Math 6441 - Spring 2020
Supplement 1: H and H’-spaces
A pointed space (Y, 1) is called an H-space if there are maps

p:YxY —=Yandv:Y =Y,
such that
e poip ~idy and poiy ~idy wherei; : Y =Y XY :y — (y,yo) and similarly for i,
e o (idy X ) ~ po (uxidy)as maps fromY xY xY toY, and
e 10 (idy X v) is homotopic to a constant map.

1. Show that [X, Y], has a natural group structure for every pointed space X if and only if
Y is an H-space. Here natural means that if f : X — X’ is a continuous map then the
induced map [X',Y]o — [X,Y]o is a homomorphism.

Hint: Given an H-space note that [f],[g] € [X,Y]o then f x g : X — Y x Y. Define

multiplication by [f] * [g] = [uo (f X g)].
For the other implication assume take X =Y x Y and let p; : Y x Y — Y be projection

to the i'" factor. Now let u be a representative of [p;] * [po] and v a representative of
[idy]_l.

2. Let (Y, yo) be a pointed space. The loop space Q(T) of Y is the space of based continuous
maps from (S*, zg) to (Y,yo). Show Q(Y) is an H-space.

Recall that if (X, zo) and (Y, yo) are pointed space then the wedge product X VY is the subset
(X x{yo}) U ({zo} xY) in X x Y, with base point (x¢, yo).
A pointed space (YY) is called an H'-space if there are mappings

Y —=-YVvVYandr:Y =Y
such that
® piou~idy and py oy ~ id, where p; : Y VY — Y is projection to the ith factor,
o (idy Vp)opun~ (uVidy)opasmaps fromY toY VY VY, and
e (idy V v) o p is homotopic to the identity on Y

3. Show that [Y, X|o has a natural group structure for every pointed space X if and only if
Y is an H’-space. Here natural means that if f : X — X’ is a continuous map then the
induced map [Y, X]o — [Y, X']p is a homomorphism.

Let X be a topological space, the suspension of X is
YX =X x1[0,1]/ ~

where ~ indicates that X x {0} is collapsed to a point and so X x {1} to another point. If
(X, z0) is a pointed space then the reduced suspension of X is XX = X x [0, 1]/ ~ where you
collapse as before, but also collapse {z} x [0,1]. Notice that this means that ~ in this case
just collapses (X x {0,1})U ({zo} x [0, 1]) to a point. Call this point the new base point of the
suspension. For pointed spaces XX will always mean reduced suspension.
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4. Show that the suspension of S™ is S"*!. If we choose a base point of S™ show that it’s
reduced suspension is also S™*1.
5. If (Y, yo) is a pointed space then show that XY is an H'-space.

Notice that we now know that
T (X, z0) = [S™, X]o

is a group for all n > 1!

6. If (X, x0) is an H'-space and (Y, yo) is an H-space, then show that the product structures

on [X,Y]p coming form X as an H'-space and from Y as an H-space agree. Also show
that the product is commutative.
Hint: Let 4+ be the multiplication from the H’-space structure and - be the one from the
H-space structure. Denote p for the H'-space structure by p, and the p for the H-space
structure by p,. Note that [f1] - [fa] = [z 0 f1 X fo] and [f1] + [f2] = [V o (f1 V f2) o puy/]
where V : YVY — Y send (y,y0) and (yo,y) toy. Let A: X — X x X 1z — (x,z). Now
given fi, fo € [X,Y]o, show that Vo (fi A f2) oy and g, o (f1 X f2) o A are homotopic.
For commutativity note that if G is a group and p : G x G — G : (g,h) — gh is a
homomorphism then multiplication is commutative.

The smash product of pointed spaces X adn Y is
XANY =(XxY)/(XVY).

7. For a pointed space X show that XX = X A St
8. Show that
[EX, Y]O — [X, QY]O

Hint: Note that there are obvious map ¥ : C(X|timesY, Z) — C°(X, X°(Y, Z)) defined
by letting W(g)(x) be the function y — g(x,y) is a homeomorphism if Y is locally com-
pact (that is has an open neighborhood with compact closure) and Hausdorff and X is
Hausdorff. And the inverse that sends f: X — C°(Y,Z) to V=L(f)(z,y) = f(z)(y).

Not this shows that [X x Y, Z] = [X,C°(Y, Z)].

Now show that for based spaces [X AY, Z]oy = [X, CP...a(Y, Z)]o-

Notice that this shows that
7I'n(X, ZEo) = [Sn,X]O = [an_l,X]Q = [Sn_l,QX]o.

So if n > 2 then S™! is an H'-space and QX is an H-space, so m,(X, x¢) is abelian.



