
Study Sheet for Math 4107, Midterm 2

April 4, 2008

1. Know Cayley’s theorem, which says that every group G can be embed-
ded into a subgroup of a symmetric group. Recall that the symmetric group
S on a set X, which I denote by SX , is the set of all bijections ϕ : X → X.
The proof of Cayley’s theorem amounts to taking X as the elements of the
group, and then bijections ϕ : X → X that these elements correspond to is
just left-multiplication. That is, if g ∈ G, and X = G, then associated to g
we have a bijection ϕ : X → X, where ϕ(x) = gx.

2. Be able to explicitly represent groups in terms of permuations. For
instance, D3 is isomorphic to S3, where we can think of the rotation R by
2π/3 radians as the cycle (1 2 3), and can think of a flip F as (1 2).

3. Cayley’s theorem is intimately connected with actions. Know how to
use Cayley’s theorem and actions to prove that certain subgroups of a group
G must be normal. One example of this is as follows: Suppose that G is a
group of order 3p, where p ≡ 1 (mod 3) is prime. Let H be a subgroup of
G of order p. Prove that H is normal (without invoking Sylow’s theorem).
If we let H act on the left-cosets of H by left-multiplication, since there are
3 cosets, this means that we get a mapping from ϕ : H → S3. Since H
has order p, while S3 has order 6, the kernel must be all of H. That is, H
acts trivially on the left-cosets of H; that is, for every h ∈ H, and a ∈ G,
haH = aH. This clearly implies aH = Ha, and therefore H is normal. You
can reach similar sorts of conclusions by just letting G act on the cosets of
H.

4. Know how to decompose a permutation into a product of disjoint
cycles.

5. Know how to tell if a permutation is even or odd.
6. Know the relationship between the sign of a permutation, and the

determinant of permutation matrices (this is not in your book – I only covered
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it in the lectures).
7. Know and be able to prove that the conjugates of a given permutation

α are all those permutations with the same cycle structure as α.
8. Know how to find all the subgroups of S4.
9. Be able to show that An (the alternating group) is generated by the

3-cycles.
10. Know how to show that Sn is generated by transpositions.
11. Know what the class equation is for conjugation: It is a way of writing

|G| as a sum of all the equivalence classes of elements under conjugation.
12. Be able to use the class equation to show that p-groups always have

a non-trivial center.
13. Be able to prove that groups of order p2 are abelian.
14. Be able to show that groups of order divisible by p have an element

of order p (without invoking Sylow).
15. Know how to prove Sylow I in the usual way (this is actually the

second proof in your book, and is on page 94).
16. Know the statements of all the Sylow theorems.
17. Know how to use the Sylow theorems to prove that certain subgroups

are normal. For example, in a group of order 15, the 5-Sylow subgroup is
normal, because the number of 5-Sylows is 1 (mod 5), and must divide
15, giving that there is only one; and then, since all Sylow-p subgroups are
conjuagate, the Sylow-5 must be normal.

18. Be able to use the existence of Sylow-p subgroups to prove that groups
are abelian. See, for example, the usual proof that all groups of order 15 are
abelian, and cyclic.

19. Know the definition of internal direct product. Know the isomorphism
between cartesian project and internal direct product. Know the group the-
ory manifestation of the “Chinese Remainder Theorem” that I mentioned in
class.

20. Be able to combine Sylow’s theorem with various counting argu-
ments to deduce that certain groups are not simple (simple means they have
no non-trivial normal subgroups; so, non-simple means they have a normal
subgroup). For example, in a group of order 30 you know that there are 1
or 10 Sylow-3 subgroups, and 1 or 6 Sylow-5 subgroups. You can show that
either a Sylow-3 or a SYlow-5 is normal using a further counting argument as
follows: If there were 10 sylow-3 subgroups, and 6 sylow-5 subgroups, then
you would have 20 elements of order 3, and 24 elemetns of order 5, giving
that G has at least 20 + 24 = 44 elements, impossible.
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21. Be able to combine normal Sylow subgroups with homomorphisms.
For example, if a sylow subgroup P is normal in G, then you have a homo-
morphism ϕ : G → G/P , which you can use to make further deductions.

22. Know the statement of the Fundamental Theorem of Finite Abelian
Groups.

23. Know how to determine all non-isomorphic abelian groups of a given
order.

24. Know how to count the number of non-isomorphic abelian groups of
a given order (it is related to the partition function).

25. Know how to prove that certain abelian groups are non-isomorphic.
For example, Z3 × Z3 is not isomorphic to Z9.

26. Know a few examples of non-abelian groups; for example, Dn, Sn,
and matrix groups.

27. Know the definition of a ring, and know and be able to prove that
certain sets with operations + and · form a group. Examples abound: the
integers, the real numbers, rationals, polynomials with integer rational com-
plex coefficients, quaternions.

28. Know basic properties of division rings, integral domains, fields.
Know that finite integral domains are fields. Know the definition of char-
acteristic and that integral domains always have either prime characteristic
or 0 characteristic. Know the cancellation law for integral domains. Know
that every integral domain contains either a copy of Z/pZ or the rationals Q.
Know that Z/pZ is a field. Know the field of fractions construction. Know
the definition of ring homomorphisms, ideals, quotient rings. Know that M
is a maximal ideal of a ring R iff R/M is a field.

That is all you should know for this test. The final exam will cover all
the ring theory material (will be more heavily weighted towards rings).
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