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Abstract

Let jg be a probability measure on R? representing an initial velocity distribution for the
spatially homogeneous Boltzmann equation for pseudo Maxwellian molecules. As long as the
initial energy is finite, the solution p; will tend to a Maxwellian limit. We show here that if
Jzs [P po(dv) = oo, then instead, all of the mass “explodes to infinity” at a rate governed by
the tails behavior of uy. Specifically, for L > 0, define

= [ ePdu(o).
[v|<L

Let Br denote the centered ball of radius R. Then for every R,

lim dpt(v) =0

t—o0 Br
The explicit rate is estimated in terms of the rate of divergence of ny. For example, if n; >
Const.L*, some s > 0, fBR dp(v) is bounded by a multiple of e~[#35/(5+99)t " where & is the
absolute value of the spectral gap in the linearized collision operator. Note that in this case,
letting B; denote the ball of radius €™ for any r < xs/(5+9s), we still have lim;_, o th dp(v) =
0.

This result shows in particular that the necessary and sufficient condition for lim; ., iy to
exist is that the initial data have finite energy. While the “explosion” of the mass towards infinity
in the case of infinite energy may seem to be intuitively clear, there seems not to have been any
proof, even without the rate information that our proof provides, apart from an analogous result,
due to the authors, concerning the Kac equation. A class of infinite energy eternal solutions
of the Boltzmann equation have been studied recently by Bobylev and Cercignani. Our rate
information is shown here to provide a limit on the tails of such eternal solutions.
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1 Introduction

We introduce our subject under the usual hypothesis that the initial velocity distribution pug is
absolutely continuous, though this shall be relaxed later on. The Cauchy problem for the spatially
homogeneous Boltzmann equation on R? for pseudo-Maxwelian molecules has the form

O fw=Qfw ) with  J(,0) = fo(v) (1.1)

Here, the collision kernel Q is a bilinear map from L'(R?) x L'(R?) to L!(R3) given by

o(.a)w) = [ ([ (Foaatw) = i) Bleos(o))a ) do (12

where
vt w v —wl _vtw v —wl
BTy 2 Ty 2

is a parameterization of the energy and momentum conserving collisions, through the unit vector

o, which ranges over S?, the unit sphere in R3. In (1.2), do is the uniform probability measure on
5?2, and 6 denotes the angle between ¢ and the relative velocity, v — w.

The positive function B determines the relative likelihood of the various possible collision out-
comes as parameterized by 0. See [10] for further background. We suppose that [, B(cos(f))do <
co. Under this assumption, it is natural to normalize the time scale so that [¢, B(cos(d))do = 1.

One may then separate the collision kernel into the gain and loss terms, Q(f,g) = QT (f,g) —
Q= (f,g), where

Q*(f.g) = / F(v2)g(w.) B(cos(8))dwdo (1.3)
52 JRr3

and
Q (f,9)=1. (1.4)
The Wild convolution f o g of two probability densities f and g on R3 is defined by

fogv)=9"(f,9) -

This permits (1.1) to be written in the from

9
ot
As Wild proved [15], the solution of (1.5) with initial data fy is given by

(v,t) = fo f(v,t)— f(u,t) . (1.5)

=> e 1 —e )RS (fo)(v) (1.6)

n=1

where Q;F(fo) is a recursively defined average over all the n—fold Wild convolutions of fo: By
definition, Qf (fo) = fo, and then for n > 1,

Qf (fo) = — ZQ )0 QF (fo) - (1.7)
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Just as the ordinary convolution can be extended from L' to measures, the Wild convolution
can also be defined for any two probability measures p and v. One approach to this is explained
in [9], and another can be given in terms of the Fourier transform identities introduced in Section
2. In any case, Q. (10) is well defined for all probability measures o on R?, and then

=3 e (1 - e Q) (o) (18)
n=1

gives the measure valued solution p; of (1.5) with initial data uy.
Our main result concerns the behavior of these solutions when the initial energy is infinite.

1.1 THEOREM. Let uo be a probability measure on R? such that Jrs lv]2du(v) = co. Let nr, be
defined by

0 = / o[2dp(v) (1.9)

Let Bgr be the centered ball of radius R, and let u; be the solution of the Cauchy problem for pg
given by (1.8). Then for every R > 0

lim dur =0. (1.10)
t—o0 B
R
The rate of convergence can be explicitly estimated in terms of the rate at which ng diverges with

increasing L. For example, if n;, > Const.L®, then
/ duy < Const. R3¢~ [Brs/(5+9s)]t ’
Br

where
K—1- / lcos}(6/2) + sin® (8/2)] B(cos(6))do | (1.11)
52

which happens to be the magnitude of the spectral gap for the linearized collision operator.

The proof of the theorem will yield rate information in the general case in which 7y, may diverge
arbitrarily slowly. Then however, as one might expect, the convergence in (1.10) can be arbitrarily
slow as well. The bound on this convergence is simplest when 77, > Const.L®. Note that in this case,
limy oo th duy = 0 where By is the ball or radius €™, and r is any number with r < xs/(5 + 9s).

Clearly, whenever (1.10) is true, it is impossible for y; to converge, as t tends to infinity, to any
limiting probability distribution. Since whenever the initial energy is finite, u; does converge to a

Maxwellian, we see that:
e A necessary and sufficient condition for lim; o py to exist is that pg have finite energy.

This statement extends a result [12] of two of the authors from the Kac equation to the Boltz-
mann equation. See also [8] for a quantitative study for the Kac equation.

Notice that the estimate on the rate at which the mass explodes to infinity is governed by the
rate that 7y, diverges as L tends to infinity. If this divergence is very slow, so that the energy is “just
barely infinite”, then the explosion of the mass to infinity will be correspondingly slow. Indeed,
whenever the energy is finite, there is convergence to a Maxwellian, and so there is no explosion
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in this case. However, as shown in [9], if the tails on the initial distribution are long, so that the
enegy is “just barely finite”, then the convergence can be arbitrarily slow.

We have taken care to formulate Theorem 1.1 in complete generality for measure valued initial
data. However, when proving theorems about measure valued solutions of (1.1), much of the work
can often be done estimating solutions with quite smooth initial data. This is because the Wild
convolution has an important “commutativity” property:

Let M(©) be the Maxwellian density

3/2
MO () = <1> o—lol2/(26)

2me

Because of the identity M(© (v,)M(© (w,) = M) (v)M(w), it is easy to see from the definition
of the Wild convolution that for all probability measures p and v, with * denoting the standard
convolution of probability densities,

(o)« MO = (s M©)o (vs M) .

It follows that for all n,
Q (o M) = (QF () » M.

Because of (1.6), this means that convolving the initial data with M (¢ and then solving the equation,
yields the same result as does first solving the equation, and then convolving with M(©). In other
words, for any t > 0, let f(9)(v,t) be the solution of (1.1) with initial data g * M), and let u; be
the solution of (1.1) with initial data pg. Then

pex MU = fO( 1)

Because of this identity, it will be easy to prove Theorem 1.1 if we can first prove it for initial
data of the form pg * M, for some € > 0 — even ¢ = 1 will do, as we shall see.
The Wild summation formula reduces many questions about the continuous time evolution

ts (1) (1.12)

described by (1.5) to questions about the sequence

w QL) (113

The strategy of rephrasing questions about (1.12) as questions about (1.13) was championed by
McKean, [13],[14] who proved a very useful alternate formula for Q;7 (fo). McKean’s formula is not

recursive, but instead involves a certain random walk on graphs:

Qf (fo) = > Pro,(MCy(fo, -, fo) (1.14)

vel'y,
where Prr, is the probability that a certain random walk on graphs passes through v, and
Cy(fo,---, fo) is an n—fold Wild convolution of fy determined by 7. The reason for bringing in
the graphs « is that the Wild convolution is non—associative, so that in general

(fof)o(fof)#((fef)of)of.
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McKean’s graphs index the different ways of associating the pairs in an n—fold Wild convolution.
See [14], and also [4],[5], which further develop McKean’s approach, for additional explanation,
and pictures of the graphs. The n—fold Wild convolutions C,(f,..., f) are linear in each of the
arguments. We shall make use of this later on, which is why we have written out all of the factors
in the argument of C,.

The sum in (1.14) provides a basis for separating Q.7 (f) into two pieces: one “good” and one
“bad”, in which the good part has some nice property, such as being smooth, or being close to a
Maxwellian, and the bad one has a small total mass. This was the strategy employed in [5]. Our
main result here is of this type, but we must use a further stochastic decomposition of Q;'(f) that
we introduce in the next section. Using this stochastic decomposition, we prove:

1.2 THEOREM. Let p1g be a probability measure on R® such that [ps [v[*du(v) = co. Let ny, be
defined by (1.9). For any fized € > 0, let fo(v) = po * M(©). Then there is an ng depending only on
€ such that for all n > ny, there is a decomposition of Q. (fo) of the form

Qr (fo) = @Gt (fo) + (1 — q2) B (fo) (1.15)

where Gf (fo) and B (fo) are probability densities, and moreover, for universal, finite constants
Cy and Cyq, it is the case that for any b with 0 < b < 1/3 and with L, defined by L, = (1 —3b)/5,

& C:
HG;’iL_(fO)HOO < nil and qn < nilfb .

n

Once we have proved Theorem 1.2, Theorem 1.1 will easily follow, as we show in Section 7,
where both theorems are proved. The next few sections establish lemmas and notation used in the
proofs, and explain our strategy.

2 The Fourier transform of C.(f,..., f)

Computing the Wild convolution of the densities f and g means computing the integral on the
right hand side in (1.3). This involves both an integral over the velocity w, and an integral over
the unit vector o. In an n—fold Wild convolution C,(fi,..., fn), there will be an integration over
n velocities, and an integration over n — 1 unit vectors, o1,...,0,—1. In what follows, we need to
separate these two integrals, doing first all of the velocity integrations with all of the unit vectors
held fixed. The simplest way to do this is to use the Fourier transform.

There is an explicit formula, due to Bobylev [1], for the Fourier transform of the Wild convolution
of two probability densities f and g:

gon(e) = [ G(EHE) Bl ¢/l (21)

where

S LA, & 2

One easily sees that with 6 denoting the angle between £ and o,

P =l¢Peos®(8/2)  and ¢ = |¢?sin’(6/2) . (2.2)
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We now wish to iterate the application of this formula to generate a formula for the Fourier
transform of C,(f). The only difficulty is notational. To be clear, consider first the simple McKean
graph with three leaves such that the two leftmost leave have depth 2, and the leaf on the right
has depth 1. In this case, C,(f,g,h) = (f o g) o h, which is all one really need to know about the
McKean graphs at present. One easily iterates (2.1) and finds 6’;( f,g,h) is obtained by integrating

F(Etlelos | E+Igoal N (E4IElor _JetIeloa] Y7 (€= lelos
P e e (S - B )R ()

over S? x S? with respect to the probability measure

B(oy - &/[¢))B(oz - £/¢])dordoy .

We introduce the following notation for the arguments of f, g and h: With ~ denoting the
McKean graph at hand, define

E-+leloy | Je 416kl

P1(§77701702) =

4 4
Py(&,7,01,00) = §+z’f|02‘|§+é|f|@|al
P3(£7770'170'2) = 6_4’1%

(2.3)

More generally, if v is any McKean graph with n leaves, it represents a convolution of n probabil-
ity densities, with the structure of the graph encoding the order in which the iterated convolutions
are done. With n factors, there will be n — 1 unit vectors o1, ...,0,_1 to integrate over. We need
a notation for the argument of the (th factor, and so we define Py(&,v,01,...,0n-1) to be the
argument of the function corresponding to the fth leaf, 1 < ¢ < n. In any particular case, an
explicit formula, such as is given in (2.3) can be worked out.

Returning to (2.3), we compute the magnitudes of the P;(¢,v,01,02). By using (2.2), we see
that for our three leaves McKean graph,

|P1 (67 Y01, 02)|2 = COS2(91/2) COS2(92/2)|§|2 :
Indeed, one easily sees from (2.2) that in general, for any 7, any ¢, and any choice of the unit
vectors, |Py(&,7,01,...,0n)| will be a multiple of |¢|. Define the numbers my(vy,01,...,0,) by

|Pf(€)r)/70-17 cee )Gn)|2 = W?(’Y'Ulu ce. 7Un)‘§|2 .

Each 7'('%("}/,01, ...,0pn) will be a product of up to n — 1 factors, each of the form sin2(0j/2) or
cos?(0;/2). Indeed, for our three leaves example

71 (7, 01,02) = cos?(61/2) cos?(02/2)
73(v, 01,09) = sin?(8y /2) cos?(62/2)
72 (v, 01,09) = sin®(62/2) .
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Notice that
(v, 01,09) + 75 (v, 01, 02) + T3 (7, 01,00) =1,

uniformly in o; and o9. It is easy to see that the analogous result holds for any McKean graph ~:
n

Zﬂ%(’y,al,...,an_l) =1. (2.5)
/=1

We are almost ready to give a formula for 6\'7( fi,---y fn). We first define the probability measure
dB, on [S?]"~1 given by

n—1
dg, = (H B(oy - g/y§|)> doy...dop_1 . (2.6)
/=1

Then with & denoting the n—tuple (o1, ...,0,_1) in [S?]"~!, we have the formula

Cfit@= [ 1Hfz Pi(€,7,5))d6n (27)

Note that for each fixed &, [];_, fg(Pg(g ,7, 7)) is the Fourier transform of a probability density.
This is the density one gets if one just integrates over the velocities in forming the Wild convolutions,
and holds the unit vectors & fixed. Let us define this density to be C, z(f1,..., fn) so that

Coa(fir-- fu)(€ H (Pu(&,7,6)) - (2.8)
Clearly, C, 5(f1,- .-, fn) and Cy(f1,..., fn) are related by

Cy(fis-onfn) = /[52]n_1 (Cy5(f1,--, fa)] dBn (2.9)

In addition to the identity (2.5), the other important thing to know concerning the (v, o) is
that none of them are too large: For “most” « and &, most of the my(y, &) are of roughly same size.
We will prove estimates that make this precise in Section 4. In the mean time, an optimist might
hope that in some sense, for at least most & € [S?]"~' and most v € T, and most ¢,

[me(y, 0)| =~ 11/2- (2.10)

To the extent that this is true, we would have

(N ~ (fleg/m?)"

Then, in case f were a mean zero probability density of finite variance o, a classical argument
would give

Tim (F(e/nri2)" = et

This, together with (1.14), would suggest that, to the extent that (2.10) is true for most v (with
respect to Prr, ), and all sufficiently large n,

3/2 ) )
Q (f)(v) = <1Q> e W2 (2.11)

2ro
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Such results, suggested by McKean [13],[14], have been proved in the case of finite variance,
which in physical terms means finite energy; see [4],[5], [9] and [12]. Here we take up the case of
infinite energy. In the case that o is infinite, (2.11) suggests that one should expect

lim Q;(f)=0,

n—oo

“nearly uniformly”. In the next sections, we shall produce a precise rendering of this intuitive
picture, and thus prove Theorem 1.2.

3 The stochastic decomposition

Consider a probability density f on R? such that [, |v]?f(v)dv = co. For each L > 0, define

pL = /USL fw)dv . (3.1)

We shall be interested in large values of L for which py, is close to 1. In any case, for all L large
enough that pr > 0, we can define

1

=1, , 3.2
9ry(v) " wi<Lf(v) (3.2)
L :/ \v[zf(v)dv, (3.3)
[v|<L
and
2 = inf / —w|? dv . 3.4
or= kL, v —w[gr (v)dv (3.4)

Our first Lemma assures us that for large L, o, is not too much smaller than 7.

3.1 LEMMA. For all € > 0, there is an L1 < oo such that for all L > L1,
1—e¢

of > ——L - (3.5)

Proof: First, for any ¢ < 1, choose Lg so that pr, > ¢. Then for any b with 0 < b < 1, choose L;
so that
Vnp, > 4L3 (3.6)

which is of course possible since 77, diverges to infinity as L increases.
The infimum in (3.4) is achieved at w = p, where

= /]RS vg(r)(v)dv . (3.7)

For any L > L, we consider two cases.
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First, suppose that |pr| > (n7,/2)'/2. Then,

o} = / |z = v[*gr(v)dv
R3
> [ u - oPgso)de
[v|<Lo
> || - Lo2EE
pL
> clpcl (lpe] —2Lo)
> elnn/2)" ((0/2)'% = () ?)
(3.8)
1 _
For c sufficiently close to 1 and b sufficiently close to zero, the right hand side exceeds 5 enL
It remains to consider the case |ur| < (n7/2)"/2. But then the identity
1
7t = [ 67— i) (o) = ns —
R3 bL
yields 0% > n/2. O
Next, with py, given by (3.7), define
1
fiy(w) = El{\qu\gL}f(v +pr) - (3.9)
1
f(L)(v) = ql{lvalzL}f@ + ;LL) . (3.10)

With these definitions, Lemma 3.1, applied with e = 1/2, assures us that

1
/ vfr)(v)dv =0 and / |v|2f(L)(v)dv > nE
R3 R3
Let {aj}jen be an independent identically distributed sequence of Bernoulli random variables
with success probability

Pr(a; =1)=py .
Then, for each L, j and v,

Bper |0 (1) () + (1= a)) fP )| = F(v+pe) .

where Epq, denotes the expectation with respect to the law of our Bernoulli variables.

Now since the L>® and L' bounds to be proved in Theorem 1.2 are translation invariant,
and since the variance is invariant under translation, we may assume, without loss of generality,
that pur = 0. This will simplify the following computations, and we henceforth work under this
assumption.

By the independence of the Bernoulli variables, for any v € T'y,,

Cy(fs- s ) = Bier [y (anfiny + (1= a0) P anfiay + (1= ) )] (3.11)
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We are finally in a position to introduce our stochastic decomposition, for which we first in-
troduce an appropriate probability space. Let (Qper, Prer) denote the probability space of our
Bernoulli process. For each n, define

Qp = Qper x [y, x [S?]77L,
and on €2, define the probability measure
Pr,, = Prper ® Prr, ® dg3, .

Let E,, denote the expectation with respect to Pr,,.
Because of the way that Pr,, incorporates Prr, ,

Qn (f) =EnlCy(f, - )] -
Because of the way that Pr,, incorporates d,, we have from (2.9) that
Qn (f) =EnlCy5(f,-- 1]
Finally, because of the way that Pr,, incorporates Prpe,, we have from (3.11)
QL) = EalCya(onfy + (1= o)V, anfiay + (1 an) fP)] (3.12)

Now, for any event A C €, define Q;F (f, A) by conditioning on A:

Qi (f.) = By [(ay,amlf@)+<1—a1>f<L>,...,anf<L>+<1—an>f<L>>) M ENCAE)

Evidently,
Qn (f) = Pra(A)Qy (f, A) + Pro(A)Q (f, A°) (3.14)

Compare this with the decomposition of @, (f). To prove Theorem 1.2, it suffices to show that for
all sufficiently large n, we can choose an event A C 2, so that

Pr, (AC) and HQ:(.ﬂ A) HOO

are both very small.
To show that ||Q;F (f, A)||eo is very small, we show that Q;} (f, A) is integrable, and that in fact,

Q% (f, A)||1 is very small. Then the Fourier inversion theorem implies that

1Q (s Mlloo < Qi (£ )1 -

Now, by (3.13) and linearity,
QHIN) =, [(Catansiy + 0= ans P anfiny + =) ®) [a] L 1)
Next, notice that the Fourier transform of [ajf(L) (v) + (1 — ;) f0) (v)] is simply given by

—_

Feoy () FO((1 = ay)E)
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since if a;j = 1, the second factor is 1, while if «; = 0, the first factor is 1. Therefore, from (2.8),

Cozlarfiy + (1 —a) fB, . anfir) + (1 —an) fP) =

fioy(@ePu(€,7,8) O (1 = ar) Pu(€, 7, 7)) -

||::]:

Going back to (3.15), we have

Qi (£, A)( [Hf (aePu(€,7,3) O (1 — a)Pil€,7, 7)) \ A (3.16)
Now let My, be the centered Maxwellian with variance o7:
1\ e
Mg (v) = (QM%) e~ lWF/20L (3.17)
Define )
Su(f. [H L(aePe(€,7,3) fO((1 — ap) Pil€, 7, 7)) ' A] - (3.18)

In passing from (3.16) to (3.18), we have simply substituted each factor of ]T(L\) in (3.16) with
ﬁL evaluated at the same argument.

Next, introduce the random functions

n

- HJT(;)(WP(&% H L(oeP(§,7,6 ))‘ (3.19)
(=1

and
n

H E(QZP(§)7 s 6:)

(=1

In(§) = (3.20)

o To facilitate reading of the expressions that follow, we shall suppress the explicit reference to
dependence on vy and G.

Using the trivial bound || f(X)||, = 1, one sees that

Qi (£, A)(€) = Sl £, M) ()] < Bn [Ha(€) | A] (3.21)
and .
15n(f, A)(E)] < En [Jn(€) | A] . (3.22)
It follows that e
Qi (M) (©)] < En [Ha(€) + Ju(€) | A ] . (3.23)

We shall show that E,, [H,(£) | A ] is small because the substitution of f(;) by M, in passing
from (3.16) to (3.18) has only a small effect, for the same reason that the corresponding replacement
in the proof of the Central Limit Theorem has only a small effect.
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Moreover, e s
Mp(§) = e ?m7Lll

which decays very rapidly. As long as there are plenty of such factors in the random product J,,
one can expect .J,, to have a very small L' norm.

In the next section, we prove the probabilistic estimate that will yield us an appropriate choice
of A for each n.

4 Probabilistic lemmas

We begin with a lemma which assures us that, with high probability, none of the individual terms

n
ZTI’%Zl

(=1

in the sum

makes a very large contribution.

4.1 LEMMA. There is a constant C < oo such that for all n,

n

B | (e8| < o (4.1)
(=1
where
k=1-— / [cos?(6/2) + sin?(0/2)] B(cos(6))do . (4.2)
S2

Remark: As was shown in [6], the constant  is the absolute value of the spectral gap for the
linearized collision operator.

Proof: For any McKean graph v with n leaves, define the random variable W by W =
> vy (me(, &))*, where each m(7y,&) is a product of sines and cosines, as in (2.4). Define
T(n) = E,(W). We shall show, using an argument from [4] that T'(n) solves the recurrence
relation

1 11—k

n—1
T(n) = 2 THT(m—3)] (4.3)
j=1

n—1

where T'(1) = 1.

To prove 4.3, we take any McKean graph v, and “split” it into two graphs, 7ier; and Yrigne by
removing the root node. (This is the exact same procedure that was used in [4] to estimate a
very similar quantity, and [4] may be consulted for further details and pictures.) If v is selected
according to Prr,, then as shown in [4], the number of leaves in yieg (and hence in g1t ) is uniformly
distributed in {1,...,n—1}. Also, all of the terms 7, contributing to W (7ief;) and W (yight) are the
same as the corresponding terms contributing to W (7), except that they lack a factor of cos?(6;/2)
on the left, and sin?(#;/2) on the right. Therefore,

W(7) = (cos(81/2))*W (et + (sin(91/2))4W(fyright) )
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Now, taking the expectation, symmetrising, and using the uniform distribution of the number of
leaves on the left (and hence right), we obtain (4.3).

The solution of this recurrence relation was estimated in [4], but in the meantime, an exact
solution has been found in [11]. The result is

I'(n— k)

T = va =Ty

where I'(-) denotes the usual Gamma function.
It follows that for all n sufficiently large,

2 1
T = Ry

from which the result easily follows. O

We next make some definitions that will be crucial in what follows. For any a > 0, define the
random subset G, of {1,...,n} by

Go={l : mp<a/n?}. (4.4)
Then, for any A > 0 and any a > 0, define the event

AA@ c Q,

A = A
AA,a: Za[ﬂ'?z%—ﬁ H{ZW?SM} . (45)

(=1

For an appropriate choice of A and a as powers of n, the event A4, will be the “good” event on
which we can successfully estimate H, and J,.

4.2 LEMMA. Let C be the constant in (4.1). Then

1 — PL 1 C
Proof: We first prove that
- 1—pp 1
Pr a7r2§p 25 < 4C L 4.7
S ()

To see this, note that

n

n
> gt —pr=> (ar—pL);
=1

(=1
and so, by Markov’s inequality, the probability that | >j_; cuym? — pr| exceeds pr,/2 is not greater

than
| Si (e —pr)mf? pr(l—pr) >y 7}
&< (b/2)° )‘E( (o2

1—pp 1
pL nfo

) <ic
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We have used the fact that the (o —py) are independent, mean zero random variables to eliminate
the cross terms in the expectation.
Next, once more by (4.1) and Markov’s inequality,

Pr, (Z ;> ;t) < % . (4.8)

Finally, to get a lower bound on  ,cq a2, we use (4.7) and an upper bound on > B, oy,

where B, denotes the complement of G, in {1,...,n}:
2 4" " Q-4
< — <
> i < Zﬂfcﬂ = GQZW ’
leB, leB, (=1
so that on the event {> ), mf < A/n"},
A
2
< =
Z umy < 5 - (4.9)
LeB,
Combining (4.7), (4.8) and (4.9) in the obvious way, we have the result. O

4.3 LEMMA. Suppose n, L, A and a are such that

P = > (4.10)

Then for all outcomes in the event Ay o defined in (4.5), there are (at least) two indices, {1 and (o,

such that
1

Oégﬂ'( 4n

forl =101,05.

Proof: By the definition of A4, when (4.10) is true, D, aym? > 1/4 for all outcomes in Ay,
There are at most n terms in this sum, and so at least one is as large as 1/4n.

Now delete this term from the sum. Since the term came from G, the loss is no greater than
a?/n”. Hence when (4.10) is true, the sum over the remaining terms is still at least 1/4, and so
there is a second term in B, contributing at least 1/4n. O

5 Inner estimates

By a telescoping sum argument,

n

<> H|f(L) a; P;(€))] JT(L\)(asz(S))—J\Z(aePe(O)‘ < 1T MZ(%&(&))) - (5.1)

(=1 k=0+1

By convention, products over empty ranges of indices are defined to be 1.
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We now seek upper bounds, for each ¢, on

/—1 n
11 £ (i Pi(9)] ( 11 JT&TZ(%&(S))) (5.2)
j=1 k=(+1
and also on e e
Ty (@eP(€) = Mr(aePu(9))| - (5.3)
By a standard Taylor expansion argument,
- - 3
T @eP©) ~ Tz ()| < Ko e (54)
and 03
T eePi©) — (1~ 2w armdlel?)| < Ko Clamtep (55)
where

K= [ Gy + Mo

5.1 LEMMA. For all || with |§] < L %2 and all outcomes in Ay,
2ra Ky, ’
/-1 o n DL A CL2
e 2, 2
I e, (kﬂmMmkPk(s») <exp (~rf (P - 5 - ) I)

Proof: The bound on |{] that is stated in the hypothesis has been chosen so that the right hand
side in (5 4) will be less than one half the size of the quadratic term in the Taylor expansion for
f( L) Or ML, which is the the same. Indeed, for j € G, so that 7; < a/n"‘/2

o /2 (27T)3 31¢13 2 2 2142
‘£|<27raKL = Ky 5 a3 [§]° < agmior (€]

It follows from this, (5.5), and the elementary estimate 1 — x < e™*, that for j € G,
o2

= 27TaK

nH/Q . ,]?(L)(OZJP](E)) <1-— 7120%%792]&2 < 6—7'('20'%&]'7(]2"6‘2 ‘

For j that does not belong to G, we still have the trivial bound ]?(L) (a; Pj(€))| < 1. Of course for

all /, and all &, we have

JofapmlEl?

My ((oePi(€) < "
Now, going back to (5.2), we can conclude that

/—1 n
[T 1/ (Pl ( I1 @(%&(6))) <exp | —wof | D ajmi —a’/n” | I
j=1

k=0+1 jE€Ga

The point of the subtracted term is that £ might belong to G,. The result now follows from the
definition of A4, O

‘We now come to the main lemma of this section:
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5.2 LEMMA. Suppose n, L, A and a are such that (4.10) holds. Then for all outcomes in A,

KLAl/Z

Hp(§)d¢ < DW (5.6)

/asUin&/?/(meL)

where

D= (k. 28) [ e exp (~wlel/a) e

Proof: Suppose that |¢| < 02n"/2/(2raK). By (5.1), Lemma 5.1, and the hypothesis that (4.10)

holds, we have for all outcomes in Ay g,

Hn(¢) < (Z ‘f/(;)(aﬁpé(f)) - M\L(O‘épﬂ(f))D oxp (—m?07[€[/4)
=1
Next, by (5.4),

| e (27)* s 3
Ty (@ePu(€) = Mr(acP(§))| < Kp-=gle* Yo
/=1 /=1

But by the Schwarz inequality,

St =Yoo < (Sot) (Sn1) - ()
=1 =1 =1
On Apg, >y m < A/n", and so on the set under consideration,

) 6 exp (~n2a3€?/4)

Integrating the right hand side over all of R3 and scaling o7, out of the integrand,we have the
claimed result. O

6 The outer estimates

In this section we estimate / H,(&§)d¢ and || J,]]1.
|€|>02ns/2 /(2maK )

6.1 LEMMA. Suppose that for some € > 0, f = po * M©). Suppose alson, L, A and a are such
that

> (6.1)

Then for all outcomes in A q,

n

I1 7o) (e Pet€))

(=1

54 [3
n CLoy, 4 3/2
< - & Tt | =— .
d¢ < exp ( 2 )2> 16 ( e) (2n) (6.2)

/|szaznn/2/<2mm
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and
o 1
HMF44ymmmm%<W“, (63)
where
1 E3/2
S i 4
‘LT3 (4&;%) (6.4)
Note that
/ Hp(§)d¢ S/ H () (cePu(§ d€+/ [T Me(acpue))| de
|¢|>02ne/2 /(2maK ) |€|>02ne/2 /(2maK ) _1 R3 1,5

so that the Lemma provides both of the estimates that we seek.

Proof: The hypothesis that f = pio*M(©) has two consequences that shall be used here. There first
is that f is then bounded. Indeed, ||f||oo < (2me)~3/2. It follows that for all L under consideration
here, || iz lloo < /2

The bound on || f(1)[|oc allows us to apply Lemma 9.1 in the Appendix to f(z), and to conclude
that for all n <1,

€l>n = |fi)E)] <1—ecrn? (6.5)

where ¢y, is given by (6.4).
Notice that
€| > o7n?/(2maKL) = |Pi(§)| > moin®/(2maKy) .

Also, for £ € G,
ameoin®/(2maKy) < 03 /(2rKr) < 1.

Therefore, in the ¢th factor we use (6.5) with n given by
n = moin™?/(2raKy) .
It follows that for £ € G, and |¢| > n"/?/(2raK}),
)]T(L\)(ang@))‘ <1—-n" (CLO'%CQTF%/<27T(IKL)2) :

For ¢ ¢ G4, we have the trivial estimate Hf(;)HOO < 1. Consequently,

2
e 7\ 2 | Grakop

1 7o) (aePue)
/=1

Since we have a good lower bound on ZzeGa O(jﬂ'g on A4 4, this provides an excellent pointwise
bound on H,(€) for |¢] > n*/202 /(2raK ). However, this region has an infinite volume, and we
must bring in something else to estimate the integral in question.

At this point we make our second use of the hypothesis that f = pg * M(©). This entails that

]?(5) < Ge(§) where G (&) = eclél?
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Let hy, denote the function
1
hy = oy (I<L) -

By the definition of f),

—_—

F) (O = [(F *hr)(©)] < (Gex [hrl)(E) - (6.6)

where * denotes convolution.
Since both G, and hy, are radial functions, so is G, * |hr|. Moreover,

—~ —~ mN\3/2 (4n L3\ Y2 L3\ /2
(G il < etz =2 (7)™ (57) = a2 (5) (6.7

We know from Lemma 4.3 that when n, A and a are such that (4.10) holds, there are at least
two indices #1 and /5 in G, such that amg > 1/(4n) for £ = £y, 5. Therefore,

Ty (@ Pa(©)] [Ty (e Pa(©)] < (Ge R (l/ V) -
It follows from (6.7) that
o 3
[ (G (el evimnae < 1oxt (5 ) anp (6.
R3 €

Now let G denote G, with the indices ¢; and f3 removed. By Lemma 5.1, we have that on
A4q, for all n, A and a such that (6.1) holds,

n_ crot —~
[ teiren| < o | = | 3 st | il | (@ (el 2
0/2 C 0'4 -
<oxp (% - 5 -2 ) SO (G Pl (2v)

< s <_”“‘L> (G L))/ 2v/m)).
~ 9 2 €

It now follows from (6.8) that

K 4 3

no_cLog 1 (L 3/2
d¢ < —— =116 — ] (2 .
5—eXp< 2 (2mKL)2> i <3e>( n)

H f/.(;)(()égpg(f, s 5))
(=1

/|§| >nr/202 /(2maKy)

It is much easier to estimate the integral in (6.3) since ]\/42 is radial and rapidly decaying. In

fact,
M (agPy(€)| = e oteemilel |

Therefore, for all &,

n
H E(O&[P[(f, Y, 6:)) < exp —2m Z ajﬂ-lg
=1 LeG,

It follows that for all outcomes in A4 4, and all n, A and a such that (6.1) holds,

1 Me(aePie.r,8) < e ™ oLER .
/=1
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7 Proofs of the theorems

Proof of Theorem 1.2 By Lemma 5.2, Lemma 6.1, and the remark following Lemma 6.1, for all
n, L, A and a such that (6.1) holds,

DVA n®  cpot L3 1
E[H, | Asollh < —— —— 2L )ert (= —_— 1
IEl [ Adallr = (f%n”/2 +exp( 2 (27T(ZKL)2> om (36) + 71'3/20—% (7.1)
and .
[E[n | Aaalllr < i (7.2)

We now choose L, A and a to grow like powers of n so that the right hand side of (7.1) tends to
zero as n increases. To make such a choice, we first focus on the second term on the right, involving
the exponential. We will make our choices of L,,, A, and a,, so that

4
CL,0p,,

nli
N __TEn%n 5 Const.n 7.3
2 Cranky, )2 = o (7.3)

for some b > 0. Then the middle term tends to zero faster than any power of n, and we need only
concern ourselves with the remaining two terms. The last one will turn out to be dominant.
To see how to achieve (7.3), note that

KLS2LO'% and o, < L,
and also that cj, is proportional to JZ?’ Thus,

4

crLoy,
2
K7

> Const.L_Qng?’ > Const.L 75 .

Given specific information on the divergence of 17z, we could make use of the middle bound, and
reduce the factor 1/5 in the definition of L, in (7.4) below. However, for the sake of simplicity and
generality, we use the bound on the right. Therefore we shall choose L,, and a,, so that n*/(a2L>)
is a positive power of n. We also need A, /a2 and a,/n to tend to zero so that (6.1) will be satisfied
for all sufficiently large n. We can achieve all of this by choosing, for any b with 0 < b < 1/3,

L =L, :=nr-30/5 A=A, :=n" and a=a,:=n". (7.4)

We do this for all n sufficiently large that n®*(1=39)/5 > [, as given in Lemma 3.1. For smaller
values of n, we simply set L, = L.
With these choices, for all large n, (7.3) holds, and (6.1) becomes

pr, 1 1 1

Since lim,, .o pr,, = 1, is is clear that (6.1) will be satisfied for all sufficiently large n.

It follows that .
. n® cr,07 4 L3
1 I ————lra— ] ) =0
oo P ( 2 (2way KLn)2) T ( 3e ’

and that the convergence takes place faster than any power of n.
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The dominant term in (7.1) then is the last one, and so there is an ng so that for all n > ny,

2
|E[Hy | Aa, 6]l < W. (7.6)

We now define
Ay, =A4, a0, -
Then, by Lemma 4.2,
Pry(A) < const.% .
Moreover, from (3.23) and the estimates just above,

- 3
+
for all n > ng. By the Fourier inversion theorem, this entails,
3
1057 Al < s (73)
for all n > ng. This completes the proof of Theorem 1.2. O

Proof of Theorem 1.1 We apply Theorem 1.2 with e = 1. We first consider f(v,t) = M * .
Let Bgr denote the centered ball of radius R. We have that

" R3 1
Qn (U)d’l) S CIT + CQW
Br 77L'n, n

where b is any number with 0 < b < 1/3, and L,, = n*(1=30)/5 (We have absorbed a factor of 4 /3
into the constant Cy of Theorem 1.2 for convenience.)
Therefore,

o0

_ _ 1
e tnzzl(l e tz n 1nnb

The last term on the right is easy to estimate since for any ¢ > 0,

f(v,t)dv S Cl + CQ
Br

_th l—e ) L' < Const.e ™ .

Kbt

Applying this with ¢ = kb, we get a bound by a multiple of e~

If it is the case that np diverges like some power of L, necessarily less than quadratically,
we can apply the same type of estimate, and can then optimize the choice of b. For instance if
nz, > Const.L*, we would get a bound by a multiple of e~[35(1=3)s/5lt  Then choosing b = 3s/(5+9s),
so that both exponents are the same, we would have decay bounded by e~ [3#s/(5+9s)]t,

In general, we cannot be quite as explicit. But in any case, by the montonicity of 7, , for any
positive integer N,

o
et Z(l _ e—t)n—lig < Ne_tRTB + ]:373 ’

n n,o iy

n
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which we get by breaking the sum at the Nth term. Thus,

o
R3 RS RS
ety (- ) o <inf (New' o |
o ny, N nL, Ui

n

which clearly tends to zero as t increases, but may do so very slowly if n; diverges slowly with
increasing L.
Thus, in any case, for every R,

lim f(v,t)dv=0.

t—o0 Br

To draw a conclusion for u; from this, we note that the convolution of the indicator function of
Bg, 1By, with M satisfies
]‘BQR * M > ¢(R)1BR s

where ¢(R) increases to 1 very rapidly. Thus,

Fost)d0 = [ U M > o) [ i
Bar Br
Therefore, we also have that

lim dus =0.

t—o00 Br

8 Remark on eternal solutions

In [2], [3], Bobylev and Cercignani constructed a family of self similar eternal solutions of the
spatialy homogenous Boltzmann equation for Maxwellian molecules. Their solutions have the form

flv,t) = 6_3‘”(1)@(6_‘“1))

for certain numbers a. All of their solutions are infinite energy. As they remark, it is likely that
their @, is a probability density, as is suggested by our notation (and theirs) though their arguments
only shows that it is a probability measure.

Our aim here is to establish a—priori bounds relating a and the tails of ®,. Fix some a, and in

nL = / d®,(v)
|v|<L

Suppose that for some s, we have a bound

the rest of this section, let

ng > Const.L° .

Then our main result gives us a bound on

lim e 3dd, (e~ Yy)
t=0 Jiy|<R
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by a constant multiple of R3e~[3%s/(5+99)t I particular,

lim e 3Ad, (e Yy) =0

t—o0 lv|<em®

for any r < ks/(5 + 9s). Hence, for all sufficienlty large ¢,

/ d®,(v) <
[v|<elr—a)t

In particular, a > r, an so, choosing r as large as possible,

1\9\»—\

S ks
a .
~ 5+4+9s

For small values of a, the bound provides a limit on how long the tails of ®, can be.

9 Appendix

This appendix contains a quantitative estimate on the decay of bounded probability densities of
finite variance. It is based on a similar lemma in [7]. As elsewhere in the paper, we use the following
convention for the Fourier transform in R¥:

for = [ e da
Rk
9.1 LEMMA. Let g be a probability density on R¥, such that
/ zg(x)dz = p, and / lz — p?g(z)dz = o
RF Rk

Finally, suppose that ||g|lcc < 0o. Then, given n with 1 > n > 0, there is a constant a(]|g/c0, o) > 0
depending on g only through ||g||cc and o, so that

€120 = 3] <1-allglle, o)’ (9.1)

In the particular, one has the following explicit value for a(K, o) in dimension k = 3:

1 1

Proof Let ¢ be such that || > 7, and let z be such that §(¢)e=%7*¢ = |§(¢)|. (Though z depends
on &, which is fixed, we do not indicate this in our notation.) Then, with # standing for real part,

19(E)] =R

) —2imz: {]

[9(¢
( 7217r (z+2)-¢€ d.’L‘)

= /Rk g(z) cos[2m(z + 2) - €] dw
=1 — /Rk g(x) (1 — cos[2m(z + 2) - 5]) dz
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Our goal is to establish a positive lower bound on
/ g(x) (1 — cos[2m(z + z) - §]> dz .
Rk

The key point is that (1 — cos[2m(z + z) - £]) is strictly positive except on a set of measure zero,
and that since ||g||, < oo, g cannot be too heavily concentrated on this set.

To proceed, we first localize. By the bound on the second moment and Markov’s inequality,
f‘x_M'SRg(a:)da: > (1 — 02/R?). Choosing R = /20, we see that half of the mass, at least, is

contained in the ball of radius /20, centered on p.
Let 7 € (0,1/2), to be chosen later. Define

B::{x e —pl < V20, 1—cos[27r(a:—|—z)§]§7}.

Then, since the integrand is non-negative,

/Im—ugﬂag(x) (1 — oS [27r(:L‘ + 2)5]) de > /{I_MK\@U}\B g(x) (1 — oS [27r(m + z),f]) dr .

v

g(z)dx .

y
{le—ul<v2o}\B
(9.3)

Next, with |B| denoting the Lebesgue measure of B, we have that [pg(z)dz < |gllco|B.
Therefore,

/ g(@)dz > 1/2 — gl Bl - (9.4)
{|z|<R}\B

To estimate |B|, note that if x lies in B, then |z — p| < v/20, and there exists n € Z such that
(w42). & ] oo (oT)
&l 1€l 2m(¢|

The points  that satisfy this inequality lie in parallel slabs of thickness cos~(1—7)/(7|¢]), repeated

at intervals of 1/|£|. The intersection of any of these slabs with any ball of radius v/20 has measure
at most o
k—19(k—1)/2 cos” (1—1)

mlgl
where wy_; denotes the volume of the unit ball in R¥~! for & > 1, and is 1 for k = 1. Also, for
T<1/2,

WEk—-10

cos (1 —7) <V3r.

Finally, since there are at most 2v/20|¢| + 3 of the slabs that intersect the ball of radius v/2,
and since n < 1, |B| can be estimated as follows, using the hypotheses n <1 and o > 1:

\ﬂgwkmk%@UQ<%@¥F%>J%§a%kQ“””<%€T3>ﬁh. (9.5)
T ™mn

It is easy to see from (9.5) that one can choose 7 to be a sufficiently small multiple of n?,
depending only on ¢ and K so that

/ g(x)dz < 1/4.
B
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Then from (9.3) and (9.4), one has the bound claimed in the lemma. It is easy to compute an

explicit form for a(||g||ec, o) from (9.5). The result for k¥ = 3 given in (9.2) is obtained this way,
where we have estimate 2v/2 + 3 < 6 to simplify the appearance of the bound. O
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