
Symplectic Geometry

Given a manifold M

a symplectic structure on M is a 2- form w Est ( M )

st
.

i ) w Is non - degenerate
( i.e. H ve Txm

,
veto

,
Fue Txm

, st . wxcv ,
a) ¥0 )

2) dw = 0

the study

of
symplectrc manifolds ( M

,
A grew out of classical

mechanics
,

but now Is a thriving area of study with

interesting connections to ( low - dimensional ) topology,

Riemannian geometry and many other subjects

this class will cover the basics of symplectic geometry
and then focus on understanding when a manifold

admits a symplectc structure ( area of current research )

it time permits we will also discuss contact manifolds

( an odd dcwientronal version of symplectzc manifolds ) .

I Symplectic Linear algebra

a symplectic vector space Is a ( finite dimensional ) real vector space V

with a non - degenerate ,
skew - symmetric bilinear form

w : VXV → R

) w ( v. a) = - w ( a ,v)

2) W ( vtcu
,

w ) = w ( v. w ) + c w ( u , W ) H c E R
, v. u ,w CV

3) wcv
,

a= o Huey ⇒ v= 0

lemma 1 .

a bilinear pairing w:V×V→Ris non - degenerate
⇒

the linear map $w : V → Y* : vtfo :V→lR : utwcv .uD

Is an Isomorphism



Proof .

÷⇒ ) low lvl = 0 then fv : V -7117 : at wcv
,

a)

is the zero map and 0=0 by non - degeneracy
:

. low injective ,
: . Isomorphism since diinV=diinV*

⇐ ) it wcv
,

a) =o Hu EV then % ( v)=O and v=O since

% an isomorphism ¢#

example :

y= en = pin

hl v. a)= 2-Jiu;
for v=f?vn|

, u=[ "
n'n|

\ Hermitic 'n form

note : h ( v. a) = hw

set ( v. a > = Re hlviu ) symmetric
° l v. a) = In h( v. u ) skew . symmetric

}b%¥. degenerate

so (
,

> is an inner product on V

W is a symplecte structure on V

note : WCV , a) = { iv. u >

it { e
, ... en } Is the standard basis for V over E

and fj  
= I ej

then { e
, ,f , ,

... en ,fu } is a basis for V over IR

( positively oriented )

clearly WC e
, ,f ;)

= - w ( f
, ,g ) = { e

, ,e ,
> = s f

, ,fj ) = 1

all other other pairs evaluate to 0

if { eit,
fit

,
... ,en* ,fn* } Is the dual basis for (1132

" )*

ws+a= ¥,
g*nfj* ← standard symplectc

structure on 472 "



If H
, wy ) ,(W, ww ) are symplectic vector spaces then VOW

has symplectic structure
w = #w

, ,
+ tw*ww where

V to W

Tha 2 : Tv /yaw
If (V. w ) a symplectic vector space V W

then F an isomorphism to :V→ E
"

s .t are projections

Q*ws+d = W

We can immediately conclude6=3:

1 ) any symplectic vector space Is evendimensional

2) a Shew - symmetric bilinear form w :VxY→Y

is non - degenerate # wn
. .^w to

-
copies it dini V= Zn

3) any symplectic vector space Is cannoncially
oriented ( by wn . . . rw )

a) V. VY symplectic ⇒ sympl. orientation on Vow

Is direct sum orientation

b) symplectic orientation on E
"

Is standard one

1  1

for the proof we need :

• (V. u ) symplectic vector space
• Way

, subspace
then wt = { vevl wcv

, a) =o Hu E IN }

note : Wto ,v)=O so diin W=1 ⇒ W c Wt

so quite different from inner product 1-

but we still have



lemma I

diin Wtdiinyvt = dairy

Proof : the map low :V→V* is an Isomorphism

so given WCV the set %Wt)cV*vanishes on W

so we have induced map

§w:wt→Nw)*
we claim §w is an Isomorphism

it so diinwt  
= dini(Yw)* = wdiinw and done !

Ehv : if §w(w)=o
,

then WCW ,v)=o H v EV

:
. W=O

sordid for any elt Y E (Yw)* gives a linear map

y :v→1R

that vanishes on W

So FVEV st
. %(v)=z and vtwt

: . §wC He Y L7#

Cor 5

÷ Wt)t=W

proof : W c @t)t and same dimension
¢#

some terminology : Wc ( V. w )

if WCW
's

then W is Isotropic ( dimwetzdiniv )

it W > wt then Wis coisotropic ( diinwztzdimv )
it W= Wt then IN is Lagrangian ( diin Wetzdimll )

if wlw Is non - degenerate ,
then IN is a symplectci

subspace



exercise : Wc ( V. w ) Is a symplecti subspace
⇒

Wnwt  = { o }

÷
to Wt=V ( and w=

 Tw*(w|w)tTw*s( wlw ,
.

)

also note Wsymplectic ⇒ Wt is symplectic

Proof of That 2 :

Induct on dimension V

diniV=O_ ' ' done

dink . then F VEV st
. v to

W non - degenerate ⇒ FEEV st .

wl v.e) to

let u=
I

WC V. a)

note : W ( v. a) = I
,

w ( V.V ) = 0
,

w( a. u ) = 0

so W= span { v. u } Is a symplectic subspace of V

v. u give isomorphism to ( 6
, word )

: VE ( E. wsta ) to @
" T wstd ) = ( en

, ws+d )
T

by induction
since domwtcdiniy #7

it N
,

w
, ,

)
,

( W
, ww ) are symplectic vector spaces then a linear map

f : V→W

is symplectic If f*ww= wy

note : f symplectri  ⇒ f is Injective
( vekerf  ⇒ fcvkotw ⇒ v 1 Y ⇒ v=o)

Group of  all symplectic linear maps of (IRM
, wstd ) Is

Span
.IR )

note : U Cn ) C Spczn.IM#=maximal compact subgroup
' Uln ) c)
Span

, R ) a homotopy equivalence



Section I : Symplectic manifolds

recall a symplecti structure on a manifold M is a 2- form we R4m)

st .

i ) w is non - degenerate ( on each Txm )

2) dw = 0

note : any symplectii manifold M is

1) even dimensional

2) oriented

3) has canonical volume form R : Wr . . .
rw

4) F at HYMIIR) st .
au . . .us# up product

times
M closed 9 since dw=o ⇒ [ use ttpnln) I H

'

cm ; R )
examples :

and wn . . .nw is a volume form
o ) 5 "

aft symplectic it n ⇐ 1 so to in Hyyrcm)

5×5 'm

not symplecfic it M¥0,1

1 ) En = IN "
( × , ,y , , . . . Xu , ya ) Z

,
'

. ×
,

+ 1 Yj

w = ¥,
dxindyi Is asymptoticform,

called the
"

standard
"

structureStd

w= dx where X=¥x;dy,
- y ,dx,

= iz I z ,dE,
- I,

dz
,

2) Any oriented surface with an area form W

( dw=o for dim
. reasons )

a sub manifold N of  a symplectx manifold ( Mw ) is

Lagrangian ( Isotropic , symplechi, wisotropic ) if each IN c TXM

Is Lagrangian ( Isotropic , symplecki , wisotropic )

note . if NECM.
w ) is a symplechi sub manifold then (N

, wlw ).

is a symplectic manifold
.

examples :

i ) any I - dimensional manifold Is Isotropic
'

so curves in a surface are Leqendrcais

€-40
2) any wdwienscoi 1 sub manifold Is co isotropic



projections mim .→M ;
3) (M

, ,
4)

,
( M

, ,
wd symplectic

then Mxmhas symplectii structure
T¥w¥iw

2 M
,

1 Mz 2

moreover M

,x{
p } and {q }

xmz
are symplectic

sub manifolds

if L ;
c M

,
a Lagrangian submanitold of ( M

, ,w ,
)

then 4×4 a Lagrangiansubmanifold of MXM
,

eg .

if I
, ,

I
,

surfaces 4 area forms then

T
,

× -2
,

has lots of Lagrangian tori

( M
, wn )

,
IN ,w~ ) sympleotic

a map f : Mt N is called symplecti it f*w~= wn

note : this implies dfx Injective Hxem
:

. f an immersion

a symplecticdcfteomorphism f is called a symplectomorphism
and Is the natural equivalence relation on sympl. manifolds

( note
,

f "
also symplectid

example :

(M
, ,

4)
,

( M
, ,

wd symplectic

then Mxmzhas symplectii structure

w =
XTPW

+
XIh*g

.×
.,Xz M

,

1

for any X
, ,X ,

E IR - { 03

given a map f : M ,
→ Me ,

the graph of f Is

Pf = { ( x ,
fcx ) ) : x E M , } C M

, xmz

exercise : a diffeomorphism f : M , → Mz Is a symplecto.

⇐

rf is Lagrangian In ( Mxmz
,

w
, , ,

)



Important example :

let M be any smooth manifold

IT :T*M → M the projection map

the Lionville 1- form X on T*M
IT

-  '
( x )

Xer 't*m )

Is defined as follows :

MPV' tzetttn
,

men ¥µ|µ¥.)|.T*M
Z : Tan ,

M → R TzK*M) tax

if vETzlT*M )
,

then

-
M

X

dtzlv ) E Tax,
M

so Xz : TzlT*M ) → IR

V 1-7 Z ( dtzcv ))

exercise :

i ) if q , ,
. . .qn are local wordinants on UCM

then any Z eT*UcT*M can be written

z=¥
,

pidq . some p , ... pn ER

so { 9 , " .qn ,
p,

. . .pn } are wordioiauts on T*U

and T ( 9, ... qn.pl . . .pn)= (9 , . . .9n )

note : dq
,

= IT 't dq ,
in our notation this

p T makes seuce but  it

q,
coordinate 91 coordinate confusing write

on T*U
on U

so dqer 'CT*u) so dqesilu ) dqj=T*dq .

Show X=¥
,

p , dq ;
I =¥

,
pidqj )

so w=
- DX Is asymptotic form on

T*M
mm -



2) If de r
'

( m ) then X : M→T*M

Show X*X= a ( X also called canonical t form )

3) image of zero section of T*M Lagrangian

more generally,
if der

'

Lm)
,

then

imaged Lagrangian # dx=o

4)

fibers
of IT : T

*

M → M are Lagrangian

5) It f '
. MTN a dcfteomorphism

,
then

f* : T*N→ T*M

Is a symplectomorphism

Remark : This means you can try to distinguish
smooth manifolds using symplectic geometry

of their cotangent bundles !

interesting research problem : can you use

this
distinguish

exotic 4-

manifolds?
other homeomorphic but

not .de#eomor'phci pairs ?

example : Abouzaid showed it M a (4ntD - manifold

st .
T*M and T*s4nt '

are symplectomorphic
then M a homotopy sphere that bounds a

manifold with trivial tangent bundle

This ⇒ symplechi geometry of cotangent
bundles can distinguish 6 of

7g
exotic smooth structures on S from

standard 59

Major Open Question :

are M , N difteomorphii
⇒

T*M and T
* N are symplectomorphic



more Lagrangian, in (T*M,
DX )

if SheM
"

Is a sub manifold
,

then Its

co
normal bundle

is N*s= { y e T*M : it (g) es
, ylvko Fire Tam ,

S }

correctors that vanish on S
this Is a bundle over S

and a properly embedded sub manifold of T*M

exercise :

It . choose
, ) dim N*s = n ( so fibers have diin n - k )

coordinates
adapted to S {

2) N
*

s is Lagrangian ( even more n*X= 0 where 1 : N*5→T*m)
at  × E S

example : if × EM
,

then N
*

Ix } =
 I

'  ' ( × )

not: if we have an isotopy St  of 5
,

then N
't

St undergoes a proper

isotopy through Legendre  in sub manifolds

so symplectic invariants of the Legend rain isotopy class of N*5cT*M

are invariants of the smooth isotropy class of S CM !

So we see T*M contains lots of Lagrangian sub manifolds
,

but

conjecturallynot lots of compact exact Lagrangian sub manifolds

a LagrangiansubmaniffldLC(T*M, DX ) Is exact  it F a lunch on

f :L → IR such that df  = it X ( where 2 :L → T*M inclusion )

Major Open Question :

if yes to this
let M be a compact manifold

thenyet to question
it Lc(T*MdX) a compact ,

one n'table
,

exact Lagrangian

on previous page .

then L can be deformed through exact Lagrangian
to the Zero section ?

this Is Arnold 's
"

nearby Lagrangian conjecture
"

for our next example we need a few more ideas

recall an isotropy is a smooth map
I :

Mxta
, a) → m such that QETEGH :M→M

is a diffeomorphism and $o= ldm 1 a usually taken to be 6)

given if we get a time dependent vector field

Vt ( p ) : ads 041g) ls=+ whereq=4I (p )

' E
v+°¢+= daft *



conversely given a trine dependent vector field vi. ( with compact support)

then F ! isotopy I : MXIR → M satisfying * called the flow of if

If V is thmeindependent then flow satisfies

ago  off  $
set

h . form
exercise : f man

the Lie derivative
,

defined by Lal= Fit HA
*

7) +  =o ,

satisfies
Lvy = ( rdq+ dlry Cartan magic formula

and
day

#
n =

#
'

LVM

now given a symplecti form w on M
,

the linear Isomorphism low ; .IM → TIIMI
gives an isomorphism

Fw :X ( M ) → AIM )

p V 1-7 C vw

vector fields on M

call a vector field r symplecti if lvw is closed

note :  if vtsymplechiand oh its flow then

at #

w=0t*£vw

= ¥ live.DE#wjEo
so At preserves w

ie
. lot : M → M is a symplectomorphism

exercise :

if lot : M → M flow of vt EXCM )
,

then

Qt a symplectomorphismtt # Vt symplectic tt

a special type of symplectic vector field is a Hamiltonian vector field

given a function H : M→lR

get d He silm ) a closed 1- form

let Xµ be unique vector field such Hnat

l×µw=dH ( ie
.

OIYDHD

XH is called the Hamiltonian vector field of the energy ( or Hamiltonian

function H



note : If TH ) a How line of XH
,

then JHKX # HH )

50 a¥[HlrHD]= dHyµlr' HA =

wlxu.ir#.rttA=wlXalrHtX.+lrHD)=O

so flow of XH tangent to level sets of H

i.e. energy Is conserved along How

Physics aside :

in local coordinates ( q ,
... qn , p ,  .  " pa) on T

*
IR

"
= 1122

"

we have w= - dxi - Idp , ndq ;

dH= [ (3¥
,

dp,+3¥
,

dq;)
and

l×µw=
- [ ( dpilxntdq

,

- dqlx ,+)dp,
)

so p;
 - word of Xµ=

- 3¥
,

9 ,
- word of X ,+= 2H2Pi

or if 81+1=19 ,H , . . .%H , p ,
Ct )

,
... pnltl ) Is a flow line of XH then

f. =
-

2H29i
Hamilton 's Equations

on = 2H2Pi

now it V : M -7112 is some
"

potential energy
" of some system

exerts a

"

force
"

Fe - TV

then the
" total energy

" Is Hlqp ) = "zP÷Y+ up )

in local coordinatesget flow lines
T kineticenergy

satisfy on = ftp..PL ⇒ p ,
=  mg; ( momentum  =  mass x velocity)

is,
= -3¥;

 -3¥
,

⇒ mg, =p,
=

- N=F

Newton 'sequations !

-

now given a Hamiltonian It : M → IR for ( M ,w )

from above XH is tangent to level sets H
'  '

k )

assume c a  regular value so H
- ' 1 c ) a manifold

Claim : Xµ spans (TCH '  '
(c)Dtw

indeed VET
,

1 H
' ' k ))

,
then 38 :C - E. 4 → H

'  ' k ) stkokx , 8 'co)=v



and 0 = at ( Hlrlth ) = d Hrayr 'HD=  WIXH ,v )

so XH E ( THTC )) )t

but diin FH
''kDt=1

also note flow 4¥ of XH preserves W

Important example :

recall complex projective space Is

¢pn= Ent
'

- { ( 9.  " it }/←{o ,
where a -103 acts on G

" "

by multiplication
Zntl

= §/s '

← unit sphere In �1�

unit sphere in Eat '

now if we set H : Ent '

→ IR : lzo ,
. .  . Zn ) H ¥

 
ottit Zj  = Xjtzyj

then s
" "

= H
"

the regular value

note dH= ZZK,dqty , dy,
)

so Xµ=2It×iZy,

+  '437
,
)

now it Jlt ) = eH( x. try , ,
... ) Is an orbit of s

'
- action

then 840 ) = thtixi,
... )

so vector field generating station is

v=
Z - yifhtxify

,

since XH proportional to v
,

orbits of X+,
areorbits of S

'

So EP
"

=
Santi / orbits of XH

exercise :

i ) it N,
w ) symplectic vector space and WCV coisotropic ( Wtcw )

then w induces a symplechc structure on Ywt
2) × e GP

"

and Z e 5 " "
St. Tilz )=× ( i : 5k '

→ GP
"

projection )

then Tx GP
"

= Tzs "¥Tz§'
. orbit )

= TH "  " ( " Yet, #Nt

gets a symplectii structure from wz

since flow of Xµ preserves w show symplectic structure on IIGP
"

is Independent  of choice of Z

this Is an example of also show this gives a smooth closed 2- form wfs on EP
"

"

symplecti reduction
"

pie.
GP

"
is a symplectic manifold

Fubini - Study



so ( EP
"

,
wfs ) symplectic manifold define later

GP
"

Is also a complex manifold and complex structure Is " compatible" with wps

so any complex sub manifold of EP
"

Is a symplectri sub manifold

example : given a collection of homogeneous complex polynomials in E
" "

p ( Xz ) = Xdpcz)

they have a well-defined zero locus in ep
"

this is called a complex algebraic variety
if It Is a manifold then it is a symplectic manifold

e.g. { I ZT = 0 } degree d hyper surfaces in EP
"

Later we will consider many other constructions of symplectic manifolds

but for now move onto the
" local theory

"
.


