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Chapter 1

Fundamentals of hypothesis testing

1.1 Background and setup

1.1.1 Review of probability

Sample space Consider a sample space X containing all possible outcomes of an experiment.
Let p be the reference (or natural) measure on X'. We primarily consider the following spaces:

e A finite or countable set X equipped with the counting measure u. For example, when we roll
a die, the outcome lies in X = {1,2,3,4,5,6}. Moreover, if we consider the number of times we
flip a coin before a “heads” is observed, then this number lies in X = {1,2,3,...}.

e X = R? equipped with the Lebesgue measure p. For example, tomorrow’s temperature is in
X = R, while tomorrow’s temperature and humidity jointly lie in X = R?.

Random variable and distribution A random variable X is an experiment taking values in
X. We write X ~ P if X follows a distribution P. There are several ways to describe a random
variable or a distribution:

e If X is discrete, i.e., X is finite or countable, we can specify the probability mass function (PMF)
fx of X. For example, for the uniform random variable X ~ Unif([n]) where [n] := {1,...,n},
we have fx(i) =P{X =i} =1/nfori=1,...,n.

e If X is continuous, e.g., X = R or R%, we can specify the probability density function (PDF or
density) fx of X. For example, for the standard Gaussian random variable X ~ N(0,1), we have
fx(t) = \/%e_ﬁ/? for t € R.

e The cumulative distribution function (CDF) of a random variable X on R is Fix(t) = P{X < t}.
We have Fi(t) = fx(t) and [*__ fx(s)ds = Fx(t). The CDF of X = (X1,...,Xy) on R? is
Fx(ti,...,ta) =P{X1 < t1,...,Xq < ta}.

Event, probability, and expectation In general, for a subset £ C X, the probability of the
event {X € E} is P{X € E} = [}, fx du. Examples:

e Roll a die; the outcome is X ~ Unif([6]). The probability of seeing 2 or 3 is P{X € {2,3}} =
Z?:z 1/6 =1/3.



e Consider X ~ N(0,1). The probability that X is positive is P{X > 0} = [;° ﬁe—t"’/? dt =1/2.

The expectation of X is E[X] = [ t fx(¢) du(t). Given a function g : X — R, the expectation
of g(X) is E[g(X)] = [y 9(t) fx(t) du(t). Examples:

o For X ~ Unif([6]), E[X] =30 i i =35
e For X ~ N(0,1), the variance of X is E[(X —0)?] = [%_t*- \/%e_ﬁ/z dt = 1.

1.1.2 Setup of statistical hypothesis testing

Statistics is in some sense the reverse engineering of probability. Observing a set of data X =
(X1, Xo,...,X,), we aim to say something about the underlying distribution that generates the
data. Let us describe the basic setup of hypothesis testing using a biased coin flip as a running
example. Consider a biased coin for which we see 1 (heads) with probability 6 € [0, 1] and see 0
(tails) with probability 1 — 6. In other words, the observation follows the Ber(6) distribution. The
following is a list of basic concepts in (parametric) statistics:

e Parameter: 0, which is typically a real number. E.g., 6 = 0.3,0.5, or 0.8.

e Parameter space: the set © of parameters. E.g., © = [0, 1].

Probability distribution: Py. E.g., Py = Ber(6).

Observation: X = (X1,...,X,), where we have i.i.d. X1,..., X, ~ Py. E.g., X3,...,X,, are the
binary outcomes of n independent coin flips.

Family of distributions: the set &2 containing all Py. E.g., &2 = {Ber(0) : 6 € [0, 1]}.

Observing the data X ~ 7359" (or simply X ~ Py), statistical hypothesis testing consists in
testing between two hypotheses:

e Null hypothesis, Hy: 6 € ©g for a subset Qg C O;
e Alternative hypothesis, Hy: 6 € ©1 where ©1 := 0\ 0.

For coin flips, an example is ©¢ = [0, 0.5].

1.1.3 Non-randomized and randomized tests

A non-randomized test ¢ = ¢(X) is a function of X taking values in {0,1}, where
e )(X) = 0 means that we accept the null hypothesis Hy;
e )(X) =1 means that we reject the null hypothesis Hy.

Since X is a random variable, ¢/(X) is also a random variable, and, clearly, it has to be a Bernoulli
random variable. For coin flips, an example is ¢(X) = 1{X > 0.5} where X := (X; + --- X,,)/n.
Defining a non-randomized test is equivalent to specifying the following two regions:

e Region of acceptance, Sp: (X)) = 0 if and only if X € Sy;
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e Region of rejection or critical region, Si: ¥(X) =1 if and only if X € 5.

For coin flips, an example is Sy = {z € {0,1}" : £ < 0.5} where z = (z1 + - - + zp)/n.
A randomized test can be defined through a function ¢ = ¢(X) of X taking values in [0, 1]:
Given X, we

e accept the null hypothesis Hy with probability 1 — ¢(X);
e reject the null hypothesis Hy with probability ¢(X).

Therefore, a randomized test is a generalization of the non-randomized version, and the test is a
Ber(¢(X)) random variable conditional on X.

1.1.4 Level of significance, power, and two types of errors

When designing and analyzing a (non-randomized) test v, we usually select a number « € (0, 1),
called the level of significance (also known as significance, statistical significance, or significance
level), such that

P9{¢(X) = 1} = IP@{X S Sl} <« forall €0 (1.1)

In other words, « is an upper bound on the size of the critical region under the probability Py for
any 0 € Og. For example, when o = 0.05, the above condition says that, whenever Hy holds, the
test ¢ gives 1 with probability at most 0.05, i.e., ¥ gives 0 with probability at least 0.95.

Furthermore, for any § € ©; = ©\ O, the power (function) of the test ¢ against the alternative
0 is defined as

B(60) == Polu(X) = 1} = Py{X € S}
We typically would like to maximize the power 3(6) over all alternatives § € ©1 subject to the level
of significance (1.1).

Note that a test 1) can make two types of errors:
e Type I error (false positive): reject Hy when Hy is true;
e Type II error (false negative): accept Hyp when H; is true.
In terms of the two types of errors, we are interested in minimizing the type II error 1— 3(0) subject
to the constraint that the type I error is no larger than a.

The definitions of significance and power can be generalized to a randomized test ¢ by replacing
Pg{1(X) = 1} with Eg[¢(X)]. That is, we would like to maximize the power

B(0) :=Egp[p(X)] for 0 € 6

subject to the level of significance

Eglp(X)] < a for 0 € O.
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1.2 Neyman—Pearson lemma

1.2.1 Simple hypothesis testing

Let us consider the simplest case where © = {0,1}, ©p = {0}, and ©; = {1}. That is, we are
testing between two simple hypotheses

OH()ZXNP();
oHl:X~731.

Here a simple hypothesis means that there is a single distribution associated to it. On the other
hand, if the associated set of distributions contains multiple elements, then it is called a composite
hypothesis, which we will study later.

Recall that designing a non-randomized test ¢ is equivalent to specifying the critical region Sy
(i.e., the region of rejection), which is a subset of the sample space X'. Let us revisit our goal: to
maximize the power of the test subject to a certain level of significance, i.e.,

P{X b Po{X < a.
élllg}/é 1{ 651} S 0{ 651}_&

This formulation offers the geometric intuition that we are maximizing the size of S under the
probability distribution IP; under the constraint that its size is no larger than o under Py.
For theory, we consider directly the more general case of a (possibly) randomized test ¢ and
study the problem
m(?xEl[gb(X)] s.t. Ep[o(X)] < a.

What is the most powerful test ¢* that solves the above optimization problem?

1.2.2 Likelihood-ratio test

Let pp and p; denote the densities of Py and P; respectively, with respect to a reference measure
u. The likelihood ratio (statistic) is defined as

For ¢ > 0 and « € [0, 1], define

1 ifL(X)>e,
bery(X) =<y if L(X)=c,
0 fLX)<e.

The randomized test ¢.. is called the likelihood-ratio test or the Neyman-Pearson test. When
X is a continuous variable, we usually have L(X) = ¢ with probability zero, so the test becomes
non-randomized. The following theorem shows that, if ¢ and v are chosen appropriately, then the
test ¢ is the most powerful test that we are aiming for.

Theorem 1.1 (Neyman—Pearson lemma). For any level of significance o € (0, 1), the following
statements hold:
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1. There exists ¢ > 0 and v € [0,1] such that Eo[¢e~(X)] = a.

2. For such a choice of ¢ and vy, the test ¢.~ maximizes the power By := E1[¢(X)] among all tests
¢ such that Eo[p(X)] < a. In other words, ¢~ is the most powerful test at significance level o.

3. If ¢* is a most powerful test at significance level o, then we have ¢*(x) = ¢c(x) on the set
{z: L(x) # ¢} p-almost everywhere. Moreover, we have Eg[¢*(X)] = a unless E1[¢*(X)] = 1.

Proof. 1. Let F(t) := Po{L(X) < t} be the CDF of the likelihood ratio L(X) under the null
hypothesis. Then

Eo[¢e(X)] = Po{L(X) > ¢} + 7Po{L(X) = ¢} =1 = F(c) +~(F(¢) = F(c—))
where F(c—) := lim; ». F'(t). Consider two cases: (i) If there exists ¢ such that F'(c) = 1 — a,

then we set v = 0. It follows immediately that Eg[¢. (X )] = . (ii) Otherwise, there must exist

¢ such that F(c—) <1—a < F(c). Then we set v = % It follows that Eo[¢c,(X)] = o

2. Let ¢ be a test such that Eg[¢(X)] < «. By the definition of ¢, ,, it is easy to check that
(¢en(@) = o(x)) (p1(2) — cpo(x)) >0

for any x € X. Therefore,

J G0 —ep)dn=0 = [ Goy=oprduzc [ (0= mdn
In other words, we have

E1[¢e(X)] — E1[¢(X)] > ¢(Eo[¢e(X)] — Eo[p(X)]).
Since Eo[¢(X)] < a = Eq[¢e~(X)], it follows that B4, — B > 0.

3. Suppose that ¢* is the most powerful test at significance level a. Replacing ¢ with ¢* in the
previous display yields

0 = Ei[¢eq(X)] = E[¢"(X)] > c(Eo[den (X)] — Eo[¢™(X)]) > 0,

so the equality holds. As a result, all the inequalities in the previous part are in fact equalities,
and we must have

(beny(x) = 6" (2)) (p1(2) — cpo(w)) =0

p-almost everywhere. Therefore, on the set {x : L(z) # ¢} = {z : p1(x) # cpo(x)}, we have
¢*(x) = ¢¢~(x) p-almost everywhere.

Finally, since ¢(Eo[¢cq(X)] — Eo[¢*(X)]) = 0, we have either Eo[¢*(X)] = a or ¢ = 0. In the
latter case,

E1[¢"(X)] = Ei[¢en(X)] = Pr{L(X) > 0} = Pi{p:1(X) > 0} = 1.
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1.2.3 Examples
Gaussian Fix a nonzero vector u € RY. Consider testing between simple hypotheses:
e Hy: X ~N(0,1y);
o Hi: X ~N(u,Iy).

We have
pole) = (27r1)d/2 P ( B H:]62H2>’ Pi(@) = (2771)d/2 P ( - H33_2MH2>
for z € RY, so ) , 2
oge) = NP ol

Therefore, the condition L(z) > ¢ can be written equivalently as (x, x) > 7 for some 7 depending
on c. The likelihood-ratio test takes the form
1 if (X, ) >,

or(X) = {o if (X, ) <.

It remains to find 7 such that Eq[¢-(X)] = Po{(X, ) > 7} = a. Then the above general theory
guarantees that ¢, is the most powerful test at significance level . Towards this end, note that
(X, 1) ~ N0, |ul]?) and so

Po{(X, ) > 7} =P{Z > 7/|[ull}

where Z is a standard Gaussian. Therefore, if z, denotes the (1 — «)-quantile of Z, then 7 = z,||ul|
satisfies that Po{(X,p) > 7} = a.

Binomial Fix 6p,0; € [0,1] such that 6y < 6;. Consider testing between simple hypotheses:
e Hy: X ~ Bin(n,bp);
e Hy: X ~ Bin(n,6;).

We have
n —X n X n—x
mio) = (M) -0 o) = (7)ora- o)
forz =0,1,...,n, so
01 1—6; 61(1 — 6p) 1—6,
log L(x) = xlog — —x)l =zxlog ————= 1 .
og L(x) xogeo—i-(n x)og1_00 x0g00(1—91)+n0g1—00
Since log gég:g‘;% > 0, the condition L(x) > ¢ can be written equivalently as z > 7 for some 7

depending on c¢. The likelihood-ratio test takes the form

1 ifX>T
Gry(X)=3~ fX=r,
0 ifX<r.
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If it holds that
Po{X <k} = Z( >0ﬂ 1-60)" 7 =1-a

for some k = 0,1,...,n, then we can set 7 = k and v = 0 so that ¢3¢ is the most powerful test at
significance level a according to the above general theory. Otherwise, if

k—1
Z(>6J(1—00)nj<1—a<2()Hjl—(go) s
j=o j=o

then we can set 7 = k£ and

Yh_o ()61 = 6o)"~ J—<1—a>
(k)elg(l_eO)

so that ¢y, is the most powerful test at significance level a.

1.2.4 Geometric intuition

For a simple hypothesis testing problem, we can gain some geometric intuition about the set
of points («, 3) for which there exists a test ¢ such that Eg[¢p(X)] = a and E1[¢(X)] = 8. See
Figure 3.1 of [LR06]. In short, this convex subset of [0, 1]? is symmetric around the center (1/2,1/2),
and the most powerful tests correspond to the points on the upper boundary of the set.

1.3 UMP and unbiasedness

1.3.1 One-sided testing and uniformly most powerful tests

The Neyman—Pearson lemma shows that the most powerful test for a simple hypothesis testing
problem is the likelihood-ratio test. We now turn to composite hypothesis testing between Hy : 6 €
©p and Hy : 0 € ©; = O\ ©g given X ~ Py for § € ©. Subject to a level of significance «, if there
is a test ¢ that maximizes the power for all alternatives 8 € ©1, then we call ¢ a uniformly most
powerful (UMP) test. It is often difficult to find a UMP test, but the likelihood-ratio test works in
the following special case.

Suppose that the parameter 6 is real-valued. Given X ~ Py, for a fixed g € R, we test
Hy : 0 <0y against H; : 0 > 0. We say that the densities pp(x) have monotone likelihood ratios if
there exists a real-valued function T'(z) such that for any 6 < #’, we have Py # Py and py (x)/pe(x)
is an increasing function of 7'(x). This is the case for the Gaussian and binomial examples above,
where T'(z) = (x,u) and T(x) = = respectively. More generally, any exponential family with
densities of the following form has monotone likelihood ratios:

where (@ is strictly monotone.
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Theorem 1.2. Consider the setting described above. For T > 0 and~y € [0,1], define the likelihood-
ratio test

ifT(X)>T
if T(X) =
if T(X) <

Gry(X) = (1.2)

S D2 =

T?
T.
Then the following statements hold:

1. The likelihood-ratio test ¢~ 1s UMP, where the constants T and 7y are determined by the condi-
tion Eg,[¢r~(X)] = a.

2. The power function B(0) = Eg|¢r~(X)] is strictly increasing at all 6 such that 3(0) € (0,1).

3. For any 0 < Oy, the test ¢, minimizes () among all tests ¢ such that g, [p(X)] = a.

Proof. 1. Fix any 61 > 6. We can modify the proof of part 1 of Theorem 1.1 to obtain 7 and .
For example, analogous to case (i) in that proof, 7 can be defined so that

1 — o =Po{T(X) < 7},

and +y is set to zero. In case (ii), the test can be also defined in a similar way. Since pg, (x)/pg, ()
is an increasing function of 7'(z), the above quantity is equal to F'(¢) = Po{pg, (X)/ps,(X) < c}
that appears in the proof of Theorem 1.1, where ¢ depends on 7. As a result, the test ¢, is the
most powerful for the alternative ;. Furthermore, crucially, 7 and « are defined through 7T'(z)
only and does not depend on the choice ;. It follows that ¢, . is UMP over 6 > 6.

The final condition we need to check is that Eg[¢r~(X)] < o for § < 6y, but this is guaranteed
by the next part.

2. For any #' < 6”, we have in fact showed (again, in parts 1 and 2 of Theorem 1.1) that the
test ¢, is the most powerful for testing Hyp : 0 = ¢’ against § = 6" at significance level
B(0") = Eg [¢r~(X)]. By definition, ¢, is no less powerful than the constant test ¢ = 5(¢’), so
we obtain that 3(0”) > 3(#'). If 3(8") = B(#'), then by part 3 of Theorem 1.1, the likelihood

ratio is constant p-almost everywhere, so we must have Py = Pyr and 6 = 6'.

3. This follows from symmetry: We can consider testing Hgy : 0 > 0y against Hy : 6 < 0y and
reverse all the inequalities in the above proofs.

O
1.3.2 Two-sided testing and unbiased tests
Suppose that we observe X ~ Py from an exponential family with densities
po(w) = C(0)eQOT@ p(z)

where @ is strictly monotone, so that the densities have monotone likelihood ratios with respect
to T'(x). For simplicity, let us focus on the case where the likelihood ratios are continuous. For
0y < 01, consider testing Hy : 0 ¢ (0y,01) against H; : 0 € (0p,01). Although this is the two-sided
case which has not been discussed, it is natural to consider the likelihood-ratio test

7 = 1 if T(l‘) € (7’0,7’1),
d)( ) {0 if T(:B) ¢ (7’0,7’1),

14



where 7y and 71 are determined by
Bg, [¢(X)] = Eg, [¢(X)] = a. (1.3)
It is known that (Theorem 3.7.1 of [LRO06]):
e The test ¢(x) is UMP;
e The test minimizes the power function f4(6) := Eg[¢(X)] for all § ¢ [0y, 61] subject to (1.3);

e The power function 34(f) has a maximum at some ¢’ € [0y, 01] and decreases strictly as 6
goes away from 6’ in either direction.

However, if we test Hy : 6 € (6y,61) against Hy : 0 ¢ (6p,01), then there exists no UMP in
general. In this case, we can consider a weaker goal as follows.

When testing Hy : 0 € O¢ against H; : § € Oy, we say that a test ¢ is unbiased if 54(6) < «
for 6 € ©p and f4(0) > « for § € ©1, so that B4(0) = a on the boundary between Oy and ©;. It is
not hard to see that any UMP test is unbiased.

For testing Hp : 0 € (6p,61) against Hy : 0 ¢ (6p,61), a test ¢ is unbiased if B4(0) < « for
6 € [0y, 01] and By(0) > « for 6 ¢ (6p,61). Consider the likelihood-ratio test

)1 it T(x) ¢ (70, 71),
Pe) = {o if T(z) € (10,71),

where 79 and 71 are determined by (1.3). Then ¢ is unbiased by monotonicity.

1.4 p-values

1.4.1 Definition

Consider a family of tests ¢,, each at significance level a € (0,1). Suppose that the regions of
rejection S (a) := {x € X : ¢o(z) = 1} are nested as « varies in (0, 1), in the sense that

Si(a) C S1(a))  ifa<d.

(This is typically true except in some corner cases.)
A widely used notion in hypothesis testing is the p-value, which is defined to be the number

p=p(X)=inf{a: X € Si(a)}.
In other words, given the data X, the p-value is the smallest significance level at which the null is
rejected. It indicates how strongly the data contradicts the null hypothesis: the smaller p is, the

stronger the contradiction is. At a (fixed) significance level o/, we reject the null if p < o'.
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1.4.2 Examples

Gaussian Recall the testing problem between Hy : X ~ N(0,1;) and Hy : X ~ N(u,I;). The
likelihood-ratio test rejects the null if (X, u) > z4||ul|, where z, denotes the (1 — a))-quantile of Z.
Hence, we have

Si(a) = {z € R : (x, 1) > zallull}

and
p(X) =inf{a: X € S1(a)} = inf{a: (X, u) > z4||ul }.

It follows that z; = (X, p/||u|]) and
PX) =1-@((X,p/llpl)) =P {Z > (X, /|l },

where Z denotes a standard Gaussian and ® denotes its CDF.

Multinomial Suppose that X takes values in {1,2,...,10}. Consider testing between hypotheses
e Hy:po(j)=1/10for j =1,...,10;
e Hy:pi(j)=j/55for j=1,...,10.

Consider a test with
Si(a) ={z x> 11— 10a}.

The p-value is
p(X) =inf{a: X > 11 — 10a} = (11 — X)/10.
1.5 Confidence regions

Hypothesis testing is closely related to the inference problem: Given the data X ~ Py, we would
like to have a subset C(X) C © such that § € C(X) with high probability. To be more precise, we
say that C(X) C © is a confidence region (or confidence set) at confidence level 1 — « if

Pe{dcC(X)} >1—a foralldecO.
The relation of confidence regions to hypothesis testing is explained by the following theorem.
Theorem 1.3. For any 6y € O, let So(6p) be the region of acceptance of a level-a test for testing
Hy : 0 = 0y against an alternative given X ~ Py. Define C(X) := {0 € © : X € Sy(0)}. Then
C(X) is a confidence region at confidence level 1 — .

Proof. By definition, we have 6 € C(X) if and only if X € Sy(0), so

Pg{g S C(X)} = ]P@{X € 50(9)} >1—a.
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The above theorem is extremely general and (therefore) almost vacuous. To further explore the
connection between confidence regions and hypothesis testing, we now consider a special case where
the confidence region C(X) takes the form [0y(X), c0) for a real number 6,(X). In other words, the
parameters are real-valued, and we aim to find a lower confidence bound ,(X) such that

Pe{0,(X) <0} >1—a.

Subject to this constraint, we would like 6y(X) to minimize Py{f,(X) < €'} for all ' < 4. If this
is indeed the case, we say that ,(X) is a uniformly most accurate lower confidence bound for 6 at
confidence level 1 — a.

Theorem 1.4. For © C R, let {pyp(x) : 0 € O} be a family of densities with continuous likelihood
ratios that are monotone with respect to T'(x). Suppose that for 0 € © and X ~ Py, the CDF Fy(t)
of T(X) is continuous in 6 and t. Then the following statements hold:

1. There exists a uniformly most accurate confidence bound 0,(X) for 6 at confidence level 1 — «
for each o € (0,1).

2. Moreover, if the equation Fyp(T(x)) = 1 — v has a solution 8 € ©, then the solution is unique
and is equal to Oy(z).

Proof. 1. Consider the likelihood-ratio test (1.2) for testing Hy : 0 = 6y against Hy : 0 > 6. Recall
that the region of acceptance is Sp(6y) = {z : T'(z) < 7(0p)}, where 7(6p) is defined so that
Pp,{T(X) <7(6p)} =1 — « for any 6y € ©. Recall that the power Py, {T(X) > 7(0p)} is larger
than « for 6; > 6. As a result, we have 7(6y) < 7(61).

Define C(X) := {0 € © : T(X) < 7(0)}. It follows from the monotonicity of 7 that C(X) is of
the form [0y(X), 00) where

0i(X):=inf{0 € ©: T(X) < 7(0)}.

By the previous theorem, [#,(X),00) is a confidence region for 6 at level 1 — «. Furthermore,
for any 6’ < 6, the probability

Po{0,(X) > 0"} = Po{6' ¢ C(X)} = Po{T(X) > 7(6")}

is the power of the likelihood-ratio test for testing Hy : 6 < #' against 6 > #'. Since the
likelihood-ratio test is UMP, the above quantity is maximized, or, equivalently, the probability
Pp{0,(X) < #'} is minimized. Hence 6y(X) is a uniformly most accurate lower confidence bound.

2. The reasoning is again similar to the previous part. For § < ¢, since Fy (t) is the power of the
likelihood-ratio test at level Fy(t), we have Fy(t) < Fy (t). That is, Fy(t) is strictly increasing in
6. Tt follows that the equation Fyp(T(z)) = 1 — o has at most one solution 6.

Suppose that the solution exists. By the definition of 6y(z), we have 7(0y(z)) = T'(z) and thus
Py {T(X) < T(2)} = Py, {T(X) < 7(0p(x))} =1 - .

The claim follows from the uniqueness of the solution.
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Suppose that 6y(X) and 6,(X) are lower and upper confidence bounds for 6 at confidence levels
1 — oy and 1 — a respectively. Then [0,(X), 8,(X)] is a confidence interval for § at confidence level
1 — o where o = a1 + ag:

Po{0 € [0,(X),0,(X)]} >1 —a forallfecO.
If 0,(X) and 6,(X) are uniformly most accurate, then they together minimize
Po{0,(X) < 0"} + Po{0" < 0u,(X)}

for any 0’ < 6 and 6” > 0. However, this is a somewhat unnatural measure of accuracy when
we consider confidence intervals. A more widely used measure of accuracy is simply the length
0,(X) — 04(X) of the confidence interval.

18



Chapter 2

Examples of statistical tests

2.1 Hypothesis testing for linear models
2.1.1 Setup
Consider the linear regression model

Y,=a+ Bz +e, i=1,...,n,

where & and 3 are constants, and ¢; are i.i.d. N/ (0,0%) random variables. Let us standardize ; by
setting

1
> (& — 3)? i

Then > " z; = 0 and Y1, 7 = 1. Moreover, if we set

2

(:ﬂi—f)2, o :Zd‘i‘ﬁ* — —,
i=1 Z?:l(xi - iL')2

then the model can be written in the following standardized form

pr=p

Yi=a+ Biitei=a" + 5w+ ¢

Suppose that we are interested in a linear function of & and B (or, equivalently, of o* and 8*).
In other words, let ¢ and d be constants, and consider the unknown quantity

p=ca*+dp*.
Suppose that we would like to test Hqy : p = po against Hy : p # pg; or, we would like to obtain a
confidence interval for p.
2.1.2 =z-test

Towards this end, let us first consider the least squares estimator (é&, 8) of (o, *). Solving

n
min » (Y; — o' — f'z;)?
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yields

Therefore, we can estimate p by

p=ci+df=cV +dlY = Z( +du; )Y,
i=1

At p = po, the estimator p is Gaussian with mean

& & * * _ * *
;(n+dmi>(a + [*x;) = ca”™ +dS* = po

and variance
2
o2 2(¢ 2
) =o?(5+ ).
Z ( + dx; o - +
As a result, A
P—Po
———— ~ N(0,1).
o\/c?/n+ d? 0.1
If o is known, we can derive a test at significance level § € (0,1) from the above fact. Namely,
we accept Hy if
P = Po

—_— I <
oy /n+d*|

where 25/, is the (1 — §/2)-quantile of A/(0,1). Moreover, a confidence interval for p at confidence

level 1 — 4 is
[ﬁ— Zsj2 - 0N CIn+d? p+ 259 - 08/ 20+ dQ].

25/2

2.1.3 t-test

However, since o is typically unknown, we need a few more steps. A natural idea is to replace o in
the above formula with an estimate. The sample variance is

n

1 .
A2 E A 2

i=1

1 _
— Y - ¥1-2Tval?
n_

1 117 2
=l (-S|
n—2 n
1 117 2
= (If—fxx )(a*1+ﬁ x+s)H
n—2 n
1 117
e [((EE-SEEC
n—2
and so -
11 2
(n—2)— —H(I———m:p )EH
o

Based on this formula, we have two observatlons.
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e Since x is a unit vector orthogonal to 1, the matrix I — 11— — 22T is the orthogonal projection
onto the (n—2)-dimensional subspace S of R" orthogonal to the span of 1 and z. This implies
that (I — % — :ch)§ is a standard Gaussian vector in S, so (n — 2)%2 ~ X2, e, itisa
chi-squared random variable with n — 2 degrees of freedom.

e Since p = (£1 + da:)TY = (£1+ d:v)T(oz*l + B8*x + €), we see that p only depends on the
randomness of the projection of € on the span of 1 and x. Therefore, p is independent of
~2

(I _o1ur $$T)§ and thus of (n — 2)%-

n
By a standard characterization of the t-distribution with n — 2 degrees of freedom, denoted by t,_o,

it follows that
pP—po P —po (n—2 02/02

6/ In+d®  o\/E]n+ d /Xn 2/n—2

Similar to the case of a Z-test, here we accept Hy : p = po if

—tn2

p— Po
a\/c?/n+ d?

where 75 /5 is the (1 —§/2)-quantile of ¢, 5. Moreover, a confidence interval for p at confidence level

1—-4is
{pA— T5/2 " 6\/62/n+d27f)+7—6/2‘6\/02/n+d2i|.

< Ts5/2

2.2 Analysis of variance

Consider m independent samples, each of which consists of i.i.d. observations
XijNN(ui,O'Q), j=1...ni=1,....m,

where ¢ is unknown. We are interested in testing Hp : u1 = -+ = p,,, against Hj : otherwise. The
idea is to construct two estimators of the variance o? and compare them. The first estimator is
good regardless of whether Hy or Hj is true, while the second is good only under Hy. As a result,
comparing the two will serve as the test.

o Let Y, = n% Z;l;l Xij and X; = (Xila ... ,Xmi)—r. Then

g T
1. X; 2
3 (X - Yi)? = HXi— nilly
= n; 2
1,1 2
- H (Im - M) - H( n; M) (Xz - Nilni) 27

1n,1,

where 1,,, is the all-ones vector in R™. Since I,,, — is the orthogonal projection onto

the orthogonal complement of the all-ones vector, and %(Xl — pily,) is a standard Gaussian
vector, we see that Z?;l(Xij —Yi)? ~ x2 _;. It follows that

m  n;

2
30 (K = Y~
=1 j=1
where n := 37" | n;. Then the quantity —1_ >, > (Xij — Y;)? is an estimator of o2.
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eLet Y = L37 Viand Y = (Yi,...,Yn) . Under Hy, let g = py and we have iid.
Vni(Y; — p) ~ N(0,02). Similar to the above case, we can derive

- 1,1}, 2
S om (=) = | (B = =) (Y = i)
i=1
It follows that
1 m
— Z ~ X?n—l'
0- :
Then the quantity —5 S n;(¥; — Y)? is an estimator of 2.

Furthermore, we claim that the two estimators =~ > 31" | >, (X5~ Y;)? and 15 377 n(Y;—-Y)?
are independent. To this end, let us compute the covariance matrix

(=205 1) ( (- 2202 - ) |

1,1 1o1TAT
i (I, = ) B[ = )V = ) ] (B — 2222

n; m

E

Note that only the ith entry of Y is correlated with X;, and E [(XZ — ply ) (Y — u)] = %flm
Therefore, the above quantity is equal to

o2 (Ini 1,, 1m

A/ n;
where 04 denotes the all-zeros vector in dimension d. The claimed independence then follows easily.

Finally, by a standard characterization of the F-distribution with m — 1 and n — m degrees of
freedom, denoted by Fy,—1 n—m, we conclude that

1,1,
m

T

ﬁZTlm(Yz - Y)Q
n— mzz IZ ( YZ)2

~ Fm—l,n—m-

To define a test at significance level a € (0, 1), we can simply accept Hj if the above quantity is no
larger than f,, where f, denotes the (1 — a)-quantile of Fy;,—1 5—p.

2.3 Wald test

Let 6 be a real-valued parameter. Given i.id. Xi,..., X, ~ Pp, let 6, = é(Xl,...,X ) be an
estimator of 8. Define 6, := Var(é ). Consider testing Hy : 6 = 6y against H; : 6 # 0. Assume

that 6, is asymptotically normal in the sense

O = %0 4 N(0,1)  as n — oo.
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For a € (0,1), the Wald test at asymptotic significance level « is defined to be

1if o) >
Xi1,...,X,) = .
S P R

To be more precise, a test ¢ is said to have an asymptotic significance level « if
Po,{¢(X1,...,Xp) =1} = a asn — oo.
This is the case for the Wald test because

Py, {

0,, — 0o

On

) > za/g} = P{|Z] > 242} =

where Z ~ N(0,1).
Moreover, the power §(0) at 6 # 0y is approximately
0, — 0

0,, — 0 0,, — 0

Py { o > a2} =P An&n > 2o} + o . T_ZQ/Q}
_ ]139{0”&_9 - 906—9 -I-Za/Z} 1+ Py {(9”&—9 < 6’0&—9 _za/Q}
n n n n
=1- (I)(GO(}; o + za/g> + <I><006; b_ Za/2)-

Since 6,, — 0 in probability, the power converges to 1.
The associated confidence interval at asymptotic confidence level 1 — « is

(Hn - &nza/Qa Qn + &nza/Q)'

Comparing paired binary variables Consider i.i.d. pairs of binary random variables (X;,Y;)
fori=1,...,n. Let § :== E[X;] — E[Y;] and consider testing Hy : § = 0 against H; : § # 0. The
plug-in estimators of § and the variance are, respectively,

R 1 <&

b= (Xi=Yi), on=

n
=1 =1

The test statistic for the Wald test is 3n /On.

2.4 Goodness-of-fit tests

Suppose that we observe i.i.d. Z,..., Z, ~ P for a distribution P with density f(x). Consider the
nonparametric setting: We test Hy : P = Py against Hy : P # Py, where there is no parametric
assumption on Py.
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2.4.1 Pearson’s chi-squared test

If the distribution of interest is discrete, then the test introduced in this section can be applied
directly. If the distribution is continuous, we can pre-process the data as follows. For example in
the real-valued case, let By, ..., By form a partition of R. For each i € [k], let p; := [, f B x)dz.
Moreover, let X; := [{j € [n] : Z; € B;}. Then X;/n should be close to p;. Therefore, the essence
of goodness-of-fit testing is the following discrete testing problem for multinomial data.

Consider i.i.d. categorical random variables random variables Yi,...,Y,, each taking value i
with probability p; for ¢ € [k]. Here we have p; > 0 for each i € [k] and Zle p; = 1. We are
interested in testing Hy : p; = p{ for all i € [k] against Hy : p; # p? for some i € [k]. Let X; be the
number of Y; that are equal to i. Then X; ~ Bin(n,p;) marginally. Consider the test statistic

k
T Z
Z ol
To obtain the asymptotic distribution of T' at p = p°, we first compute the covariance
E[(X; — npi)(X; — np;)] = E[X; X;] — n’pip;.
It holds that
n n n n

BIX.X;] = B [(Z 1Yy =i}) (D 1V = j})} =3 > PY=i Yo =

=1 m=1 =1 m=1

For i # j, we have

]E[XzXJ} = Z pipj = n(n - 1)pipj-
l#£m

ZPZ—FZPZ = np; + n(n — 1)p;

l#£m

For i = j, we have

Therefore, if we define a random vector V € R" with V; := %, then

np;1{i = j} + n(n — 1)pip; — n’pip;
n

E[V;V;] = = pi1{i = j} — pip;.

We conclude that the covariance matrix of V is
E[VV'] = Diag(p) —pp .

Note that X, =n — Zf:_ll X, so it suffices to consider the first £ — 1 coordinates of V. Let X
denote the top-left (k — 1) x (k — 1) principal minor of E[VV T]. Then it is not hard to check that

1
5171 = Diag(p_) ! + —117,
Pk
where p_j, = (p1,...,pr—1) ' and 1 is the all-ones vector in R¥~!. By the central limit theorem,
V2 - N0, L),
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and then by the continuous mapping theorem,
VIETWVo = 72V =5 i

The left-hand side is equal to
k—1

3 LK) | L (i (X~ rp))”

i n n
im1 Di Pk i

(X; — np;)?
np;

=:T.

M-

1

Therefore, Pearson’s chi-squared test at significance level o € (0,1) is

{1 it T > qa,

X1,..., X)) =
X D=0 T < g

where ¢, denotes the (1 — a)-quantile of x7_,.
2.4.2 Kolmogorov—Smirnov test
Let F' denote the CDF of P, and let F,, denote the empirical CDF defined by
1.
Fala) = - € In): 2; <),

Then we can define the Kolmogorov—Smirnov statistic

D, = F.(x) — F(z)|.
max | () ~ ()
It is standard that U; := F(Z;) ~ Unif(0,1). As a result, we have

P{D, <t} =P { max | Fy («) = F(2)] < t}

b UL ) < )
| PG EFEN ()
o { g [

This shows that the distribution of D,, does not depend on the distribution P.
Moreover, it is known that

d
vVnD, — K asmn — oo,

where K denotes the Kolmogorov distribution with CDF

Fete) = Y2 e - L)

2
= 8x
Then the Kolmogorov—Smirnov test at significance level a € (0, 1) is defined by

1 if D, > kg,
O(Z1,...,Zy) = ' v
0 if /Dy < ka,

where k, denotes the (1 — a))-quantile of K.
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2.5 Nonparametric tests for two samples

2.5.1 Wilcoxon signed-rank test

Given i.i.d. real-valued data X1,..., X, ~ P, suppose that we are interested in testing between
e Hj: P is symmetric around zero;
e H, : otherwise.

First, if we would like to test symmetry around any mg € R, it suffices to subtract mg from each
X, to reduce the problem to the above setting. Moreover, the above task appears frequently when
we deal with paired data: Suppose that we have i.i.d. pairs (Y1,21),...,(Yn, Z,). If each pair is
exchangeable in the sense that (Y;, Z;) and (Z;,Y;) have the same distribution, then X; :=Y; — Z;
has a distribution which is symmetric around zero. Note that we do not have to assume that Y;
and Z; are independent.

The Wilcoxon signed-rank test uses a statistic T defined as follows. Let the sign function be
defined by

1 ift >0,
sign(t) =<0 if t =0,
-1 ift<o.
Moreover, consider the order statistics X(y),..., X(,) by absolute values, which are obtained by

reordering X1, ..., X, so that
Xyl < < | Xyl

Then the signed-rank statistic 7" is defined to be
n
T:= Zz -sign(X(;))-
i=1

It is easily seen that this statistic does not depend on the particular distribution P as long as it is
symmetric around zero.

To derive a test using the statistic 7', assume P{X; = 0} = 0 for simplicity. Under Hy, the
signs I; := sign(X (i)) are independent Rademacher random variables. We can compute

E[T]) = Zz -E[L;] =0, Var(T) = zn:i2 -Var(l;) = én(n +1)(2n+1).
‘ i=1

By the central limit theorem, a test at asymptotic significance level « € (0,1) is

7]

1 if > Zaj2
Var(T
X1 X = 4 VI
Var(T) — Fa/2>

where z,/5 denotes the (1 — a/2)-quantile of (0, 1).
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2.5.2 Mann—Whitney U test, aka Wilcoxon rank-sum test

The purpose of the Mann—Whitney U test is similar to that of the Wilcoxon signed-rank test, but
the setup is different. Suppose that we have two i.i.d. samples Yi1,..., Y, ~ P and Z3,...,Z, ~
O, where the sample sizes may not be the same. Moreover, assume that the two samples are
independent from each other. We are interested in testing Hy : P = Q against Hy : P # Q. The
Mann—Whitney U statistic is defined by

U:=) > sign(yi - Z).
i=1 j=1

Another equivalent test statistic is the Wilcoxon rank-sum statistic defined as follows. Consider
the two samples Y1,...,Y, Z1,..., Z, combined. For i € [m], suppose that Y; is the R;th smallest
number in the combined sample. Thus R; represents the rank of Y; and is an integer between 1
and m + n. Then we can define the Wilcoxon rank-sum statistic to be

i=1

To see that S is equivalent to U, we assume that all the data points are distinct with probability
1 for simplicity. Then we have

$=3 R =3 (103105 <)+ Y11z <)

=1
:Z<1+ Y ;(Sign(}/;—}/j)+1)+Z;<sign(Yi—Zj)+1)>
i=1 jelml\{i} =1
:m+m(m2—1 — 72 Z sign(Y; — Y;) %ZZlgnY Zj)
=1 je[m]\{i} i=1j=1

mm+n+1)+U
5 :

Hence, S and U are related to each other linearly.
It remains to focus on the statistic U. Let I;; := sign(Y; — Z;). Under Hy, it is clear that

For the variance, we have

Var(U) = E

(ii[zy)(i n1[k£>] :iii n E[1;j k).

If i # k and j # £, then E[;jI}y] = 0. If i = k and j = ¢, then E[[;;I;] = 1. If i = k and j # ¢,
then

E[lijIr] = Elsign(Y; — Z;) - sign(Y; — Z0)]
=P{Y; > max(Z;, Z) or Y; <min(Z;, Zy,)} —P{Z; < Y; < Zyor Z;, < Y; < Z;}.
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By applying the CDF F' of the underlying distribution, we can again assume without loss of
generality that Y; and Z; are uniform random variables on [0,1]. Thus the above expectation is

equal to
1,1 1
//(1—]zj—zk]—|zj—zk|)dzjdzk:.
o Jo 3

In summary, we obtain

Var(U) = mn + mn(z— 1) N nm(T;L -1) _ mn(m—:ig—n-i— 1)

Using Gaussian approximation, we can again apply the Z-test with the statistic U.

2.6 Testing with permutations

2.6.1 Wald—Wolfowitz runs test

A common task is to determine whether a sequence of observations is “sufficiently random”. Let
us consider a generic example. Suppose that we observe binary outcomes Xi,..., X, € {0,1} and
are interested in testing between

e Hy:Xy,...,X, are i.i.d. Ber(p) random variables for some parameter p € (0,1);
e H; : otherwise.

Note that Hp is a composite hypothesis that includes any possible p € (0,1), and here we are
not interested in estimating p. Instead, we simply would like to determine whether the binary
observations are truly random.

The idea of the Wald—Wolfowitz runs test is as follows. First, we condition on the number of
ones, denoted by m, and so the number of zeros is £ = n — m. Under this conditioning, if Hy were
true, the sequence Xi,...,X,, would be a uniform random permutation of m ones and ¢ zeros.
Next, to test whether the observed sequence is indeed uniformly random, we consider the number
of runs R in the sequence, where a run is a maximal subsequence consisting of either all ones or all
zeros. For example, the sequence 1110000110001 has five runs.

With m ones and ¢ zeros, the number of sequences having R = r is

N(r) := {2(7:11) (11;:11) if r = 2k,
(DD + NG ifr =2k 1

Therefore, under Hy, the probability that the observed sequence has a number of runs between r;

and 79 is
(5 00)/ ()

r=ri
At significance level o € (0,1), we can choose r; and 79 such that the above quantity is roughly
1 — . Then we accept Hy if ri < R < ro.

A computationally easier alternative is (again) to use Gaussian approximation; one can compute

2m/l 2ml(2ml —m — ¥)

BRI =gt VarlB= (m+02(m+€—1)
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2.6.2 Permutation test

The permutation test refers to a class of nonparametric tests which involve computing the values
of a test statistic under all possible permutations of the observed data points. To demonstrate
a typical setting, let us revisit the problem of testing whether two distributions are the same.
Suppose that we observe i.i.d. X1,...,X,, ~ P and i.i.d. Y7,...,Y; ~ Q where the two samples are
independent. We test Hy: P = Q against Hy : P # Q.

Let T = T(X1,...,Xm,Y1,...,Y;) be some test statistic, e.g., T' = |X — Y| if the means of P
and Q are different. Let n = m 4+ ¢ and consider all n! permutations of the data points. Namely,
we shuffle Xy,..., X, Y1,...,Y,, compute the mean of the first m observations and the mean of
the remaining ¢ observations, and compute the difference between the two means. Let the test
statistics be denoted by 11, ..., .

Under Hy, all these statistics are identically distributed, so all the values of these statistics are
equally likely. In particular, the rank R of T"among 11, . .., T, is uniformly random. At significance
level a € (0, 1), we can choose r1 and ry such that 72;!” ~ 1 —a. Then we accept Hyif r;1 < R < ro.

Although the above example is specific, the same reasoning is valid in broader settings. Let
X1,...,X, denote the observations. Suppose that under Hy, the distribution of a test statistic
T(X1,...,X,) is invariant when we permute the observations (and it is not invariant under Hi).
Then the same procedure applies. Finally, note that computing all n! test statistics is hard if n is
large. Therefore, in contrast to the previous tests that work well for a large sample, the permutation
test is usually employed when the sample size is small.
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Chapter 3

Extensions of the basic setup

3.1 Bayesian hypothesis testing

3.1.1 Simple hypotheses

Recall the simply hypothesis testing problem between Hy : X ~ pg and H; : X ~ py, where pg and
p1 are densities with respect to a reference measure p on X. We now introduce the Bayesian point
of view: Suppose that the binary parameter 6 has prior distribution II = Ber(m;) for m; € [0, 1].
That is, prior to observing any data, we have § = 0 with probability my and 6 = 1 with probability
m = 1 — my. As before, for a test ¢, we let

ag = Eg[p(X)], By = E1[o(X)].

Moreover, let Wy > 0 be the cost of type I error and Wi > 0 be the cost of type II error. Then the
Bayes risk of the test ¢ with respect to the prior II is

RH(¢) = Womoarg + Wim (1 — 5(]5)

We say that a test ¢r1 is Bayes optimal with respect to the prior II if it minimizes the Bayes risk
Ryi(¢) over all tests.

Theorem 3.1. In the above setting, a Bayes optimal test with respect to the prior Il is given by

v ifWampi(x) > Womopo(z),
on(z) = )
0 Zf W17T1p1($) < W()Tropo(x).

Moreover, any other Bayes optimal test must coincide with ¢ on the set
D:={z € X : Wimpi(z) # Womopo(x)}
wu-almost everywhere, and it may take arbitrary values in [0,1] on the set X \ D.

Proof. Note that the Bayes risk can be written as

Ru(¢) = /X Womop po dp + //Y Wimi(1 = ¢)prdu = /X(Woﬁopo — Wimip1)¢ dp + Whm.
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Therefore, Bayes optimal tests ¢ minimize

/ (Womopo — Wamip1) e dp.
X
It is not hard to see that the test defined above is Bayes optimal. O

In other words, the Bayes optimal test ¢ has region of rejection

W07T0
W17T1

{x €EX:L(x)> }, where L(zx) :=

3.1.2 Composite hypotheses

Next, we turn to testing Hy : 6 € Op against H; : § € ©; = O\ ©g given X ~ Py for § € O.
For this composite hypothesis testing problem, we take the Bayesian approach and assume a prior
distribution IT on ©. Suppose that II has density m with respect to a reference measure v on O,
and Py has density py with respect to a reference measure p on X'. As 6 ~ II is a random variable
now, it is better to write the density of X as a conditional density:

p(x]0)=po(z), z€X,0€0O.

The posterior distribution of 6 given X = x has density
w0 | x) =

by the Bayes formula, where

p(@)i= [ (o |6)dl(e).

(S}

In general, we have

dI(9 | «) = p(p:”(lf)

We continue to let W and Wi be the costs of the two types of errors. Define the power function
of a test ¢ as

dIL(6).

Bs(0) :=Elp(X) | 0], 0cO.
The risk function of ¢ is defined as
R(0;¢) == WoBs(0) - 1{0 € Og} + Wi(1 — B4(0)) - 1{0 € ©1}.

The Bayes risk of ¢ with respect to the prior II is

Ru(@) := /@ R(0:0)n(0) = | Wosu(0) (o) + [ Wi(1— 5,(0)) an(o).

As before, Bayes optimal tests are the minimizers of the Bayes risk.
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Theorem 3.2. In the above setting, a Bayes optimal test with respect to the prior 11 is given by

on(e) = {1 T WATLO1 | 2) = Woll(©o | 2),
1 . 0 if W1H(@1 ‘ .%') < W()H(@o ‘ J})

Moreover, any other Bayes optimal test must coincide with ¢ on the set
D:={zxe X : WO, | z) # WoIl(O | z)}
w-almost everywhere, and it may take arbitrary values in [0,1] on the set X \ D.

Proof. Rewrite the Bayes risk as

Rn(¢) = . WoBs(0) dI1(0) + ; Wi (1 — B4(0)) dI1(0)

- / By (6) (Wo 1{0 € Og} — W - 1{0 € @1}) dII(0) + W1II(Oy).
e
It suffices to consider minimizing the first term

/eﬁ(b(e) (Wo 1{0 €Oy} —Wy-1{f € 91}) dI1(6)

_ / / Sa)p(r | 6) dyu(z) - (Wo - 1{6 € Bo} — Wy - 1{0 € ©1} ) dII(6)
eJXx

= [ [ #@)(Wo- 1{0 € 00} = Wi+ 1{6 € ©:))p(w) 118 | ) di(r)
X JO

_ / o) (Wo - TH(®0 | 2) — Wi - TI(®1 | 2) ) (i) da(a)
X

The conclusion follows easily as before. O

In other words, the Bayes optimal test ¢ has region of rejection

. W() L H(@l | x)
{xeé\,’.T(x)ZWl}, where T'(z) = (6 (1)’

Here T'(x) is the ratio between posterior probabilities of ©; and Og conditional on X = z.
Finally, if we define 7, = II(0;) and

mmzémwﬂw>

e

for ¢ € {0,1}, then the Bayes optimal tests for testing Hy : 0 € O against H; : § € ©1 with respect
to the prior II coincide with those for the simple hypothesis testing problem between Hy : X ~ pg
and Hy : X ~ p; with respect to the prior Ber(7y).

3.2 Sequential testing

Consider the hypothesis testing problem between
e Hy: Xq,...,X,,... iid. from Py;
e Hi: Xq,...,X,,... iid. from P;.

Here the observations Xi,...,X,,... come in a sequential fashion, and at time n, we test Hy
against Hi based on the observations that we have seen so far.
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3.2.1 Stopping time and sequential test

A stopping time 7 = 7(X1, Xo,...) is a random variable taking values in {0,1,2,...} such that
the event {7 = n} depends only on the observations X7, ..., X,. This is not saying that 7 itself is
a function of Xj,..., X, for any fixed n. For example, 7 = inf{n : X,, > 1} is a stopping time: If
n is the first time that X, is at least 1, then we set 7 to be n. However, if all X1,..., X,, are less
than 1, then we have no idea about the value of 7 yet. Moreover, 7 = sup{n : X,, > 1} is obviously
not a stopping time.

A sequential test is a pair (7, {¢n}22,), where 7 is a stopping time and ¢, = ¢n(X1,..., Xy)
is a test based on the first n observations. For brevity, we denote the sequential test by (7, ¢) or
simply ¢. It does the following: If 7 = n, then we stop at time n and apply ¢, to make a decision
between Hy and H;.

An equivalent formulation of the sequential test (7,¢) is a sequence of random decisions v =
{vj}320, where v; € {c,0,1,*}. If 7 =n, then

e v; = c for j < mn, meaning that v decides to continue and request an additional observation;
e v, € {0,1}, meaning that v makes a decision between Hy and Hj;
e v; = x for j > n, meaning that the test has already stopped.

Using the terminology of statistical decision theory, we refer to each instance of v as an action, and
the sequential test is equivalent to a decision rule that generates a distribution on actions.

3.2.2 Bayes optimal sequential test

Consider the Bayesian setup with prior IT = Ber(7) on {0, 1} where = € [0,1]. When the sequential
test ¢ stops at 7 and makes a decision ¢, suppose that it incurs a loss

L(0,¢) := AT + W, 1{0 = 0} + Wi (1 — ¢,)1{0 = 1} = Ar + Wyo; (1 - ¢,)’,

where A > 0 is a constant representing the cost of one observation and we set 0° = 1 by convention.
Note that the above formula is valid even when we consider randomized tests. This risk of the
sequential test is

_ 0
R(0,0) := Fo[L(0, )] = Eg | A\t + Wy (X1,..., X )0 (1 = 6-(X1,..., X)) ]
The Bayes risk with respect to the prior II is

R(¢) := E[R(0,¢)] = (1 — m) Eo[L(0, ¢)] + m E1[L(1, ¢)].

We aim for a Bayes optimal sequential test which, by definition, minimizes the Bayes risk over all
sequential tests.

3.2.3 Analysis of the minimum Bayes risk

First, consider the trivial case 7 = 0, which means that the test does not use any data. For
a € (0,1), we can simply consider a constant test ¢, = a. Its Bayes risk is

Ry(¢a) = (1 — m)Woa + 71 (1 — ).
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Therefore, the minimum Bayes risk is
po(m) = min{(1 — m) Wy, W1 },

which is achieved by either ¢g or ¢;. To be more precise,

. Wi
(I-mWo if > 52

Next, consider the case 7 > 1, which means that the test uses at least one observation. Let be
the minimum Bayes risk be

pi(m) 1= inf Bn(6) = inf (1 = =) BolL(0,0)] + w Ea[L(1,0)]).

This is clear that po(m) > XA > 0. Moreover, py(m) is a concave function in 7 because it is an
infimum of linear functions. Therefore, the graphs of py () and po(7) intersect

: e WoW W,
e at two points if - > p+(W(},V1);

e at one point if Wol 7 = p+(W0+°W1),

WoWs Wo
Wo+W1 < p+(W0+W1 ) :

e at zero point if

Therefore, we can find 0 < 79 < 1 < 1 such that p4(7) < po(7) for m € (70,71) and py(7) > po(m)
otherwise. This leads to the following result.

Proposition 3.3. A Bayes optimal sequential test (7,¢) must, at time 0,
e stop and accept Hy if m < ~o;
e stop and reject Hy if m > 715
e continue to request one observation if ™ € (v9,71)-

While the above result does not seem useful, the intuition extends to the following more general
and useful setting. Let mg := 7. By the Bayes formula, at time 1, the posterior distribution of 6
on {0,1} is Ber(m) where

7 -p1(X1)
(I =) po(X1) +m-p1(X1)

m=P{=1]|X1}=

Inductively, we see that at time n, the posterior distribution of 6 is Ber(m,) where

7 p1(Xy) - p1(Xy)
(1 =) po(X1) -+ po(Xn) +7-p1(X1) - p1(Xyn)

Also, recall that the cost of an observation A and the costs of the two types of errors Wy and Wy
are all constant. Therefore, conditional on the event {7 > n}, a Bayes optimal sequential test is
expected to behave at time n in a way similar to its behavior at time 0, but with Ber(7,) being
the new prior at time n. As a result, it is plausible that the following theorem holds.

=P =1]|X1,...,X,)} =
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Theorem 3.4. Define a stopping time

Ti=inf{n>0:m, ¢ (70,7)}
For all n > 0, conditional on 7 = n, let ¢, be the test that
e accepts Hy if mp < 7o;
o rejects Hy if mp > 1.

Then (7, ¢) is the unique Bayes optimal test in the sense that any other Bayes optimal test agrees
with (1, ¢) with respect to Py and Py.

Here we say that two sequential tests (7,¢) and (7/,¢') agree with respect to Py and Py if
P{r=7"}=1and Pi{¢n(X1,..., Xn) = ¢/ (X1,..., X)) | 7 =7 =n} =1fori=1,2. The proof
of Theorem 3.4 is based on an inductive argument, but we omit it here.

3.2.4 Likelihood ratios for sequential testing

Observe that the posterior 7, can be expressed in terms of the likelihood ratio

_ pi(Xy) (X))

Lp=Ln(X1,....X,) := .
n = InlXy n) po(X1) - po(Xn)

Namely, we have

izl—wi_’_l’ anl—ﬂ' T, .
Tn w Ly, T 1—m,
As a result,
o 7, < if and only if L, < Ty ::PTWIZQYOQ
e m, > if and only if L,, > T := 1‘7”%

Therefore, Theorem 3.4 can be rewritten as follows.
Theorem 3.5. Define a stopping time
7(Lo,I1) :=inf {n>0: L, ¢ (To,T"1)}.
For all n > 0, conditional on 7(To,T'1) = n, let ¢, be the test that
e accepts Hy if L, <Ty;
e rejects Hy if Ly > 1T'1.
Then (1, ¢) is the unique Bayes optimal test.

To further study a likelihood-ratio sequential test ¢ of the above form, let ay(¢) denote the
probability of a type I error and a;(¢) denote the probability of a type II error. Then the Bayes
risk of ¢ is

Rn(d)) = (1 — 7T) ()\ Eo[T] + Wy a0(¢)) + W()\El[T] + W3 ozl(gzﬁ)) (3.1)

The following result says that, among all sequential tests achieving certain average type I and type
IT errors, the likelihood-ratio sequential test does it the fastest.
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Theorem 3.6. Fiz 0 < 'y < T'1y < co. Let ¢(I'g,I'1) denote the likelihood-ratio sequential test
defined above, and let T(Ly,T'1) denote its stopping time. For any sequential test (T,¢) such that

ap(¢) < ag(p(To,T'1)), a1(¢) < ar(p(To, 1)),

it holds that
Eo[r] > Eq [7(T0,T1)], Eo[r] > Eq [7(To,T1)].

Proof. We only provide a sketch of the proof. Recall that in the last section, 79 and = are defined

as the points where po(r) and p (7) intersect. Then I'; := 1= 1% for i =0,1. Based on properties

of I';(Wy, W1) as a function of Wy and Wi, one can show that WO and W7 can be chosen so that
I';(Wy, Wh) is equal to any value of I';. By Theorem 3.5, we have that ¢(I'g,I'1) is the Bayes optimal
test for the risk with this choice of weights. The conclusion follows by virtue of (3.1). O]

Ideally, we would like to set the thresholds I'g and I'y to obtain the Bayes optimal likelihood-
ratio sequential test or to achieve certain average type I and type II errors. Neither of these tasks
is easy in general because the thresholds are implicitly defined. The following result provides an
approximate solution to the latter problem.

Proposition 3.7. We have
(&%)} (¢(F0,F1)) < 1}1<1 — Q1 (¢(P0, Fl))>, aq (qb(Fo,Fl)) < Fo (1 - a0(¢(F0,F1))>.

Proof. For 0 < T'g <T'; < 00, define
Sp = {(:cl,...,a;n) t Lg(x1, ... xk) € (T, Iq) for k=1,...,n—1, and Ly (z1,...,2,) > Fl}.

Then we obtain

6(To,T)) Z / po(r) - polen) du(ar) - ()

_Flz / pr(@1) -+ pr(ea) dua() - dp(an)

1“11 (1 —a1(¢(r0,rl))).

The proof of the second inequality is similar. O

Consequently, if o (qb(Fo, Fl)) = o for ¢ = 0,1, then

1
ap < F(l_al); a < Ty(1 — ag),
1
which implies that
(o751 11—
Ty>T1Y:= <1} := .
0="0 1-— Oé()’ 1="1 ap

Applying the above proposition again, we obtain

/ / i o / / i — @0
a0(¢(To, 1)) < v (1 o (9 O’Fl))) = r, l1-a
0 (9(T%. T1)) < T (1~ o (6(T5,T1) ) < Th= 1.

Therefore, if a; is small for ¢ = 0,1, then choosing the thresholds I'{; and I'} for the likelihood-ratio
sequential test yields the desired average errors approximately.
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3.3 Generalized Neyman—Pearson lemma

Consider integrable functions fi,..., fim+1 : X — R and real numbers oy, . .., a;,. The generalized
Neyman—Pearson lemma describes the solutions of the optimization problem

max /¢fm+1dﬂ s.t. /qbfjd,u:aj,j:l,...,m. (3.2)

$:X—1[0,1]
The integrals in this section are all over X unless otherwise specified.

Theorem 3.8. Let ®, denote the set of tests ¢ which satisfy the constraints in (3.2). If ®, is
nonempty, then the following statements hold:

1. There exists a function ¢* : X — [0,1] that solves (3.2).

2. If
0 if fmyr(z) < 3255 uifi(x),

for constants uq, ..., uy € R and ¢* € D, then ¢* solves (3.2).

3. If the above ¢* is defined with u; >0 for j =1,...,m and ¢* € @, then ¢* solves the problem

max /¢fm+1d,u s.t. /¢fjdﬂ§@j,j:1,...,m.

¢:X—[0,1]

4. Let ® denote the set of all tests ¢ : X — [0,1]. The set

C:z{(/qbfldu,...,/d)fmd,u) :¢e<1>}

is a closed and convez subset of R™. If (..., ) belongs to relint(C), the relative interior
of the set C, then there exist constants ui,...,u, € R and a test ¢* satisfying (3.3) that solves
(3.2). Moreover, the condition (3.3) is necessary for any solution of (3.2).

3.3.1 Proof of the theorem

1. Note that
sSup /¢fm+1 dﬂ§/|fm+1‘du<oo,

PePa

and there exists a sequence of tests ¢,, such that

[outmsrdn=s sw [ ot dn

PEPq

as n — oo. Then with some standard arguments in analysis and topology, we can show that
there exists a subsequence of tests ¢,, and a test ¢* € ®, such that

[ounsau— [osan

as k — oo for all integrable functions f. Applying the above convergence to f = f,+1 proves
the first claim.
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2. Let ¢* be a test satisfying (3.3). Then for any test ¢ € ®,, we have

/((25* — ) (fm+l — iujf]) dp >0
=1

since the integrand is nonnegative. This implies that

/¢*fm+1d“_/¢fm+1dﬂZguy(/qﬁ*fjdu—/qbfj@) =0

since ¢*, ¢ € ®,. This proves the second claim.
3. This follows similarly.

4. This part is more advanced. We first prove that C is convex and closed; the rest will be proved
later in this section. The set ® of all tests ¢ : X — [0, 1] is convex, and the mapping

oo ([otdn,.... [ ofnan)

is linear. As the image of a convex set under a linear mapping, the set C is convex. To see that
C is closed, suppose that there is a sequence of tests ¢,, such that

(/¢nf1du""a/¢nfmdﬂ) -

as n — oo for a point v € C. It suffices to show that v € C. For this, we again extract a
subsequence ¢, such that [ ¢,, fdu — [¢fdp as k — oo for some ¢ € ¢ and all integrable
functions f. It then follows that v = ([ ¢fidu, ..., [ ¢ fmdu) €C.

To prove the final part of the theorem, we need some preparations. Let

D= {( [onidu.... [ ofndu [ofuridn):oea}.

Similarly, D is a closed and convex subset of R™*!. Fix a = (a1,...,qy,) € relint(C). Define

Crpy1(@) = sup { /¢fm+1 dp: ¢ € (I)a}v Cpt1 (@) := inf { /¢fm+1 dp: ¢ € ‘I)a},

and

c(a) = (e ¢y, 14 ()), (@) = (e, ¢y (@)
By Part 1 of the theorem, c¢™ () € D; similarly, ¢”(a) € D. Then, by the convexity of D, the
segment connecting ¢t («) and ¢ (@) is contained in D. We therefore have the following lemma.

Lemma 3.9. The function C;;_H(Oé) is concave and the function c,, , (a) is convex; in particular,
both are continuous. Moreover, the set D can be represented as

D= U {a} x [C;H(O‘)W;H(a)]-
aeC

Informally, the set D has the set C as its “base”. The “upper” boundary of D consists of graphs
of the concave functions c:rn 4+1(a), a € C, and the “lower” boundary of D consists of graphs of the
convex functions ¢, ,(a), a € C.

We split the rest of the proof into two cases.
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Case 1: ¢ (@) =¢;,,(a) for some « € relint(C). Let us start with the following lemma.

Lemma 3.10. If ¢}, (a) = ¢, (a) for some o € relint(C), then ¢} (8) = c;,,.1(B8) for all
B €C. In this case, cm1(B) := ¢ 1(B) = ¢,41(B) is a linear function and thus can be written
cmi1(B) = (u, B) for some u € R™. Moreover, the set D belongs to a hyperplane in R™*! passing
through the origin 0 € R™+!,

Proof. We only sketch the proof. By the concavity of ¢ +1(B) and the convexity of ¢, ;(8), one
can prove the first claim, e.g., via a contrapositive argument. Since ¢y, +1(3) is both convex and
concave, it is not hard to see that we must have

cmt1(B8) = em1(a) + (u, B — ).

Moreover, the origin is contained in D since we can take ¢ = 0. Setting o = 0 in the above equation
yields
Cm—‘,—l(ﬁ) = Cm+1(0) + <U,6> = <U,B>7

finishing the proof. O

Any test ¢ € ® corresponds to z € D via the relation z; = [ ¢f; du. By the above lemma, we
have z,,,4+1 = E;”:l ujx;j for some v € R™. It then follows that

/¢fm+1dM=/¢- (iujfj) du
j=1

for any ¢ € ®. Therefore, we must have fp,11 = Z;”Zl u; f; almost everywhere, and the condition
(3.3) holds trivially.

Case 2: ¢, 4(a) < ¢, (@) for all o € relint(C). In this case, there exists a hyperplane H in
R™*! passing through the point ¢ (a) such that the set D lies on one side of H and that H does
not intersect relint(D). In other words, there is a vector w = (u,\) € R™! for u € R™ and A € R
such that

H={zc R™": (z,w) = (c"(a),w)}

and

(z,

z,w) > (¢t (a),w) forz €D, (3.4a)
(z,w) > (c"(a),w) for z € relint(D). (3.4b)
We claim that X\ # 0. To see this, suppose that A = 0. Then H is orthogonal to the hyperplane

containing C, so H contains the segment between c¢*(a) and ¢~ («). However, it is not hard to show
that a point in the middle of the segment is in relint(D), which yields a contradiction.

As a result, we can rescale the vector w so that A = —1, let * = (Z, Z;n41), and rewrite (3.4) as
(Z,u) = Ty1 = (o, u) —¢f 1 (a)  for €D, (3.5a)
(Z,u) = Tmy1 > (o, u) — ¢ 1 (a)  for & € relint(D). (3.5b)

Let ¢* € @4 be a test maximizing [ ¢ fmi1 dp. Then we have ¢, 1 (a) = [ ¢* fnq1 du. For
o= @an) = ([ofidu., [ofndu, [6fmrdn) €D
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where ¢ € ¢, we can further derive from (3.5) that

JE S8y dit = ) — (01) > s — (o) = [ o(fmer - S ) do
j=1

Jj=1

for ¢ € ®. For this, it is necessary and sufficient that ¢* satisfies (3.3).

3.3.2 Application to two-sided testing

For 8 € © C R, let X be from an exponential family with density

po(x) = de) exp (9 T(:n)) h(x)

for x € X, where T'(z) € R, h(z) > 0, and

Z(0) = /Xexp (0T () h(z)du(z) < oo.

Note that Z(0) is a convex function, so we may assume that © is an open interval in R. Here T'(X)
is known as the sufficient statistic of this exponential family. We assume that the function T'(x) is
not constant to avoid the trivial case.

Recall that there is no UMP test for the two-sided testing problem between Hy : 6 € ©¢ = [0y, 62]
and Hy : 0 € O = [01,02]°. In this case, we may instead seek an unbiased test ¢ whose power
function f,4(0) satisfies B4(0) < a for 6 € Oy and B4(0) > o for § € ©1. Let us now consider a
more ambitious goal.

A test ¢* : X — [0, 1] is called a uniformly most powerful unbiased (UMPU) test at significance
level « € (0,1) for testing Hy : 6 € ©Og against H; : § € Oy, if it is unbiased and satisfies
Bs+(0) > By(0) at all § € ©1 for any unbiased test ¢ at significance level a.

Any UMP test is UMPU, but the converse is not true. We have the following result which is a
consequence of the generalized Neyman—Pearson lemma.

Theorem 3.11. Let Py denote the exponential family defined above. Let X ~ Py. For 01,05 € O,
01 < 02, and o € (0,1), there exists a UMPU test ¢* at significance level o for testing Hy : 6 €
[01,02] against Hy : 0 & [01,02]. Moreover, ¢* satisfies

(@) = {1 if T(2) ¢ [r1,72), 56)

o if T(x) € (11,72),
for constants T, € R.

Proof. In the case of exponential family, the power function 34(6) is continuous for any test ¢.
Therefore, if ¢ is unbiased, then 34(61) = B4(02) = a. Moreover, we have 34(6) = fX ¢ pgdp. Fix
0’ > 605, and consider the following optimization problem:

mgX/(/ﬁpef dp st /¢p91 du—/¢p92 dp = a,

where all the integrals are over the sample space X.
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We will use the generalized Neyman—Pearson lemma to show that the above problem has a
solution ¢* of the form:

¢ (z) =

1 if py (1‘) > Uu1pe, (l‘) + u2pe, (.1‘),
0 if py(z) < wipg, (z) + u2pe, (),

for certain constants u; and uy. To this end, it suffices to check that («, @) is in the relative interior

of the convex set
¢={( [ omdu [omdu):oca)

where ® denotes the set of all tests. We may assume that py, # py,. By considering the power B}F
of the most powerful test at significance level « for testing Hy : 0 = 01 against Hy : 0 = 05, we see
that (a, 1) € C where 8% > «. Similarly, considering the least powerful test gives (a, 3L) € C for
Bl < a. Swapping 6; and 6, yields (8%, a) € C where 8} > a and (8%, ) € C for 8% < a. Then
the convexity of C guarantees that (o, «v) is in the relative interior of C.

Next, note that the condition pgy/ () > u1pg, () + uapg, (x) is equivalent to

L o) UL g7y, U2 9,T(x)
—e > ——e€ + ——€"? . 3.7
20 Z01) 2005) 37

We now split the proof into several cases:
e u; <0 and ug <0: The condition (3.7) always holds, so ¢*(x) = 1 and the test is not unbiased.

e u; > 0 and ug < 0: The condition (3.7) can be rewritten as

U2 (9,6,)T(x) L —e0r@) o W
e + e > .
Z(62) Z(0") Z(61)

The left-hand side is an increasing function in 7'(x), so the region of rejection of ¢* is determined
by T'(x) > ¢ for a constant c. However, as we have seen in Theorem 1.2, such a test is known to
have a strictly increasing power function and cannot satisfy By« (01) = Bg+(02) = a.

e u; > 0 and ug > 0: Rewriting the condition (3.7) as

UL (0—0)T(@) L (0—0)T(x) o Y2
e + e > ,
Z(01) Z(0") Z(62)

we can use a similar argument to show that this is impossible.

e u; < 0and uz > 0: In view of the above reformulation of the condition (3.7), since the left-hand
side is convex, the test ¢* must be of the form (3.6).

A similar analysis can be applied to maximizing the power at 6§’ < 61, and also to minimizing
the power at 6’ € (61,602). The conclusion is that ¢* of the form (3.6) maximizes the power outside
[01,62] and minimizes the power inside (61, 63) subject to the constraints that the power is equal
to a at #1 and 0. This shows that ¢* is the UMPU test at significance level a.
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There was a caveat in the above analysis: For different ¢, the constants 71 and 75 might not be
the same, so ¢* is not well-defined. However, this is not a problem. It can be shown that we may
take

1 if T(.T) ¢ [7’1,7’2],
* o il if T<I) =T,
¢"(z) = vo if T(z) = 7o,
0 it T'(x) € (11, 72),

for constants v1,v2 € [0, 1]; furthermore, the constants 71, 72, 71, 2 are determined by the constraint
B+ (61) = By (62) = a (and thus do not depend on 6'). O
3.3.3 Testing equality

We continue to consider the exponential family defined in the last subsection. The testing problem
between Hy : 0 = 0y and Hy : 0 # 0 is the limiting case of the two-sided testing problem above,
with 81 = 0y = 6y. It is possible to develop a UMPU test for this problem, where the power function
satisfies B4(0p) = o and S5(0p) = 0. The power function is differentiable for any test in the case
of one-parameter exponential family, so the condition 5&,(90) = 0 is a consequence of the fact that
Bg(0) is minimized at §y. The following identity holds.

Proposition 3.12. For any test ¢ and any 0 € ©, we have
By(8) = Covp (¢(X),T(X)).

Proof. We have

B5(0) = /¢pe dp

_dg/¢($)

exp (07 (x)) h(x) dpu(x)

= [ 6 S5 exp (07(@) ) dute) — [ 60) 05 exp (97(0) hie) duto)
B 7'(0)
)
_ 20
= Eg[o(X) T(X)] 70 [¢(X))].
Moreover,
Z/((g)) = ZEH) . diﬁ /exp (0T (x)) hiz) dp(z) = sz /T(w) exp (0T(z)) h(z) du(z) = By[T(X)].

It follows that

B4 (0) = Eolp(X) T(X)] — Eg[T(X)] Ep[¢(X)] = Covp (¢(X), T(X)).
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Therefore, the condition 3, (6y) = 0 is equivalent to saying that ¢(X) and T'(X) are uncorrelated
for X ~ pg,. In addition, if 54(6p) = Eg,[¢(X)] = «, then

Eg, [¢(X) T(X)] = a g, [T(X)]

or
/¢Tp90 dH:a/Tpeo dp.

To find a UMPU test at significance level o, we can solve the following optimization problem for

0 + 6y:
wax [opdn st [omdu=a. [oTmdn=a [Tp,dn

A similar analysis based on the generalized Neyman—Pearson lemma yields a UMPU test of the
form
1 if T(x) ¢ 11,72,
. v it T(xz) =11,
oay=q 0 BT
vo if T(z)

0 if T(x) € (11, 72),

= T2,

where the constants 1,72 € [0,1] and 71, 72 are determined by the constraints in the above opti-
mization problem. The conclusion is stated as the following theorem.

Theorem 3.13. Let Py be a one-parameter exponential family, where 6 belongs to an open interval
© CR. Let X ~Py. For 6y € © and o € (0,1), there exists a UMPU test ¢* at significance level
a for testing Hy : 0 = 0y against Hy : 0 # 60y. Moreover, ¢* can be taken to have the above form.

We conclude this section by revisiting the one-sided problem of testing Hy : 6 < 0y against
Hy : 6 > 6y. Note that the one-sided test ¢ based on a statistic 7(X) can be viewed as an
increasing function of T

1 ifT >,
o(T)=qy HT=r,
0 ifT <,

where v € [0, 1]. Then we can show that such a test ¢ does not satisfy Cov(¢(T"),T") = 0 using the
following result.

Proposition 3.14. Let T be a real-valued random variable, and let ¢ : R — R be an increasing
function. Then we have Cov(¢(T),T) > 0. Moreover, the inequality is strict unless ¢(T') is constant
almost surely.

Proof. Since T — IE[T] is a random variable and ¢(T) — E[¢(T")] is increasing in T — E[T], we may
assume without loss of generality that E[T] = 0 and E[¢(T)] = 0. Then we have

Cov(6(T), T) = /]R o(t) - LdP(t) = /}R (6() — 6(0))tdP(1),

since [ tdP(t) = 0. As ¢(t) is increasing, the integrand is nonnegative everywhere on R. The
conclusion follows. O

Consequently, we have confirmed that the one-sided test is not UMPU for testing equality.
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3.4 Testing in higher dimensions

So far, our discussion has mainly focused on the case where the parameter 0 is real-valued. Let us
now consider testing in higher dimensions.

3.4.1 Multivariate exponential family
We start with a technical lemma.

Lemma 3.15. Let U be a random vector in R and T be a random vector in R™. Under H; for
i=0,1, let P; be the joint distribution of (U,T). Let Q; be the marginal distribution of T. Let R;;
be the conditional distribution of U given T = t. Let the corresponding lower-case letters denote
the densities of the above distributions. Suppose that

pi(ut) _ a(u

for functions a(u) > 0 and b(t). Then we have

q(t) B rie(u) a(u)
o) " b(t)Eola(U) | T =t], rolw) ~ Fofa(0) | T =4 (3.8)

Proof. For any B C R™, we have

P1{T € B} = Eo[1{T € B} a(U)b(T)]
—Eo | Eola(U) | T]- 1{T € BY(T)

_ /B b(t) Eola(U) | T = 1] qo(t) dt.

so the first equation in (3.8) holds.
Moreover, for any C' C RY, we have
P{T € B, UecC}=Eo1{T € B,U € C}a(U)b(T)]
::EO{EOM{UKEC}a@U|T14NT%§B}MTﬂ

_ /B ( /C () ro () du) b(t) qo (t) dt

q(t)

:A(/Ca(u)m(u) du) Eoath (7=

where the last equality follows from the first equation in (3.8). On the other hand, we have

PUT € B, U € C} :/B(/Cm(u) du) (1) dt.

The above two displays together imply that

rig(u) =
proving the second equation in (3.8). O
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Next, consider an (¢ 4+ m)-parameter exponential family on R™ with densities
Poy(x) = h(z) exp <0TU(;C) +0 T(x) — A0, n)), z € R, (3.9)
where 0, U(z) € R* and 7, T(z) € R™. The following result gives the marginal and conditional
distributions of the sufficient statistics U and T'.
Proposition 3.16. If X ~ py,, then there exist measures \g on R™ and vy on R? such that:

o With 0 € R! fized, the marginal distributions of T form an m-parameter exponential family
with densities

qo,n(t) = exp (nTt —A(0, 77)), teR™,
with respect to the measure \g.

o The conditional distributions of U given T =t form an {-parameter exponential family with
densities

r9.+(u) = exp (HTu - At(9)>, u € RY,

with respect to the measure vy for some function Ai(0). In particular, these densities do not
depend on n € R™.

Proof. Let wp, denote the joint distribution of (U,7T") under pg,. Fix parameters 6y and 79. Then

w
o _ Pon _ oy ((e —00)Tu+ (n—mno) "t + A(6o,m0) — A(8, n))-
Woy,mo Pbo,no

By the first equation in (3.8),

m = exp <(77 —10) "t + A(fo, m0) — A6, 77)) /eXp ((9 - 90)Tu) ron.e(u) du

—exp (0t = A(6,m)) / exp (8= 60) " =g t + A(6,m0) ) 794,4(u) du.

Therefore, qg,(t) is of the desired form once we take Ay to be the measure such that

1 / . .
= | exp ((0—00) u—ngt+ Albo, T6o,(u) du.
00,10 (1) (( 0) Mo (6o ?70)> 60,t(w)
Moreover, by the second equation in (3.8),
) exp ((0 — 6p) ")

roca@) = Toxp (@ = o) rpafaydw ~ P (070 4 exp(=67w),

where
A (0) = log/exp ((6— GO)Tw) Tyt (W) dw.
Then rg(u) is of the desired form once we take v; to be the measure such that

1

= exp(—0] u).
Teo,t(u) P( 0 )

This completes the proof. O
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3.4.2 UMPU tests in higher dimensions

Suppose that we observe data X from a full-rank exponential family with density (3.9), where § € R
(i.e., £ =1) and n € R™. We now derive tests by conditioning on 7. By the above proposition, the
condition distribution of U given T = t is from a one-parameter exponential family. According to
the theory that has been developed, a UMP conditional test for Hy : 0 < g versus Hy : 6 > 6 is
given by

1 if U > ¢(T),
01 (X) =¢~y(T) ifU=c(T),
0 if U < ¢(T),

where ¢(-) and () are determined by the constraint
Egypnlo1 | T =1] = a.

Moreover, for Hy : 0 = 6y versus Hy : 0 # 0y, a UMPU conditional test is given by

1 if U ¢ [e1(T), c2(T))°,
_ (@) iU =e(T),
$2(X) o(T) if U = eo(T),

0 if U € (e1(T), c2(T)),
where ¢;(+) and 7;(-), i = 1,2, are determined by the constraints
Egyylg2 | T =1 =,  Egylo2U | T =t] = aEgy[U | T =1t].

Theorem 3.17. The tests ¢p1 and ¢o are UMPU at significance level a for their respective testing
problems.

Proof. We provide a sketch of the proof. Consider the test ¢1. Since Eg, ,[¢1 | T] = «, we have
Egyn[¢1] = o. In addition, the conditional power function Eg,[¢1 | T] is increasing in 6, so
the power function [Eg ,[¢1] is also increasing. It follows that ¢ is subject to significance level a.
Moreover, let ¢ be an unbiased test so that g, ,[¢] = a. Using the completeness of the exponential
family with respect to T', one can show that in fact g, ,[¢ | T] = . Since ¢ is UMPU conditional
on T', it holds that Eg ,[¢1 | T] > Eg,[¢ | T] for any § > 6. We then obtain Eg,[¢1] > Eqg ,[¢] for
any 6 > 6y. Therefore, ¢; is UMP among all unbiased tests, i.e., it is UMPU.
Next, consider the test ¢5. Recall that

1= [ pogfa) due) = [ o) exp (57U(x) + 07 T(@) — A(6.1) du(o),

Al — /h(m) exp (HTU(z) + nTT(m)) du(x).

Differentiating both sides with respect to 6 yields

LA 0A(0, )

S = [0 h) exp (570G +07T@) duto).
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As a result, we obtain

Moreover,

220000 [ o) s pafe) )

= [ 6@ (@)~ m(O.0)) iy () A
=By [0 (U —m(0,n))].
If ¢ is unbiased, then Fy, ,[¢] = a and
0 = Eoyy [0+ (U = m(00,m))] = Bao 6 U] — am(Bo,n) = Egy (6 — a)U]

By completeness again, the above equation holds even if the expectations are taken conditionally
on T, i.e.,
EBO,WM) | T] = q, Eeo,n[¢U | T] = O‘EGO,W[U ‘ T]'

Under these constraints, we know that ¢ is UMP conditional on T
Egylp2 | T] > Egple | T

Therefore, we can conclude that Eg,[¢2] > Eq (0], i.e., ¢2 is UMPU. O

3.4.3 Application to the t-test

Let us apply the general theory to the t-test for Gaussian means. Suppose that Xi,..., X, are
i.i.d. N'(u,0?) random variables where p and o2 are unknown. Consider testing Hy : 4 < 0 against
Hiy : ;o> 0. The joint density of X = (X1,...,X,) is

1 p<—2¢ﬂm—u)>

jz 1 nu?
e 53 U(x) T(z) — o — nlog g)

(27r)n/2 oxp (ﬁ - 202 20
where U(z) = > ¢ ;2; and T(xz) = >_i; 22, This is of the form (3.9) with § = p/o? and n =
—1/(20?). By the above general theory, a UMPU test is

1 iU > 1),
MXy_{o if U < ¢(T),

where ¢(-) is chosen so that
Po{U >¢(T) | T} = a.

It is intuitive and can be shown rigorously that X conditional on T" =t is uniform over the sphere
{z € R" : ||z||2 = Vt}. Hence X/+/T is uniform over the unit sphere in R”. Let Q denote the
distribution of U/v/T = 17 X/V/T, and let q, denote the (1—a)-quantile of Q. Define ¢(T) := qoV'T.
Then the above constraint is satisfied.
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This UMPU test is in fact equivalent to the t-test for Gaussian means:

1 if /nX/S>tan1,
o(x) = | b VIS 2 e
0 if \/HX/S < tmn,l,

where tq ,—1 is the (1 — a)-quantile of the t-distribution with n — 1 degrees of freedom. To see the
equivalence, note that the test statistic in the t-test is

X  U/n
S/ S/vn’
where ,
1 O . 1 < noo T U
2= X, - X)? = X} - —X?= — :
5 anZ;( ) nliZ; on—1 n—1 nn-1)

Thus we can rewrite the test statistic as

X _ U/n _vn-1 sign(U)
SV T =0 m)]n-1) /a0 -1

which is a strictly increasing function in U/+v/T. Thresholding

%;/ﬁ is therefore equivalent to
thresholding U/ VT provided that the two tests both have power a under Py. We conclude that
the t-test is UMPU.
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Chapter 4

Large-sample theory

4.1 Hellinger distance and testing errors

4.1.1 Definitions and properties

Let p and ¢ be two densities with respect to a measure p on the sample space X, identified with
their respective distributions. Define

H?(p,q) :Z/(\/f)—\/@)zdu-
X

Then H(p,q) = \/H?(p,q) is called the Hellinger distance between p and ¢. Since [p =1, we can
think of |/p as a function with unit norm in the Hilbert space L(p). Then H(p,q) is the natural
Lo-distance between /p and ,/q. Moreover, we define

A(p,q) = /X VPa dp,

which is called the Hellinger affinity between p and ¢. In other words, A(p, q) is the cosine of the
angle between ,/p and /g in the space La(p). The following properties hold:

o H%(p,q) =2(1— A(p,q));

e 0<A(p,qg) <14

o 0< H*(p,q) <2

e H?%(p,q) = 0 if and only if A(p,q) = 1 if and only if p = ¢ p-almost everywhere;
e H?(p,q) = 2 if and only if A(p,q) = 0 if and only if pg = 0 p-almost everywhere.
Furthermore, define

1
TV(p,q) = 2/9« lp — q| du,

which is called the total variation distance between p and q. Here we view a density p as a function
with unit norm in L; (). Up to a factor 2, the total variation distance is the natural L;-distance
between p and gq.
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Proposition 4.1. We have

H?(p, q)

TV(p,q) < H(p,q)\/1 - 1

Proof. By the Cauchy—Schwarz inequality, we have
) 2 i 2
A(p,q)” = ( / \/pqdu) = ( / v/min(p, q) - max(p, q) du)

< ( / min(%QMﬂ)( / maX(p,q)du)
_(/p+q—2!p—q!du)(/erq%-Q!p—q!du)
- (1;/|pq|du)<1+;/|p‘ﬂd#>

—1—(2/!p—q!du) =1-TV(p,q)".

It follows that
TV(p,q) < V1-Ap,q)2 = /1— Alp,q) V1+ Ap,q)

_ \/HQ(;?,q) \/2_ HQ(;%q) i1 - HQZW)'

4.1.2 Bounding errors in hypothesis testing

Consider a simple hypothesis testing problem between Hy : X ~ pg and Hy : X ~ p;. The Hellinger
distance between pg and p; is closely related to the errors in this testing problem. For a test ¢, let
ag = Eol¢] and B4 := E1[¢]. Then max(ay,1 — By) is the maximum of the expected type I and
type II errors. We now bound this quantity using the Hellinger distance.

Proposition 4.2. Let L(X) := p1(X)/po(X) be the likelihood ratio. The likelihood-ratio test

1 ifL(X)>e¢
su(xy= L T (a1)
0 fL(X)<e
satisfies
_ H?(po, p1)
max(ag,,1 = B.) < max(ve, 1/v/e) A(po, pr) = max(ve,1/v/e) (1 - =22,
Proof. We have
L(X) 1 P1 1
=P{L(X)>c} <E < A oody = — A ,
ag, = Po{L(X) 2 ¢} < Eoy/ — _ﬁ/,/popo n= (po,p1)
Similarly, one can show that
1 — By, < Ve Alpo,p1),
finishing the proof. O
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On the other hand, we can prove a lower bound complementing the above upper bound.
Proposition 4.3. Let @ denote the set of all tests based on the observation X. We have

H2(po,p1) )

. 1 1
inf max(og, 1 — By) > 5(1 — TV(POJH)) > B <1 — H(po,p1)\/1 — 1

peDP

Proof. For any test ¢, we have

1 1 1 1 1
max(a¢,1—ﬁ¢)22(a¢+1—ﬁ¢):+2(a¢—ﬁ¢):2+2/¢-(p0—p1)d,u.

2
To minimize the right-hand side, we take the likelihood-ratio test ¢; defined in (4.1), which gives
1 1
max(a¢, 1-— 5¢) > 5 — 5 (pl _pO) du-
P12P0

Since [ podp = [p1dp =1, we have

1
/ (p1po)du=/ (pop1)du=2/!pop1|du.
P1>P0 Po>p1

1
2max(ag, 1 — fBy) > 1 — 3 / |po — pildu =1 —TV(po, p1).

It follows that

Applying Proposition 4.1 then completes the proof. O

4.1.3 Tensorization and large-sample analysis

Let 1™ denote the product measure p X --- X g on the space X™ = X x --- x X. Let p(™ denote
the product density on X" defined by

P (@1, wn) = pla1) -+ plan).
Proposition 4.4. For any densities p and q and any integer n > 1, we have

H?(p,g)\"
Ap™, ™) = A(p,q)",  H*(p™, ™) = 2(1 - (1 - (2pq)) )

In particular, if A(p,q) < 1 or equivalently H?(p,q) > 0, then we have A(p™,q™) — 0 and
H?(p™, ¢™) = 2 as n — oo.

Proof. We have

A" = [ o @) @) dn @)

:/.1/Vwmm@gmm%m@mwuummmm=Am@@
X X

Moreover,

H2(p™, q™) = 2(1 = A(p™,¢™)) = 2(1 - A(p,)") = 2<1 -(1- =22
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The above property is known as tensorization. We now discuss the consequence of tensorization
in hypothesis testing.

Given two densities p,, and ¢, with respect to p on X’ (that are allowed to depend on n), consider
testing Hé”) ciid. Xq,..., X, ~ pn against H{n) cidd. X1,..., Xn ~ gn. A sequence of tests ¢
is called consistent if

agm — 0 and By =1 asn — oc.

Proposition 4.5. Let
L Qn(Xl) U Qn(Xn)

o pn(Xl) T 'pn(Xn)
be the likelihood ratio between the product densities. For any ¢ € (0,00), define

L,(X1,...,Xpn)

1 if Lo(X1,...,Xn) > ¢,

(X1, .00, X,) =
¢ (X5 Xn) {0 if Ln(X1, ..., Xp) < c.

Then we have
max(a¢£n), 1- ﬂ(b@) < max(v/ec,1/v/c) A(pn, qn)"
As a result, if H(pn,qn) > b for a constant b > 0, then the sequence of tests ¢§”) 158 consistent.
Proof. This follows immediately from above results. O
Next, we turn to the case where
Op := H(pn,qn) =0 asn — co.
Theorem 4.6. 1. If \/nd, — co as n — oo, then there exists a sequence of test ¢™ such that

max(Qym, 1 — Bym) =0 asn— oo.

2. If \/nd, < B for a constant B > 0, then there exists a constant b > 0 such that

e B>
1%H;g.}f;glf>ma><(a¢<>,1 Bsm) > b,

where the infimum is taken over all test ™ based on the observations X1, ..., Xn.
3. If \/nd, — 0 as n — oo, then

lim inf inf max(aym), 1 — Bym) = 1/2.

n—oo ¢(n)

Proof. For the first claim, consider again the test (4.2). Then we have

2

da\™
max(a¢£7L>, 1— 5¢§")) < max(v/c, 1/v¢) A(pn, qn)" = max(v/c,1/1/c) (1 - ?> ,
since A(pn,qn) =1 — M. The above bound goes to 0 as n — oo if \/nd, — oo.
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For the other two claims, we apply Proposition 4.3 to obtain

: 1 2 gl")’ %n)
inf max(age, 1= fym) 2 5 <1 —HR, q,g“>)\/ - @4q> >

By tensorization, we have

H* (P, (M) = 2(1 —~ (1 - W)n> = 2(1 - ( — 55)”)

If \/nd, < B, then (1 — %)n > (1 — %)n, which is lower bounded by a positive constant for all

large n. Therefore, H 2(p£Ln), q,(l")) is bounded away from 2 for all large n. This in turn yields the

second claim. ,
Finally, if \/nd, — 0 as n — oo, then (1 — %”)n — 1, H2(p£1n),qr(1n)) — 0, and the third claim
follows. ]

4.2 Revisiting likelihood-ratio tests

4.2.1 Setup

Let X1,..., X, be ii.d. observations from the distribution with density pg« where 6* € ©. The
likelihood function is

The maximum likelihood estimator (MLE) is

0 := argmax Ly (6).
0cO

Consider the composite hypothesis testing problem between Hy : 0 € Oy and Hy : 6" € Oq,
where ©g C © and ©; = © \ O¢. In this case, we can define the likelihood ratio to be

Suppee, Ln(0)
SuPgee, Ln(0)
Let the MLEs under Hy and H; be

0o := argmax L, (6), 0, := argmax L, (0),
0€Bg 0€©,

respectively. Then the likelihood ratio is

L(6) Py, (X1)---pg, (Xn)
La(By) Py, (X1) -1y, (Xn)

The log-likelihood ratio is




Moreover, it is often more convenient to study a modified version of the log-likelihood ratio

L L0 - 5 (X
Ay i 2log Pz Lnl0) gy Lal0) 5~ po(XD)
SuPgeo, Ln(0) Ly, (00) i=1 Pg, (X3)

It is not hard to see that )
A, = 2max{A,,0}.

Similar to the cases discussed before, we will reject the null if A,, exceeds a threshold c¢. More
precisely, at significance level a € (0,1), we would like to have

Pyg«{A, > c} <a forall 8" € Oy.
This is more difficult to achieve than before because we now have a composite hypothesis. However,
we will show that under certain models, the asymptotic distribution of the log-likelihood can be
characterized for 8* € O, allowing us to overcome the aforementioned difficulty.

4.2.2 Examples

Before introducing the general theory, let us discuss two simple examples.

Gaussian Let X ~ N (6%, 1;) where 0* € © C R%. The likelihood is

1 —1IX — 0]I3
(2m)d/2 eXp( 2 )

L(0) =
and the log-likelihood is
d 1
log L(6) = — log(2r) — 31X — 0]3

Therefore, the MLE is R
= argmin | X — 0|3 = e X,
0cO

where IIg denotes the projection of X onto the set ©. If O is closed and convex, then the projection
is well-defined. Then we have

. d 1
log L(0) = —3 log(2m) — 5 dist*(X, ©),
where dist(X, ©) denotes the fo-distance from X to the set ©. It follows that
L(9)
L(bo)

A =2log = dist?(X, ) — dist*(X, ©).

Consider the special case where © = R% and Oy is a subspace of R¢ of dimension k < d. In
this case,
A= di5t2(Xa 60) = HH@(J)-XH%v

where G)é‘ denotes the orthogonal complement of ©y. Under Hy : § € ©g, we have
A = [Ty (6" + 2)[13 = oy Z13 ~ X3

where Z ~ N(0, I;). Therefore, the distribution of A does not depend on 6* € ©¢. To obtain a test
at significance level «, we can choose ¢ to be the (1 — a)-quantile of X?l— . and reject Hy if A > c.
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Multinomial Let X = (X,..., X)) be from a multinomial distribution with parameters n > 1
and 6* € O, where the parameter space is the probability simplex

k
0= {9: (O1,...,0,) : 0; >0 for i € [k], Zei:1}.
i=1
The likelihood is |
. n. X X
The MLE is
A n!
f = argmax <log7 + Xilogby + - -- +Xklog0k>
9o Xl X!
= argmin ( — Xilogby — - — Xi log&k)
0cO
:argmin (élogM—F“-—i—&logM).
0cO n 01 n Hk

For 6,0" € ©, the Kullback—Leibler (KL) divergence between 6’ and 6 is defined as
k o
KL(¢',0) := 0;log ~.

Then we have

0 = argmin KL(X/n, 6),
fco

where X/n = (X1/n,..., X;/n) is the vector of frequencies. Moreover, it is not hard to use Jensen’s
inequality to show that
KL(#',0) >0

with equality achieved if and only if § = ¢’. As a result, we see that =X /n.
For a subset ©g C O, we have

6y = argmin KL(X/n,0) = argmin KL(é, 0).
[ZS(SH) 0€0Og

The modified log-likelihood ratio is

~

A k k

L,(0) 0; -

A, = 2log ~ :25 XilogA—:2n§ 0; log
Ln(6o) = (6o): =

Oi _ 0nKL(@,00) = 2n inf KL(G, 0).
(90)1 96@0

Consider the special case ©g = {89} where 8(9) has positive entries. Then

k . é k . é _9(0)
Ap =21 :Oiloge(—é) =2n) 6;log <1+9(0)>
=1 7 =1 ]

7

The Taylor expansion gives
2

log(1+z) =12 — % + 2% r(z)
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where r(x) — 0 as x — 0. Moreover, we have

6= 01" = Oy(1/v/n)

where Op, means having an order in probability as n — co. Combining these facts gives

0, — 00N\ 0, -0 176, —0"\?
)= 5 () e

k j (0) k 7 0)\ 2
-0, — 0 ~ (0; —0
A, = QnZGi 9(0; —n 91»( ; o ) +0,(1)
i=1 i i=1 i
k (0) k (0)y2 k a (0)\2 k4
_ (0)91_91' (92_91 ) (Qi—gl ) (0; —
=2n 0; 0(0) + 2n ©) -n 0(0) -n Z
=1 i i=1 q =1 7 i=1
k4 (0)y2
0; — 0,
=n)y_ ( -0 S op(1)
=1 i

The main term is in fact the same statistic used for the goodness-of-fit in Section 2.4.1. We can
show that it converges to X%-r Therefore, the likelihood-ratio test is asymptotically equivalent to

Pearson’s chi-squared test in this case.

4.3 Asymptotic theory for likelihood-ratio tests

Let us first introduce the Kullback—Leibler (KL) divergence more generally. The KL divergence

between probability distributions with densities p and g is defined as

p(X)

KL(p,q) :==E,lo .

Proposition 4.7. For any densities p and ¢, we have

KL(p,q) > H*(p,q).

Proof. Since logx < 2(y/x — 1) for > 0, we obtain

9(X) a(X)
log 255 < 2(y 500~ 1):

Therefore,

—KL(p, q) = Eplog a(X) < Q(Ep ]qggi—l) 22(/\/17qdu—1) = 2(A(p,q) —

p(X)
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4.3.1 Consistency of the MLE

We continue to use the same notation as in the previous section. Recall that the MLE is

i 1N
0,, := argmax L, () = argmax — Z log po(X;).
0co be®0 T

Suppose that Eg« | log pg(X)| < oo for all §,0* € ©. Then by the strong law of large numbers,
1 n
- > log py(Xi) — - log pp(X)
i=1

almost surely as n — oo. Moreover, we would like

0" = argmax Eg- log pg(X). (4.3)
0cO

To guarantee this, note that

Eg- log pg+ (X)) — Eg- log pa(X) = KL(pg+, po) > H*(po~,pp)-

Therefore, if the model {pg : § € O} is identifiable, i.e., H?(pg,per) > 0 for any distinct 6,6’ € ©,
then 0* is the unique maximizer in (4.3). Furthermore, under some regularity assumptions of the
model, we can show that

0, — 0*

in probability or almost surely as n — oo, in which case we say that the MLE 0,, is consistent.

4.3.2 Asymptotic normality of the MLE

We now briefly discuss a more refined property of the MLE 6,, called asymptotic normality. Suppose
that © is an open subset of R%. Suppose that the model {pyg : § € O} is quadratic mean differentiable
(QMD) at 6 € O, i.e., there is a function vy : X — R such that

| (vawmn = Vi) = o), = ollnl)
as ||h]l2 — 0. Informally, for d = 1, this is saying that

i VDPo+h — /Do
m--——
h—0 h

0
:w97 %\/179:1/167

and furthermore,

o  _ 0 _ 2
2070 = 24/ Yy, %bgpe = n

The Fisher information matrix is defined as

1(0) == Eq [(;logm) (aaelogpe)q = 4/X¢91/10T dp.
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Define the log-likelihood ratio process as

Hz 1p9+f n
n
[[i1 po(X im1

Zn(0;u) :=log (10gpe+ uw (X)) — IOgPG(Xi)>7

where u € R? and 6,6 + % € O. Then we have

{i, := argmax Zp, (0%; u) = v/n(6,, — 6%).
ueR?

The following result is due to Le Cam (see Chapter 7 of [vdV00]).

Theorem 4.8 (Local asymptotic normality). In the above setting, for any u € R?, we have
1
Zn(0%5u) = u' Yy, (0%) — §UTI(9*) u—+ op(1)

as n — 0o, where

Yo (0) = — zn: 0 1 og po(Xi)

n = \/’TL . 90 gPo(Aq).
Moreover, as a result the central limit theorem,
Ya(6%) =% N (0,1(67))

as n — oo, and for any u € RY,

Zn (6% 1) N u'1(6%)V? 7 — %uTI(H*)u

as n — oo, where Z ~ N (0, 1,).
The following heuristic derivation then yields the asymptotic normality of the MLE O,:

Vn(0, — 0*) = i, = argmax Z, (0%; u)
ueR4

1
L argmax (uTI(Q*)l/QZ — —u'I(0%) u)
u€R4 2

1
— 1(6*)"Y/2 argmax (UTZ - f||vH§)
veR4 2
1077127 ~ N(O,1(6%) 1),
provided that I(#*) is invertible, so we obtain

Vi(f, — 6%) —5 N0, 1(6%)7Y).
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4.3.3 Wilks’ theorem

Let © be an open subset of R% and L be a subspace of R of dimension k < d. Consider testing
Hy:60* € ©N L against Hy : 6* € © \ L. Let 6,, denote the MLE for the whole model and let 6,, o
denote the MLE under Hj.

Theorem 4.9. In the above setting, under some additional regularity assumptions, we have that
forany 0* € ©N L,

Ly(0
A, ::2logM im(?l,k as n — oo.

Ln(en,O)
Proof. We provide a sketch of the proof. Let

G, := argmax Zn (0%; u) = v/n(0, — 0%), lino := argmax Z, (0%;u) = v/n(fn0 — 0%).
ueRA u€eL

Then

_ Ln(én) Ln(0n70) _ *, A~ *, o~
A, =2log D — 2log L0 2(Zn(«9 i Un) — Zn(0 ,Un,o))-

By local asymptotic normality, we have

Zn(0%;u) = Qn(0%;u) + 0p(1),  where Q,(0;u) := u' Yy, (0) — %UTI(H) u.

It follows that

Ay, =2 sup Z,(0%;u) — 2sup Z,(0";u) = 2 sup Qn(0%;u) — 2sup Q,(6%;u) + o,(1).
ucRd ucL ueRd uelL

Furthermore, note that
2Qn(0;u) = [1(0)*Y,(0)[15 — [11(6) 72V, (8) — 1(6)"ul3.
As a consequence,

2 sup Qn(0%;u) = [I1(6%)""/?Y,(67)]3
ucR4

and
2sup Qn (0% u) = [[1(6%) 2V, (07)]13 — inf 11(0%)1/2Y;,(0%) — 1(6%)'/?ull3.
ue

uelL
We therefore obtain
A, = inf 11(07) =Y 2Y,(07) — 1(0%)"ulf3 + 0p(1) = dist® (I(67)/2Y,(67), L) + 0,(1),
ue
where L denotes the k-dimensional subspace I(6*)Y/2L = {I(#*)"/%z : x € L}.
Local asymptotic normality also gives that I(6*)~1/2Y,,(6*) LN (0,14). We conclude that

4., =
Ap -5 dist*(Z, L) = [T, Z]13 ~ X3
where Z ~ N(0, I). -
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4.4 Bahadur’s efficiency and Stein’s regime

4.4.1 Efficiency of likelihood-ratio tests

Given i.i.d. Xq,...,X,, ~ pg, consider testing Hy : 6 € ©g against H; : § € ©; where Oy and O,
are disjoint finite sets. Suppose that we use a test statistic T, = T,,(X1, ..., X,,) and reject Hy if
T, exceeds some threshold ¢t € R. Define a function

an(t) == Gseug) Po{T, >t}
0

which is assumed to be continuous and decreasing. Define ¢, («) to be threshold such that

an(tn(a)) = sup Po{T), > tp(a)} = a.
00

Lemma 4.10. The random variable oy, (T,) is the p-value.

Proof. Recall that in general, the p-value is defined as inf{a : X € Si(a)}, where Si(«) is the
region of rejection of the test at significance level a. Then the p-value for T;, is inf{a : T}, > ¢, () }.
Note that T}, > t,(«) if and only if supycg, Py{T}, > T} < a, where T}, is an i.i.d. copy of T}, and
the probability P} is with respect to 7),. Hence we can write the p-value as

inf {a : sup Py{T,, > T,} < a} = sup Py{T), > T,,} = an(T},).
0€0g 0€0g

Since ay,(+) is decreasing, for 6 € ©¢, we have
]PG{an(Tn) < a} = ]PG{Tn > tn(a)} < a.

In particular, the test that rejects Hy when «,(T},) < « has significance level a.. Next, we would like
this test to be as powerful as possible. In other words, for € ©;, we would like Pg{c,,(T},) < a}
to be as small as possible.

The quality of a test based on T;, can be characterized by the rate of decay of a,,(T,,) as n — oo

at § € ©1. More precisely, given i.i.d. observations Xi,..., X, ~ Py where 6 € ©1, we define
1
By(T) := — lim —loga,(T,)
n—oo N

if the limit exists in probability. This quantity is called the Bahadur slope of the statistic 7;,. The
larger the slope, the better the test. The test that has the largest slope is called Bahadur efficient.
Recall that the log-likelihood ratio is

supgeo, I i1 Po(Xi)

A, = log
" SUPgeo, [ [i=1 Po(Xi)

and the KL divergence between densities p and q is

p(X )]
q(X)

The following theorem characterizes the optimal Bahadur slope using the KL divergence and shows
that the likelihood-ratio test is Bahadur efficient.

KL(p,q) = E, [1og
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Theorem 4.11. In the above setting, let T, = T, (X1, ..., X,) be a statistic. Then for any 0 € Oy,

By(T) < min KL(pg, pgr)
6'€69

almost surely, with the equality achieved for T, = A,.
Proof. We sketch the proof for the case Oy = {#'}. For 6 € ©1, the log-likelihood ratio is

By the law of large numbers,

1 1 & po(X3)
A () == E 1 KL /).
n n( ) n < og p@’(Xz) — (p97p9 )

Take constants B > A > KL(pg, pgr). We have

< " Pyf{an(T,) < e P = MA-8) 0,

Pofon(Tn) < e7"P, A, (0) < nA} = By [1{an(T) < P, AL, (0) < nA} - ()]

Consequently, as n — oo, we have a,(T,,) > e "5 so that

1
——log a,(T,) < B.
n

This holds for any B > ~KL(p9, pe’), so the desired inequality follows.
Moreover, for T,, = A,,, we have

ap(t) = ]Pg/{]\n > t}.
By a union bound and Markov’s inequality,

t) < Z IP@’{A;L > t} < Z IPg/{e n > 6t} < Z e tEg/ A (@ )] = |@1| . eit.

€O, (UG €O,
As a result, a,(A,) < |01]-e —Anand it follows that

1 ~ 1 1 ,

—ﬁlogan(A ) > ——log\®1| + ﬁ - log |©1] + A n(0) — KL(pg, per).
O

4.4.2 Chernoff-Stein lemma
The above result is sometimes formulated in a different way. Suppose that Xi,..., X, are i.i.d.
observations from p under Hy and from ¢ under H;. For a test qb(”), let Qyn) = ]Ep[¢(”)] and

Bpn) = Eq[¢>(”)] as before. Then we define

V, = — lim inf 1 log (1 — B¢(n))

noR g, <a N
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provided that the limit exists. The limit

= lim V,
a—0
is called Stein’s exponent. Note that the quantity V,, is very similar to the Bahadur slope, but
they are different. In particular, V,, is defined as the limit of a sequence of numbers (exponents of
expected type II errors), while the Bahadur slope is defined as the limit of a sequence of random
variables (exponents of p-values). Nevertheless, they are used to describe essentially the same
phenomenon. The following theorem, called the Chernoff-Stein lemma, is similar to the above
theorem about the Bahadur efficiency.

Theorem 4.12. In the above setting, we have

Vo = KL(p7 Q)
for all a € (0,1). Consequently,
V = KL(p,q).
Proof. The proof is similar to that of the above result about the Bahadur efficiency. O

If n is large, the Chernoff-Stein lemma implies that

1
KL(p,q) = Vo = - log (1 = Bym)-

As a result, if we aim for 1 — 3 < e™* for example, then we should take the sample size n to be
approximately m.

4.5 Chernoff’s regime and large deviation

In the last section, we fix the significance level o and study the rate of decay of the p-value or the
type II error. Recall that the decay is of the form e~ where E is an exponent (the Bahadur slope
or the Stein exponent, which is equal to a KL divergence). We now turn to studying the decay
of expected type I and type II errors simultaneously: Suppose that o — 0 at a rate e "0 and
1— 53 — 0 at a rate e ™P1; we aim to find Ey and E;. There is obviously a trade-off between Ey
and F; because we cannot make them large simultaneously. The previous section corresponds to
the case Ey = 0.

Before studying rates of decay of testing errors, we first analyze the tail probability of a sum of
independent random variables in this section.

4.5.1 Chernoff bound

For i.i.d. Xq,...,X,, large deviation theory focuses on obtaining inequalities of the form
1 n
DS S

1=1

where E(7) is the rate function defined by

n—oo N

E(7) = — lim ~logP {iznjx > ’y}.
=1
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The usual Chernoff’s bound does the following: for any A > 0,
P {% ZR:XZ- > 7} =P { exp (Azn:Xi> > eXP(”/\’Y)}
i=1 =1
< exp(—n\7) B | exp (A ; Xi)|

= exp ( —nA\y + nlogE[exp()\Xl)]).

Minimizing this over A > 0 yields an upper bound. (We also need a matching lower bound, which
will be discussed in the next section.)

4.5.2 Cumulant generating function

The key quantity in the above upper bound is
Yx(A) :=log E[exp(AX)]

which is called the log moment generating function (log-MGF) or the cumulant generating function
(CGF) of a random variable X. We now state some facts about the CGF without proofs.

Theorem 4.13. Let X be a non-constant random variable. Suppose that the CGF v¢x of X exists.
Then it has the following properties:

1. The CGF vx is conver and continuous.
2. The CGF x is strictly convex and thus i)'y is strictly increasing.
3. The CGF vx is infinitely differentiable and

, EIX AX B
Px(A) = E[’[eiX]] = e ¥

E[X M.
In particular, ¥x(0) =0 and ¥/ (0) = E[X].
4. If a < X <b almost surely, then a < ¢’y <b.

5. Conversely, if a < 'y < b, then a < X < b almost surely. Therefore, the essential support of
the distribution of X equals the closure of the range of 1.

6. Given n i.i.d. copies of X, let X be the sample mean. The Chernoff bound holds:

P{X >~} <exp(—n(Ay —¢x(N)) for any A > 0.

Next, we define the rate function ¢% : R = R U {oo} as the Legendre-Fenchel transform (i.e.,
convex conjugate) of the CGF ) x:

Uk = s (M = ex (V).

AeR

Theorem 4.14. The rate function V% has the following properties:
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1. Let
a = inf ¥ ()\) = essinf(X), b = sup Y’y (\) = esssup(X).

AER AeR
Then
Ay = x(A) for X s.t. v =95 (A), if v € (a,b),
Vx(v) = —log P{X =1}, ify=a orb,
00, if v ¢ [a, b].

2. The rate function Y% () is strictly convex and strictly positive except that ¥ (E[X]) = 0.
3. The rate function Y% () is decreasing for v € (a,E[X]) and increasing for v € (E[X],b).

4. Given n i.i.d. copies of X, let X be the sample mean. The Chernoff bound implies that, for
~v > E[X], we have

P{X >~} < exp(—n ¢k (7).

We skip the proofs for all but the last statement. For the last statement, by the Chernoff bound,
it suffices to show that

Uk () = sup (A = x (V) = sup (W = vx ().

AeR A>0

To this end, note that the derivative of the objective function with respect to A is v — ¢/ (A).
Recall that ¢’ (\) is increasing and 9 (0) = E[X] < ~. Thus the objective function in the above
optimization problem is increasing for A < 0. The result follows.

4.5.3 Tilted distribution

As a preparation for the following sections, let us formally introduce tilted distributions which have
already appeared above. For a random variable X ~ P and a constant A € R, we define the tilted

distribution Py by

e)\l'

P = B

dP(z) = M ¥xNgp(x).

In other words, if P has density p, then the density of Py is given by py(z) = e’ ¥xNp(z). Tilting
is also called exponential tilting, Esscher tilting, or the Esscher transform. In addition, note that
{pxr : A € R} is an exponential family.

Theorem 4.15. For X ~ P, the tilted distribution Py has the following properties:

1. The CGF of Py is
Va(u) = x (A +u) — ¥x(A).

2. Tilting trades mean for divergence in the following sense:

EA[X] = (V) < E[X] for A <0,
EA[X] = ¢ (\) > E[X]  for A >0,
KL(Px, P) = vk (W (V) = vk (ExLX)).
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3. If P{X < s} >0 and P{X >t} >0, then for any ¢ > 0,

Py{X>s+e} >0 asA— —o0,
Py{X<t—e}—=>0 as\— 0.

4. If X\ ~ Py, then
X, -5 essinf(X)=a as A —» —oo,

X, % essinf(X) =0 as A — oo.

4.6 Information projection and large deviation exponent

In the previous section, we used the Chernoff bound to obtain an upper bound on the large deviation
probability. In particular, the exponent was expressed in terms of the Legendre—Fenchel transform
of the CGF. We now discuss a different method which gives a formula for the exponent in terms of
the information projection.

Theorem 4.16. For i.i.d. Xq,..., X, ~P, let X := %Z?:l X;. Then for any v € R, we have

1 _
— lim —logP{X >~} = i KL(Q,P),
A S logPAX =9} = min  KL(Q,P)

and the same conclusion holds with both > replaced by >.

This theorem is in the same spirit as the Bahadur efficiency and the Chernoff-Stein lemma, and
so is its proof. The optimization problem mingeg KL(Q,P) is called the information projection,
where £ denotes a convex set of distributions.

Theorem 4.17. Suppose that there ezists Q* € € such that KL(Q*,P) = mingeg KL(Q,P). Then
for any Q € &€, we have
KL(Q,P) > KL(Q, Q) + KL(Q", P).

Proof. We may assume without loss of generality that KL(Q,P) < oo, which also implies that
KL(Q*,P) < c0. For A € [0,1], let Q) := (1 — \)Q* + AQ. Assuming densities exist for simplicity,

we have

L@ P) B [L 10 2] -1,

a% KL(Qy,P) = E, [(; log O_A)].M + ;) (q— q*)}.

Since Q* is the minimizer, the derivative at A = 0 is nonnegative. Therefore,

)

(1—-MNg +Aqlog(1—>\)q +Aq}
p

SO

(; log(g + ;) (¢ — q*)]

* *

=B, [log q—} ~ B, [log ‘L}
R p

0<E,
=, :log%} — [, [logq%} — Eg [logqp*}
=KL(Q,P) — KL(Q, Q") — KL(Q", P).

The conclusion follows. O
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To determine the large deviation exponent more explicitly, we need to solve the information
projection mingeg KL(Q, P) where £ = {Q : Eg[X]| > 7}

Theorem 4.18. Given X ~ P, let b = supycp ¥y (\) = esssup(X). The information projection
over {Q : Ego[X]| > 7} satisfies

0 if v < E[X],
3 ' <
min  KL(Q,P) = Ui () ff E[X] <y <),
QEg[X]>y —log IP{X - b} if v =b,
o0 if v>b.

Moreover, if E[X] < v < b, then the minimizer Q is equal to the tilted distribution Py defined by
dPy(z) = exp(Ar — Px () dP(x).

Proof. We assume for simplicity that P and Q have densities p and ¢ respectively.

First case: Taking Q = P gives KL(Q,P) = 0.

Fourth case: We have ¢(z) > 0 and p(xz) = 0 on a nontrivial subset of (b, c0), which gives that
Eq[log 1] = oo.

Third case: If Pp{X = b} = 0, then the situation is similar to the previous case, namely,
q(z) > 0 and p(xz) = 0 on a nontrivial subset of (b, c0).

If P,{X = b} > 0, then P,{X < b} = 1 because otherwise KL(Q,P) = oo by a similar
argument. To have E,[X]| = b, it must hold that P,{X = b} = 1. Therefore, E,[log %] =
log 71%{)1(:[)} .

Second case: Let A be such that v = ¢x(\) = E,[X], where E, is with respect to the tilted
distribution py(x) = exp(Ax — 1x(\)) p(x). Moreover, the first-order optimality condition implies
that Y% (v) = Ay — ¢ x(A). For any Q such that E,[X] > v, we have

q-Px] _ bx
p-p)\} = KL(Q,Py) + E, [log p}
= KL(Q,Py) + E¢AX — ¢x ()]

(
(
> KL(Q, Py) + Ay — x(N)
= KL(Q,Py) +vx(7) > ¥k (7),

where both inequalities become equalities if @ = Py, and the last inequality is an equality if and
only if @ = P,. This not only proves the second case of claim 1 but also claims 2 and 3. O

KL(Q.P) = B, [log

The above theorems combined yield the following result.

Corollary 4.19. For i.i.d. X, X1,...,X, ~ P, let X := 2137 X;. If B[X] < v < esssup(X),
then we have

1 _
S _ > — ¥
Jim —log PAX > v} =9k (7).
In particular, the Chernoff bound is tight.

This result is precisely the reason why the Legendre-Fenchel transform of the CGF is called
the rate function. Moreover, in retrospect, it is not surprising that the Chernoff bound is tight: It
employs the same type of change of measure as in the definition of the tilted distribution, and the
information projection argument shows that the tilted distribution is the best change of measure.

The tool of information projection also has the following more general consequence, called
Sanov’s theorem.
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Theorem 4.20. Consider i.i.d. random variables Xy,..., X, ~ P. Let P = %Z?:l 0x, be the
empirical distribution, where dx, denotes the delta measure (i.e., the point mass) at X;. Let £ be
a convex set of distributions. Then under some reqularity assumptions on P and &£, we have

1 A
— lim —logPP = min KL .
im —log {Pe&} min (Q,P)

n—o0

For example, a sufficient set of regularity assumptions is the following: The sample space X is
a Polish space, and the set £ is weakly closed and has a nonempty interior. We skip the proof.

4.7 Implication of large deviation on testing errors

Recall the setup where we observe i.i.d. X1,..., X, from p under Hy and from ¢ under H;. For
a test ¢, we would like the expected type I error Q) = ]Ep[qﬁ(")] to decay as e ™0 and the
expected type II error 1 — ﬁqb(”) where qu(n) = ]Eq[(b(”)] to decay as e 1. There is a trade-off
between Ey and E7 as they cannot be arbitrarily large at the same time.
Let us define
q(Xi)

p(Xi)

q(X)
T=logt2  Ti=1lo
% p(X) 5

so that the log-likelihood is

(X0)a(Xa)
8 ) ()~ 2T

The CGF of T under p is

%wzm&wﬂa%ﬂmfwmwmm

and the rate function is

Ui(y) = sup (A — ¥,(N)).

AeR
Note that 1,(0) = 1,(1) = 0. Since () is convex, it is finite for A € [0, 1].
The CGF () is related to the Rényi divergence, defined by

gy [(25]) ] = 5 1o [ plePata) > duco

1
A—1 A—1
where A # 1. It can be shown that D) (p,q) > 0, and by L’Hopital’s rule,

. o Eylp/9)M log(p/q)]
31 D) = Jim =g T

D)\(pv Q) =

= E,[(p/q)log(p/q)] = KL(p, q).

Moreover, we have
Up(A) = (A= 1) Dx(q,p) = —=AD1-a(p, ).
This gives another explanation why ,(0) = 1,(1) = 0 and ¥,(A) < 0 for A € (0,1). It follows that
—— = —lim Dy_x(p,q) = — KL(p, q)
A—0

and similarly
(1) = KL(q, p)-
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Theorem 4.21. In the above setting, the best achievable exponents (Ey, E1) are characterized by

Eo(v) =¢,(v),  Ei(v) =¢,(v) =,
where v € [— KL(p, q), KL(q, p)]. Moreover, Ey(7y) is increasing and Ey(7y) is decreasing.

Proof. The idea is to apply large deviation theory to the sum T = %Z?:l T;. First, consider the
likelihood-ratio test ¢(™) which rejects Hy if T > ~ for a constant v € R. Then the Chernoff bound
implies that

aym = Pp{T >~} < exp(—nyy(7))
if
q(X)
p(X)

v > E,[T) =E, [1og } = —KL(p, q).

Similarly, we have B
1= Bym =Po{T <~} < exp(—nyy(v))
if
9(X)

7 < By[T] =By [log 7 55] = Ki(a,p).

It remains to note that
Ya(\) = log Eq[eklog(q/p)] = log Ep[e’\ log(q/p) . (¢/p)] = log Ep[e(Hl)log(q/p)] = hp(A+1)

and so

Ve (v) = sup (M — p(A + 1)) = sup (M - wp(A)) -y =1, (7) — -

Therefore, the exponents Eo(y) = () and E1(y) = ¢,(7) — 7 are achievable.
Conversely, it can be shown that the exponents achieved by the likelihood-ratio tests are in fact
optimal. ]

The above result has the following consequence in the Bayesian setting.

Corollary 4.22. Consider the prior II = Ber(m1) over the two hypotheses for m € (0,1). Let
mg = 1 — m1. Define the optimal Bayes risk as

R, (ID) = Iﬁ}})l (Wo gy + (1 — 5¢<n))>-

Then we have

— lim 1 log R}, (IT) = maxmin{Ey(7), E1(7)} = ¢, (0) = — min ¢,(N).

n—o00 N o A€[0,1]
The quantity 1/);(0) is called the Chernoff exponent and does not depend on the prior.

We also have the following equivalent formulations of the optimal exponents for the testing
errors.

Theorem 4.23. In the above setting, the best exponents (Ey, E1) can be stated in the following
equivalent forms:
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1. Ey = KL(px,p) and E1 = KL(py, q), where py denotes the tilted distribution obtained from tilting
p along T towards q for X € [0,1], defined by

pa(z) = AT N p(z) = p(x)l—kq(x)ke—wp(k)_
2. Ey € [0,KL(q,p)] and
Ey, = E{(FEy) = i KL(¢, q).
1 = Ey(Eo) o (d.q)
Proof. We give a sketch of the proof.

1. Fix X and define v = y(\) = E,, [T]. Then it can be shown that

KL(px,p) = ¥, (7)

whereas

KL(px, q) = Eyp, [log(ps/q)] = Ep, [log(pr/p) — log(p/q)] = KL(pxr,p) — Ep, [T] = ¢ (7) —7-
Moreover, as A € [0, 1], we have v = E,, [T] € [- KL(p, ¢), KL(g, p)].

2. For simplicity, suppose that ¢* achieves the minimum in the definition of Fy, and that ¢* # p
and ¢* # g. Then we have
KL(¢",9) < KL(p,q)

in view of the objective of the minimization problem and
KL(¢",p) < Eo < KL(g,p)

in view of the constraint of the minimization problem. It follows that

q q * .
Eq-[T] = Eqg- [log E(}} = KL(¢",p) = KL(¢", q) € [- KL(p, q),KL(q, p)].
It can be shown that there is a unique tilted distribution p) satisfying

By, [T] = Eg[T7, KL(px,p) < KL(¢",p), KL(pa,q) < KL(g*,q).

We then conclude that ¢* = p) and the result follows from the first part.
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Chapter 5

Modern topics in testing and
inference

5.1 Multiple testing and FDR control

Suppose that we have m tests for testing between Hy; and Hy; for ¢ = 1,...,m. Let p; denote the
p-value of the ith test. Recall that for o € (0,1), each individual test is at significance level « if it
rejects the null when p; < «a. Instead, to have the overall probability of falsely rejecting any Hy; for
i =1,...,m less than or equal to «, by a union bound, we need to reject Hy; if p; < a/m. This is
referred to as the Bonferroni method. However, the requirement that we do not falsely reject any
null is too strict when m is large.

5.1.1 False discovery rate

Rather than disallowing any false rejection of the null, a more practical idea is to control the rate
of false rejection. For the m tests indexed by ¢ = 1,...,m, let R denote the number of times we
reject the null Hy;, and let V denote the number of times the rejection is wrong, i.e., the truth is
Hy;. Then the false discovery proportion (FDP) is defined to be V/R, and the false discovery rate
(FDR) is defined to be E[V/R].

Before introducing a method to control the FDR, we first establish a basic fact about p-values.
For a family of tests ¢, each at significance level o € (0,1), consider the region of rejection
Si(a) :={x € X : ¢po(z) = 1}. Recall that the p-value is defined as p(X) := inf{a : X € Si(a)}.

Lemma 5.1. Suppose that under Hy, we have P{X € Si(a)} = a for all a € (0,1). Then,
under Hy, we have P{p(X) <t} =t fort € (0,1). In other words, the p-value p(X) is uniformly
distributed over (0,1).

Proof. For any t € (0,1), we have p(X) < t if and only if X € S;(¢), so the result follows. O
Let us consider the following procedure, which is called the Benjamini-Hochberg method:

1. Let py <p2) <+ < pam) be the order statistics of the p-values.

2. Define ¢; := macl;m where Cp, = 1 if the p-values are independent and Cp, = > 0,(1/j)
otherwise. Then define R* := max{i € [m] : p;) < £;}.
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3. Reject all null hypotheses Ho; for which p; < p(g«).

Theorem 5.2. Consider the Benjamini—Hochberg (BH) method described above. Let V* denote the

number of times the rejection is wrong, i.e., the truth is Hy;. The FDR is defined to be |E [m} .

Then we have I& [ﬁ] < «. In other words, the BH method achieves an FDR at most «.

This result is quite general—it does not rely on the underlying statistical model nor the number
of correct null hypotheses. We will prove the above theorem for the case where the p-values are
independent (and thus C,, = 1). Let us first discuss the intuition, assuming R* > 1. Up to

a relabeling of the hypotheses, we may assume that the hypotheses Hoy, ..., Hopy, are true and
Hi(mg+1)s - - - » Him are true. The key to proving the above theorem is establishing the inequality
mo

E[V*/R* | Pmo+15--- 7pm] < EO@

which holds regardless of the values of pyy+1,...,Pm. It then follows that E[V*/R*] < a. The
intuition of the above inequality simply lies in the critical condition R* - ~ V*mio, which holds
because we reject at level R* 2 and for the mg null hypotheses, the p-values are uniform over (0, 1).

5.1.2 Analysis of the Benjamini—-Hochberg method

One way to analyze the BH method is through continuous-time stochastic processes. To this end,
we first introduce martingales (informally, without using any measure theory). Let {W; : ¢ > 0} be
a continuous-time stochastic process, i.e., an infinite collection of random variables W; indexed by
t > 0. The stochastic process {W; : t > 0} is called a martingale if E[|W;|] < co and

E[Wy | {W,:0<r<s}] =W,

for any 0 < s < t. A random variable 7 taking values in [0, c0) is called a stopping time if the event
{7 =t} only depends on {W; : 0 < s < t}. The optional stopping theorem states that, if 7 < T for
a constant T', then E[W;] = E[Wj].

An equivalent formulation of the BH method For ¢t € [0, 1], define
R(t) :=[{i € [m] : pi < t}],
where | - | denotes the cardinality of a set. Moreover, define

mt

Q) = RO 1T

to :=sup{t € [0,1] : Q(t) < a}.

We claim that the BH method is equivalent to rejecting Hp; for which p; < t,.
First, suppose that the supremum ¢, satisfies R(t,) = 0. Then we have

to = sup {t €10,1] : mt < a} =a/m.

In this case, p; > to, = a/m for all i € [m] by the definition of R(t,), so we accept all null hypotheses
Hy; according to the above rule. Then we need to show that the BH method does the same.
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To this end, note that we have already showed that p(;y > a/m. For any i = 2,...,m, since
O‘ﬁ > to = a/m, by the definition of ¢,, we obtain

e %}

max{R(ai/m),1}

a< Q(ai/m) =

It follows that i > R(ai/m) = [{j € [m] : p; < ai/m}|, and so pg;y > ai/m. Consequently, R* =0
in the BH method and all null hypotheses are accepted.

Next, assume R(t,) > 1. By the definition of R(t,), we have t, > p(1, so at least one null
hypothesis is rejected. Moreover, by the definition of ¢,, we have a > Q(p(l)) = mp(y) and thus
pay < a/m. It follows that R* > 1 and the BH method also rejects at least one null hypothesis.

To prove equivalence of the two rejection rules, it suffices to show that pr«) < to < p(re41)-
Towards this end, we note that

mit

to = sup {t € [pay, 1) : R0 < a} = sup {t € [pay, 1] : [{i € [m] : p; <t} > mt/a}

by the definition of R(t). Since
I{i € [m] : pi < prey} = R* > mppey/a

by the definition of R*, we obtain that p(r+) < t4. On the other hand, the definition of R* also
implies that

’{Z € [m] i < p(R*+1)}| =R'+1< mp(R*Jrl)/Oz,
SO P(r+) > ta. This completes the proof of the claim.

Auxiliary stochastic processes Define Zj := {i € [m] : Hy; is true} and

V(t) = |{i € [m] : p; <t, Ho; is true}| = Z 1{p; < t}, W(t) .= ——.
1€1p

We claim that
E [W(t) [ {W(r)}i—s] = W(s)

for any 0 <t < s < 1. In other words, {Wt}tlzo is a backward martingale as t decreases from 1 to
0.

To see this, recall that p; for i € Zy are i.i.d. uniform distributions over [0,1]. For 0 <t < s <1,
let us condition on {V(r)}l_,, i.e., condition on the set of p-values {p; : i € Ty, p; > s}. For the

remaining V'(s) p-values, by symmetry, each of them is uniformly distributed over [0, s]. As a result,
the conditional expectation of 1{p; < t} is t/s. We obtain that

E[V(t) [ {V(r)}i—s] =V(s)-t/s.

The claim then follows easily.
Since we are going backward in time from t = 1 to t = 0, the quantity ¢, is the first moment ¢
such that Q(t) falls below . Therefore, t, is a stopping time. By the optional stopping theorem,

E[W (ta)] = E[W(1)] = [Zo|.
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Finishing the proof By the definitions of Q(t) and ¢, we have

mtq
@ =Qta) = RG]
and so
V(ta)  _ aV(td)

max{R(ty), 1}  mty

In addition, note that R* = R(t,) and V* = V (t,) in the BH method. Taking the expectation of
the above equation yields

)~ st

B max{R*, 1} max{R(ta),l}} - [an‘i(ttj)] =

e
= —E[W(ta)] = —[Zo| < o
m m
Therefore, we have proved Theorem 5.2.

5.1.3 False coverage rate

Recall that confidence regions are obtained by reformulating hypothesis testing in terms of a re-
gion covering the true parameter. In the same vein, when dealing with multiple testing, we can
reformulate the FDR to obtain a related notion called the false coverage rate (FCR).

To be more specific, suppose that we have m inference problems and would like to construct a
confidence region C; such that 0; € C; with high probability for i = 1,...,m. Let S; € {0,1} be
the unknown indicator of whether i is selected for coverage. Then we can define R := ", S; and
V=3"",5;-1{6; ¢ C;}. The false coverage proportion (FCP) is defined to be V/R, and the FCR
is defined to be E[V/R].

5.2 Variable selection

5.2.1 Conditional randomization testing

Consider the setting that a response Y may depend on a large number of covariates X7,..., Xy.
Our goal is to select a subset of variables that the response truly depends on. To formulate the
problem, we define a null variable X; to be one such that

Y LX; | X_i,

that is, X; is independent of Y conditional on X_; = (X : j € [d], j # i). For example, in a linear
model

d
Y = Z,BZXZ +e
=1

where ¢ is random noise, the set of null variables is {X; : i € [d], 8; = 0}.
There are many methods for such a variable selection or feature selection problem. We introduce
conditional randomization testing (CRT) in this section. Suppose that we know the conditional
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distribution of X; | X_;. Then we can sample X; from this distribution (conditionally independently
from X;). If X; is a null variable, then

p(Xi, X3, Y) =p(X; | X, Y) - p(X_,Y)
=p(X; | X) -p(X_4,Y)
=p(X; | X) -p(X_0,Y) =p(X;, X, Y).

Therefore, given X;, we can test whether
d ~
(X1, 0, X5 0, X, Y) = (X, .00, XG0, X Y)

to decide if X; is a null variable.
Given a feature importance score T'(+), the following procedure obtains the p-values for testing
whether X; is null:

1. Compute the score t} :=T(X;, X_;,Y).
2. For k=1,...,K, sample )N(i(k) ~ X; | X_; and compute the score tgk) = T(Xi(k), X_;,Y).

3. Compute the p-value

 {ke[K) P ey 11
b= K+1 '

Under the null, all the scores t; and tl(k) for k € [K] are identically distributed. As a result, p; is
uniform over {Kil, KLH’ ..., 1}. We reject the null if p; is too extreme.

For example, in a linear model, the score function may be defined as the magnitude of the
estimated coefficient for each coordinate.

Note that the p-values are not independent because the copies of X; are sampled conditional on
X_;. This can potentially be an issue if we would like to obtain finer properties of the test. A more
serious issue with CRT is its computational complexity. For example, in linear regression, if we use
the magnitude of a coefficient as the feature importance score (or any other usual choice), then we
would solve linear regression K X d times in total for testing all the variables X1, ..., X4. Moreover,
if d is large, we typically need K to be large as well, making the computational complexity even
worse.

5.2.2 Knockoffs

We continue the setup from above. Consider a simple example: d = 2 and
Y=Xo+¢e,  e~N(0,0%), X, Xo~N(0,1), E[X1X5]=0.5.

For an estimator (Bl, Bg) of the coefficients, let us use | BZ| as the score function. In this example,
X1 is a null variable, but |51 may not be small. This is because X is correlated with X9 and may
influence Y through Xo.

The knockoff approach proposed by [BC15] aims to resolve this in a way that is computationally
more efficient than CRT. More precisely, a set of variables X1, ..., X, are called model-X knockoffs
if the following two statements hold:

77



1. Pairwise exchangeability: If X; is a null variable, then

(Xo, Xy Xy X 3) £ (X, Xy X, Xy);

2. Response independence: ¥ L X | X, where X = (X1,...,Xg) and X = (X'l, oo Xa).
Having constructed X, we compute the importance scores
Zi=TyX,X)Y), Z;=Ty(X,X,Y), ield]

for the actual observed variables X; and the knockoffs X;. For example, in a linear model, we
concatenate X and X to obtain 2d covariates and regress Y on all of them; then we can define
Z; = |Bi] and Z; = |Bayi| for some estimator § of the coefficients. As a result of the pairwise
exchangeability, we have (Z;, Z) 4 (Z, Z;) if X; is a null variable.

Next, we construct knockoff-adjusted scores W; = w;(Z;, Z,) via some anti-symmetric function
w; : RY = R, i.e., wi(Z;, Zl) = —wi(Zi, Z;). For example, a simple choice is

Wi = wi(Zi, Zi) = Zi — Zi.

Lemma 5.3. For any null variable X;, the distribution W; is symmetric so that sign(W;) is a
Rademacher random variable. Moreover, conditional on |W| = (|Wil,...,|W4|), we have that
sign(W1), ..., sign(Wy) are independent.

We now introduce a procedure for testing Hy,..., Hy while controlling the FDR, where H;
denotes the null hypothesis that X; is a null variable. For ¢t > 0, define

STt :={ield:Wi>t}, S (t):={icld:W;<—t},

and
Ao |ST(t)|+ 1
FO=TgravT

This is an estimator of the FDP F'(t) defined by

CHield: Xyisnull, Wy >t} [{i € [d] : Xjisnull , W; < —t}] < P(t)
B S+ V1 - EROIE = ).

F(t):
Finally, for a € (0, 1), we define
S:={ield:W;>r1.}, Ta::min{t>0zp(t)§a}.
Theorem 5.4. If we reject all i € S, then the FDR is controlled below .
The knockoff approach has some advantages over other methods. First, the approach and the
theoretical guarantee are model-free, as we put essentially no assumptions on (X,Y). Second, it

requires only a regression of Y on (X, X ) and is computationally more efficient than CRT.
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Proof. We provide a sketch of the proof of the theorem. Let Ho := {i € [d] : X; is null}. Then

_Hon St - Hon STl 1Sl +1 _  [He N ST (m)]

F(ra) = : . _
(7o) = TSF VT < Fon S (ra)l +1 157 (ra) [V = o NS (ra)] + 1

To prove E[F(74)] < «, it suffices to show that

+
[ ]y,
V(1) +1
where VT (1,) := |[Ho N ST ()| and V~(14) := |Ho N S~ (7a)|-
Similar to the proof for the Benjamini—-Hochberg method in FDR control, we argue that V‘izt()tll

is a supermartingale as ¢ increases from 0 to 1. Therefore, the optional stopping theorem implies

(1) + *(0)
[VY(TQHJ = [VY(ogoiJ = [|7—[0]—VV+0(0)+1 '

Furthermore, by exchangeability, we have V*(0) ~ Bin(|Ho|,1/2). Then it is not hard to do an
explicit computation to show that the above expectation is bounded by 1. O

5.3 Selective inference

5.3.1 False coverage rate and confidence intervals

We consider the situation where we use data to select some parameters and then form confidence
intervals for the selected parameters. As a motivating example, consider the Gaussian sequence
model

Y ~ N(0;,1), i=1,...,n.

For a € (0,1) and each i € [n], we can construct a confidence interval for ; at confidence level
1—a:
Cll(a) = ()/Z - Zoz/27}/i + Za/Q),

where z,/; is the (1 — a/2)-quantile of N(0,1). Moreover, suppose that we would like to select a
subset of parameters 6; that are nonzero. A natural selection is

S:={ien]:0¢Cli(a)}.
For a selected variable, a measure of the quality of the confidence interval is the conditional coverage
P{Hz S Cli(a) | 1€ S}

Note that the conditioning distorts the coverage: If 6; is close to 0, then the coverage is low. In
particular, regardless of how small « is, the conditional coverage goes to 0 as 6; — 0. This shows
that it is impossible to achieve good conditional coverage for each individual parameter.

Instead, we consider the FCR introduced before, redefined here as

E [l
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where R = |S| is the number of selected parameters and V' is the number of the selected parameters
that are not covered by the corresponding confidence intervals, i.e.,

Two remarks about the FCR:

e If S =[n] and R = n (i.e., without selection), the FCR is automatically controlled:

B [V] - p [T Sl

n n

because by the definition of a confidence interval, we have P{6; ¢ Cl;(a)} < a.
e Bonferroni’s method replaces o by a/n and therefore controls the FCR:
E [L} <E[V] < Zn:n»{a ¢ Cli(a/n)} < a
Rv1l — T ’ ’ -

Just as for FDR control, Bonferroni’s method is not desirable here, because it results in very
wide confidence intervals. Instead, we introduce a less conservative method. Suppose that each
parameter 6; is associated with a test statistic T; for ¢ € [n], and we let T' = (11, ...,T},). Consider
the following procedure [BY05]:

1. Apply any selection rule to obtain the selection set S = S(T').

2. For ¢+ € S, compute
R; = mtin{|S(T_i,t)\ cie S(Toit)},

where T_; denotes the set of test statistics 1" without T;.
3. For i € S, define the FCR-adjusted confidence interval for 6; to be Cl;(R; o/n).

The second step may appear to be complex, but it is often the case that R; = R = |S| for reasonable
selection rules. Before establishing the general theorem, we consider two extreme cases:

e If R = n, then we make no adjustment and still use the confidence interval Cl;(c).
e If R =1, then we get Bonferroni’s method for the one selected confidence interval Cl;(a/n).

Theorem 5.5. Suppose that the statistics T; are independent for i € [n]. The adjusted confidence
intervals defined in the above procedure achieve an FCR at most c.

Proof. We can write the FCR as

|4 _ ]l{i € S, 0; §é C|1<Rz a/n)}
E|l=—7| = E Xz 5 Xz = .
[R v 1] ; 1] S| V1
It suffices to prove that E[X;] < a/n. Since R; < |S| =|S(T")| by definition, we have
“1{i €8, 0; ¢ Cli(ka/n), Ry =k} =1{6; ¢ Cli(ka/n), R; =k}
X; = < :
2 S <2 k

k=1
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Conditional on T_;, it holds that

“P{#; ¢ Cli(ka/n)} - 1{R;i =k} ~=ka/n-1{R; =k}
. ] < < < .
EX; | T <) p <> p <a/n
k=1 k=1
It follows that E[X;] = a/n and the proof is complete. O

Back to the example of Y; ~ N (6;,1), we simply have T; = Y; and R; = R = |S|. Suppose that
0; =0 for all i € [n]. If @ — oo, then R = n and the confidence interval are not adjusted. If § = 0,
then R = 0 with probability 1 — «. In both cases, the FCR is a. In between, it can be shown that
the FCR is lower bounded by «/2, so the procedure is not overly conservative.

5.3.2 Post-selection inference

Setup and classical confidence interval Consider the linear regression model
y=Xp+e,

where X € R™ 4 and £ ~ N(0,021,,). We assume that o is known for simplicity. A subset M C [d]
is called a model. In the classical setting, we fix a model M and fit the model with data:

Bar = (X1 Xn) 1 X),Y,

where Xs denotes the matrix consisting of the columns of X with indices in M. With M fixed, it
is not hard to see that

Bt ~ N (Bar, o (X4 X)) ™Y, where B = (X3, Xar) " X1, X 8.

It follows that

)i (X Xu) ' Xge)i  wje

G _ ~ N(0,1),

)i — (Bm _ _
JET Xt ofogxnt ol

w; ‘— XM<X]\T4XM>_161

where

As a result, we can construct a confidence interval
((Ban)s = 2a2 - ollwille, (Bar): + 2o - o)

that contains (fas); with probability 1 — «. If we would like the above confidence interval to be
valid for all ¢ € M, we can replace a by a/|M]|.

POSI confidence interval In practice, we need to select a model M = M (Y') based on the
data. Then the above confidence interval may not be valid. Post-selection inference (POSI) is a
procedure that constructs confidence intervals Cl; such that

]P{(/BM)Z-GCIZ- for allieM} >1—a
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for any data-dependent selected model M. The POSI confidence interval is of the form
((Bi)s = Kaya - ollivlla, (By)s + Kapo - oliill2)
where K, /5 = K,/2(X) is a certain constant defined in POSI and
Wi = X (XL X ) e

See [BBB*13] for more details. It turns out that if « is a small constant, then

V2logd < Ko(X) < Vd.

If the design matrix X is orthogonal or consists of i.i.d. Gaussian entries, then K, (X) is close to
the lower bound. An advantage of POSI is that it is valid for any model selection process, while
disadvantages include that it is very conservative and that it is difficult to compute K in practice.

POSI for LASSO (This part is non-rigorous and contains some errors.) To obtain confidence in-
tervals that are narrower than those from POSI, we can restrict our attention to specific procedures
for model selection M. Let us consider the LASSO estimator

.1
= arguin (Y~ X513 + A1)

and set
M :={iel[d]: B #0}.

We would like to construct confidence intervals for entries of
(T —1yT
Towards this end, the paper [LSST16] studies the estimate
(Byp)i =Y ~ N (i XB,0°|[dl|3),  where i; = X (X}, X ) e

For post-selection inference, we need to figure out the conditional distribution of u?zT Y given that
i € M. This is difficult, but we can further condition on other events to make the conditional
distribution tractable. Namely, we first condition on M and also the signs of entries of /3’ This
conditioning can be expressed as a set of linear constraints AY < b for a matrix A and a vector
b using the KKT conditions. As a result, 3 ol {M , sign(B)} is a truncated multivariate Gaussian.
Furthermore, to focus on Qz};r Y, we can condition on the projection of Y onto UA}ZL It turns out that
the distribution of the univariate truncated Gaussian

@] ¥ | {NF,sign(B),11,,. ()}

can be described explicitly. Consequently, confidence intervals can be constructed around (8y;); =
WY to cover (Byy)i for i € M.
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5.4 e-value

5.4.1 Definition and the associated test

We introduce a new concept called the e-value, which is closely related to the p-value. The moti-
vation for e-values is to address the optional continuation problem, i.e., deciding whether to collect
new data and do further testing based on previous test outcomes. In such a sequential setting,
p-values can often be misleading because tests at different stages are not independent.

Suppose that we observe data X ~ P and would like to test a null hypothesis Hy : P € Hg. A
nonnegative random variable F = F(X) is called an e-variable for testing Hy if

sup Ep[E(X)] < 1.
PeHo

The value that an e-variable takes is called an e-value. To compare this to the p-value, we can
define the p-value in the following way. A random variable P is called a p-random variable for
testing Hy if

sup Pp{P(X) <a} <a forall ac(0,1).
PeHo

The value that a p-variable takes is called a p-value. In other words, a p-variable is a variable that
stochastically dominates a uniform variable over (0,1).

Lemma 5.6. If E(X) is an e-variable, then 1/E(X) is a p-variable.

Proof. We have
P{l/E(X) <a}=P{E(X)>1/a} <aE[EX)] <«

by Markov’s inequality. O

Recall that we reject Hp if P(X) < « at significance level a € (0,1). Therefore, we can reject
Hy if E(X) > 1/a. This is called the safe test, in the following sense. Since Markov’s inequality is
often not tight, P{E(X) > 1/a} may be much smaller than «. That is, F(X) rarely exceeds 1/a,
so we rarely reject Hy. Therefore, the safe test given by the e-value is usually conservative.

5.4.2 Bayes factor

Given X ~ Py, consider testing Hy : 0 € Og against Hy : 0 € ©1. Let IIy and II; denote prior
distributions over ©y and ©; respectively. Define the marginal densities as

p,.(z) = /96@ po(x) dI1,(0), r=20,1.

The ratio between marginal likelihoods is called the Bayes factor:

b, (x)
P, (x) .

We can reject Hy if the Bayes factor is large.
The Bayes factor is not an e-value in general. However, in the case where ©¢ = {6y}, if

_ by (I)

B Doy (2)

Y
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then
By [E(X)] = /X pr () dpu() = 1.

Hence the Bayes factor E(X) is an e-value. The safe test rejects Hp if E(X) > 1/a.
Note that the safe test is not the Neyman—Pearson likelihood-ratio test in general. Recall that
the likelihood-ratio test rejects Hy if IE(X) > 7, where 7 is defined so that

Py, {E(X) > 7} = a

The safe test is, again, more conservative typically. Consider the following examples.

Simple Gaussian mean testing Suppose that we observe i.i.d. X3,..., X, ~ N (6,1). Consider
testing Hy : @ = 0 against Hy : 6 =601 > 0. Let X = (X1,...,X,,). The e-variable is the likelihood
ratio

E(X) = Zf[lexp (elxi - 92%)

Fix a = 0.05. Then the safe test rejects Hy if

- 07 _ 0 log20
E(X)>20 <= Z<91Xi—5)210g20z3 — X2§+ -
i=1 1

This is much more conservative than the likelihood-ratio test, i.e., the Z-test in this case, which

rejects Hy if
20.05

n

X > 20.05 ~ 1.64.

Composite Gaussian mean testing Continuing with the above setting, suppose that we now
have H; : 6 € R\ {0} with a prior II; = A/(0,1). The Bayes factor is given by

_ S po(x)po(0) df

E(x) o)

9

where pp(z) denotes the density of A'(6,1). It is not hard to compute

1 1 2 _
_log(n +1) L %

log B(X) = 2 2(n+ 1)

The safe test rejects Hy if

i 2(n + 1) /1 1 611
|X,2\/ (n—;- )(og(n+ )Hog%)%\/Jrogn
n 2 n

for n large. This is slightly more conservative than the Z-test, which rejects Hy if

- 20.025
| X]

>
- \/’ﬁ Y

20.025 ~ 1.96.

While e-values are more conservative, they come with several statistical advantages:
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e It is easier to compute e-values than p-values for high-dimensional problems with more compli-
cated models;

e c-values allow us to perform sequential inference as we will see in the next section;
e c-values are more robust to model misspecification than p-values;

e e-values rely on expectations, which are robust to data dependence, whereas p-values rely on tail
probabilities, which are not.

5.4.3 Composite null

In the above Bayesian setup, suppose that we have a composite null Hy : § € Oy where |Og| > 1.

Recall that 2 m, (2) is an e-variable for any parameter 6y, but the Bayes factor E(X) = P, (%) is not
o () P, ()

necessarily an e-variable. To obtain an e-variable in this case, we consider the reverse information

projection

0y := argmin KL (pr, , pg)-
[ASSH

(Recall that the KL divergence is not symmetric and the information project is defined with respect
to the first argument.) An e-variable achieving

supE,, [logE] s.t. sup E,[E] <1
E ' €60

is said to be optimal relative to pry, .

Theorem 5.7. Suppose that the above reverse information projection 0 exists. Then

_ b, (X)

B(X): oz (X)

is an e-variable. Furthermore, it is optimal relative to pry, .

See [GdHK20]. Maximizing log E' has an advantage over maximizing F: It avoids E taking
values close to 0 since log(-) tends to —oo near 0. This is important because, as we will see in the
next section, we often take the product of multiple e-values.

5.5 Applications of e-values

5.5.1 Optional continuation with e-values

Suppose that data (X1, 21), (X2, Z2), ... are collected sequentially. For example, X; may denote
the outcome of an experiment and Z; may denote the cost of the experiment. We will compute an
e-value once in a while, after obtaining a batch of data. Let the batch sizes be ny,no, ..., and let
Ny = 22:1 n; for any integer ¢ > 0. Let E; denote an e-value computed after obtaining the i-th
batch of data, i.e., up to observing (Xy,, Zn;), such that

E [EZ ‘ (Xl,Zl)a s (XNi—17ZNi—1)] <L
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We define

t
Vi=][E, t>0.
=1

For any stopping rule (that may depend on the data up to the present), let 7 be the number of
batches collected when we stop. We report the final result V.

Proposition 5.8. The discrete-time stochastic process {V;}72 is a nonnegative supermartingale.
Moreover, for any stopping time T, we have E[V;] < 1 so that V; is an e-value.

Proof. For any integer t > 0, let F; denote the filtration at time ¢. Then we have
EV; | Fi1] = BVio1 By | Fea] = Vi B[E | Foa] < Vi,

since E} is an e-value computed for the ¢-th batch of data. This says that V; is a supermartingale
by definition. By the optional stopping theorem, we obtain E[V;] < E[V] = 1. O

Corollary 5.9. (Ville’s inequality) For any o € (0,1), we have

IP{suth > l/a} < a.
>0

Proof. Define a stopping time 7 := inf{t > 0: V; > 1/a}. Then we have sup,»,V; > 1/« if and
only if V; > 1/a. By Markov’s inequality and the optional stopping theorem,

P{V; > 1/a} < aE[V;] < aE[V] = a.

O]

In summary, regardless of how E; depends on the past and what stopping rule we use, the
e-value V; gives a test at significance level a, i.e., the safe test that rejects Hy if V; > 1/a. We
now consider an example.

Multi-armed bandit Suppose that there are K arms. The reward returned by arm k at time
i, if pulled, is denoted by X} ;. We employ strategy (k;)i>1 which pulls arm k; at time ¢ > 1. This
strategy gives independent rewards Xy, ; for 7 > 0. The goal is to quickly detect arms with means
greater than 1 to maximize the profit. For k € [K], the null hypothesis Hy is that arm &k has mean
reward at most 1. The running reward for arm k at time t is

My, = H Xi-
ie[t]:ki:k

Since the strategy may depend on past outcomes, the process M}, ; can be very complicated. How-
ever, we still have a valid e-value Mj, ; for any stopping time 7 and any k € [K]. We can reject the
null if My, > 1/a.
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5.5.2 FDR control with e-values

Suppose that we are interested in testing multiple null hypotheses Hy, ..., H, and have obtained
respective e-values ey,...,e,. Denote the order statistics as e;) > -+ > e(,). To control the
FDR at level a € (0,1), the e-Benjamini-Hochberg method rejects hypotheses with the largest k
e-values, where

k= max{i € [n]: ifz(i) > é}

This is essentially the same as the Benjamini—-Hochberg method, except that p; is replaced by 1/e;.

Theorem 5.10. The e-Benjamini—Hochberqg method achieves an FDR at most ang/n < a, where
ng 1s the number of true null hypotheses.

Proof. As before, we let R denote the number of hypotheses that are rejected, and let V' denote
the number of null hypotheses that are rejected. The FDP is equal to

14 -y V;
Rv1l 4~ RvV1’
i€Ho

where Hg is the set of indices of null hypotheses and V; is the indicator of the event that the i-th
hypothesis is rejected. Suppose that R > 1 without loss of generality. For any H;) rejected (which
corresponds to e(;) ), we have

L _1_qaem
<<
R~™1717 n
It follows that -
14 (i) A €() Xew
1€Ho 1€Ho 1€Ho

O]

Note that the proof does not require independence of the e-values. Similar to the case of simple
hypothesis testing, using e-values is safer than using p-values but may not be as powerful.

5.6 Conformal inference

5.6.1 Prediction interval

Suppose that data (X,Y) follows a joint distribution P, where X € R? and Y € R. For a € (0, 1),
a (1 — a) prediction interval for Y is a set C(X) such that P{Y € C(X)} > 1 — a. Typically, we
observe a training set of data {(X;,Y;)}7; and use it to construct a prediction interval C(Xy41)
for Y,, 1 for a test point (X,+1, Y,+1) not in the training set.
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For a regression function u(x;#) and a regularizer R(#), we can consider the regularized least

squares fit
. . N 1< 9
i(z) = u(z; ), 0= arg;nln - Z (Vi — u(Xi50))” + R(0).
i=1
This gives a prediction fi(Xp+1) of Yy41.
To obtain a prediction interval, let us consider a potential procedure:

1. Fit any regression model to obtain i : RY — R using the training set {(X;, Y;)},.
2. For i € [n], set R; :=|Y; — a(X;)).

3. Let A be the [(n+ 1)(1 — «)]-th smallest value of {R;}! ;.

4. Define the prediction interval to be C(X,11) := [ Xn+1) — A, i(Xnt1) + Al

Unfortunately, this simple method does not give a valid prediction interval due to dependence issue.

5.6.2 Split conformal

To fix the above method, we can split the data into a training set (in-sample data) and a hold-out
set (out-of-sample data). Then the following method, which we refer to as the split conformal
method, can be applied:

1. Partition [n] into two disjoint sets Z; and Zs of sizes n; and ng respectively.
2. Fit any regression model to obtain i : R¢ — R using the set {(X;,Y;)}iez, -
For i € 7y, set R; :=|Y; — a(X;)].

Let A be the [(n2 +1)(1 — «)]-th smallest value of {R;}icz,.

AR el

Define the prediction interval to be C(Xp41) := [ Xn+1) — A, @(Xpy1) + A

A set of random variables {Z;}7_; is called exchangeable if for any permutation 7 : [n] — [n],
we have

d
(Zlv- . aZn) = (Zﬂ'(l)7 .- ?ZT((’VL))

If the random variables are i.i.d., then they are obviously exchangeable. Moreover, if Z is a random
variable and e; are i.i.d. random variables, then Z; := Z + ¢; are exchangeable, where i € [n].

Theorem 5.11. If the data points {(X;, Y;)}?:Jrll are exchangeable, then the interval constructed by
the split conformal method is a valid prediction interval, i.e., P{Y,+1 € C(Xp41)} > 1— .

A conformity score s(z) € R is a quantity that measures how much z corresponds to previous

observations. For example, given Z1, ..., Z,11, a high score s(Z,+1) means that Z,,11 conforms to
Z1,..., 2y, while a low score means the opposite.
Proposition 5.12. Let Zi,...,Zy+1 be exchangeable observations. Suppose that we have confor-
mity scores $(Z1),...,8(Znt1) which are distinct almost surely. Then the conformal p-value
D(Zns) = {i€ln]:5(Z) < s(Zny1)} +1
n+ . n+ 1
s uniform over {n%rl, %H, .o, 1} As a result, p(Zn+1) is a valid p-value.
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Proof. Since Z1,...,Zy4+1 are exchangeable, so are the conformity scores s(Z1),...,8(Zp+1). This
implies that the rank of s(Z,1) is uniform over [n + 1], so the result follows. O

Proof of Theorem 5.11. Let Z; = (X;,Y;) and define the conformity score
S(Zi) = ~|Y; — i(X0)].

Note that implicitly i and s are functions of {Z;};ez,. It is not hard to see that {s(Z;)}iez,uin+1)
are exchangeable. Then setting

Hi€Zs:s(Z) <s(Zns1)} +1
Zn, =
P(Znt) ng + 1

gives the conformal p-value. We have
Y1 € C(Xn+1) <= Rptr = Yo — 0(Xns1)| > A,

i.e., Ry11 is larger than the [(n2+1)(1 —«a)]-th smallest value of {R; }icz,. In other words, s(Z,+1)
is smaller than the [(n2 + 1)(1 — «)|-th largest value of {s(Z;)}iez,. It follows that

ng — [+ DA —a)[+1 _

P(Zn+1) < o 1 <l-(1—a)=a.

We conclude that
P{Yn+1 ¢ C(Xpt1)} S P{p(Zn11) <a} <a

by Proposition 5.12. O

5.6.3 Quantile regression

Before presenting an improved method, let us first introduce a way to produce a quantile estimate.
Consider a continuous random variable Y with CDF F and a quantile ¢, := F~!(a) for a € (0,1).
Define the pinball loss

az if z >0,

pa(2) := z(a —1{z< 0}) = {(1 —a)(—z) ifz<0.

We claim that
u [e.e]
do = argmin E[p, (Y — u)] = argmin <(1 —a) / (u—1y)dF(y) + a/ (y — u) dF(y)>
To see this, it suffices to check the first-order condition
(1-a) [ dF@) -a ["dF@) = (1~ a)Fw - all - Fu) = Fw -

which yields u = F~!(a) = q,. Thus, minimizing the expected pinball loss recovers the quantile.
Motivated by this fact, we consider the following estimator of a quantile in a regression model.
For a quantile regression function f(z;6) and a regularizer R(6), define

A~ ~

Go () := f(x;0), 6 .= argénin % Zpa(Yi — f(Xi, 0)) + R(9).
=1
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5.6.4 Conformal quantile regression

A more recently proposed method, conformal quantile regression [RPC19], improves on the split
conformal method. The algorithm is as follows:

1. Partition [n] into two disjoint sets Z; and Zj of sizes n; and ng respectively.

2. Apply any quantile regression method to obtain lower and upper quantiles §,, and ¢, using the
set {(Xi,Yi)}iez, -

3. For i € Iy, set E; := max{{n,(Xi) — Y, Yi — o, (Xi)}.

4. Let A be the [(n2 4+ 1)(1 — a)]-th smallest value of {E;};ez,.

5. Define the prediction interval to be C(Xp4+1) := [Ga, (Xn+1) — A, Ga, (Xnt+1) + A].

The second sample {(X;,Y;)}icz, is called the calibration set, which is used to conformalize the
prediction interval obtained from the training set {(X;, Y;)}iez, -

Theorem 5.13. If the data points {(X;,Y;) n+11 are exchangeable, then the interval constructed by

1=
conformal quantile regression is a valid prediction interval, i.e., P{Y,41 € C(Xp41)} > 1 —a.

Proof. Let

By = max{éal (Xn—i-l) — Y1, Y41 — Cjozu (Xn—i-l)}'
It is not hard to see that {Ej};cz,u{n+1) are exchangeable. By the construction of the prediction
interval, we have Y11 ¢ C(X,,+1) if and only if FE,+1 > A. The latter condition means that Fj, 1
is larger than the [(n2 + 1)(1 — «)]-th smallest value of {E;};cz,. This happens with probability
at most « by virtue of exchangeability (in a way similar to the proof of Theorem 5.11). ]

Moreover, if the non-conformity scores F; are distinct almost surely, then the prediction interval
is nearly perfectly calibrated in the sense that

1l -« < P{YnJrl € C(Xn+1)} < l—a+

ng—l—l'

Conformal quantile regression produces adaptive intervals, while the split conformal method
produces intervals of constant width. As a result, the intervals produced by conformal quantile
regression are typically narrower and have better conditional coverage.
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Chapter 6

Testing in networks

6.1 Detection of a planted clique in a graph

6.1.1 The planted clique model

Consider an undirected graph on n vertices. Let the vertex set be denoted by [n] = {1,...,n} and
the adjacency matrix be denoted by A € {0,1}"*"™. We identify the adjacency matrix A with the
graph itself. We say that A is an Erdés—Rényi graph with edge density 1/2 and write A ~ G(n,1/2),
if the edges (Aij)i<; are independent Ber(1/2) random variables.

A clique is a complete subgraph in a graph. In other words, the induced subgraph of A with
vertex set K C [n] is a clique if A;; = 1 for any distinct 4, j € K. The planted clique model
G(n,1/2,k) can be described as follows: In an Erdés—Rényi graph, take a uniformly random subset
K C [n] of size k and replace the subgraph with vertex set K with a clique. As a result, we obtain
a graph A with

1 ifi,je K,
Y Ber(1/2)  otherwise,

where the random edges are independent Ber(1/2) variables. In particular, the Erd6s—Rényi model
G(n,1/2) is equivalent to the planted clique model G(n,1/2,0) with no clique.

Detection of a planted clique refers to the problem of determining whether the observed graph
contains a planted clique of size k. In the language of hypothesis testing, we test the null hypothesis
Hy: A~ G(n,1/2,0) against the alternative hypothesis H; : A ~ G(n,1/2,k). Let us consider the
asymptotic regime where n — oo and use o(1) to denote a vanishing quantity. The difficulty of this
detection problem is clearly related to the size k of the planted clique:

o If £k =0 or k is too small, then it is impossible to distinguish H; from Hy.
e If £k = n or k is sufficiently large, then it is easy to distinguish H; from Hy.

e What is the threshold k above which we can distinguish H; from Hy with probability 1—o(1) given
infinite computational power? We call this threshold the statistical (or information-theoretic)
threshold.

e What is the threshold & above which we can distinguish H; from Hy with probability 1 — o(1)
using a polynomial-time algorithm? We call this threshold the computational threshold.

e Are the above two thresholds the same?
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6.1.2 Statistical threshold

Under Hy, each edge is present with probability 1/2 independently in the graph A. There are 45
possible edges of A between vertices 1, ..., 10, so the induced subgraph of A on the vertex set [10]
is a clique with probability 274°. As n — oo, there are infinitely many groups of 10 vertices in A,
so A contains a clique of size 10 with probability 1 — o(1). Therefore, if under H; a clique of size
k = 10 is planted in addition, there is no significant difference between Hy and Hj.

This motivates us to study the clique number w(A) which is defined to be the size of the largest
clique in A. If w(A) is bounded by ko with probability 1 — o(1) under Hp and k is larger than ko,
then detection of the planted clique of size k is possible under H;.

Theorem 6.1. Let A ~ G(n,1/2). For any constant ¢ > 0, we have
P{w(A) < (2+¢)logon} -1 asn— oo.
Proof. For any fixed subset S C [n] of size k, it holds that
P{A;; = 1 for all distinct i,j € S} = 2= (5).
Since there are (}}) subsets of [n] of size k, we obtain

_ k(k-1)

P{w(A) > k} < P{A contains a clique of size k} < <Z> o= (3) <nk2="3

For k := [(2 + ¢) logy n], we have

ko—EE=D _ _ _
logy(n®2™ "2 ) =kloggn —k(k—1)/2 - —oc0

as n — 00, so the conclusion holds. ]
This result immediately implies that there is a consistent test for distinguishing H; from Hy.

Corollary 6.2. Suppose that k > (2 + €)logyn for a constant € > 0. Then
Po{w(A) > (24 ¢)loggn} + P1{w(A) < (24 ¢)loggn} — 0 asn — .

In other words, the test that rejects Hy if and only if w(A) > (2 + €) logy n achieves vanishing type
I and type II errors.

Later we will show that if £ < (2 — €)logyn for a constant € > 0, then there is no test that
achieves vanishing type I and type II errors. Thus the statistical threshold for planted clique
detection is tightly characterized.

6.2 Spectral methods

Let us continue considering the planted clique model. The issue with the above test based on
the clique number w(A) is that it cannot be efficiently computed: In general, finding the largest
clique in A entails an exhaustive search which takes exponential time. We now consider an efficient
spectral method that succeeds in detecting the planted clique for much larger k.
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Define an affine transform W of the adjacency matrix A by
ot Hi
0 if i = 3.

Then under Hy, the entries (W;;)i<; are i.i.d. Rademacher variables, while under Hy, for i < j,

W — 1 ifi,j € K,
“ ] Rademacher otherwise,

where K C [n] denotes the vertex set of the planted clique. We will use the spectral norm ||W||
(i.e., the largest singular value of W) as the test statistic.

6.2.1 Spectral norm of the noise

We first assume Hy and study ||[W||.

Theorem 6.3. Under Hy, there is an absolute constant C > 0 such that
P{||W| < Cy/n} >1—exp(—n) — 1 as n — oo.

We say that N C B,, is an e-net of the unit ball B, := {u € R™ : |lul]|s < 1}, if for any u € By,
there exists v € N such that ||u —v|2 <e.

Lemma 6.4. If N is a e-net of B,,, then

maxv' Wo.

W <
| ”_1—2€UEN

Proof. There exists u € B,, such that ||W|| = u' Wu. Choose v € N such that ||u —v|s < e. Then
we have

W =u"Wu=0v"Wo+ (u—0) Wo4u Wu—0v) <o Wo+e|W| +e|W|.
Rearranging this inequality finishes the proof. ]
Lemma 6.5. Fore € (0,1), there exists an e-net N' of By, that has cardinality |B| < (14 2/e)".

Proof. We successively pick points in B,, that are at least distance € away from each other until we
cannot do so; call this set of points N. (The set N is called a maximal e-packing of B,,.) Note that
for any other point u € B,,, there must exist v € N such that ||u — v||2 < & because otherwise we
can still add « in A/. Hence, by definition, A is an e-net.

Next, consider the balls D, of radius /2 centered at v € N. These balls are disjoint because
different points in A are at least distance ¢ away from each other. Moreover, the union of all D,
for v € N is contained in the ball A of radius 1 4 £/2 centered at the origin. Consequently,

V| < Vol(A) (1—1—5/2

Vol(D,) — \ /2 ) = (1+2/¢)",

finishing the proof. O
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Lemma 6.6. Suppose that Xi,..., Xy are i.i.d. Rademacher random wvariables. For any fixed
vector z € RN, we have
t2

2H2H2>

P{z"X >t} <exp <

Proof. 1t is not hard to check
B[] = cosh() < exp(12/2).

Then, by Chernoft’s bound, we have

n

]P{ZziXiZt} {exp()\ZzZ Z) > exp )\t)}
i=1
<exp(—At) E [exp ()\Z ziXiﬂ
=1

N
= exp(—At) H exp(A\?22/2).
i=1

Choosing A\ = t/||z||3 yields the conclusion. O

Proof of Theorem 6.3. For a fixed vector v € B, we have

By Lemma 6.6 and Z j2 < %Z” . U?UJQ- < %, it holds

Then Lemmas 6.4 and 6.5 with ¢ = 1/4 imply that
P{|W| >4t} <P { majn\)[(’UTWU > 2t} < 9" exp(—t?).
ve
Choosing t = C'y/n for a large constant C' > 0 completes the proof. O

6.2.2 The spectral test

As a result of Theorem 6.3, if |W]| is larger than C'v/n under Hy, then we can distinguish H; from
Hy. Too see how large ||IWW|| is under Hi, consider its expectation E[W] specified by

1 ifd,je K, i#j,

0 otherwise.

E[W;;] = {

Let £ := ﬁlK € {0,1}" be the unit vector defined by & = ﬁ ifie Kand §; =0ifi ¢ K. Then

E[W] can by obtained from k&¢T by replacing its diagonal entries with zeros. Consequently,

IEWII > k€T — I E[W] —k&eT | =k — 1.
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Moreover, the matrix W — [E[W] has Rademacher entries except that W;; — E[W;;] =0ifi,j € K
or ¢ = j. Similar to Theorem 6.3, we have

P{|W —E[W]|| <Cy/n} -1 asn—
for an absolute constant C' > 0 under Hy. By the triangle inequality
W1 = [ EW]|| - W - E[W]|,
we obtain the following theorem.

Theorem 6.7. Under Hy, there is an absolute constant C' > 0 such that if k > 2C+/n+ 1, then
P{|W| >Cvn} =1 asn — cc.

Combining Theorems 6.3 and 6.7 immediately yields a consistent test.

Corollary 6.8. There is an absolute constant C' > 0 such that the following holds. Suppose that
k>2Cyn+1. Then

Po{|[W] > Cv/n} + P {|W| < Cy/n} =0 asn— occ.
In other words, the test that rejects Hy if |W|| > C+\/n is consistent.

It is widely conjectured that the computational threshold C'y/n is in fact tight up to a constant
factor even though it is significantly larger than the statistical threshold 2log, n. That is to say, if
k < ¢y/n for a certain absolute constant ¢ > 0, then there may be no polynomial-time algorithm
that can distinguish H; from Hj with vanishing type I and type II errors. If this is indeed the case,
we say that there is a statistical-to-computational gap for planted clique detection.

6.3 Lower bounds for testing in random graphs

In this section, we introduce tools for proving statistical and computational lower bounds for testing
problems involving random graphs.

6.3.1 Fourier basis of functions on a random graph

Define a standardized version of the adjacency matrix A € R™*" by

Aij = 2AZ] -1

for i,j € [n]. For A ~ G(n,1/2), we have

IE[AU] = 0, Var([lij) =1.
We now define a Fourier basis of functions of (A;;)i<; (or, equivalently, functions of (4;;)i<;). Let
S C ([g]) denote an edge set; S can also be viewed as the subgraph of the complete graph K,

induced by this edge set. Next, define



Proposition 6.9. The set {¢s : S C ([g])} forms an orthonormal basis of the set of real-valued
functions of (Aij)i<; with respect to the inner product (f,g) :=E[f(A) g(A)], where A ~ G(n,1/2).

Furthermore, let V<p denote the set of polynomials in (A;j)i<; that have degrees at most D.
Then {¢g:S C ([Z}), |S| < D} forms an orthonormal basis of V<p.

Proof. 1t is not hard to check that

- _ 1 ifS=T,

E[ps(A) ¢r(A)] = E [ H Aij - H Ai’j/:| = {0 ifS£T
(1,5)€8 (¢/,4")eT ’

Moreover, there are 2(3) possible values that the graph (A;;)i<; can take, so the set of real-valued

functions of A has dimension (g) There are precisely (72‘) functions in the defined basis, so this

proves the first claim. The second claim holds by the orthogonality and the fact that the set
{¢s: S C ([g]), |S| < D} spans V<p. O

In the sequel, we also use the norm || - || associated with the above inner product (-, -).

6.3.2 Statistical lower bounds

Consider testing between two distributions Py = G(n,1/2) and Py of random graphs (we will set
Py = G(n,1/2,k) later). Recall that whether there exists a consistent test depends on the total
variation distance between Py and Pq: For any fixed adjacency matrix B € {0,1}"*" let p.(B) be
the probability that P, generates B where r = 0,1. Then we have

TV, P1) = 3 Y po(B) ~ pr(B)| = 1~ 3 min {po(B), pa(B)}
B B

where the sum is over all possible adjacency matrices B, and
iIdl)f (Po{op =1} +P1{¢p=0}) =1 - TV(Py, )

where the infimum is taken over all possible tests ¢.

Proposition 6.10. Let L(A) := 21 pe the likelihood ratio, and consider its norm ||L|| defined by
po(4)

p1(A)\?
I = | (25’
po(A)
If||L]| < C for a constant C > 0, then there exists ¢ > 0 such that TV(PPg,P1) < 1—c. As a result,
there exists no consistent test that distinguishes IP1 from Py as n — oo.

Proof. For brevity, we write sums as integrals. Then 1 — TV(Py,Py) = [ min(po, p1). We have

</\/1Tpl>2 = (/\/min(po,pl) 'maX(PoaP1)>2
< /miﬂ(po,pl)'/max(po,pl)
< [ min(po,p1) - [ (po+p1) =2 [ min(po,p1),
/ / /
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where we used the Cauchy—Schwarz inequality. Moreover,

2
( / \/p0p1> = exp (2 log / \/p0p1> = exp (2 log / pl\/pT) )
pop1>0 p1
Zexp(?/ pllog“m):exp(—/ pllogpl>,
P0p1>0 pl p0p1>0 pO

where we used Jensen’s inequality. Applying Jensen’s inequality again, we obtain

D1 D1 P12
/ p1log— < 10g/ p1— :log/po<) = log ||L||°.
pop1>0 Po pop1>0 PO Po

Combining everything, if ||L||*> < C, then [ /pop1 > ¢ and so [min(py,p1) > c for constants
¢, d > 0. We conclude that TV(Py,P;) <1 —c. O

6.3.3 Computational lower bounds

By the above result, to establish a statistical lower bound against all tests, it suffices to control the
norm ||L||. Next, we show that, if the goal is to establish a lower bound against polynomial tests of
degrees at most D, it suffices to consider the norm of the projected likelihood ratio |[L<pl|. To be
more precise, recall that V<p denotes the set of polynomials in (A;j);<; that have degrees at most
D. Define the function L<p(A) to be the projection of the likelihood ratio L(A) onto V<p. Then
we have

IL<pll = Eo[L(A)f(A)] Eq[f(A)]-

We say that a polynomial f(A) in the entries (A;;)i<; strongly separates Py and P if

Jmax { Varo(£(4)), Vars ((4))} = o | Exr[£(4)] - Bolf(4)]])

as n — 0o; see [BAHT22]. Note that if the above condition holds, say, with Eq[f(A)] > Eo[f(A)],
then we can take T := 3 (E;[f(A4)] + Eo[f(A)]), and by Chebyshev’s inequality,

max = max
feVep, IfIIL1 feVep, IfIIL1

Po{f(4) > 7} < Po {|1(4) = Balf ()] > 5 (Eal7(4)] - Bl () }

4 Vary(f(A)) Y
< @) - Er@n - oW

Similarly, P1{f(A) < 7} = o(1), so the test that rejects Py if f(A) > 7 is consistent.

Proposition 6.11. If |[L<p|| < C for a constant C > 0, then there exists no polynomial f € V<p
that strongly separates Py and IP.

Proof. Suppose there is a polynomial f(A) that strongly separates Py and P;. Without loss of
generality, we can standardize f(A) under Pg. Then Eo[f(A4)] = 0, Varg(f(A)) = ||f||*> = 1, and
|E1[f(A)]| = oo as n — oo by the strong separation. This contradicts ||L<pl| < C. O

6.4 Statistical-to-computational gap for detecting a planted clique

Using tools from the last section, we provide evidence supporting the conjectured statistical-to-
computational gap for detection of a planted clique.
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6.4.1 Low-degree polynomials

Let us first answer the question: To predict the computational threshold of a problem, what degree
D should we consider? It is conjectured in the literature that taking D = polylog(n) will yield a
good prediction. One rationale behind this conjecture is that polynomials of logarithmic degrees
approximate spectral methods sufficiently well.

Proposition 6.12. Let Py = G(n,1/2) and Py = G(n,1/2,k), where k > 4C+/n for a large
constant C > 0. For D = [10logy n]|, there is a degree-D polynomial f(A) such that

Po{f(A) >} +P1{f(A) <7} =0 asn— o0
for a threshold 7. Furthermore, f(A) strongly separates Py and Py.

Proof. Suppose that A ~ Py = G(n,1/2,k). Recall that | E[A]|| > k — 1 and ||A — B[4]|| < Cy/n
for a constant C' > 0 with high probability. We used the statistic | A|| to distinguish between Pg
and Py, but ||A] is not a polynomial in the entries of A. Nevertheless, we introduce a degree-D
polynomial that can be used as a test statistic in replace of ||A].

Let X\;(M) denotes the ith largest eigenvalue of M. Consider the polynomial

f(A)::tr(/_lD):zn:)\i( — M (A [1+Z( i)]
=1

By Weyl’s inequality,
A(A) > M(E[A]) - [A-E[A]| >k -1-CVn>29CVn
and
IN(A)] < IN(EIAD| + [[A - E[A] <1+ Cvn < 1.1Cyn.

Therefore, \(A) > 2|\;(A)| for any i > 2. If D > 10logy n, then (%‘g))') <n O fori>2 Tt
follows that

FA) > MAPA-n"") > (20Vn)P

On the other hand, suppose A ~ G(n,1/2). Then
= > XA <al 4P < n(Cvn)P
i=1

since we showed that ||A|| < C'y/n with high probability. Note that 2 > n1® > n for D > 10log, n,
so the degree-D polynomial f(A) gives a consistent test between Py and Py.

We omit the proof of strong separation between Py and Py by f(A). In fact, strong separation
is only a second-moment condition, while we have already shown exponential tail bounds for A;(A)
and thus can control f(A) under either Py or Pj. O
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6.4.2 Establishing the lower bounds

In view of Propositions 6.10 and 6.11, to prove statistical and computational lower bounds for the
planted clique problem, it suffices to bound ||L|| and ||L<pl| respectively. Recall that V<p denotes
the set of polynomials in (4;;)i<; that have degrees at most D, and {¢g: S C ( ) |S| < D} is an
orthonormal basis of V<p. As a result,

IL<nl®= > (Lgs)*= D ELA)es(AP= > Eilgs(A

sc(i3)),1s1<p sc('y),1s1<p sc('3),1s1<D

Moreover, the degree D is at most (}), and {¢g: S C ([g})} is an orthonormal basis of the set of
all functions of A. Hence we have ||L|| = HL<(n) Il
>\2

Theorem 6.13. Let Po = G(n,1/2) and Py = G(n,1/2,k). Consider the likelihood ratio L(A) =

Z;Eﬁg. Then we have the following results:

o Ifk<(2—¢)logyn fore >0, then ||L||*> < 2.

o Ifk<n'?¢ fore >0 and D = 0((101;1%)2”)2), then |L<pl|* < 4.

Proof. Since ||L<pl|? = ZSC([n]> S]<D E1[ps(A)]?, we study Eq[ps(A)]. Let K C [n] denote the

vertex set of the clique under Py. If either i or j is not in K, then A;; ~ Ber(1/2) and E[A;; | 2] = 0;
otherwise, A;; = 1 and AZ] = 1. Therefore, by the independence of A;; conditional on K, we have

Ei[¢s(A)] = E [ ] EilA;| K]] = P{i,j € K for all (i,5) € S}
(1.4)€s
which is precisely the probability that the clique K contains all vertices of S viewed as a graph.
Let v(S) denote the number of vertices of S. Note that we must have v(S) < k for otherwise the

above probability is zero. Since K is by definition a uniformly random subset of [n] of size k under
P, we obtain that for v(S) < k,

(22 ke —1)--- (k= o(S) + D _
E A= "2 = k/n)v).
e First, consider the case D = (}) so that ||L|| = |[L<p||. Then we have
k
IZIP = Eilgs(AP < D (k/n)*® Z Yo /P Yy w2t (ke n)*n
SC([;L]) Sw(S)<k m=0 S:w(S)=m m=0

where the last step holds because there are at most (2)2(7;) < nmom?/2 < pmokm/2 graphs S
with v(S) = m. Furthermore, if £ < (2 — €) logy n, then

_ 2logyn\2  (2logyn)?
k/2 2 1—e/2 g2 _ g2
n2%(k/n)* <nn (771 ) = <1/2.

We conclude that i

ILI? < Y @/2)”"

m=0
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logn
loglogn

integer. For m < 2\/5, there are at most (Z)Q(ﬂ;) < nmom’ < nmomVD graphs S such that

v(S) = m. For 2/D < m < 2D, there are at most (") (?)D < n™m?2P graphs S such that
v(S) =m and |S| < D. It follows that

IL<plP= > (k/n)*® Z >, (k)

Sc( N,1s1<D m=0v(S)=m, |S|<D

Next, consider the low-degree case where D = 0(( )2) For brevity, we assume v D is an

<an2m k/n2m+2n m?P (k/n)*™

For the first term, note that for D = 0((log’ﬁ)gn)2) and k < n'/?7¢, we have

7122\/5(]{?/11)2 < neo(logn)(k/n)Q < n1+0(1)n—1—26 < 1/2
Therefore,
2v/D , 2vD
ST am2m (k)P < 3 (022VP (k/n)?)m
m=0 m=0
For the second term, note that for m = 2v/D, we have
VP (2VD)*P (k/n)VP = (n(k/n)*(2VD)¥P)*P
< (K /n)(log n) et )P < (n=25pe )P <
Moreover, for 2\/> <m < 2D, we have
m+1 m4+1 2D k n m+1) 2D
( m 21>7 /217)7, n(k/n) ( )
nmm?P(k/n) \f

(kQ/n) —2¢ 0(1ogn) <n —2¢ 0(1) < 1/2

We conclude that
an 2D k/n2m<2

The two terms combined yield that ||L§D||2 <4

We summarize the statistical-to-computational gap for planted clique detection as follows.

Corollary 6.14. Consider testing between Py = G(n,1/2) and Py = G(n,1/2,k).

If k > (24 ¢)logyn for e > 0, then there is a consistent test.
If k < (2 —¢)logyn for e >0, then there is no consistent test.

If k > Cn'/? for a large constant C > 0, then there is a polynomial of degree O(logn) that
strongly separates Py and P1.

logn

If k < nl'/27¢ fore > 0, then there is no polynomial of degree 0((w

IPO and IPl .

)2) that strongly separates
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