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Abstract. We describe the derivation of mesoscopic free energy functionals for systems
with long-range Kac potentials and analyze them in the presence of phase transitions.
This yields information about the arrangement of phases in some binary mixtures as well
as explicit criteria for stability of liquid droplets in a one-component fluid described by a
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1. Introduction.

Statistical mechanics provides a complete microscopic theory of phase transitions in
equilibrium systems. While this is well understood in principle, it is a formidable and
largely incomplete task to derive mathematically precise quantitative information about
the phase diagram or surface tension of a system from its microscopic Hamiltonian. Infor-
mation available for realistic effective Hamiltonians is generally of two types: it is either
derived rigorously but is only qualitative, or else it is quantitative but based on approxima-

tions whose validity is difficult to assess. Examples of the former are the existence of convex
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free energy densities for macroscopic systems (formally in the infinite volume thermody-
namic limit) which are analytic (no phase transitions) in the density p and temperature
B~ when p and 3 are sufficiently small [1]. Examples of the second kind are mean-field
equations of state and integral equations for the structure function of fluids. An interme-
diate approach, it is to consider idealized model systems. When used judiciously, these
models can provide useful information about the behavior of real systems.

Ben Widom has made seminal contributions to statistical mechanics and thermodynam-
ics by developing and utilizing simple models for elucidating complex phenomena. He has
also been a great contributor to and expositor of clear thinking and mathematical preci-
sion in dealing with the complex phenomena which occur when several phases coexist. We

dedicate this paper to him in appreciation and friendship.

Statistical Mechanical Origin of Mesoscopic Free Energies

Our starting point here is a class of microscopic models of systems of particles inter-
acting with a pair potential consisting of two parts: a short range potential U(r;;) and
an attractive long range, Kac type, pair potential J,(r;;) = v¢J(yri;), where r;; is the

! is a length scale which

distance between particles ¢z and 7, d is the space dimension and vy~
is large compared to the interparticle distances. Consider a system of N particles of mass

m in a region € R?, with volume ||, interacting through such a pair potential. At

inverse temperature 3, the canonical partition function for the system is given by

9 2\d&
Z(B,N,Q) = ( Wm/}\ﬁﬂh )" /e_ﬁZ[U(ri1)+J7(rij)]dr1_,_der, (1.1)

where h is Planck’s constant.



In the thermodynamic limit, i.e. letting N and |Q| go to infinity while N/|Q2| — n, some

fixed average particle density, we obtain the Helmholtz free energy density f(n,~) [1],

fln,y)=— lim [B'log Z(N,Q)/|Q|] , (1.2)

|| =00

with f(n, ) a convex function of n whose dependence on f is not indicated explicitly. The
conditions on U and J necessary for the validity of this are very mild [2], [1].

Taking now the van der Waals limit v — 0, we obtain a formula for the Helmholtz free
energy density in which the separate contributions of U and J are clearly displayed, and

the Gibbs double-tangent construction naturally enters [2]:

F0) = i £(.9) = O | 1,(n) + o] (13)

In (1.3), fs(n) is the free energy density of a system interacting only via the short range

interactions U(r), i.e. with J,(r) =0,

o= /Rd J(r)dr | (1.4)

and CFE denotes the convex envelope (Gibbs double-tangent construction) applied to the

mean field free energy fs(n) + 1an?

This will yield a first-order phase transition (vapour-liquid) when « is sufficiently neg-

2

ative, i.e. when @ < —— fs(n) for some range of n. For details see [2] and [3].

dn?

Our interest here is in going beyond this mean-field description by considering situations
in which the form of the Kac potential J(r), not just its integral «, is relevant. To set
the stage for the problems that we consider here, we recall some further developments

concerning (1.3) due to Gates and Penrose [3], who related the free energy density f(n) to
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a mesoscopic variational problem. Such mesoscopic variational problems will be the focus
of our attention here.

Let Fo({p}) be the mesoscopic free energy functional defined by

Fallo) = [ |10+ [ @7t - otw)ay] ao (1.5

where p(z) is some density profile and let

1

fa(n) = 9] inf Fo({p}) , (1.6)

where the inf is to be taken over all the density profiles p(x), z € Q, such that

ﬁ/ﬁp(m)dm =n. (1.7)

Then Gates and Penrose showed [3] that

fn) = Jim_fo(n) (18)

The function fq(n) is related directly to the microscopic model even without taking the
limit || — oco. Consider €2, to be a scaled up version of a fixed domain Q, e.g. €, is a
d-dimensional cube or torus (i.e. periodic boundary conditions) with sides of length v~ 'L,
and let N, = n|€,|. One has, at least implicitly in the arguments of [2] and with precise

estimates on the error bars in [4], that
—f7" lim log[Z(N, Q) /|12, [] = fa(n) (1.9)

To understand the relation between the variational formulation and the convex envelope
construction (1.3), consider the case where J(z) < 0 and of finite range, J(z) = 0 for
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|z| > R. Then for a periodic box Q, || = L%, with L > 2R, we have
1 1, 1 ,
Fal{r}) = o7 fs(p) + sap™(z) | dz — - J(z —y)lp(z) — p(y)]"dzdy ¢ (1.10)
Q) Ue 2 4 JaJa
2

It is clear that whenever « is such that 2 fs(n) + a > 0 for all (permissible) n then the
minimizing p(x) will be the constant density profile p(x) = n. This will always be the case
for |«| sufficiently small when the temperature is such that the system with only short
range potential U(r) has a strictly convex free energy fI'(n) > € > 0.

If on the other hand f,(n) + 1an? has a concave part then for values of n in a certain
range the minimizing p(z) will be nonuniform, corresponding to the system being separated
into a high density liquid phase n, and a low density vapor phase n,. The free energy will
then be given, in the limit L — oo, by (1.3) while for finite L there will be corrections
proportional to the surface area separating the two phases (divided by the volume) which
correspond to the surface tension. This correction is lost in f(,n) and thus in f(n), but
can be captured by Fo({p}) and fo(n). We are particularly interested here in the surface
tension and the shape of these phase segregation boundaries including the possibility that
in some case the minimizing profile p might correspond to the “dissolution” of a droplet
of the minority phase [5], [6], [7], [8]-

The results described above, as well as those to be discussed later, remain unchanged
(and the proofs even simplify) if instead of considering particles in the continuum, we
consider lattice systems in Q@ C Z? We can think of the sites as either occupied or
unoccupied, as in a lattice gas model, or to spins pointing up or down, as in an Ising
model.

A great deal of work has been done developing precise estimates for the probabilities
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of observing density profiles which differ significantly from the typical ones in such lattice

systems and the results are expected to hold also for continuum systems, c.f. [10], [12], [4].

The relation between the microscopic configurations and the continuous density profiles

considered in (1.8) is given by a coarse-graining procedure. We will not go into the tech-

nicalities concerning the coarse graining that make it possible to refer to the probability,

under the canonical probability distribution, of a particular mesoscopic density profile p(z)
1

for the scaled microscopic system, Pq_ (p-), where p,(z) = p(y~"z). The relation between

Pq_ (py) and the mesoscopic functional Fq is given by

%ig%vd log Po, (py) = =B [Fa({r}) — [Qlfa(n)] (1.11)

for any density profile p satisfying the constraint [, p(x)dz = n|Q|. In probabilistic termi-
nology, B[Fa({p}) — |©2|fa(n)] is the large deviation functional for observing a mesoscopic
density [10], [11], [12]. This was used in [10], [11] to prove that not only the bulk free energy
but also the surface tension can be obtained from fqo. Indeed, such analysis has provided a
rigorous justification of the Wulff construction for the phase segregation boundary in such
models.

The lattice gas setting provides certain technical advantages — it automatically provides
a simple hard core which makes collapse impossible. This has led to proofs that the
behavior of the system for small 7 is close to that for v — 0. We expect, however, that
everything proved in the lattice setting will also be valid for the continuum, although
this has been done at present only for very special models, such as the one considered by
Lebowitz, Mazel and Presutti [13].

Analogous results hold for the free energy (pressure) obtained from the grand-canonical

6



ensemble (in analogy to (1.2)) at fixed chemical potential y [3]. Thus in the limit v — 0

1. 1
go(p) :@,ﬁf) {/Q [fs(p(x))+ §/Qp(x)J(x—y)p(y)dy] dw—u/Qp(x)dx} )
. =in n) — un
= @pl&f)ga({p(w)}) = inf[fa(n) — pn]

where the minimization is now done without the constraint (1.7). The limit |Q| — oo gives
the g(p) = lim, 0 g(1,v). We note that while fo(n) may not be convex for finite Q, go ()
is always a concave function of p.

The above analysis extends directly to the case of mixtures of k-components. One

simply replaces p, n and p by vectors p = (P1s-- -y Pr)y 0= (n1,...,0k), p= (s -y k)
and J by a matrix of interactions J = {J;;}, 4,4 = 1,...,k. The structure of the phase
diagram of the mixture is much more complex than that of the one-component case and the
long range interactions can produce both vapour-liquid and phase segregation transitions.
These have been studied on the mean-field level already by van der Waals [14] and by
Korteweg [15] (see also [16]).

In Sec. 2 we review briefly some of our earlier work showing how, using the mesoscopic
(local mean field) description, one can obtain additional information about the spatial
arrangement of the coexisting phases. This is done without knowledge of the surface
tension and the shape of the coexisting domains.

In Sec. 3 we go further and describe new results about the shape of coexisting liquid and
vapor domains in one-component systems. We do this in the context of the so called Cahn-
Hilliard free energy functional (first considered by van der Waals) where the computations
can be done both rigorously and quite explicitly. We consider there, in particular, the case

where one of the phases is present in a much smaller amount than the total volume, i.e.
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n — n, goes to zero as [{2| — oco. Depending on the amount present, i.e. whether n — n,
is bigger or smaller than C\Q\d__Jrll, with ¢ a precisely determined constant, the system may
either form a liquid droplet or just supersaturate the vapour phase. The result gives
a surprisingly accurate picture of the formation of liquid drops in the vapor phase, as
compared with exact microscopic computations for the two dimensional nearest neighbour

Ising model, and clarifies some points raised in the Rowlinson-Widom book [6].

The relation between the Cahn-Hilliard functional and Fq({p}) is discussed in Sec. 4.

2. The Two-Component System.

We consider a simple two-component system in which the different species interact only
by a repulsive pair potential, as in the celebrated Widom-Rowlinson model [17]. There
will now be two density profiles p1(x) and py(z) and the free energy density corresponding

to (1.5) will be

Falloron) = [ Lonpto+5 30 [ [ o) —npsads . (21)

7,7=1

We shall assume that J;;(x) = J;;(|z]) is monotone (decreasing in magnitude) of finite
range with Jy; = Jog < 0, while Jy5(z) > 0, i.e. there is attraction of the Kac type between
particles of the same species and repulsion between particles of different species. For the
short range part we shall assume that fs(p1, p2) is jointly convex in p; and ps and has the

simple form

fs(p1,p2) = B7HF (p1) + F(p2) + D(p1 + p2)] (2:2)
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with %D(t) > 0. An example of the type of f, we have in mind is

F(t)=tlogt —t

) —t log(1 — bt), T < b7l
bie) = {—i—oo ) z<b!

(2.3)

To obtain fo(n1,n2) we have to minimize Fq(p1, p2)/|Q2| over the pi(z) and po(x)

subject to the constraints

ﬁkm(@dw:m, |g12—|/9p2($)d$=n2 (24)

In the limit || — co we obtain, in analogy to (1.3),
12
f(n1,n) =CE [fs(nl, ng) + 3 Z aijnian . (2.5)
17=1
with

QG5 = / Jz(.ﬁ)dl' , (26)
Rd

and where, CFE fq(n1,n2) denotes the maximal convex function lying below fq.

Depending on the values of the «;; this system can exist either in a single homogeneous
phase, or in as many as four coexisting phases consisting of a fluid and a vapour each
segregated into a species 1 rich and a species 2 rich phase [18].

The main tool used in [18] to analyze the phase diagram of this system is a “rearrange-
ment inequality” refining a classical one proved in [19]. Let Q be a torus with || = L%, and
L > 2R, R the range of J;;j(x). We then have that the minimizing profiles p;(x),? = 1,2
are monotone along each coordinate of the torus. Put in another way, let x = 0 be the
position of the maximum of p;(z), then p;(x) will be symmetric decreasing in the coordi-

L
2

nates z,,a = 1,...,d, reaching its minimum at z, = (the same as z, = —%) for all
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«. The density ps(z) will behave in the opposite way, having its minimum at = 0 and
its maximum at x, = % It follows from this that there are certain relations between the
possible densities in the case of coexistence of four phases, a segregated liquid with total
bulk density p; and a segregated vapour with total density p,. Let pj’(pe_) be the density
of the majority (minority) species in the liquid phase and similarly p in the vapour phase,
with p, = pj + p; > pi 4+ p, . Then our theorem in [18] states that the densities must

satisfy the inequalities

py <py <pf<pf. (2.7)

We show in Fig. 1, taken from [18], a schematic diagram of the four phases on the two
dimensional torus. Region A corresponds to p; = pj, region B to p1 = p;f, region C to
p1 = p, and region D to p; = p, . Thus the high density liquid region which has a smaller

volume is split up into two regions A and D.

Fig. 1. Schematic picture of coexisting phases.

The inequalities (2.7) and the corresponding arrangement of phases in Fig. 1 have been
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obtained without calculating the different surface tensions. The actual shapes of the regions
given in Fig. 1 are based on the assumption that they are controlled by a surface tension
which wants to minimize the length of the boundaries between the different phases.

The surface tension terms will give corrections to the bulk approximation provided by
inf Fol{pr, p2}) ~ | falm, na) (28)

We expect that
inf Fo({pr,p2}) = fo(ni,n2)|Q + b(ma, n2)|Q*"Y? + lower order terms. (2.9)

The coefficient b specifying the next corrections will be given by

. inf, Fa({p1, p2}) — || fa(n1,n2)
— 1 P I I
blna,ng) = Jim Q[1-17d )

(2.10)
should this limit exist. This has indeed been proved for one-component systems and is
undoubtedly true also in the present case. In fact, one can go beyond the leading order

given in (2.10) if one considers further simplifications of the model mesoscopic free energy.

This is what we do in the next section.
3. Surface Tension and Droplet Formation.

The problem of computing the corrections to the free energy described in (2.9) is quite
challenging for non-local F’s of form (2.1) or (1.10). We therefore turn now to the con-
sideration of a simplified one-component free energy functional that captures the essential
features of the non-local functional (1.10), namely the Cahn-Hilliard or Landau-Ginzburg

functional
Fo({m}) = /Q (%le%F(m(m))) dz (3-1)
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where F'(t) = (t2—1)2/4 is a symmetric double well potential which has minima at ¢t = 41.
The function m(x) is a real-valued order parameter field, e.g. the magnetization of an Ising
spin system, which plays the same role as the density.

The parameter 6 has the dimensions of a length; it measures the thickness of an interface
between regions of phase +1 and —1. The interaction term in Fo is expressed in terms
of the gradient which affords us several technical advantages. The connection between F
and F will be discussed in section 4.

We now turn to the problem of finding the minimizers arising in the computation of

- 1. (~
fa(n) = al inf {fg({m}) :meM, } , (3.2)

with M,, the set of functions m on €2 such that

ﬁ /Qm(x)dm =n. (3.3)

Since m, unlike p, is real valued, both positive and negative values of n are physically
meaningful.
A simple compactness argument [20] shows that such minimizers exist, and satisfy the

Euler-Lagrange equation
—0?Am(z) + F'(m(z))+p =0, (3.4)

where p is a Lagrange multiplier (or chemical potential) associated with the constraint
(3.3): A = V% is the Laplace operator.

For # =0 and —1 < n < 1, the minimization problem is trivial: There will be a region
A in Q with m(z) =1 on A and m(z) = —1 on the complement of A. Let |A| denote the
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volume of A. Then, from (3.3),

4]
n=—1+2-. (3.5)
jof

Note that when —1 < n < 1, the chemical potential p is zero. Solving for |A|, we have

n+1

A= 10—

(3.6)

For large values of 6, the functional Fo is strictly convex, and then the problem is also
trivial: When .77'9 is strictly convex, the unique minimizer will be the constant function
m(xz) = n. The spectral gap, i.e. the first eigenvalue above zero, for the operator —A on Q
is (27/L)% and since F"'(t) = 3t> — 1 > —1, Fq is certainly strictly convex for 6 > L/(2r);
i.e. there will be no phase segregation if the system is confined to a domain which is small
compared to the range of the interaction responsible for the transition.

What we are interested in is what happens for values of # small compared to L. For
such values of 6, we expect the minimizer to exhibit both phases, as with 8 = 0, but now
we have to pay a price for making the transition across the boundary of A, so that A
should have a minimal surface given its volume in (3.6). The solution of the isoperimetric
problem on the torus depends on |A|/|Q]. For |A|/|Q] < (2/d)¥ ¢ Vg (d)/ (@1 5(d)
being the volume of the unit sphere in R?, it is given by taking A to be a sphere. For
|Al/1Q > (2/d)¥ (Vg (d)V/(@=1) A is given by a slab. Note for future reference that
either way, the curvature along the boundary is constant.

The equimolar radius, ro, is defined to be the radius of the sphere whose volume is |A|,

as in (3.6). As a function of n, it is given by

ro = (;;(F d1)> s (3.7)
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One can also guess the profile of the transition across the boundary of A for a minimizer,
and the value of fo(n) for small values of 6.

To do this, let us consider a planar interface in a long cylinder with one end deep in
the region where m =~ 1, and the other deep in the region where m ~ —1. Let z be the
coordinate running along the cylinder. The computation of the minimal excess free energy
per unit area in such a cylinder is a one dimensional problem, and taking the length to

infinity, we are led to consider, for # > 0, the quantity S defined by

%:inf{ /R <%|m'(z)|2+F(m(z))dz> : lim m(z):¥1} (3.8)

z—+o0
where z is measured in units of 6.
Let m denote the antisymmetric minimizer for this variational problem.
For the particular functional (3.2), this minimizer is given by the well known hyperbolic

tangent of van der Waals, [14],
m(z) = —tanh(z/V2) , (3.9)

from which S can be computed. It is useful to note that

S =20 /R 5 (2)dz = 20 /R P (2))dz . (3.10)

Using the planar transition profile m, one constructs a natural trial function for the
minimization problem (3.2) when the curvature of the interface is small compared to the
thickness . Let I be the surface of minimal area bounding a region A with |A| satisfying
(3.5). Assume that |A|/|Q| is sufficiently small, so that I" is a sphere of radius ry. Let
d(z,T) denote the signed distance function, so that d(z,T") is the distance from z to I' if
x is in the interior, i.e. A, and is minus the distance from z to I' if z is in the exterior.
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The natural trial function is then

mo(z) = m (@) . (3.11)

Computing Fo({mo}) using spherical coordinates near I', we find
Fo({mo}) = S|+ 0(6°) (3.12)

where |T'| = do(d)rd~" is the surface of the sphere with equimolar radius . This means

that to leading order in 6, the surface tension is just that given by the planar interface.

Droplet Formation vs Evaporation

It is not the case that (3.11) is even an approximate minimizer for all values of n. If n
is sufficiently small, then the droplet will “evaporate”: It costs less free energy to spread
m uniformly over €2 than it does to form the interface required to separate m into the two
minimizing phases.

To see this, consider as an alternative the constant function m(z) = n: We obtain from

(3.5) and the fact that F(—1) = F/(-1) =0

T 1 " 2|A| ’ -2 3
Fa(n) = 5F(=1) o €2+ O(|277[A]%) . (3.13)
Introducing the compressibility x by
X '1=F'(-1)=F"(1), (3.14)
we have
- d)? 2d
Fa(n) = 2% +0(|Q|7?|AP%) . (3.15)



Comparing this with (3.12) we see that the droplet trial function is favored only in case

a(d)*rg? d—1
2————— > Sdo(d)r . 3.16
Note that if o and L are related by
ro=484L" (3.17)

then (3.16) is satisfied independently of ¢ for all large L provided v > d/(d + 1), and is
violated independently of § for all large L whenever v < d/(d + 1).

Therefore, if in our minimization problem (3.2), n is related to L through

n—+1
=0
2

(d)oL | (3.18)

which corresponds to (3.17) through (3.7), we expect to have, for all large L, droplet type
minimizers for v > d/(d + 1), and uniform minimizers for v < d/(d + 1).

Our goal here is to determine the nature of the droplet type minimizers for all values
of v up to and including the critical value v = d/(d + 1). We can do this by using
a Chapman—-Enskog—Hilbert type expansion to solve the Euler-Lagrange equation (3.4).
The dimensionless quantity

0

A= — 3.19
- (319)

where r( is the equimolar radius, will be the expansion parameter. This is just the ratio
of the intrinsic interface thickness to the radius of the droplet.

We make the following prescription to specify the expansion:

(1) The interfacial surface I'y will be a sphere of radius () where

) =79 + Arp + O(N\?) =) 4+ O(\?); (3.20)
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The fact that it is a sphere actually comes out of the analysis.

(2) The Lagrange multiplier (chemical potential) y appearing in (3.4) has an expansion

of the form

p(X) = Aug + O(\?). (3.21)
Recall that p = 0 for # = 0, which is why p(0) = 0.

(3)

ma(z) = m (‘WT?(D)) + A (h1(z) + ¢1) + O(A2) ;= mM + 0(A?) | (3.22)

where ¢, will be at least asymptotically constant, and hq is a function that decays to zero

exponentially away from the interface.

(4) We require that the constraint (3.3) be approximately satisfied in the sense that

1
— / m(r)dr =n+ 0 (A\?) . (3.23)
€2 Jo
With z = ci(xT,I" we can write the Laplacian as
WAzhfu+w—1MKfL+0Q% (3.24)
dz? dz

where K = ro/r(\) is the mean curvature of the sphere I'y in units of ry. Then, substituting

the above expansions in (3.4) we get at order zero in A

—m/" + F'(m) =0 (3.25)

and at the first order

—(d = DK — B+ F"(m)hy + F" ()1 + i = 0 (3.26)
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Hence, if we can find m, hi, ¢1 and I'®) so that the previous equations are satisfied we

have that m) is an approximate solution to (3.4) in the sense that
—Am® (z) + F'(m®(2)) + Mgy = O(A2) (3.27)

We choose as m the front with asymptotic values £1 at infinity, i.e.

m(z) = —tanh(z/V2) , (3.28)
and define the operator £ by
d2 1!
L= 12 + F"(m) . (3.29)
Then we can rewrite (3.26) as
th = (d - 1)K’ﬁ’bl - (Fll(m)qh + /,61) . (330)

The null space of £ is spanned by m’, and so, by the Fredholm criterion, (3.30) is
solvable provided that (d — 1)Km' — (F"(m)¢1 + p1) is orthogonal to m/'.
In order to check this condition we multiply the right hand side of (3.30) by m' and

integrate in dz. Using the fact that [, F”(m)m'dz =0, and [, m'dz = —2, yields

(d-1K (/R(m’)%z) = —2u . (3.31)

Using (3.10) to express the integral in terms of S, we obtain

S

= —%(d ~ DK . (3.32)

Next, to determine ¢;, note that if the right hand side of (3.30) has to decay to zero for

large |z|, necessarily

lim [(d— 1)Km' — (F"(m)é1 + p1)] =0 . (3.33)

|z]| =00
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Since limy,|_,o M/ (2) = 0 and limy,|_,o, F"(M(2)) = F"(1) = x~*, we have

X 1 +pm=0, (3.34)
that is,
d—1)xKS
$1=—xp1 = (@ UxKS : (3.35)
20
Using (3.32) and (3.35), (3.30) becomes
—/ S (=

Lhy=(d-1)K (m -3 (1—xF (m))) . (3.36)

The right hand side is rapidly decaying, and so there is a unique rapidly decaying solution
h1. It is not difficult to realize that hy is indeed identically zero.
Finally, we determine the radius of the droplet, R = r(!), using the approximate con-

straint (3.23). Since h; is zero we get that m() =m 4+ \¢; and

/ m® (z)dz = |9 + 20 (d)R? + A|Q|¢1 + O(X*|T])
Q

K -1
— |0 +2a(d)Rd+A\m%‘5) +0o(2|T)). (3.37)
This yields
K -1
20(d) R + A|Q|%Z) = 20(d)rd .

We assume that both rq and R = ro + Ary are proportional to L, according to (3.17) and
we put

R=nirg=nidaL". (3.38)
Then, recalling that |Q| = L%, we obtain an equation for 7,

-1
2(n—1) + dTw—ln—%Ld—"(d“) =0, (3.39)
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where we have introduced the parameter

W= ——— (3.40)

for future convenience.
If v > d/(d+ 1) the exponent of L is negative so that for L large we can solve approxi-

mately the equation and get

d—1
=1- 2 A1
7 € 5 + O(€%) (3.41)
with
e = L4+ (3.42)

so that the correction to the equimolar radius is small when the volume is large.
If v takes the critical value v = d/(d + 1) the equation (3.39) becomes independent of

L, yielding

d-1
2(77—1)(.0-}-77)

=

= 0. (3.43)

We need to solve (3.42) for 7 it in order to find the size of the spherical droplet. We can
get some idea of the solutions by the following remark: Let us compute the free energy

corresponding to the approximate solution m(1). We have
_ 2 ) 1
/ |V (m + A1)| da::/ |\Vm|°de = =S|T|.
Q Q 2

/QF(mA)dx = (/RF(m(z))dz> T| + %¢%A2Ld+0(1) : (3.44)

Therefore,

Fma}) = S|+ 3-XL6% + 0(1) i= Firoy + O(1). (3.45)
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Next, we rewrite Fgrop in terms of the parameters 7, §, w. By (3.37) we get

2 d

1 = m(l —n)o(d)rg. (3.46)

Hence

4 d+1

-1 1 T
d—1 g, 451
Farop(n) = do(d)rg™ " Sln T + m(l —1)*20(d) 2d ]

(3.47)

Therefore, setting |To| = do(d)rd~", the droplet free energy as a function of the droplet

size 7 in units rg is given by

Farop(n) = S|Tolln T + (1 = n)%w] (3.48)

The relevance of the function ®(n) = nT +(1—7)w to the issue of small droplet formation

was first pointed out in [9]. There they gave a heuristic argument that the droplet would

form when inf, ®(n) < ®(0). Whether this happens or not depends on the value of w. If

d+1

1 /d+1\ ¢
ce=—=|—— 3.49
w<w d( 7 ) (3.49)

the minimal value of ®(n) is achieved for n = 0 and this corresponds to the free energy of
the homogeneous state with the prescribed value of n. If w > w. then the minimizer is non-
homogeneous and corresponds to the formation of a droplet. This heuristic picture was
rigorously justified in [9] in the case of the 2-dimensional nearest neighbors Ising model.

We can prove in [20] that the same critical value for w governs the formation of small
droplets for the Cahn-Hilliard free energy functional. Moreover we show there that in the
regime where the minimizers are not uniform, they correspond to droplets whose shape is
spherical with radius R given by (3.38) with 1 being the largest solution to (3.43) for a
given w > w.. This result allows to accurately draw a picture analogous to Fig. 1 for the
Cahn-Hilliard free energy functional.
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Our proof in [20] is based on the the construction of upper and lower bounds for the
free energy. The upper bound just follows from choosing the trial function m®) with 1)
solving (3.43) which is a consequence of the mass constraint and is just the condition in
order that n be a critical value for Fgrop(n).

In proving the lower bound we use the co-area formula of geometric measure theory and
this is made possible by the fact that the interaction is local and expressed in terms of the

gradient of the order parameter.
4. Concluding Remarks

There is a close formal connection between the Cahn-Hilliard free energy functional
and the non-local free energy functionals derived from v — 0 considered in the first two
sections. This leads us to expect that it will be possible to extend the analysis of small
droplet formation to the multicomponent, nonlocal setting of Section 2.

Making the change of variables m(z) = 2p(x) — 1, and setting J — 8J, @ = 8, the free

energy function Fq defined in (1.10) becomes, up to constant terms,

Fo({(1+m)/2}) =

i . 2 (4.1)
[ Getme) + am*@) a5 [ [ 3w~ y)m(o) - miy)*dody

where we keep denoting the short range free energy density by fs although now it is a
function of m rather than p.

The term (—1/2) [, [ J(z — y)(m(z) — m(y))?dzdy penalizes variations in m. One
might then expect that for any function m that nearly minimizes Fq, the first-order Taylor
approximation

m(y) = m(zx) + Vm(z) - (y — z) (4.2)



should not be too terribly crude. Making this approximation,

/Q/QJ(JJ —y)(m(z) — m(y))’dady ~ 02/9 \Vm(z)|2dz (4.3)

with 02 = [, 22J(z)dz, leads to the Cahn—Hilliard type free energy functional
R

o /Q Vm(z)[2dz + /Q (o (m()) + am?(z)) dz . (4.4)

When « is sufficiently negative, (fs(m) + am?) is a double-well potential whose essential
features are represented by F(m) = (m? — 1)2/4, and thus we have arrived at Fq.

Despite the rather direct connection between .7?9 and Fq, it is not so obvious how
to directly treat non-local interactions. The construction of the very precise trial func-
tion, based on the Chapman-Enskog-Hilbert expansion, that was used here for the upper
bound, can be carried to arbitrary order. It is reasonable to expect that it is essentially a
calculation of the minimizers of . However, our proof in the Cahn-Hilliard case makes
use of the gradients in Fa.

We remark finally that in the Kac models considered here the mesoscopic free energy
functional, described by (1.6) and (1.12) is derived from a separation of scales between
the interparticle spacing and the range of the Kac potential y~!. In the units used for fq
and gq the interparticle distance, which is also the scale of the short range interaction, is
of order v, which is being taken to zero in this limit. A deeper analysis, such as provided
by the renormalization group, should be able to give effective mesoscopic free energies for
systems with short range potentials. The use of mesoscopic free energies forms the basis
of density functional theory which is quite successful. We are however far from being able
to do this rigorously.
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