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The Conjecture

@ Let A C R be finite, with n = |A|. (We sometimes call A x A
the grid.)
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@ A collection of lines is in general position (GP) if no two
lines are parallel and no three have a common intersection
point.
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The Conjecture

@ Let A C R be finite, with n = |A|. (We sometimes call A x A
the grid.)

@ Aline ¢(x) = Ax + p (A, u € R) is f(n)-rich if ¢ intersects at
least f(n) points in the grid.

@ A collection of lines is in general position (GP) if no two

lines are parallel and no three have a common intersection
point.

Theorem (Solymosi’s Conjecture)

For every € > 0 there exists § > 0 such that, for n sufficiently
large, if L is a collection of n© GP lines, then not every line in L
is n'=9-rich.
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Intersection-Projection

@ Givenaline /, X(¢) = {x:(x,y) e (AxA)N{}
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e The set of x-values of points in A x A the line ¢ intersects
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Intersection-Projection

@ Givenaline /, X(¢) = {x:(x,y) e (AxA)N{}
e The set of x-values of points in A x A the line ¢ intersects

@ Idea: If ¢4 and ¢, are both n'~%-rich in the grid, then
‘X(£1) N X(€2)| ~ nt—20
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Intersection-Projection

@ Givenaline /, X(¢) = {x:(x,y) e (AxA)N{}
e The set of x-values of points in A x A the line ¢ intersects
@ Idea: If ¢4 and ¢, are both n'~%-rich in the grid, then
‘X(£1) N X(€2)| ~ n1*25
@ From this idea, construct more lines which are also rich in
the grid by composing ¢, with £,
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Intersection-Projection

@ Givenaline /, X(¢) = {x:(x,y) e (AxA)N{}
e The set of x-values of points in A x A the line ¢ intersects

@ Idea: If ¢4 and ¢, are both n'~%-rich in the grid, then
‘X(£1) N X(€2)| ~ nt—20

@ From this idea, construct more lines which are also rich in
the grid by composing ¢, with £,

@ IP(L) denotes the set of lines obtained via the
intersection-projection procedure:

IP(£) = {5;1 oly: l; € z}
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Towards a Proof

If £ is a set of K lines which are n'—%-rich, then for ~ K2n—©()
pairs (i,j), ¢; ' o ¢ is n'=OC)-rich
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If £ is a set of K lines which are n'—%-rich, then for ~ K2n—©()
pairs (i,j), ¢; ' o ¢ is n'=OC)-rich

@ These rich lines are not necessarily distinct!

Chris Pryby Georgia Institute of Technology A Conjecture of Solymosi on Lines and Incidences



Towards a Proof

If £ is a set of K lines which are n'—%-rich, then for ~ K2n—©()
pairs (i,j), ¢; ' o ¢ is n'=OC)-rich

@ These rich lines are not necessarily distinct!

@ Given a set L rich lines, recursively define L, to be those
lines in Lx_1 U IP(Lx_1) which are n'=9)-rich.
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Towards a Proof

If £ is a set of K lines which are n'—%-rich, then for ~ K2n—©()
pairs (i,j), ¢; ' o ¢ is n'=OC)-rich

@ These rich lines are not necessarily distinct!

@ Given a set L rich lines, recursively define L, to be those
lines in Lx_1 U IP(Lx_1) which are n'=9)-rich.

@ If we eventually get n? rich lines, then we obtain a
contradiction.
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Towards a Proof

If £ is a set of K lines which are n'—%-rich, then for ~ K2n—©()
pairs (i,j), ¢; ' o ¢ is n'=OC)-rich

@ These rich lines are not necessarily distinct!
@ Given a set L rich lines, recursively define L, to be those
lines in Lx_1 U IP(Lx_1) which are n'=9)-rich.
@ If we eventually get n? rich lines, then we obtain a
contradiction.
e Conclusion: the IP procedure must eventually peter out
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Towards a Proof

If £ is a set of K lines which are n'—%-rich, then for ~ K2n—©()
pairs (i,j), ¢; ' o ¢ is n'=OC)-rich

@ These rich lines are not necessarily distinct!

@ Given a set L rich lines, recursively define L, to be those
lines in Lx_1 U IP(Lx_1) which are n'=9)-rich.

@ If we eventually get n? rich lines, then we obtain a
contradiction.

e Conclusion: the IP procedure must eventually peter out
e Stop producing many new rich lines with a new iteration
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IP Stalls: Now What?

@ If most of our resulting lines are in GP, then appeal to
Albert’s argument for a contradiction
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IP Stalls: Now What?

@ If most of our resulting lines are in GP, then appeal to
Albert’s argument for a contradiction

@ Goal: Show that most of our lines are in GP
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Five Cases

@ Given a set £ of n'~9-rich lines in GP
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Five Cases

@ Given a set £ of n'9-rich lines in GP
o nF <Ll <n?
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Five Cases

@ Given a set £ of n'~%-rich lines in GP
o nF <Ll <n?
@ After one iteration of IP, must have one of the following:
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Five Cases

@ Given a set £ of n'~%-rich lines in GP
o nF <Ll <n?
@ After one iteration of IP, must have one of the following:

e Small number of large families of parallel lines (each family
with a different slope)
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Five Cases

@ Given a set £ of n'~%-rich lines in GP
o nF <Ll <n?
@ After one iteration of IP, must have one of the following:

e Small number of large families of parallel lines (each family
with a different slope)

e Small number of large “star families” (common intersection
point)
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Five Cases

@ Given a set £ of n'~%-rich lines in GP
o nF <Ll <n?
@ After one iteration of IP, must have one of the following:
e Small number of large families of parallel lines (each family
with a different slope)
e Small number of large “star families” (common intersection
point)
e Moderate number of moderate-sized families of parallel
lines
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Five Cases

@ Given a set £ of n'~%-rich lines in GP
o nF <Ll <n?
@ After one iteration of IP, must have one of the following:
e Small number of large families of parallel lines (each family
with a different slope)
e Small number of large “star families” (common intersection
point)
e Moderate number of moderate-sized families of parallel
lines
e Moderate number of moderate-sized star families
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Five Cases

@ Given a set £ of n'~%-rich lines in GP
e < |Ll <P
@ After one iteration of IP, must have one of the following:
e Small number of large families of parallel lines (each family
with a different slope)
e Small number of large “star families” (common intersection
point)
e Moderate number of moderate-sized families of parallel
lines
e Moderate number of moderate-sized star families
o A large subset of lines in GP
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Small Number of Large Parallel Families

@ Easy case to rule out
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Small Number of Large Parallel Families

@ Easy case to rule out
e Doesn’t require lines to be rich in the grid
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Small Number of Large Parallel Families

@ Easy case to rule out
e Doesn’t require lines to be rich in the grid

@ If family is large enough, can find two pairs
(41,42),(¢1,43) € L x L mapping to the family
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Small Number of Large Parallel Families

@ Easy case to rule out
e Doesn’t require lines to be rich in the grid
@ If family is large enough, can find two pairs
(41,42),(¢1,43) € L x L mapping to the family

@ Implies that /5, ¢3 are parallel: contradiction since L is
supposed to be GP
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Small Number of Large Parallel Families

@ Easy case to rule out
e Doesn’t require lines to be rich in the grid

@ If family is large enough, can find two pairs
(41,42),(¢1,43) € L x L mapping to the family

@ Implies that /5, ¢3 are parallel: contradiction since L is
supposed to be GP

@ Similar argument for large star families
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Moderate Number of Parallel Families

@ n/* families of rich parallel lines after one IP iteration
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Moderate Number of Parallel Families

@ n/* families of rich parallel lines after one IP iteration
o n/*lines per family
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Moderate Number of Parallel Families

@ n/* families of rich parallel lines after one IP iteration
o n/*lines per family
@ This case yields a contradiction
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Moderate Number of Parallel Families

@ n/* families of rich parallel lines after one IP iteration
o n/*lines per family
@ This case yields a contradiction

e Can repeatedly iterate IP on such a family to get n? rich
lines
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Moderate Number of Parallel Families

@ n/* families of rich parallel lines after one IP iteration
o n/*lines per family
@ This case yields a contradiction

e Can repeatedly iterate IP on such a family to get n? rich
lines
@ Borenstein-Croot (2008)
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Moderate Number of Star Families

@ nc/* families of rich star families after one IP iteration
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Moderate Number of Star Families

e n/* families of rich star families after one IP iteration
e n*/*lines per family
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Moderate Number of Star Families

e n/* families of rich star families after one IP iteration
e n*/*lines per family
@ Let A = set of slopes of a star family
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Moderate Number of Star Families

@ n°/* families of rich star families after one IP iteration
e n*/*lines per family

@ Let A = set of slopes of a star family

@ Consider the sets A/A :={\/XN : A\, XN € A}
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Moderate Number of Star Families

e /4 families of rich star families after one IP iteration
e n*/*lines per family
@ Let A = set of slopes of a star family
@ Consider the sets A/A :={\/XN : A\, XN € A}
@ Observation: lterating IP with the lines in a star family
won’t produce many new slopes
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Moderate Number of Star Families

@ n°/* families of rich star families after one IP iteration
e n*/*lines per family
@ Let A = set of slopes of a star family
@ Consider the sets A/A :={\/XN : A\, XN € A}
@ Observation: lterating IP with the lines in a star family
won’t produce many new slopes
e Or else we get too many rich lines: contradiction
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Some Theorems

@ We introduce a couple of theorems:
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Some Theorems

@ We introduce a couple of theorems:

Theorem (Borenstein-Croot)

Forevery0 <e <1/2andc > 1, there is § > 0 such that for
large k and large subsets A of an additive abelian group: if
SCAx---x A= AK has size at least |A|*~° and
Y(S)={s1+---+8k:(s1,...,5) € S} has size at most |A|°,
then there is a subset A' C A with size at least |A|' ¢ so that
wA/| < ‘A/’C(H-aé)_
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Some Theorems

@ We introduce a couple of theorems:

Theorem (Borenstein-Croot)

Forevery0 <e <1/2andc > 1, there is § > 0 such that for
large k and large subsets A of an additive abelian group: if
SCAx---x A= AK has size at least |A|*~° and
Y(S)={s1+---+8k:(s1,...,5) € S} has size at most |A|°,
then there is a subset A' C A with size at least |A|' ¢ so that
‘EA/| < ‘A/’C(H-aé)_

Theorem (Croot-Hart)

For every ¢ > 0 there exists § > 0 and k > 1 such that for large
N, the following holds: if B C R has size N and |B.B| < N1+B,
then |kB| > N°.
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In Other Words...

@ First theorem generalizes Balog-Szemerédi-Gowers’
theorem
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In Other Words...

@ First theorem generalizes Balog-Szemerédi-Gowers’
theorem
o If lots of collisions in A+ - - - + A, can extract a subset where
most of the collisions occur.
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In Other Words...

@ First theorem generalizes Balog-Szemerédi-Gowers’
theorem

o If lots of collisions in A+ - - - + A, can extract a subset where
most of the collisions occur.
@ Second theorem: If the product set B.B is small enough,
then B+ --- + Bis as large as we want.
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In Other Words...

@ First theorem generalizes Balog-Szemerédi-Gowers’
theorem
o If lots of collisions in A+ - - - + A, can extract a subset where
most of the collisions occur.

@ Second theorem: If the product set B.B is small enough,
then B+ --- + Bis as large as we want.

@ By prior observation, [(A/A).(A/N)] < |A/A]|
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In Other Words...

@ First theorem generalizes Balog-Szemerédi-Gowers’
theorem

o If lots of collisions in A+ - - - + A, can extract a subset where
most of the collisions occur.

@ Second theorem: If the product set B.B is small enough,
then B+ --- + Bis as large as we want.

@ By prior observation, [(A/A).(A/N)] < |A/A]|
@ Apply the first theorem: get a small sum set
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In Other Words...

@ First theorem generalizes Balog-Szemerédi-Gowers’
theorem
o If lots of collisions in A+ - - - + A, can extract a subset where
most of the collisions occur.

@ Second theorem: If the product set B.B is small enough,
then B+ --- + Bis as large as we want.
@ By prior observation, [(A/A).(A/N)] < |A/A]|
@ Apply the first theorem: get a small sum set
e Caveat: Can't apply theorem directly to A/A
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In Other Words...

@ First theorem generalizes Balog-Szemerédi-Gowers’
theorem

o If lots of collisions in A+ - - - + A, can extract a subset where
most of the collisions occur.

@ Second theorem: If the product set B.B is small enough,
then B+ --- + Bis as large as we want.
@ By prior observation, [(A/A).(A/N)] < |A/A]|
@ Apply the first theorem: get a small sum set
e Caveat: Can't apply theorem directly to A/A

@ Contradiction with second theorem
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