
HI Cohomology

A 6homologyofahaincomplex
*

a sequence of abelian groups C and maps
n n

n t I

g :c → c

is called a Etancomplex if 8miI O for all a
"

che
"

homology of the complex is called the cohomology of 678 )

Hn ( C
't

,
s ) =

her 81in Son ,

If lC*
,

2) is a Enhancecomplex and G any abelian group then we get

a dual co - chain complex
C

"
= Hom ( Cn ,

G) = I homomorphisms Cn -7 G }
T is G omitted

, then

and Sn = 2¥,
:C

"
→ Cnt ' assumed to be Z

1.e .

T E C
"

so T ! C
n

→ G

then
St ) : Cat ,

-76 : O H T l2n+ ,
O )

note I Sae
,

o Sak ) ] lot = IsntT ) ] (2+20) =
 T ( Jn , idea o ) = Tco ) -

- O

so ( it
,

s ) is a co - chain complex and

H
" ( c

iG)
=

her Sy* im Sn - I

is called the cohomologyof ( C * 21

Truest : Is there any more information in cohomology
Answer . No

. . . and Yes

we will see the groups
H

'

( Eis ) contain same information

as groups H*lC*c2 )

but the

cohomology
of a topological space toH

"

(Cf x ) )

has a Ingstructure that does give more information

about X
.



if IA * D ) and ( B* ,
2

' ) are chain complexes

and 9 :(A
* ,
2) → 113*2 ) is a chain map

then
X

't
: B

't

→ At is a co - chain map ( i.e .
Sox

't
= 2*08

'

)

U U

BIT Boy

and hence induces a map a
't

: H
"

CB*
iG) → HM 6)

exercise :  i ) a : IA  *  
D) → l B *  D

' )

p ! ( B ,  
D) → I ↳

,
2

"

) chain .

maps

then God
't

= a
't

o p
't

2) I
"

= I and 0
*

=D

As mentioned above It
't

K¥3 ) is determined by H*K*
,
2)

But this is netobvious

example : if 6*2 ) is

Z  FE Z It ZEE E ZE Z
→

'

c'
.

I
.

'

I
.

"

co
"

o
' '

a

"

o

"

co

If homology I cohomology

3 2 I 0

Hs Hz H
, Ho It It It H

" " " 'III " " "

ZI O 7/27/20 It

So H
"

is not just something like Hom I Hn
,

# )

note there is a natural pairing

HMG 's G) X Half ,
2) → G

( Ed ]
, EPI ) 1-7 xp )

exercise : Show xcp ) is independent of representative you

take of Ex ] and [ B ]



thus we get a natural map
I

HhCC* ; G) → Hom ( HIGH ,
G )

[ a ] 1-7 okay : Hn ( C * , d) → G

[ p ] l→ a ( p )

we want to understand this map better

if A is an abelian group ,
then I free abelian

groups F and R and

homomorphisms St
.

f g
O → R → F  → A  → o

is exact

exercise : Hom C.

,
G ) is leftexact

2.e
. 6,56¥↳ → o exact

,
then

0-7 Hom CG
, ,

G ) Hom ( Gz
,

6) → Hour ( G
, ,

6 )

is exact

( but it 0-76
,

I Go too then don't necessarily
getItsurjective )

define : Ext I A. G) =
Hom ( R

, Gym. f* ( i.e .
Coker f

*

)

so 0 -7 Hom CA
,

G) ¥ Hom ( F. 6) Homer
,
G) → Ext I A. G) → O

is exact
.

so Ext CA
,

G )
examples:

measures failure of

Z : O → o → z  → Z  → O

Ext C Z
,

G) = %;f*  = o
Hom CE G) → Honk

,
G) → o

from being exact

7th : O -7 Z I → Za -70

Ext I Zn ,
b) =

Hom # ' %n(n×y* I %G

in
' particular :

Ext ( Za , Zm ) = Zd.

d -
-

g. c. d. ( m
,

n )

exercises : i ) Ext CA
,

G ) in
- dependent of F

, R
.

f. g

2) Ext I It It
'

,
G) I Ext CH

, G) to Ex HH :o)

3) Ext ( H
, 67=0 it It is free



4)
Ext I Zu ; G) I % G

51
from the above we can compute Ext ( H

,
G )

for all finitely generated abelian H and G

6 ) Ext I G ;
= O t G

Th ' 1 I Universal Coefficients Theorem )-

O → Ext (Hn

.fC*
)

,
G) → HTC * ; G) → Hom I Hink * I

,
G) → 0

is exact and splits and is natural with respects

to chain maps

being split means the middle group is the direct

sum of the other two
.

Proofs: purely algebraic I not too hard ) see

Hatcher
's book

L#

Cor 2 :

-

it Fn -

- free part of An CC* )

Tn = torsion part of Hn (Cet )

then HYE ; Z ) = Fn to Tn - i

Prooti clear from Tha I and exercises
E#

examples :

suppose Hal ↳
 A -

- FEE
oh" '

!oeduden

then

Hy ↳ ⇒ = ftoz
,

Iida
12 n even > o

Hn
C C

*  izyz ) =

Hom 1¥42) =

za
Hom

1712,742

) ④

Extlo.tt#--Z/z

{

H#
to Ext

htt
 ith ) =

7th
= 7th



b.
if a chain map induces an Isomorphism on all homology groups
then It Induces an Isomorphism on all cohomology

gnupsproot
: if x :( C

*  D) → KID '

) induces an Isomorphism on homology
then

0 → EXHH
...

( ↳ I
,

6) → HYG ; G) → Hom ( Hnk , )
,

6) → 0

TH*
Y T at Ten#

0 → EXHHMKI )
,

6) → HnK* '

; G)→ Homlltnk ! )
,

G) → 0

two maps on end are Isomorphism s so x* Isomorphism
( exercise ) E#

B
.

Ghomdogyofaspacelet
X be a topological space

(Cn 1×1,2 ) be the singular chain '

complex of X

the cohomology of this complex Is the cohomology of X Huettin . 6)

Hnlx ; G )

similarly for the pair IX. A )
,

H
"

( X
,

A ; G )

is the cohomology of ( ( nc x. A)
,

2)

from Corollary 3 we know that it X is a CW complex then we get the

same cohomology groups if we use ( CYCH ,
In )

.

it f :X → Y a continuous map
then we get a chain map

f*
: Cnlx ) → CNCY)

and thus a homomorphism

f* : Hn ( Y; 6) → H
"

( X ; G)

it f. g :X → Y are homotopic then f*
, g* are chain homotopic

i.e. F Pn : Cnw → ( n+ilY ) st
. znupn + Pn

. ,2n= tn - 9n



dualtting we get
P* S + SP

't
= f

"

. gn

exercise : this implies f
*

=g* on H
" ( Y ; G)

Thus cohomology Is a contra variant functor from

H = category of topological spaces and homotopy
classes of continuous maps

to

Gr = category of graded abelian groups

Exactly as we did for homology ,
we can prove

1) Exactsequenceotapa=

. . .

→ H
" IX. A) ¥H"1×1 # H

"

#↳ Hnttx
,

A) →
...

I : A  → X inclusion maps
j :(X. 0 ) → ( X. A )

and it f :( X. A) → ( Y, B) then

H
"

(A) ↳H
" "

( X. A)

f* T 0 T f*

H
" (B)

Is
Hnt '

( y, B)

2) Excision . Z c E c int ACACX then tieinclusion (X - Z
,

A- 7)→ ( X. A)-

induces an Isomorphism
H " ( X

,
A) → Hnlx - Z , A - z )

3)dimension:

Hncpt ; b) =§o"

Ifo

4) Mayer-ViEtori= : X = AUB Ai B open sets

. . .

→ HYX ) → H
"

Aloha (B) → HYANB ) → Hat '

CH →
.  . .



exercise : from above show directly that

Her;o± toTIEk 6
k=

0
,

n
H 1 5 ; 6) IHYD"

,2D
";l={o

k¥ on

C. Products

we will define a

cent
: Hplx) × Hat ( Y) → Hm9(X×Y )

( x
, p ) - xxp

that Is bile: ( &
,

+a) xp = 4 xp + x. xp
X x (p ,

+ pz ) = x xp ,
+ xxpz

and natural : it f :X
'

→ X and g
: Y

'

→ Y are maps

then H*x)x(g*p)= ffxgytkxp )

cupproduct : HP ( × ) × Hat ( × ) → Her ( × )

K
, p ) 1- x up

that Is bile
: ( &

,
+a)

up
= x.

up
+

qupXU(p ,
+ pz ) =xup ,

+xupz
and natural : it f :X

'

→ X is a map ,
then

f
*

I x up ) = f *

( x ) u f *
( p)

the cup product is more useful and makes cohomology of spaces
a stronger invariant of spaces ,

but the cross product is

simpler to define and study

But the cap and cross products are 10ktequivalent

to see this let p ,
:X ×Y→ X and

pi . XXY → Y be the projection maps
and 0 :X → Xxx : pm ( p , p) be the diagonal map



suppose we have a cap product defined with above properties
'

we define : xv : HP ( × ) x Hotly) → HPt8(×xY )

( x
, B) 1-7 pix u pitp

exercise : Xu Is bilinear and natural

suppose we have a cross product defined with above properties

we define : 4 : HP( x ) x HFC× ) → Hptar ( × )

I x. p ) 1- 0*1 xxp )

exercise : Y,
is bilinear and natural

note : given u ihen u×u=u

indeed x U×up= 8 ( xxup ) = o* ( Pia v pit p )

where p ;
 i. XXX → X projection

to 1
# factor

= Epix u hit PI p = ( p,°oYx u Koo )*p
= xv p I since p ,

oo = idx )

exercise : Show ×u×= X

so it we can define either the Cup or cross product then

we get the other one and

x up : o*(x×p ) note : it is key we are

working in
' whom#gy

xxp = pitxu pit p not homology or none

of the above Would
Crossproducts :

work !

1st we need to
"

recall
"

the tensor product of groups ( modules
,

...
)

let 6 and H be 2 abelian groups

let FC Gxtt) be the free abelian group generated byCoxH Ee. finite formal sums I a.
Lg

, ,hit )



let S= subgroup generated by

( ( gtg
'

)
,

h ) - ( g. 4) - Cg
'

,
h )

(g. lhth ' ) ) - 19in - 19 '
hi )

v.
g. g. e 6

tofshfuztfutm { In 9. h ) - nl 9. 4) 4. h
' EH

nice to make ( g ,
nh ) - nlg ,

h) nt Z
explicit

the tenorproduct of G and H Is the group G @H =

F " "%

lhe coset of 4,4 ) Is decided gxoh
k

so elements of 6×0 H are I a
; qxoh ; a

,
e Z

7=1

and we have ( gtg
' ) Q 4 = g @ h + g

' oh

g @ ( 4th
'

) = gxoh + g
@ h '

ng oh =

g @ uh = nlgxoh )

exercises i ) GOH  ± HOG

2) (+0,6;) @ HE¥0 ( GQH )

3) (6×04)×0 K = GQCHOK )

4) -2×06 = 6

5) 2%06 = %G

6) given homomorphcjms f : 6 → 6
'

and
g

: H→H '

then fxog : GOH → 6
'

@ H
'

is a homomorphigm
x @ y H FCHQYCY)

key property ! 7) a bilinear map 01 : G×H  → K induces a homomorphism

turns bilinear maps
GQH  → K

into homomorphisms 9×041-7 10cg ,
h )

more generally if R is a commutative ring with unit

and A and B are R - modules
( think field but without

1 think vector space over R )
multiplicities inverses

e.9. abelian groups are Zt - modules Eg .

Z



then you can analogously define AQRB

we can also take tensor product of complexes

let ( C
,

2 ) and ( C
'

,
j ) be two chain ' complexes

their tensprotect Is the chain ' complex

( Coe
'

)n= ¥ =n(C. 05
' )

with boundary maps

2×0 ( a @ b) = (2a) xob + fill
'

a @ jb it at C
; and beef

exercise : (2×0)
2

= 0 so this Is a chain ' complex

we now get an algebraic#product

xay : Hp (C) ×0 HQCC
') → ftp.qlcxoc

')

[ ZJ Q [ w ] 1- [ ZOW ]

note : it Z= E+ 2T
,

then

ZQW = EQW + 2T @ W

= E @ w +

2×0
⇐@w )

d " nice 2 'w=o

so [ Z @ w]= [ E @ W ]

exercise : check Xay Is a well . defined homomorphism that

Is natural with respect to chain '

maps

TIhku.net#e) ( HA ) :

0 → ftp.u#pK)0HqCC
')) → Hncexoe

') Is exact

Remarks. Proof Is purely algebraic and we don't really
need this so we will skip the proof ( see book

it you are interested )



now for topological spaces
÷X and Y are CW - complexes ,

then we get a CW - structure

on X×Y by taking products of cells

1 .e
. El, an a - cell of X

¥1an 1
'

- cell of Y

then en
,

×EY , an in ' ) - cell of Xx Y

and it a } : Jet → Xt "

attaching map of d
;

and a ,! : sent
'

→ yet ' ) attaching map of EY,

then c-(××y)Gt*
2letxEYt@eDxEt-etxHeYD-xH4YHluxnxYdHCx.y

) - (91,1×1 , y )

IX. y ) - ( x. any, ( y ))

Is the attachingmap for etxegl,

thus it a ecitx )
,

be GYCY)

a= I xkek
b = Epley

'

then
a @b = I xhpl @in@Ee " )

←
think about why 554

and
µ

Is here !

alax
b) = [ ahpl @ein ) × Ee' '

+

eisielnxdee
" )

( w CW

= 12a) × b + C-1)
I

a × db

thus we get a chain '

map

+0 cpwcx) @ CFC HICa ( xxy )
ptqin n

similarly we get a chain map

C Ynlxxy)A→+0 Cpwcx)@ Ccyk)
Ptq =n



where ACE a
" e'

fix
I = Eaiiegixoeg

Pita, in Pita, in

clearly Ao Bla ) -

- a
,

Bo Aca ④ b) = a ④ b

so we get a natural isomorphism

Hn I Xx Y ) → Ha C C
'

! Cx ) ④ 4%4) V n

Similarly in
' singularkemetogy we have

B : Cp Cx) ④ Cp C Y) → Cp+gCXxY)

( O : → x
,

T : 09 → Y) IT oxen : opxoq → Xx Y

-

+
we can break this into union

of peg simplices

OP -

- no
D8 =  o_OE' 9 '

up , ft =

given o : D
"

→ X set po :
OP → X :(to

, . . .,tp ) I → otto
, . . . ,tp ,

O
, . . .

,
O )

of : Lf → X ! Ho
, . . .,tq) t ( Q .  -

no
, to

, . .  . to )

.

I

define A : CnC xx Y ) → ④Cpc X )Cgl Y )
ptg = n

o I →p.iq?nplPxoo)xOCpyoo)q

where p× : Xx Y -7 X

Th " 5 IEilenberg - Zilber Tha )
Py : Xx 't → Y are projections

#

A. B induce natural chain maps and induce isomorphisms
on homology ( they are inverses )



Remarks. It Is easy to see they are natural chain '

maps

the rest Is much more complicated. We will see some of

the ideas involved

later
,

but we skip the proof.

the

homologicalcrossproduct_isHplHQHqCYlHHp.glCxlxl@CxCYDBHp.q
( X × Y)

-
×

That 4 and 5 ⇒

0 → ftp.q#plH'0HqlYD → Hn ( x × Y ) Is exact
.

Nowtorwhomologycx
, C*

'

chain complexes

define Xalg
: CP ( C* ; G

,
) 0 Corks ; 6.) → CPt9K*×0C*

'

; G
,

@ G
.
)

x @ p - × xp

where xxp : Cpo Cj → 6,062

I Z
,

@ W
,

1- > I xlz , ) Q pcw, )

note : if G. = G. = ring R then G. OR G. E R

leg.

R=E then Xay maps to same

we # s )
easy to check xaig well - defined and induces homomorphism
on homology

to cohomology crossproduct Is

HPH ; 6.) @ Hot( y; 6.) ¥HPt9( c
*

l × ) @ ( * ( y ) ; G
,

@ 6.)¥ HP+8 ( X×Y ; Good

-
×

always use ring weft
. so defined with same weft

as we mentioned erkeir this also gives the Epproduct

HP(× ) × Hot ( × ) → HP +9 ( × ) :(×
, p ) m 0*4 xp )



Alternate Cup Product definition
-

given a c- CPCx ; R )

B E

CKX; R )

define x up : C
peg

CX ) → R by

a up I o ) = ipo ) p cog ) evaluate a on front p - face
evaluate B on back g - face

and on cohomology I a ] u C = Ca up ]

exercise : check u well - defined
,

bilinear
,

natural map on cohomology

note : this agrees with above definition

( a up ) lol = At la xdgp) ( o ) = XxalgG) L(AoD)
*

o ]
T

old d-et '
= laxalgf) ( Ispr!j ) ④ ( P Ds

"

o
' '

o

= tpo) Blog )

note : can use this definition to define cross product

xx pfp,

"

a) u Ipit e )

Th ' 6 .

-

1) let IE HoH ; R ) be the ele mend represented by the co cycle
1 : Co l X ) → R : or , I ←  unit in R

Then I u a = a u I  
= a

2) u makes CII X ; R ) and It
't

CX ; R ) a ring with unit that is natural

I i.e
.

u is bilinear
,

associative
,

and has unit )

3) In cohomology
& up =L.1)

Pot
put

if a E HP I x ; R ) and BE HE (x ; R)

So HMX ) is a skew - commutative graded ring
( note it a has odd grading ,

then aux = - aux

so aux = O it char Rt 2)

Proofs.  i ) 1 u a : Cp C X ) → Riots too ) atop ) = I a Cop) -
- a to )

so Iva
-

- a l you can check other,



2) X is bilinear and natural so U is too

×alg clearly associative since Q is

exercise : check X
,

and hence u
,

is associative

Hint : just need to consider map A* above
.

3) Is more complicated !

given a permutation Ti of { o
,

... ,p } we get a linear map

op

I
, op

ez e ,that sends e
,

toet ,;) example :

tjyyif 0 is a p - simplex we get a new simplex eo e , co e.

Ot :op → X by composing 0 with above map

this defines a homomorphism Cplxl → CPCX)

now let Opli ) =p - i be permutation sending 10
,

... ,p ) to ( p ,
... ,

o )

define : 0 :C
p

( x ) → (
p

( × )

zt , (1) Empt ' '
Zoop ( can do this for all p )

Claim :O
is a chain map 002=200

Claim : 0 Is chain homotopic to the identity .

we prove these later
.

Claim 1 ⇒ O* : C
* CH → (

*

( X) Is a co chain
map

Claim 2 ⇒ 0*=idµ*W : HYH → HYX )

note : p( Oo Op + g) = Opo Op

( Oo Op , g) q= q0°0q

now if ce CPH; R )
,

de CFCX ; R )
,

then

(0*1 cud )) I o ) = ( ( ud) ( Ocr ))
t.is#P+9kP+9tDclplooOp+gDd(looop+g)q)=(.,jldPt9)lP+9tDc(opoop)dlq0o0q)=(.ytzlpt9)(pt9tDttzPlPtDttz919t

' )
( ( 0 ( o ) ) d ( o ( o ))

=H )
" "

#c) ( op ) #d) lgo)

= H )
" "

( O*duo*c) ( o ) = C-I )
' "  -

#lduc )) ( o )



exponent Is tz[prhtpqtptpqtoptqtptp +92+9]
= p2+q2 + pq + ptq = plpti ) + qlqtntpq

*7

= Pq mod 2 even

: . 0*1 c ud - c- ijmduc) = 0

O isomorphism ⇒ ( ud =tDP8duc
-1

ProotofClaiin= o a p - simplex a
recall this Is f-is

th

-
face map

zg ( o ) = C-DKPCP " )
2 @oop) = HFZPP " )

I C-iFi0°{ ep ,
...E eo ]

z
'

 . . .

and

0210 ) = 0 I C-Di 0°[ eo . .
?e

,
... ep ] = Hfdmp [ C-Di o°[ ep .  "

f.
. .e

. ]

but consider exponents :

( tzplpti ) + p
-D - (

ftp./)p+i)=P2t3P-P2tP_.zj=2(p

- I ) even
2

so parity of exponents same and

20=02-1
Proof of Claim 2

-

"

 '

need to construct

Jp
: Cp ( X ) → (

pt ,
( X)

st
.

ld .ftp..io Jpt Jp
. idp

we construct Jpby induction on p

for pto,
set Jp= 0 I note ( Id - 0 ) @ ° ) :o)

to inductively continue we need a little more set up

let 70
, ... ,lq be ( qti ) numbers between 0 and p ( don't need to be

distinct )
let ( no , ... ,lq ) : Lt → 8 be lhe map

ftotje;
' → §ot; 4

;
e.

example: ( i
, 2) : [ 0,1 ] → /#

e=e ,

given a p
. simplex o : op → X

Ono
, ... ,1q ) will be q

- simplex 00110 , ... ,1q )

let C (0)q be subgroup ( module ) of Cqlx) generated by
a1 of the Ono , ... ,lq )



note: 2@l1o.i.lq)) = #of' )
"

° " 0 "
'9) Is

eo . . ?q . .
e

, ]

= FEED
'

'

olio ... i. ... lg ) c- ( ( olq . ,

so ( ( 10 )*
,

2) Is a chain complex.

note : Hq ( (101,2 ) = 0 tq > o such a complex is called

indeed define B : C(o)q→ C ( o )q+ , by acyclic

B ( 0110 . . .la )) = 010,10 , . . .1q )

for any ZE ( (01g , q > 0

2113 z)= Z - B(2Z )

so if 2-2=0
,

then Z=2(Bz ) : Hg=0_/
Backto construction of Jp

assume J defined for k< p so that

:Id - 0=52+2 J and

2) V.  Tecqlx )
, q< p ,

then JIT ) E C (e)
q+ ,

now given 0 a p - simplex
520 C Y.

( ( 4[ eo . . § . . . ep ]
) = Y C Colo

, .
.i

,
... p )) c C (otp

also
( Id -a) ( o ) E Clap

and
2 [ ( Id - O .J2)o]= [ lot - 0 - 2J ] Go ) = J22o=o

⇐ by induction

but ( 10 )* acyclic so FZE ( (o)p+ ,
st

.

2-2=1Id - 0 -2J ) ( o )

so set Jlo ) = Z and we are done
L#

Nowforacomputation :

recall this

"kHk(
5) = { Ihy±0j?n

if  n=m get ZOZ for k=n
and ←

H (5×5)=1+45×5) =

Z k= 0in 'm
,

ntm can compute using CW . str
k { 0 olherwise e°

,
e

" cells for S
"

f°
,

fm cells for SM

e°xf, eoxfm
,

enxfo
,

enxem

for snxsm



Kinneth gives :

0 →

Hnls
" ) o Hml

5)
→ Hmm (5×5)

11 S US 1 'S

z 8 z z

gen  a=[e" ] genb :[ fm ] [ enxem ] ( look back at def

÷a @ b - axb of cross prod .
)

it

I
dual of a in Hon (

Hncs
" ) ; E) EHYS " )

I
dual of b in Hom (

Hmlsm

) ; # I Hmlsm)

then

IEx-p
) ( ax b) = xc a) pcb) = 1 so

Ixf
gen Hntm( snxsm)

NOW let p ,
: Snxsm → s

"

p .
: saxsm → sm be projections

and a = pit I, p =Pipthen & generates Hncsnxsm ;
' e) and B generates HMCMXSYE)

( to see this let 2
,

:S
"

→ 5 ,

' m
:  xhcx

,popfixed

1 ,*°(pilx) ) = ( P.o1.)
*I= idsnxI=Iso pitIis a generator of Hnlsnxsm )

( if not x then take use - I instead of E)

done if utm

exercise : think about n=m case )

now xup =p ,* Iupip =IXFgenerator of Hntm ( snxsm)

note
, together with 109=9 we know all Cup products !

examples. X= 5×53

Y = s
'

y s3ys5

Hnlxle H4x7={28 njfhe'Yw5ge } EHYYIIHNLY )

i. ( X ) = { 1 } = t.ly )

so all previous invariants same

but if x. p gens in
' diin 2,3 in

' H*l X ) then xupto



now consider Y

5 _i , YI's 5 obvious maps

to I = idgs
so it : H5 ( Y ) → H5( 55) Is sorjectire :

.  an isomorphism
11 s Hs

Z Z

H xe HYY ) any y
EHYY )

1
't

( x uy ) = 7*1×1 u 2
*

I y ) = 0

:
. xuy = 0

so 52×55 not homotopy equivalent to 52×53×55 !

Cupproductsand_Rdahve6_hom##
recall if ACX

,
then Cnlx , A) =

( " ( % (a)

so (
"

( x. A ;R)= Horn ( Cn "%n(a) ,
R )

we note 0 → C
"

( X. A) ¥Cnlx ) ¥ CYA ) is exact

since 0 → Cnthlcn ( × ) F( n( x. A) → 0 Is exact

and Homc .

,
R ) Is left exact

thus (
"

IX. A ;R ) I iinq
't

Iker it

note it ye C
"

1 X ; R ) then 2*17 ) Is just y restricted

to CNCA )

so we can think of C
"

( X. A ;R ) as homomorphisms
from Cn( × ) that vanish on Cn (A)

SO with the definition of cap product

( aub) ( ol = a ( po) blog )

for a EHPCX ; R ) and be HMX ; R )

we also get products : HPK
,

A ;R)×H4× ; R) → HMYx. A ;R )

HPK; R ) × H9( x.a ;R) → Hp
 

+81 x. A ;R )



and
HPH

, A ;R)x Hot ( XA ; R) → HMI x. A ; R )

working a bit more we also get

HPCX
, A ;R)× Hot ( x. B ; R) → HP +9 ( X. AUB ; R )

to see this note U maps

( PC x. A ;R)×C4x , B ; R ) → C Pt9 ( X ; At B ; R )

where C not ( X. At B ; R ) Is the cochairs that

vanish on elements of Cpeqlx) of the form

xtp where x e (
ptq

(A) and p E Cpeq (B)

?e. Cptq (XY
(ptqthtcpeq ( B)

there Is an inclusion map

(
ptq

( X ; At B) → (ptqlx ; Au B)

similar to our discussion of excision
, one can show

this induces an isomorphism on homology
:

.
we also get an Isomorphism

HM ( X
,

AUB ; R) I HP "
(X

,
ATB ; RI,

lemma7.

suppose X= UUV with V.V open sets with

Tt* 14 = HI W ) = 0

Then xup=o Ha
, pt H

*

( × ) of positive degree

Proofs. In the long exact sequence of a pair we have

HPCX,u ) IsHPC × ) ¥ Hpnlu) pI
0

so H at Hplx)
,

s
't (a) =o

:
. F I E H P (X. U) st

. j* I =L

similarly t pt Hot ( ×) ,
F F E HU x. v ) st

. Tf =p for qI



now I u F E H
P +9 ( X

,

Vuv
) = HPt9(x. × ) = 0

but HP( × ) x H9 ( × ) I, HPt9( ×)

Ty Ty
° p ¥

HPH,u ) x Harkin
±

' HM IX. uuv )

: . a up = JI ujp = j* II uf ) = 0
#

note : j* maps not same so think

about this to see argument OK
.

Wes :

1 ) lemma ⇒ 5
"

xsm is not the union of two acyclic sets !

2) a suspension EX =
" " " Kao, ,××s , }

=
× "

"Y××,o
,

0
× " "%×a}

alway has trivial up products in pos . degrees !

3) so 5
"

x SM not a suspension

so Cup products can tell us interesting things !

exercises if X theunion of a contractible open sets

then n fold cup products are trivial .

D.no#lects

recall we have a map

(
p

( x ; R ) ×CPK ; R ) → R

(p ,
a ) 1- & ( p ) we write this ( a

, p )

thispairing Is non degenerate so we can look at the

"

adjoint
' ' of U with respect to this pairing

that is
,

we define the Lapproduct as the map

^ : (
ptq

( × ; R ) × CP( x ; R) → C
p

( x ; R )

st
.

for & e (
P

( X ; R )



pe Cpeqlxir )

pnx Is the unique element in (
g

( x ; R ) satisfying

spnx ,r > = ( p ,
xur > Hreorlx ;R )

1.e .

if we think of * v . as a map (
9

( x ;R ) → C P+9 ( x ; R )

then  
. nx Is the adjoint with respect to pairing

we can define n as follows

Bnx = x ( pp ) pq E Cq ( × ; R )

* Cqlx; R )

exercise : Check this Is the adjoint of xu .

lemma 8-

(
*

I X ; R ) Is a unitary C
*

I X ; R ) module using ^

Proof : pnlxu 8) = ( du8)lrqp) p ,

= xlpp ) 8 ( lpq Pq) Pr
and

( pna ) nr =[xlpp ) pqer ]^r
= a lep ) 8 I

q I pour )) pr

umB) g

so pn ( x ur ) = ( pnx )n8

exercise : check rest
<#

lemma 9 '

÷Be (
peq ( X ; R )

,
& e CPCX ;R ) then

2 ( pna ) = C-HP (Gp )nx - Bnsx )

Proof : we need to check each side in equality pairs same

with all elements in Car "

( X ; R )



enpkapnx
,r ) - ( pnsx

,rD= f hpkap,
our > - ( p ,#

ur > )

=  G) Pkp,
scxur ) ) - ( p ,

Csa)ur ))

=  A)
P

#)u#
+ sp , eilpdusr ) -

two
) )

= ( p ,
a usr ) = { pnx ,

Sr )

= ( 2 ( pna ) 18 )
L#

from lemma its clear A decends to (a) homology
n : Hpeq ( X ; R ) × HPH; R) → Hgcxip)

exercise : check well . defined

lemma 10-

f :X → Y a map

Then
f

*
( pnf

*
× ) = f*(B) nd

for Be ftp.qlx ; R ) and xe HPIY ; R )

exercise : Prove lemma ( just like last lemma )

we also get relative cap products

Hp+q(X. A ; R ) × HPH
, A ; R ) → Hgk ; R ) and

Hpeq ( X. A ; R ) × HPCX ; R ) - Hqlx ,A ; R )

let's see the first one Is well-defined
[ p]EHp+q ( X. A ;R ) so BE Cpeq ( X ,A ; R )

[ d ] EHP ( X. AIR ) so XECPCX
,

A ;R ) ne .
L vanishes on CPIAIR)

2 ( pnd) = C-1)
P ( Jpn x - Bn 8× ) since 2ptCp+qfAiR)

t

note : i ) ( 2pm , 8) = Gp ,xu8 > = 0 H 8 : . aprx = 0

2) 8D vanishes on Cpu IA ; R ) 3

p+ , B ( since 2pct )

: .
2 lpnx ) = 0 not just in Cq . ,( A ;R )

so gives eltemeut in HQIXIR)


