [21].

We now turn to the notion of convexity on P with respect to the 2-Wasserstein metric.
A functional ® on P is said to be displacement convez at Fy in case t — ®(F}) is convex on
some neighborhood of 0 for all geodesics t — F} passing through Fjy at ¢ = 0. A functional
® on P is said to be displacement convex if it is displacement convex at all points Fjy of P.

If moreover t — ®(F}) is twice differentiable, we can check for displacement convexity
by computing the Hessian:

Hess®(Ey) (Y, Vi) = = a()

S7E : (2.26)

t=0

where V1 is the tangent to the geodesic at ¢ = 0.

Theorem 2.4 (Displacement Convexity): If the functional ® on P is given by

B(F) = /le g(F(v))dv (2.27)
where g is a twice differentiable convex function on IR, then ® is displacement convez if
vg'(v) —g(v) >0 and  v?¢"(v) —vg'(v) +g(v) > 0 (2.28)

for all v, where the primes denote derivatives.
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Proof: We check for convexity at a density Fj in the domain of ®. By a standard
mollification, we can find a sequence of smooth densities Fén) with lim,,_, o Fé") = Fy and

lim,, oo @(Fén)) = ®(Fp). Fix any smooth rapidly decaying function 7, such that (taking
a small multiple if need be) |v|? + n(v) is strictly convex. Then with Vi), defined as in
(2.19),

t Vo Fy" = ™

gives a geodesic passing through Fén) at t = 0 with the tangent direction V7, and defined
for 0 <t <1 uniformly in n. Also, lim,, @(Ft(n)) = ®(F;) for all such t. Therefore, it

suffices to show that for each n, t — @(Ft(n)) is convex. In other words, we may assume
that Fp is smooth. Then so is each Fy, since Fy(w) = Fo(V(¢r)*(w))det (Hess(¢:)*)(w)) is
a composition of smooth functions. We may now check convexity by differentiating.

By (2.20),

% Y g(Ft(U))d’U = — /]Rd g’(Ft(’U))V . (Vnt(U)Ft(’U)) dv

- [ EE)VEW)- (Tu@F)

Defining h(F') = Fg'(F) — g(F) so that h'(F) = Fg¢"(F'), one has from (2.20) that

d
firstder aCI)(Ft) = Vh(Fi(v)) - Vne(v)do . (2.29)
R4

To differentiate a second time, use (2.22) to obtain

d? 1 0
—_®(F, - Fo) -V [ —=|Vn|? — —h(F, A :
w0 = [ wnm)- v (il )ao= [ Snm| @ana
But
0
5 MF)| - = —Fg"(Fo) (An) = Vh(Fo) - Vn
t=0
and hence
d2
S R =
a ) —o
1
poshes th(Fo)- (—§V|V77|2—|— (An) Vn) dv+/ , 24" (Fo) (An)* dv = (2.30)
R R

/ (Fo) | Hessn|[2dv + / (F2g"(Fo) — h(Fv)) (An)* dv .
R4 R4
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Here, ||Hessn||? denotes the square of the Hilbert-Schmidt norm of the Hessian of 1. This
quantity is positive whenever h = F¢'(F) — g and F?¢"(F) — h = F?¢"(F) - Fg'(F) +g¢
are positive. W

In the case of greatest interest here, g(F) = FInF in which case h(F) = F and
Fg"(F)— H = 0. Hence

d2
entl — FyIn Fidv :/ |[Hessn||* Fy(v)dv . (2.31)
dt2 R4 t=0 R4
This shows that the entropy is strictly convex, though not uniformly so. This was
proved by a different analysis in [18].
There are interesting cases in which the entropy is uniformly convex along a geodesic:
Suppose that the “center of mass” [ e VFt(v)dv is constant along the geodesic t — F,
which means that
null /Vn(v)Fg(v)dv =0 (2.32)
where as above, V) is the tangent vector generating the geodesic.
The Poincare constant a(F') of a density F' in P is defined by
Vo)|?F(v)dv
poincare CV(F) = inf f’ SO( )’ ( ) (233)

B <pleC§° [ ’gp(v) — fgo(v)F(v)dv‘QF(v)dv '

Thus, when (2.32) holds, taking ¢ = dn/dv; for i = 1...d and then summing yields

/ [Hessi|[2Fo(v)dv > a(Fo) / V()2 Fo(v)dv
R4 R4

which provides a lower bound to the right side of (2.31) in terms of the Riemannian metric.
Summarizing the last paragraphs, we have the following corollary:

Corollary 2.5 (Convexity of Entropy): Along any geodesic s — Fs parameterized by
arc length s, and such that s — [vFy(v)dv is constant,

d2
strict — | — / Fs In Fs dv
dS2 R4

where a(Fy) is the Poincare constant of the density Fy.

> a(Fp) , (2.34)

We remark that Caffarelli has recently shown [6] that if Fy is a Gaussian density, and
Fi, = eV F, where V is convex, then there is an upper bound on the Hessian of the
potential 1 for which Vy#F, = F;. This upper bound is inherited by ; for all t. Since as
Caffarelli shows, an upper bound on the Hessian of 1) and a lower bound on the Poincare
constant for Fy implies a lower bound on the Poincare constant of F}, one obtains a uniform
lower bound on the Poincare constant for Fy, 0 < ¢t < 1. Hence S(F}) is uniformly strictly
convex along such a geodesic.
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3: Geometry of the Constraint Manifold

Let u € IR? and 6 > 0 be given. Consider the subset &, ¢ of P specified by

Eup = {F eP ' Zli/le v —ul*F(v)dv =6 and /sz vF(v)dv = u } (3.1)

This is the set of all probability densities with a mean u and a variance df. We will often
write £ in place of &, 9 when u and 6 are clear from the context or simply irrelevant.

We give a fairly complete description of the geometry of £, both locally and globally.
In particular, we obtain a closed form expression for the distance between any two points
on & in the metric induced by the 2-Wasserstein metric, and a global description of the
geodesics in &.

Notice that

euoc {FIWEEL) =G } (32

where 9§, is the unit mass at u. This is quite clear from the transport point of view: If
our target distribution is a point mass, there are no choices to make; everything is simply
transported to the point u. Hence &, ¢ is a part of a sphere in the 2-Wasserstein metric,

centered on d,,, and with a radius of /df/2.

Our first theorem shows that for any Fj in P, there is a unique closest F' in &, and
this is obtained by dilatation and translation. This is the first of two related variational
problems solved in this section.

Theorem 3.1 (Projection onto &): Let Fy be any probability density on IR® such that

/ vFy(v)dv = ug and / v — ug|*Fy(v)dv = dfy .
IR? R4

Let 0 > 0 and u be given, and set a = \/6y/0. Then
inf {W3 (G, Fo) | G € Epu}

18 attained at

F(v) = a®Fy (a(v —u) + ug) ,

and the minimum value s

(ﬂ_\/%) N |u — uol? _

(3.3)
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Proof: There is no loss of generality in fixing u = 0 in the proof since if ug is arbitrary, a
translation of both F' and F{, yields the general result.

Let ¢ be defined by ¢(v) = |v—ug|?/(2a) so that (Vo) #Fy = F. Let 1(w) = alw|?/2+
w - up be the dual convex function so that

¢(v) +(w) > v-w,

and hence

1| 2 alv)* — v —upl?> (1 —a)|lw|* —w-ug
young B (% 2% 9

for all v and w.
Next, given any G in &, let v be the optimal coupling of Fy and G so that

1
§|v — w|?y(dv, dw) .

Wi, G) = [

IR x IR

Then by (3.4),

a—1 ug|? 1—a
WG = (452) [ PR+ M (250 [ upue

(a—1)%d0  |ug|?
2 + 2

On the other hand, since (Vo) #Fy = F,

WS(FO,F):/IRd%|v—ng(v)|2Fo(v)dv

2
1 1 |U0‘2
—(2o1) [ L wlRwa
(a )/}RdQ\v uol? Fofw)dv + 12

(@—1)2d9  |ug|?
2 * 2

Remark: (Exact Solution for the JKO time discretization of the heat equa-
tion for Gaussian initial data) Theorem 3.1 allows us to exactly solve the Jordan—
Kinderleher-Otto time discretization of the heat equation for Gaussian initial data. Take
as initial data Fy(v) = (4rt)~%2e~1vI*/4%0 We can now find inf{W2(F, Fy) + hS(F)} in
two steps. First, consider

heatinft inf{W3(F, Fo) + hS(F) | F € 40} (3.5)
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Now on &24,0, S has a global minimum at G; = (47Tt)_d/2e_|”‘2/4t, as is well known. By
Theorem 3.1, W (F, Fy) also has a global minimum on on &40 at G, since Gy is just a
rescaling of Fy. Therefore, by (3.3), the infimum in (3.5) is

W2(Gy, Fo) + hS(Gy) = d <\/E - \/%)2 + —hg (In(4t) — 1) .

In the second step, we simply compute the minimizing value of ¢, which amounts to finding
the value of ¢t that minimizes

<\/¥—\/%)2—glnt.

Simple computations lead to the value t = f(ty) where

itens f(s) = % <s+ htsy/1+ %) . (3.6)

Note that tg < f(to) < to + h, but f(tg) = to + h + O(h?). If we then inductively
define t,, = f(t,—1), we see that the exact solution of the Jordan—Kinderleher-Otto time

discretization of the heat equation is given at time step n by F, = (4xt,,)~4/2e=IvI*/4tx
where t, = nh + O(h?). Note that in the discrete time approximation, the variance
increases more slowly than in continuous time, since the O(h?) term is negative, though
of course the difference in the rates vanishes as h tends to zero.

Returning to the main focus of this section, fix two densities Fy and F} in €. Let 9 be
the convex function on IR? such that (Vi) #Fy = Fy. Then by Theorem 2.2, the geodesic
that runs from Fy to F; through the ambient space P is given by

Thinking of £ as a subset of a sphere, and this geodesic as the chord connecting two points
on the sphere, we refer to it as the chordal geodesic Fy to F}.

Lemma 3.2 (Variance Along a Chordal Geodesic): Let Fy and Fy be any two
densities in €. Let t — F; be the chordal geodesic joining them. Then for all t with
0<t<l1,

1 2(Fy. F
—/ v — u*Fy(v)dv = df 1_475(1_15)M
2 Jre 2 2d0

chordalvar (37)

W2(F,, F
:1@{1—“1—ty4ﬂ—%—ﬁ}
R9

where Ry = \/df/2.
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Proof: Notice first that with Fy = Vi#F;, we have from Theorem 2.2 that

| sh=ulRwae= [ S1(= 00+ Vo) - uP R

le

_ / %|<1 ) (0= u) + £ (Vo (o) — u) [2Fy(v)dv
Rd
==t [ Sl uPR@a £ [ SRR

+t(1—1) /IRd(v —u) - (Vy(v) —u) Fy(v)dv

_ ?(1 —1)? + ?ﬁ + (1~ ) /Bd(v — ) (VY (v) —u) Fo(v)dv

smaller (38)
Next,

WiFLF) =5 [ o= Vel)PRa

1

=3 /sz lv — u*Fy(v)dv + % /IRd IVeb(v) — ul? Fy(v)dv

— / (v—u) - (Vo(v) —u) Fy(v)do
Bd

=df — /]Rd(v —u) - (Vi(v) —u) Fy(v)dv

by the definition of £, and hence
vdoty / (v —u) - (Vi(v) — u) Fo(v)dv = df — W3 (Fy, Fy) . (3.9)
R4

Combining (3.9) and (3.8), one has the result. W

We note that since [pa(v —u)Fo(v)dv =0,

/Bd (v—u)- (Vi(v) —u) Fy(v)dv = / (v—u)- (Vip(v) — Vo(u)) Fo(v)dv > 0

R4
by the convexity of ¢. It follows from this and (3.9) that
lowvarbnd W22(F0, Fl) <df = QRz s (310)

where Rg = 1/df/2 is the radius of £ as in (3.2). Hence the variance in (3.7) is never
smaller than RZ.
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The next result is the second of the variational problems solved in this section, and it
the key to the determination of the geodesics in £.

Theorem 3.3 (Midpoint Theorem): Let Fyy and Fy be any two densities in E. Then

éréfg{WQQ(FoﬂG)+W22(G7F1)} (3.11)

15 attained uniquely at adFl/Q(a(v — u) + u) where Iy is the midpoint of the chordal
geodesic, and a 1s chosen to rescale the midpoint onto £; i.e.,

(Fo, FY) (Fo, F°
,_ WE(Fo, 1) \/ W22R(;7 1)’ (3.12)

2d6

where Ry = +/d0/2 is the radius of £ as in (3.2). Moreover, the minimal value attained
in (3.11) is f (WE(Fy, F1)) where

f(x) = 2d8 (1 /1o x/(2d9)> . (3.13)

The function f is convex and increasing on [0, 1].

Before giving the proof itself, we first consider some formal arguments that serve to
identify the minimizer and motivate the proof.

Let ®(G) denote the functional being minimized in (3.11). This functional is strictly
convex with respect to the usual convex structure on &; that is, for all A with 0 < A < 1,
and all Gy and G; in &,

P(AGo + (1 = A)G1) < AP(Go) + (1 = N)@(Gh)

with equality only if Gy = G1. The strict convexity suggests that there is a minimizer G,
and that if we can find any critical point G of ®, then G is the minimizer Gy.

To make variations in G, seeking a critical point, let 7 be a smooth, rapidly decaying
function on IR?, and define the map T} : IR — IR% by T}(v) = v + tVn(v). Let Gy =
Ti#Gy. We want the curve t — G} to be tangent to £ at t = 0, so we require in particular
that

/Bd v Vi()Go(v)dv = 0 (3.14)

which guarantees that [ [v]*G(t)dv = [ |[v]*Godv + O(#?).

Let ¢ be the convex function such that V¢#Go = Fp, and let 6 be the convex function
such that V¢#Gy = Fy;. The variation in ®(G}) can be expressed in terms of ¢, ¢ and 7
as follows: Formally, assuming enough regularity,

i 2(G) = 2(Go) _ / (Vo) + Vé(w) - 20) - V(w)Go(v)dv (3.15)
Bd

t—0t+ t
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(A more precise statement and explanation is provided in section 4 where we make actual
use of such variations. For the present heuristic purposes it suffices to be formal.)
Combining (3.14) and (3.15), the formal condition for Gy to be a critical point is seen
to be that
Voé(v) + Vo(v) = Cv (3.16)

for some constant C'.

The formal argument tells us what to look for, namely a Gy such that (3.16) holds. It
is easy to see if GGy is the midpoint of the chordal geodesic from Fy to F} projected onto £
by rescaling as in Theorem 3.1, then Gg satisfies (3.16). The actual proof of the theorem
consists of two steps: First we verify the assertion we just made about GGy so defined. Then
we prove, using (3.16) that Gy is indeed the minimizer using a duality argument very much
like the one used to prove Theorem 3.1.

Proof of Theorem 3.3: Let ¥ be the convex function such that Viy#Fy = F;. We may
suppose initially that both Fjy and F; are strictly positive so that ¢ will be convex on all
of IR?. Recall that V (v1/2)" #F1 /2 = Fp, and that by (2.10), V ((¢*)1,2)" #F) /2 = F.
Then immediately from (2.9) we have

*

V (%172)" () + V ((¥")1/2)" (v) = 20 .

It is elementary to conclude that for an appropriate choice of the arbitrary constant in 1,
(WV1/2)" (V) + (()12)" (v) = |v]*. (3.17)
Now let a be given by (3.12), and define

s *

¢=a(r2) and  d=a((¥))2)
Then, Vo#Go = Fy and Vo#Go = Fy, and from (3.17),
$(v) + (v) = a?[v]* . (3.18)

To use this observe that for any dual pair of convex functions n and n*, Young’s in-
equality say that n(v) +n*(w) > v - w. Hence for all v and w,

1 1 1
Slo = wf? 2 Sjof? + Sjwl? = n(v) — 7 (w)

Now if G is any element of £, and v is the optimal coupling between G and Fj, we have

1
W2(G, Fy) = / 1o = w0 (dv, du)
(3.19)

> do — [ (e)Go)do ~ [ o) Fofw)du
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In the same way, we deduce that for any other dual pair of convex functions ¢ and (*,

W2(G, Fy) = / %]v — w2y (do, du)
(3.20)
> df — /C(U)G(v)dv - /n*(u)Fl(u)du .

We now choose ) = ¢ and ¢ = ¢. Then adding (3.19) and (3.20), and on account of (3.18),
®(G) = W3 (G, Fy) + W3 (G, Fy)
> 240~ [ (60) + 6(0)) Go)do — [ 0" @ Fo(widw ~ [ 3 WF @ gy,
—(2-a)do - [ " Fo(w)dw - [ 5 @F)du.

Now suppose that G = Gy. Then almost everywhere on the support of vy, w = Vo(v),
and v - Vo(v) = ¢(v) + ¢*(Vp(v)) so that

1 2_1 2 1 2 *
Slo = V@) = SJof> + S[Vo(0) + 6(0) + 6" (Vo(v))

and hence there is equality in (3.19) when G = Gy and 1 = ¢. In the same way, there is
equality in (3.20) when G = Gy and ( = ¢. Thus, the lower bound in (3.21) is saturated
for G = Gy, and is in any case independent of G. This proves that G is the minimizer.

It is now easy to compute the minimizing value. Lemma 3.2 tells us that that Go(v) =
a®F} j5(av) where a depends only on W3 (Fy, F1), and is given explicitly by (3.12). Then,
with this choice of a,

1
av¢1/2#Fo =Gp -

Expressing this directly in terms of ¢ and computing in the familiar way, one finds

a9 W2(Fy, F
N 5 (Fo, I)

W3 (Fo,Go) = — |(a —1) 500

—df(1—a) . (3.22)

a
Clearly, W3(Fy, Go) = W3(Go, F1), and so doubling the right hand side of (3.22) and

inserting our formula for a, we obtain (3.13). Finally simple calculations confirm that f is
increasing and convex on [0,1]. W

We are now prepared to consider discrete approximations to geodesics in £. Let G be
the set of continuous maps ¢t — G; from [0, 1] to & with Gy = Fj and G = F}.

19/april /2002; 14:57 ]_9



gkdef

eqgeq

So0Sso

For each natural number k, let Gi(Fy, F) denote the set of sequences
{Go,G1,...,Gor} (3.23)
where each G isin &, Gg = Fy, Gox = I, and finally
W3(Gjt2, Gig1) = W3 (Gj1a1, Gy) (3.24)

for all j =0,1,...,2F — 2.
From any path t — G; in G and any k, we obtain a sequence in Gi(Fp, Fy) by an
appropriate selection of times ¢; and setting G; = G(t;).

We next obtain a particular element {F(k), F(k),. F(,]f)} of Gi(Fo, F1) by successive
midpoint projection onto £ as follows: For k =1, let F(l) Fy and Fg(l) = F as we must.
Define F} ™) to be the midpoint of the chordal geodesic from Fj to Fy, projected onto £ as
in Theorem 3.3. Then, supposing {F( ) F(k) (k)} to be defined, put F(kH) F;k)
for j = 0,1,...,2%. Also, for j = 0,1,...,2% — 1, set Féf:ll) to be the midpoint of the
chordal geodesic from F j(k) to F J( +)1, projected onto £ as in Theorem 3.3.

Lemma 3.4 (Discrete Geodesics): For all k > 1,

2k _1 2k 1

k k
ST Wa(FP FE) < Y Wa(G, Giia)
J=0 7=0

for any {Go, G1,...,Gar} in Gp(Fo, F1), and there is equality when and only when

(G0, G, ., Gy = {FSP, FP L Ry

Proof By the condition (3.24),

2k _1 2k 1 WQ(G Giir) 1/2
) 9 i+1
Z Wa(Gy, Gip1) = Z 2 27_ - . (3.25)
7=0 7=0
We now claim that
2k _1 2F 1
k k
Z Wi(EM, P < > W3(G,Gip)
=0

and there is equality exactly when {Go, G1,...,Gqr} = {Fék), Fl(k), cee Fz(,’f)} Clearly, on
account of (3.25), once this is established, the proof is complete.
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For k = 1, this is implied by Theorem 3.3. For k > 1, consider any 2* + 1-tuple
{Go,G1,...,Gqor} of elements of £. We are not requiring {Go, G1,...,Gor} € Gi. The
point is that we are going to reduce to the case k = 0 by successively erasing every other
element. Even if Wy (G, Gj11) = Wa(Gj41,Gj42) for all j, it is not necessarily the case
that Wa(Gj,Gj12) = Wa(Gjy2,Gja) for all j, so the procedure of “erasing midpoints”
does not take us from G to Gr_q

Nonetheless, without assuming that {Go,G1,...,Gor} € G, we have from Theorem
3.3, with f given by (3.13), that

2k_1 2k—1_1
Z W3(G;,Gjp1) = (W3 (Gar, Gapg1) + W3 (Gapy1, Goog2))
§=0 (=0
2k—1_1
> fF(W3(Gar, Gary2))
(=0
o (3.26)
=2~1 k1 Z F(W3(Ga, Gaps2))
=0
1 2k—1_1
> ok=lf ok—1 Z W3 (Gae, Gaeya)
=0

where the last inequality is the convexity of f.
Notice that both inequalities are saturated if and only if for each ¢, G411 is the projected
midpoint of the chordal geodesic connecting Gy and Gagpyo.
The proof is now easy to complete. Define a sequence {4,} inductively by Ay =
W22(F0, Fl) and
Ajp =2 f(2774;) . (3.27)

Because the above inequalites are saturated for {Go, G1,...,Gar} = {Fék), Fl(k), cee F2(,If)},

2k
k k
A=Y WEFER FL) .
=0

But a simple induction argument based on (3.26) shows that Z?io W3(Gj,Gj1) > Ay

with equality only in the stated case. W

We can now define the distance Wh(Fp, F1) on € induced by the 2-Wasserstein metric:

2k 1

Wa(Fy, Fy) = lim S~ WY, i) (3.28)
j=1
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where clearly the sequence on the right in (3.28) is increasing. In fact, Lemma 3.4 tells us
that the geodesic from Fj to F} on £ is obtained by the following simple rule: Take the
chordal geodesic t — F; from Fy to F} in P, and rescale each F; onto £ as in Theorem 3.1.
Then reparameterize this path in £ so that it runs at constant speed. This is the geodesic.
Note that this same procedure produces geodesics on the sphere S%~1 in IR%.

It is now an easy matter to compute the distance Wy (Fp, F1). One way is to compute
limy,_, oo Ay, for the sequence given by Ag = W2 (Fy, F1) and (3.27). This is straightforward;
it is easy to recognize the iteration as same iteration one gets by dyadically rectifying an
arc of the circle.

We find it more enlightening to obtain an explicit parameterization of the corresponding
geodesic, and use the Riemannian metric for the 2-Wasserstein distance.

To begin the computation, let 1) be the convex function such that Vy#Fy, = F;. We
may assume without loss of genrality that « = 0; this will simplify the computation. Then
define F; as in (2.6) and (2.7), and let F} be the projection of F, onto £ as in Theorem
3.1. Since u = 0,

F = (iwt) )
a(t)

where 1), is defined in terms of ¢ as usual and where

a(t) = \/1—4t(1—t)% _

Notice that the gradient vector field on IR? that represents the tangent vector F; /Ot has
two terms: One is a rescaling of the gradient vector field on IR? that represents dF; /ot,
and the other generates a dilation to keep the path on &.

Next, we have from Theorem 2.3 that for any test function x on IR?, after some com-
putation,

_ (L Jo) — @v) Fy(v)dv |

where 7, is given by (2.21). Hence, from (2.25), we have that

2

OF, oF,\ 1 1 at) |” -
g (W, E) = 5 /JRd @Vm(a(t)v) — mv Ft(’l))d’l)
—71 v ——d(t)vz v)dv
= 5020) o [T~ iy B0
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From (2.23), [ |[V0:(0)|* Fy(v)dv = 2W3 (Fp, F1), and clearly [pq [v|° Fi(v)dv = a®(t)ds.
Finally, by Theorem 2.3 and familiar computations,

1

/ (Vi (v) - 0) Fy(v)do = = | ([V()"(0) = o* + [o]” = [V ()" (0) ) Fi(v)do
R4 R4

= 2% (2W3(Fo, Fy) + (a*(t) — 1)d0) = (2t — YW (Fy, F')

Putting all of this together, one has, after some algebra,

oF, 9F,\ 1 ) at)\> a(t) )
g (W’E) = sy | VA ) + (@) o2(1)d0 ~ 2 (2t = W3 (. )
2 1 W3 (Fo, F1)
= Wj (FO’Fl)a‘l—(t) {1 - TJG] :

Now we reparameterize to achieve constant unit speed. We take the map t — 7(t) to
be differentiable and increasing. Then with F; = F.) we have

2

OF, OF; OF, OF,\ |dt
normalize 1 = - = - - - __ 2
: g(ar’ar> g(@t’@t)dT (3:29)
provided
dr(t) 1 W3 (Fy, Fy)
= Wy (Fy, F' 1— 2V
dt 2(Fb. 1>a2(t) 2d6
This is solved by
dao W2(Fy, Fy)
t) =1/ —arct 2t —1 22
7() = arctan <( N 28— w2, )
for which 7(1/2) = 0 and
do W2 (Fy, FY)
dist Wo(Fy, 1) = 7(1) — 7(0) = 24/ ?arctan ( 570 —2W22(F0,F1) (3.30)

This has a very simple interpretation: Consider two points on a circle of radius R, and let
D be the length of the chord that they terminate. The arc joining them subtends an angle
2¢ where

D2

o) =\ qpe —pe -
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and hence the length of the arc joining them is

D2
2 Rarctan m . (331)

Since /(df)/2 is the radius Ry of &, in that this is the 2-Wasserstein distance from
any point in £ to the unit mass at u, and since Wy(Fp, F) is the chordal separation of
Fy from Fj in the 2-Wasserstein distance, we have that (3.31), with R = /(df)/2 and
D = Wy (Fy, F1), gives us W (Fp, Fy). It is somewhat simpler to express this in terms of
sines instead of tangents. From (3.31) it is easy deduce that

(3.32)

Fy, F°
W (Fo, Fi) = 2Rgsin (M) |

2Ry

(3.33)

Fy, F
Wa(Fy, F}) = 2Rgarcsin WalFo. 1) )
2Ry

We summarize this in the following theorem:

Theorem 3.5 (Geometry of &£): Let Wy (Fpy, Fy) denote the distance between any two
points Fy and Iy of £ in the metric induced on £ by the 2-Wasserstein metric. Then
Wa(Fy, F1) is related to Wa(Fo, F1) through (3.32) and (3.33). Moreover, the geodesic on
& between Fy and Fy is obtained from the chordal geodesic in P between Fy and Fy by the
following procedure: Let t — Fy, t € [0,1], denote the chordal geodesic. Then, for each
such t, let F, denote the unique point in E that is closest to Fy, which is simply obtained
from F; by dilatating about the mean w. This path, reparameterized to run at constant
speed, is the geodesic on £ between Fy and Fi.

This theorem strongly encourages one to think of £ in spherical terms, though we see
from (3.10) that the chordal distance between any two points on £ is no more than /2
times the radius of &, as given by (3.2), as on the spherical cap with the azimuthal angle
¢ ranging over 0 < ¢ < /4.

We apply this to deduce a criterion for dispalcemnt convexity on the constrained man-
ifold £. We say that a functional ® is displacement convex on £ in case for all geodesics
t — Gy in &, the function t — ®(Gy) is convex. If the gradient vector field Vi on IR% is
the tangent vector at ¢t = 0 to a geodesic t — G, in £, we define

2

d
Hess®(Go)(Vn,Vn) = @@(Gt)

(3.34)

t=0

This should be compared with (2.26). The differences lie in the different classes of geodesics
being considered in the two cases, as well as the fact that

musthave / v - Vn(v)Go(v)dv =0 and Vn(v)Go(v)dv =0 (3.35)
R4

le
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must hold for V7 to represent a tangent vector to £ at Gy.
Since we have determined the geodesics in &, it is now a simple matter to determine a
criterion for displacement convexity in £.

Theorem 3.6 (Displacement convexity in £) Let G — ®(G) be any functional of the
form

(G) = /Bd 9(G())dv

where g twice continuously differentiable on IR . Define the function h by h(t) = tg'(t) =
g(t) Suppose that F' € &, ¢ is such that h(F) is integrable, and that at F,

G — Hess®(G)(Vn, Vn)

s continuous in the 2-Wasserstein metric for all test functions . Then

Hess®(F)(Vn, Vn) = Hess®(F)(Vn, Vn)
d , (3.36)
+ 2—R(3 (/leh(F)dv) /le |Vn|*Fdv ,

where Ry = +/df/2 is the radius of .9, and Vn is any gradient vectorfield satisfying
(3.35) In particular, if ®(F) = S(F) is the entropy [p. In(F(v))F(v)dv of F,

HessS(F)(Vn, Vn) = HessS(F)(Vn, Vn) + 2;:22/ V> Fdv | (3.37)
0 JIR

and thus the entropy is uniformly convex on the constrained manifiold &, ¢.

Proof: For any F € &, let t — G, be a geodesic in & passing through F' with unit speed at
t = 0. Pick 6 > 0 but sufficiently small that G5 and G_s are both defined. By definition
W3(G_s,Gs) = 46%. Define h > 0 by

W2(G_5,G5) =4 h* .
By Theorem 3.5,

h = Rysin (R%) =54 0(6%) . (3.38)

~ Now let ¢ — G; be the chordal geodesic, in P, from G_s to Gs parameterized so that
G_s = G_p and G5 = Gj,. By Theorem 3.3, Gy = F' is obtained from G by dialtion:

Go(v) = a?Go(av) (3.39)
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where

a=4/1——. (3.40)

02 52
(3.41)
1[1 h?
t133 (@(Gh) + 2(G-p)) — 2(Go) 52
Next, since
B(Go) ~ B(Go) =a’ [ gla Plo)dv— [ g(P(e)dv,
R4 R4
it follows from (3.40) and the definition of h that
. B(Go) —®(Go) _ d /
}lir(l) 5 =382 h(F(v))dv . (3.42)

By (3.38), the continuity of Hess® at F' and our previous definitions

2

lim — 1 (®(Gh) +O(G_p)) — @(Go)] 2—2 = Hess®(F) .

Combining this, (3.42) and (3.41), we obtain (3.36) from which the rest of the result easily
follows. W

4: The Euler-Lagrange Equation

Recall that for fixed h > 0, and a given density Fy € &g, we seek to mimimize the
functional

I(F) = w + hS(F) (4.1)

subject to the constraint that I’ € & ,,.

This functional is strictly convex and our constraints are convex, and hence if any
minimizer does exist, it would also be unique. The existence issue will be settled in the
next section. Here we shall derive the Euler Lagrange equation that would be satisfied by

any minimizer in our variational problem, and derive some consequences of satisfying this
equation.
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Theorem 4.1 Suppose that Fy is a minimizer of the functional given in (4.1) subject to
the constraint that Fy has the same mean and variance as Fy. Let 1) be the convex function
on IR? such that

Vy#F = F . (4.2)
Then
/ IV InF |2F(v)do < oo (4.3)
R4
and
2
Vi(v) = v+ hOV, (m 1\2 ) +(u—v) {W] | (4.4)

where for any F' € P, M denotes the isotropic Gaussian density with the same mean and
variance as F'.

Proof: Consider a function ¢ : IR* — IR? satisfying

(W F(Wdv=0  and / (€() - ) Fr(v)dv = 0 . (4.5)
Bd Bd

Then define the flow T3(v) = v + t£(v) and the curve of densities G(t) = T;#F;. Finally,
let G(t) be the projection of G(t) onto £ as in Theorem 3.1. Let u; and df; be the mean
and variance of Fj. Then by Theorem 3.1,

G(t,v) = a(t)?G(t,a(t)(v —u(t)) +u1) , (4.6)

where, by (4.5)
a(t) =1+ O(t?) and u(t) = uy + O(t?) . (4.7)

We can also write G(t) = T,#F) where

T,(v) = %v—f—tﬁ (%v) :

The argument here is adapted from the corresponding argument in [12]. First, consider
the entropy. By direct calculation and (4.7),

S(G(t)) — S(G(0)) =t / FL(0)V - £(v)dv + O(t?)

R4

and so

t—0+ t
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To compute the variation in the 2-Wasserstein distance, note that since Tt#F =G (1),
Vi o Ty ' #G(t) = Fy. Thus

9, A 1
WiGH. ) < 5 [

IV o T (v) — v2G(t,v)dv
R4

1

= E/JRd |V — Ty (v) | F1(v)dv

< Wi (Fy, Fy) _t/le (Vi) —v) - EF (v)do .

From here it easily follows that

2 - 2
Jimn sup W5 (GQ@), Fo) = Wy (F, Fo) _

t—0+ t -

| @-Ve) R oo @)
Rd
We deduce that

[ (v -0 B2) e <n [ Awv-e

R4

for all smooth and compactly supported & satisfying (4.5). Since these conditions are still
satisfied if £ is replaced by —&, we have that

/Rd ((Vlb(v) —v) Fle(v)) E(v)dv = h/le Fy(0)V - £(v)

for all smooth and compactly supported £ satisfying (4.5). Hence

((w(v) _nE 19<”) RV, F (v)) = (A+ B(u—v))F(v) (4.9)

for some vector A and scalar B. It follows from this that (4.3) holds.
Now integrating both sides of (4.9) in v, one learns that A = 0, and if one takes the
inner product of both sides with (u — v), and then integrates in v, one learns that

W3 (F1, Fy)

B =—
do 7

+dh

since

/ , (VY (v) —v) - vFy(v)dv = Wi (Fy, Fy) .
R
From this and (4.9), we obtain (4.4) W
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Now still assuming that the minimizer F}; exists, we ask what properties does Fy inherit
from Fy? We shall show, using the fact that F; satisfies the Euler—Lagrange equation (4.4)
and (4.2), that F} inherets some localization properties from Fy. Specifically, let { be a non-
negative, increasing convex function on IR, with the property that lim; ., ((t)/t = co.
Suppose that

/ C([V2) Fo(v)dv = € < oo . (4.10)
Rd

This quantity provides a quantitative measure of the localization of |v|?>Fy(v) in that

and the right hand side tends to zero as t increases. If we knew that F} satisfied the same
inequality, we would have a quantitative localization estimate on F}. We shall see below
that this is almost the case: The function ( is modified slightly in passing from Fy to Fj.

First, we need to explain where the original ¢ comes from. We could take (t) = (1+¢)!*¢
if we assumed that F{ possessed more than second moments. Since we wish to make a
statement about generic elements Fj of S, 9, we use a minor variant of a lemma of de
la Vallée—Poussin, which says that for any probability density Fy with [ [v[*Fo(v)dv <
00, there is a a non-negative, increasing convex function on IR, with the property that
lim .o ((t)/t = oo such that (4.10) holds, and finally, that ||¢"|« < 1. Everything up
to the last condition is standard, though the usual construction of ¢ is such that ¢” is a
series of Dirac masses. We therefore sketch a short proof. Without loss of generality, we
may suppose that u =0 and 6 = 1/d.

Let

)\(t):/|2>tFo(v)dv and u(t):/|2>t\v\2Fo(v)dv

so that 1 = [jq [v|*Fo(v)dv = [;° A(t)dt, and that

u(t) = /too Audu > 3" An) . (4.11)

n>t

Now define t;, by tg = 0 and for k > 1, ¢, = inf{t | u(t) < 27%}. Clearly, since Fy(v)dv is
absolutely continuous, u(tx) = 27%. Then by (4.11),

L= ut) =30 3 Am) = 3 gmAm) (4.12)
k=1 k=1n>ty n=1

where for all n > 0,
g(n) = max{k | ty <n}.
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Clearly, lim,,_,o, g(n) = 0o and gn4+1 > gn. Next, define h(n) recursively by h(n) — h(n —
1)=1if g(n) —g(n—1) >0, and h(n) — h(n — 1) = 0 otherwise. Then clearly

n

h(n) = (h(k) = h(k — 1)) <> (g(k) — g(k = 1)) = g(n)
k=1 k=1
but also clearly lim,, o, h(n) = oo since g(n) must increase infinitely often.

Now define (’(t) by linear interpolation of h(n). Then, since ((¢) is increasing and A(t)
is decreasing,

/O T MDA < S h(n+ DAM) < 3 (14 g(m)An) <2 |

where the last inequality follows from (4.12). Finally, define h(t) = f(f g(s)ds. Note that
¢(t) is a continuously differentiable convex increasing function with ||("’||.c < 1. For any
such function, we have we have

/ C(|v|*) Fo(v)dv = / C(HA(t)dt . (4.13)
R? 0
This proves the existence of the desired function (.

We are now ready to prove the following:

Theorem 4.2: Suppose Iy is any element of Sp ., and suppose i is a convex potential with
Vi#F, = Fy such that ¢ and Fy satisfy (4.4). Then there are a non-negative, increasing
convex function ((t) such that lim; o ((t)/t = 0o and ||("||c < 1, and a finite constant
C, both depending only on Fy, so that

Cla|lw — u?)Fr(w)dw < C
Bd

for some a depending only on h and 6.

Proof: Without loss of generality, we continue to assume that v =0 and 8 = 1, and thus
Vi (w) = aw + AV In(Fi (w))

for some constant a > 0 that is readily computed from (4.4). Now let {(¢) be any increasing
convex function with ¢”(¢) bounded. Then,

/ C([v]?) Fo(v)do = / (Ve () [2) Fy (w)du
Bd Rd

— IRdC(|aw—|—thn(Fl(w))|2)F1(w)dw
Z/le C(a|w|2)F1(w)dw+2ha/le ¢ (a|w*)w - VFy (w)dw

:/ C(a|w|2)F1(w)dw—2ha2/ ¢ (aw]?)|w]? - F(w)dw
Rd Rd
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Since [pa |w]? - Fi(w)dw =1,

/ ¢(alw]?)Fy (w)dw g/ C([V]2) Fo(v)dv + 252" oo - (4.14)
R4 R4

In particular, taking ¢ to be the function provided by the variant of the de la Vallée-Poussin
lemma, the result is proved. W

5: Existence of Minimizers

To simplify the notation, we fix u = 0 and # = 1 throughout this section. The main goal
in this section is to prove that a minimizer exists for (4.1). As explained in the introduction,
it suffices to find a density F; € S and a convex potential 1 with Vy#F, = F, such that
the Euler-Lagrange equation (4.4) is satisfied.

In this, we make essential use of the dual version of the variational characterization of
the 2-Wasserstein metric. This says that for all Fy and F' in S,

2 - W3i(Fy,F) =

(5.1)
inf{ ¢(v)Fo(v)dv + Y(w)F(w)dw | ¢(v) + (w) > v-w a.e. } ,
R4 R4

where almost everywhere refers to the measure Fy(v)F;(w)dvdw. Furthermore, the min-
imizing pair, which exists, consists of a dual pair of convex functions. That is, we may
assume that ¢ and 1 are Legendre transforms of one another. The gradients of the min-
imizing pair provide the optimal transport plans; i.e., Vo#Fy = F and VY#F = Fy. A
good reference for this is [8] or [3].

We shall assume strong assumptions on Fy € S, which we shall later remove; namely
we suppose that F{y is supported in Bpg, the centered ball of radius R, and that on Bp it
is bounded below by some strictly positive number «. Then for any other density F'in P,
these hypotheses impose some regularity on the optimal map Vy#F = Fy. In particular,

VY(u)| < R (5.2)

for all v, which means that 1 is Lipschitz.
Now define n(t) by

(t) = +o0o ift <0,
" tint ift> 0.

Then the Legendre transform n*(s) of n(t) is
n(s) =e
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We shall use use the notation n* throughout this section to emphasize the fact that we do
not make much use of the specific form of 7 in our analysis; this point is discussed further
at the end of the section. Then

S(F) = F)dv
(F) = [ Py
and for any dual convex pair of functions ¢ and 1,
I(F)>hS(F)+2— ( d(v)Fo(v)dv + w(w)F(w)dw) , (5.3)
R? R?

where I(F) is given by (4.1). Moreover, by Young’s inequality, n(t) +n*(s) > st, and thus
we have that for any a € R? and any b € IR,

a-w+ blwl2/2 + w(w>) S @ wHbwl/2 4 ¢(w) (5.4)

n(F)+n*< - h

Integrating yields

hS(F) — Y(w)F(w)dw > b — h/ .

R4 R4

- (a-w+b|w|2/2+¢(w)> dw . (5.5)

Therefore, introduce the functional

J(a,b,gb,w):Q—/le gb(U)FO(U)dU—f—g—h/leT]* (“'wJ“b'w'h/H‘Z’(w))dw. (5.6)

Note that ¢ is bounded below and n* is positive, and hence J(a, b, ¢, 1)) is well-defined. It
then follows from (5.3), (5.5) and (5.6) that or any dual convex pair of functions ¢ and v,
a € R* and any b € IR,

I(F) > J(a,b,6,0) , (5.7)

We let U denote the set of all quadruplets (a, b, ¢, ) where a € IR, b € IR, and ¢ and
1 are a pair of dual convex functions with

d(v) = 00 for |v|>R. (5.8)

The reason for this last condition is that increasing ¢ off of the support of Fy can only
decrease 1) and hence increase J, so we may freely restrict our attention to such dual pairs;
see [8] or [3]. This guarantees that (5.2) holds whenever (a,b, ¢, %) € U. Indeed, since 1 is
determined by ¢ through the Legendre transform, J can be regarded as a functional of a,
b and ¢ alone. However, the notation with ¢ included as a variable is convenient for the
exposition.
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The parameters a and b will be seen to function as Lagrange multipliers guaranteeing that
at the maximum on the right, F; = V¢#F, does belong to S.

Theorem 5.1 There exists (ag, bo, Po, Vo) € U such that

J((Io,bo,¢0,¢o) Z J((I,b, ¢7 77Z}) (510)

for all (a,b,p,v) € U . Furthermore, if we define

, [ ag - w + bo|w|?/2
Fa(u) = oy (Rl ) ) (5.11)
then Fy € S,
Vipo#Fr = o (5.12)
and
Vipo(w) = w + hV In(Fy) + hdw — WZ(Fy, Fy) . (5.13)

Note that this gives us a solution of the Euler—-Lagrange equation for the minimum of
I(F) that we derived in the last section. And indeed, with t = F; and s = (ap - w +
bolw|?/2 + o(w)/h, n(t) +n*(s) = st and so with F' = Fy, 1) = 1), there is equality in
(5.4). By (5.12), there is equality in (5.3) when F' = Fy, ¢ = 1)g and ¢ = ¢g. It follows
that I(Fy) = J(ao, bo, ¢o, o). Together with (5.7), this proves that F; minimizes I on £.
Thus Theorem 5.1 provides us with our minimizer of the original problem. The advantage
of the J functional lies in the compactness properties of the dual convex pairs.

Proof: First, suppose that the maximizer (aq, bo, ¢o, %o) does exist. Observe that for any
real number A, (ag, by, do + A, 19 — A) € U. Then by (5.10)

d

—J(ao, by, Po + A, o — A)

=0
dA

A=0

and this clearly leads to

1= /sz () (“0 : w+b°’w;/2 +w°(w)) dw . (5.14)

Hence we see that (5.11) does define a probability density.
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Next, we shall see below that for some € > 0,
/ ee|w|2F1(w)dw < 00 . (5.15)
le

This implies that

o (B2 + o (w)
@ty [ oy ( - )au

is a differentiable function of a and b in some neighborhood of (ag, by). Assuming this for
the moment,

d

_J(a07 ba ¢07 77Z}0)

db =0,

b=bg

and from this we have that

. :/ Jwl? () (ao Cw +b0|w|2/2+¢0(w)) duo

h
which means that F} does indeed satisfy the variance constraint. In the same way, differ-
entiating in a shows that F} does satisfy the mean constraint. Thus, F; € €.

So far, the only variation that we have made in ¢y, and hence 1), is a shift by an
additive constant. We now let { be any smooth function supported in the interior of Bg,
and define ¢; = ¢g + t(, and let Yy be the Legendre transform of ¢;. While these are not
a dual pair of convex functions since ¢; may fail to be convex, it is nonetheless clear that
for all sufficiently small ¢, J(ag, b, ¢0,%0) > J(ao, bo, ¢¢,1¢) and thus

d

—J(ao, bo, ¢r,r)

dt =0

t=0

But lim; ot~ (s (w) — Yo(w)) = —¢(Viho(w)). From this it follows, as in [10], that

. C(v)Fo(v)dv = ” C(Vipo(w)) F1(w))dw

which means that Viyo#F, = Fj .
The remaining part of the Euler-Lagrange equation follows from (5.11) by simple dif-
ferentiation:

Hence
w - VFl(w) = (ao - W+ bo\w\Q +w - VIDQ(w)) Fl(w) y
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and integrating both sides we obtain that

hd W2(Fy, Fy)

bg = 5 + 5 .

Even more simply, one sees by integrating (5.16) that ap = 0. Thus, provided the maxi-
mizer exists, and that (a,b) — J(a,b, ¢g, 1) is differentiable in a neighborhood of (ag, by),
we have that Fy € &, Vipo#F) = Fy, and that the Euler-Lagrange equation (5.13) is
satisfied.

To show the existence of an optimizer, we begin by considering any (a, b, ¢, ) We now
seek an a—priori lower bound on ¢(v). Fix any v € Br at which ¢ is differentiable. Then
let wg = V(v). Since 1) and ¢ are dual to one another, v belongs to the subgradient of 1
at wo, and then by the convexity of ¢, for any w € IR%, 1 (w) > ¥ (wo) + v - (w — wp).

Then since 1) is convex, and because of the mononicity of (n*)" and its specific form, we
have that

(Y (a-w+b|w|h/2+¢(w)) > exp (4(wo) — v - wo) /) (1)’ ((a—f-v)-u;b—i— blw| /2)

Integrating, and using (5.14), we see that b is negative, and we obtain

27h d/2
" ) (5.17)

1 > exp ((¢(wo) —v - wo)/h) e~ exp ((a+v)*/2h[b]) ( 0]

But ¢(v) = —(1(wg) — wp - v) and so

$(v) > ‘a;’LbT‘Q “h <1 + 51 (Qﬁ‘h)) . (5.18)

Integrating against Fy(v), we obtain that

. ¢(v)Fo(v)dv = % + ﬁ —h (1 + —1 (;:lh)) . (5.19)

Now consider ¢ where

jw]®

B(w) = (1— h)wT +h [1 - gln(Qﬁ)] :

so that

[ (o2 o e = (5 )‘”2 [ wenr,
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The dual convex function of ) is ¢ where
~ d

This does not satisfy (5.8), and hence (0, —1, ¢, 1;) is not in U. However, define br by
dr(v) = d(v) for |v| < R, and ¢R by $r(v) = 0o otherwise, and define ¥5 to be the dual
convex function. Then (0, —1, ¢r, ¢g) isin U and J(0, —1 ¢R,¢R) > J(0,—1, ¢, 1)) since,
as we have noted before, increasing v off the support of Fy can only decrease the dual v,
and hence increase J. Hence it is clear that

sup{J(a,b,¢,9) | (a,0,6,9) €U} > J(0,~1,0,9) .

One easily computes that

1—-3h hd

72(1 - + > In(27) . (5.20)

1](07__17$7d0 =

Since we seek a maximizer of J, we need only consider (a,b, ¢, 1) € U such that

J(a,b,¢,9) = J(0,~1,0,9) . (5.21)

Furthermore, we may suppose that we have already optimized over ¢ + A and ¥ — A so
that (5.14) holds. Then from the fact that (n*)" = n*,

ﬂma¢¢o:2—/ mmﬂmmm+g—h.
R4
From this, (5.21) and (5.20),

M) (Mv<2+z h—(i{§%+f§m@m>. (5.22)

Combining (5.19) and (5.22) we obtain

b 1—3h 1 a? d d
2+ 2 —h) = (== Vs — Y Y-S . 5.23
( 7 ) (2(1—h)) Z o Tap T SR (5.23)

Recalling that b is negative, is is clear that |b| cannot be too close to zero, for then the right
hand side becomes greater than 2. Also, |b| cannot be too large, since as |b| increases, the
left hand side tends linearly to —oo, while the right hand side only does so logarithmically.
Even more evidently, |a| cannot be too large.
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It follows that there is a constant ¢ > 0, depending on h, so that
c<|b <1/c and la| < c. (5.24)

Next, use (5.11) to define F7y; that is,

a-w+blw|2/2+¢(w)) (5.25)

Fa(w) = () ( ;

We may suppose without loss of generality that a and b have been chosen optimally so
that Fy € £. Since [pa [v]*Fi(v)dv =1,

N | =

S/ Fi(w)dw <1.
lw|<V2

This together with (5.25) and (5.2) means that for another finite constant C' we have
Y(w) < C+ R|w| (5.26)

for all w. In particular, with F; defined as in (5.25), (5.15) holds, as claimed.

This gives us all of the a—priori estimates that we need. Consider a sequence
{(an,bn, on,¥n) € U, each of which satisfies (5.21). First we may optimize in a,, and b,
and carry out the variation over ¢,, + A and v, — A. With these chosen, optimally (5.14)
holds.

Then by the previous paragraphs, a,, and b, satisfy (5.24) for all n. Passing to a subse-
quence, we may assume that {a,} and {b,} converge to the limits ay and by respectively.

Now for each n, define Fl(n) in terms of a,, b, and 1, using (5.25) Our optimizing

sequence is such that for each n, F 1(n) € &, since, as we have seen, this is what is guaranteed
by optimality in a and b. Moreover, since a,, and b,, satisfy (5.24) for all n, it follows that
(5.15) holds for all n for some fixed € > 0.

Passing to a further subsequence, we have that ¢y = lim,,_, ., ¥, exists uniformly on
compact sets due to (5.26) and the Lipschitz bound. Since for each n, Fl(n) satisfies (5.15),

lim, o0 F fn) converges strongly in L.
It is plain that on Bp, passing to a further subsequence if need be, we have lim,,_, o, ¢,, =
¢ almost everywhere and

lim G (w)Fo(w)dw = po(w) Fo(w)dw

n—oo BR BR

Thus
J(CL(), b07 ¢07¢0> = nh—{rclo J(an7 bn7 (bn?qybn) .
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Since {(an,bn, dn,¥,)} was a maximizing sequence, (ag,bo, po, %) € U is the desired
maximizer, and all of the properties of F; and 1y claimed in the theorem have already
been shown to be consequences of the corresponding Euler-Lagrange equations. W

Thus, under our given conditions on F{y, we have proved the existence of a minimizer F}
of I(F'). Now consider an arbitrary element Fjy € £. Then there exists a convex function
¢ on IR, as in Section 4 such that ((t)/t increases to infinity and

C(|v|*) Fo(v)dv = C < oo .
le

We approximate Fy in L'(IR?) by a sequence of densities Fén) such that

S F™ (v)do < 2C
le

for all n, and such that for each n, Fén) is supported in Bp, for some radius R,,. Let Fl(n)
be the corresponding minimizer if I(F'). Then by Theorem 4.2, there are numbers o > 0
and K < oo so that

Clafv?)F™ (v)dv < K (5.27)
le

for all n.

By passing to a subsequence, we may suppose that Fl(n) converges weakly to a proba-
bility denistiy Fj. It is clear that the first moments converge, and by (5.27) is is clear that
the second moments converge as well, and hence F; € £. Moreover, since convergence in
the 2-Wasserstein metric is eqivalent to weak convergecne and convergence of the second

moments, lim,, . W22(F1(n), F1) =0, and lim,, W22(F(§n), Fy) = 0. Therefore,

lim W2(Fy, Fy) = W2(F™, F{™) .

n—oo

Finally, by weak lower semicontinuity,

S(Fy) < liminf S(F™) .

It follows that F} is the minimizer we seek.

Then by dominated convergence, F} = lim,,_ Fl(n) € £ and Fj is the desired mini-
mizer. It is unique by strict convexity. Thus we have proven the following result:

Theorem 5.2 For all Fy € &, there exists a unique Fy € S such that
I(Fy) < I(F)
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for all F € £, where I(F) is defined in (4.1).

We note that on the basis of this result, there is a unique solution to the discrete time
evolution problem in which, given initial data Fjy € £ and a time step h > 0, F}, is defined
iteratively in terms of F},_1 by setting F), to be the minimizer of

|:W22(Fn—17F)
0

+ hS(F)}

over £. Tt is then easy to see, using the results of section 4, that if one defines F()(t, v)
by an appropriate interpolation as in [12], then limy,_q F™(t,v) = F(t,v) where F(t,v)
solves the Fokker—Planck equation

? : 2
— — V. (e lv—ul"/20 lv—ul|?/26
S F(0.8) =V - (e Ve F(o.1))

with initial data Fy. This equation is of course already well understood, but we shall show
that this way of aproaching it extends to the nonlinear spatially inhomogenous kinetic
Fokker—Planck equation, which is much less well understood, in a related paper.

Open Problems: We close this section by commenting on two open problems. First, con-
sider the variational problem employed by Jordan, Kinderleher and Otto [12] to construct
solutions of the heat equation:

inf{hS(F) + W3 (F, Fy)} (5.28)

in which no constraint is imposed on the variance of F'. We conjecture that

/ |v|2F1(v)dv>/ [v]2 Fy(v)dv (5.29)
Rd Bd

where Fj is the minimizer for (5.28). We can prove this under several additonal assump-
tions — when A is not too small, when Fj is radial, etc., and we note that if F; solves the
heat equation

|02 Fy(v)dv = 2d (5.30)

for any initial data Fj with finite variance. In section 3, we have given the exact solution
of this variational problem, and we see a similar behavior in that case. However, we have
not been able to prove (5.29) in general. It would be most unfortunate if the discrete time
problem did not possess a good analog of the basic montonicity property (5.30), and we
do not believe that this is the case.

If (5.29) were true, it would make it easy to prove Theorem 5.2 by adding on a Lagrange
multiplier A [, |v[>F(v)dv to the functional in (5.28). The existence (and uniqueness) of

minimizers would follow by the argument in [12] for all A > 0. Let F®V denote the
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minimizer corresponding to a given value of A > 0. If (5.29) were true, it would be easy
to show the existence of a value Ag > 0 for which [ [v|?F*9) (v)dv = [} [v[*Fo(v)dv.

It would then follow that F(*) is the minimizer provided by Theorem 5.3.
Another open problem concerns the growth of higher moments. We note that if F;
solves the heat equation

for any initial data Fy with zero mean and finite fourth moments,

d
—— [0 Fy(v)dv = 12d6 .
dt R4

This leads one to hope that if F} is the mimimizer for (5.28), and Fy has zero mean and,
say, finite sixth moments, there is a constant C' depending only on the sixth moments so
that

/ lo[*Fy (v)dv < (14 C’h)/ [v[*Fy(v)dv . (5.31)
R4 d

IR

This would be very helpful in studying the non-linear kinetic Fokker—Planck equation
using these methods. We conjecture that this is true, but do not presently know how to
prove it. We note that to prove (5.31), one needs an upper bound on the moments of the
minimizer Fy, while to prove (5.29), one needs a lower bound.
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