
D .
Fiber bundles

consider IR
"

with w = dx
, ndxztdxzrdxa

let g ,
be translation by I in x

,
- direction for 2=1,23

94 ( X , ,Xz, Xs Ya) = ( X
, txz , Xz , Xz , Xy ti )

clearly git w = w for 2=42,3

g It we @x.tdxz ) ndxztdxzrdxc ,
= W

so let E - RTG this is a symplectic manifold with TALE ) -

- G

let's figure out what HIE ) = %
,

og
is

consider Tl i 1124 -7 IR
'

:(X
, xzx , Xy ) 1-7 C Xz x

, Ky )

let g-
,

= idpp gj= translation in xi direction

11249-51124

ant
,

ply ? Y '

To

911×1×2,9741=4
.

,x,
xD -

- of
To gzlx , X , Xs Xy )=

( Xztl
, Xz , Xy ) = 52

I  I  I

to 94 ( X ,
,XzY3Yy) = Hi its

, Keel ) = 9-4

so we have an induced map

I : E  → TS

exercise : this is an s
'

- bundle

note TE : Hi (E) → Hit TD
maps gi to 52 for 2--2.3 . 4

so The onto and g,
infinite order for 1--23,4

and no relations among
Chem

also ( X , ,Xz,Xz, Xy ) ( Xi Htt 173 , Xy ) 1¥ ( X
, txztl , Xztl ,

x , Yy )

( x , txztl , xz ,
x

, ,x4 ) ( x ,
t '

, Xz , Xz , Xy )

SO g ,
= L 92,94 ] : g ,

= O in Hel E )

: . H
,

(E) = Z
'

we have established most of the following



The 4 I Thurston -70 's
,

Kodaira unpublished -
'

50 ) .

there are symplectic manifolds that are not Kiihler

( they can even have a complex structure ,
of course not

compatible with sympl. str . )

Remark . This was first such example

Proof . for a Kahler manifold but ,
even but be I El =3

L#
Note : p : 1124 → HT : Ix

, Xcx , Xy ) to I X
, Xu )

gives E the structure of a T ' bundle over T
' with sympl. fibers

generalizing this we have

Th " 5 I Thurston ) .

Given a symplectic manifold ( M
, com ) and

a compact bundle E  
'

In
with fiber I

assume a) if doin
-2=2

,
I at Hbr I E ) sat

.

S
-2×4

> O V x EM where Ex =p
-  '

Cx)

Iequivalently C Ex ] ± o in Hale ; IR))

b) it din -2>2
,

F symplectic form We on E

such that the structure group of E

acts by symplecto morphisms
( so 3  ox on each Tx )

and Fat tipple) St . HEI

@itThen I a symplectic form we on E Sf .

WE ↳ symplectic Fx

Moreover
,

the image of any pre chosen section

Can be assumed to be symplectic



Remarks .

1) Surface bundles over surfaces ( all orientable ) have

symplectic structures with symplectic fibers

⇐ [ -2×3*0

note if I section o : M → E then ⇐× ) to since OCM ) . -4 -
-

pt

z ) 53 x s
'

s
' where IT = Hopf map

o Tss

is a T
'

- bundle over S2

but no symplectic structure

3) More generally ,
52×3*0 is automatic unless E - T

'

to see this suppose
← → F is a bundle

✓MZ n

let 3
,

-

- Ty Ex for  YE Ex
,

x EM

so 3 CTE and 3 an oriented A- bundle on E

so I Euler class eat and em CLE? ) -
- Xt )

so it Xt ) # O
,

then Ex pairs non - trivially with something
in cohomology .

Proof .

Claim . I a closed 2- form Y E Sipple) set. wt , { area form

case
as

Wx case b)

given this consider WE IT 't

cont try t > 0

note . Wel-↳= try so Ex symplectic Fx

now let's check wt is symplectic

d wt
-

- d IT
't

Wnt tdy = IT * d Wnt O = O

choose any metric on E and note Ty E = Ty -2¥Ty -2 :wheaten , ⇒

now dayis anisomorphism from Ty Text to Tx M

so Ti
't

um non - degenerate on Ty -2¥



: . Wt non - degenerate on TyTxt for small t

( non - degen.

is open condition and E compact )

but we already noticed we non - degen .
on Ty Ex

: wt men - degen on E he
. we symplectic !

now if o : M -7 E a section then

0
* ( IT

*

Wm ) = Wm

so O
't ( we ) = Wnt t city which is symplectic

for small t
.

so we are left to check claim

Proof of Claim

Cover the base M by local trivializations I ( U
. .ly ) )

with U
; contractible and transition maps symplectos

a- '
14 ) U

,
x -2 z

in case b)

Hu! 'T
.

let 1ps be a portion of unity subordinate to 143

In case a) let we be any area form set. SEE =

Sza
now set My.  = pit TIE WE on Tl

- ' (4)

SO hit = Wx in case b)

let 9 E ICE ) represent a c- Afp CE)

% - St
# µ ,

is closed and
#

note T
- '

141=-4 since

4 contractible

[ y
,

- Sla . .

µ ,
] = L Wx ] - [ Wx ] = O I same wi case a) by S above )

sod,-51*4%1=0 in HILT -441 )

i
. I I - forms 0

,
Er

'

l Tl
- ' l Url ) st

.

do
,

=3
,

- Slp . yo
, )

finally set N = Std ( Ecp, oh ) on )

clearly well-defined and dy = O



41-2×-54×+244047
dont

.

=

51-2

!
Elmo TD HitSt !w

constant on Ex

= 9¥- ftp.T) t I ( Prot ) Milz
-
I

= I I I pit ) ( area form ) case as

I ( pro Tl ) Wx case b)

= {
area form case a )

Wx case b)
E#

E
.

Lefschetz Pencils and Fib rations

Briefly a Lefschetz pencil is simply a fibration over 5 except

two types of '  ' singularities
"

are allowed

for a Lefschetz fibration only one type is allowed
.

More rigorously ,
a (topological ) Lefschetz pencil on a compact,

2h

oriented manifold M is ynez
automatic

¢
called base locus

1) a codimension 4 compact submanifold BCM and

2) a smooth map Tl : @-B) → EP 's S
'

such that

a) for each p E B there are orientation preserving coordinates

about p where B is ZE ZE O in
. E

" and it in the

compliment of B is

( Zi , . . . Zu ) t [ Z
,

: Zz ) E EP
'

( re
.

IT on each fiber of normal bundle is projective tieGon )
b) there are a finite number of critical points 14 , . . . Ce )

such that fore each Ci there are orientation

preserving coordinates about C
,

and TCG )

in which I is given by
⇐, ,

- . .

,
Za) IT Zft . . .

t ZE

( can assume image
of a disjoint )



a Lefschetz fibration is a Lefschetz pencil with 13=0

Remarks :

i ) for a Lefschetz fibration we can have Tl : M -75

for any oriented surface S

2) The requirement for the critical points is really just that

they are non - degenerate ,
then a complex version of

the Morse lemma gives the desired form

exercise find a complex change of coordinates taking
Zi - Zi to 2- it 75 or to Z

, Zz

3) Nbhd of critical points

n=2case_: from above assume Tl ( Zi
,

Za) = Z
,

Zz

IT
- '

to ) = 6×63 u lol x G with singular point O

IT
- l Co )

IT
-  ' he) = s

'

HR indeed S
'

HR → IT
- ' (E )

( O
,

t ) 1-7 ( ett 20

,
e e

- t - to )
a-

 '
k ) is a diffeomorphism

a. no ,til
thurible

vanishing
cycle

as E -7 O
,

IT
- '

CE ) → IT
- '

C o )

note there is an s
'

c T
-  '

let that collapses to 0

as E → O

His S
'

is called a vanishing cycle
the union of the s s

'

as e -70 and critical point
is a D

' called the thimble



so generic fiber in this nbhd is an annulus and its generator
in homology vanishes when included in nbhd

exercise . in higher deniers ions show generic fiber

is T
* 5- '

, vanishing cycle is an S
" "

and

thimble is D
"

4) If 13=0 C so a Lefschet fibration ) then generic
Aber is a kn-2) - manifold

note
" IT ta .

ya , , .

: T
- ' talkin → ( 5- Tikal ))

a fiber bundle

I M

schematically we write M -

HIM
s

'

to indicate its a singular fiber bundle

5) Now let's consider B

n=2case_: B -

- { b
,

- - . but

b
,

has nbhd 62where

Tin
' complement of b

,
is

E bi
I - Ko,

o ) } → Ep
'

( Zi
,
Za ) t ( Zi ZI

so A
- Yz ) in this nbhd is a complex line - I E.o) )

so the closure of I
- '

Cz ) ✓
a

- Yo )

is just a copy of G
to . 62 - I cool )

thus a - ' Cz ) c M has /
closure a surface going throng all b

,



so IT :(M -B) → Gp
' is a fibration with fibers I being

-

2

punctured surfaceswhoseclosures Ez in
' M

is an embedded surface contain .g
B

thus a Lefschetz pencil fills M with Csingular)
surfaces all disjoint except at B

•
schematically

,

note : it we blow up each point of B we get

M #
a

EP '

µ
sections

-

then Tl extends over blow up nbhd to give a

Lefschetz fibration M # hip' → apt

and we have k sections which are the GP
'

c Top'

exercise . in higher dimensional case B has a nbhd

that is a G
'

bundle over B

we can replace this with a ( GF - 134) - bundle over B

and extend Tl to a Lefschetz fibration of this

new manifold
( we

"
blow up B

' '

,
re a

"parameterized
blow

up
" )

let 's now see some examples where Lefschetz pencils naturally ar rise



examples :

1) Case where we have no critical points
Complexprojective lines EP

'

through a point B in Gp2

exercise .

i ) for each [ to : t.IE EP
'

show •#
L

Leo: t , ]
= { I × :  Y : Z ] EEP

'
: tox = t

, y }

is a well-defined copy
of apt in Ep

'

all of which contain B
-

- { o :O : I ]

Hint : for t  to consider Ep
'

→ Ep
'

'

Eti.
2-It L Zi Hit,

: ZI

a ) for distinct points Cto : t . ] #so :S
, ]

L
Lto : tbh 4 so :S , ]

= I B }

3) for any Pt B in
' EP

'
I ! I to : t

. ] St
.

P E L
Go ; t

, ]

from above we have a map

Tl :(Ep
'

- SB3) → Ep
'

p t I to : tis Sf
.

P E Leo: t
, ]

in words about B we see Ti is

(

I
- { Coco ) } ) → Ep

'

C Zi
,

Zd t Eti . Zz ]

so this is a Lefschetz pencil !

it we blow up base locus B we get a Lefschetz fibration

Ccp
'

# Ep'
→ apt

with no singular fibers ae
.

5- bundle over 5

exercise . EP # Ep'
is net diffeomorphic to 5×5



2) Cubic pencil of GP
'

and the elliptic surface Ecc )

exercise

1) If Plz , it ,, Zz ) is a non - constant homogeneous

polynomial ,
then

Xp
= { E to : Zi . Za ] EEP ? P CZo ,

Z
, fat O}

is well - defined

2) for a generic P
,Vpis a surface of genus

g- ld-Y

now consider 2 generic degree 3 polynomials po , p,

For Eto : to ] EEP
'

,
let

Yeo
.

. t
,

]
= I to: Zi . Zz ] EEP

'

: to potto ,
Zi ,Zr) + tip ,

I Zo
,

Z
,  it D= O)

exercise :

1) Yo , ]
A Vaio ,

= 19 points } -
- B

and any Yeo .
. +

. ,
contains B

2) it Ito : t.lt Lso : sit then Veto : t
. ] A Vcs

. :S , )
= B

3) for any P E B
,

F ! Ltoit , ] sit
.

P E Yeo
, t

. ]

Fact . for most po , p , , Two.
, +

. ,
will be smooth tori except for 12 points

from above we have a map

IT :(Ep
'

-B) → Ep
'

that near pts in
' B looks like

( e
'

- Koco)3) → Ep
'

C Zi
,

Zal t Eti . Zz ]

moreover Tl has 12 non - degenerate critical points



so T is a Lefschetz pencil of Gp2

if we blow up B we get a Lefschetz fibration

Tl : Ep
'

# q
Ep '

→ Epl

with elliptic I T
'

) fibers

we call this manifold ECD

from construction Ecl ) is symplectic and to torus fibers

are also symplectic
exercise Show EH - Iregular fiber ) is simply connected

Hint consider section coming from blow up

Remark . Existence of Ecl ) completes proof of

Cor 3 about realizing all finitely presented

groups as Th of a symplectic manifold .

Tha l Donaldson ) .

(M .
o ) a symplectic manifold

suppose 103 E ITpalm) is an integral class

For sufficiently large integers K there is a topological
Lefschets pencil on M whose fibers are symplecte
and homologous to the Poincare dual of k I w )

We will prove this later
,

but fornow we turn to

Tha 6

I ) Any 4 - manifold with a Lefschetz pencil ( such that each

irreducible component of each fiber intersects

the base locus non - trivially ) has a symplectic
structure with symplectic fibers



I ) A 4 - manifold M with a Lefschetz fibration has a

symplectic structure with symplectic fibers
⇐

a generic fiber is non - trivial in HIM ; IR)

Remark . i ) There is a higher dimensional version of this

but a bit complicated to state

2) in case I ) can let base be any surface S

not just 5 asin case I )

I note : def ' of Lefschetz fibration works here )

3) in case I )
,

fiber non - trivial in Him ; in )

unless it is T
'

and no critical point
( for T2 same argf as for fibration

,
for

critical points consider What we know

about elliptic fibration s )

Proof

let CT
,

B ) be a Lefschetz pencil of M over 5=5 ( I )

or a Lefschetz fibration of M over a surface S ( I )

in both cases a

"

regular fiber
"

is a surface -2

denote : Ttx) byEx for x E S

so Ex is

④ ¥
"

components!
Ex X regular Tx x critical

Step I . I a E HIP CM ) s 't
. Szx > 0 H -2 "

components
" of Ex

Step 2 Define form near base locus B and critical points So
, }



Step 3 : Define form near fibers

Step 4 Patch forms above together to get singular symplectic structure

steps . Alter form near B to get desired symplectic structure

Proof of 1 .

case I ) let a = Poincare ' dual of [ Ex ]
,

x regular value

now if I c -2
×

, then In -2×70 subset B

and all n pts positive so

Sza = I
×

. I > O

case I ) let

TEH
}plM) set

.

La
,

E -2×37=1 ,
for x regularvalue

( ok since CEx ] to )

it x
' critical

-2×1=4522
and for

, sayF ,I
~

K
, -2,7=0

then note

I
,

.-4=1C recallIn -2
, transversely )

so let a = It c-Poincare
'

Dual [ II some

small
c

now a ,

-2×7
= LI ,

-2×7
t c

IT;-2×1 = I

La E) = LI
,

-2 ) t

CI
,

'5) = c > O

LI
,

I> =SI.

-LI,-27=1
- c > o

2

Tfr;) -

- KD

Proof of 2
( do for other

singularfibers
too )

let U
,

be nbhds of points b
,

C- B from definition of

Lefschetz Pencil

V
,

u
'  ' critical points c

;
h "

and set 11=64) u (Ulla )



define Wy to be wstd on G
'

using word charts

for
U

,
and Vi

note : Wy is symplectic on Try A V V y

Proof of 3

for each y
ES let Wy be a symplectic form on Try

that extends we,
on Lynk and I Wy not necessarily smooth in y )

Se Wy
=

HE
) It components -2 c Try ( might need to shrink V )

we now extend Wy to a nbhd WyofTry as a closed 2- form Yy

for this let fy : Wx → Ex u y be a retraction that is

*
"

near . .

" " "

O -¥
near Ci

.
.

'

set My = f ; (Wy u Wy )

by choosing smaller nbhds it necessary can assume

F by e S a ubhd of
y Et

. Wy =  I
- ' ( Uy) u y

and no critical points in Wy - Ey
and Uy contractible

and If 2- E Uy , My lez is symplectic
( since non - degeneracyis open condition )

Proof of 4 let J be a 2 - form representing a

y
-51W! ( Ey ) = a key) - a I -2,1=0



since It
'

(Wy ) E H' C Ty ) we see Ty - 514=0 in HZCWY)

i. F Q
,

set
. d0y= My-Jlwy

I a finite number { U
. .  .

u I of U covering S
'lol 4h Y

note d to - a) = M- 51W ) - 17 - Stw ) = we,
-

w
,

near B
Yi  Yo Yi Yi Yo Yo

= O

: . in nbhd of B If
,

set.

dtz-0.IO

, .

( cutoff f
,

outside small nbhd ) replace

Oy
,

with O - df
' Ii 2

SO we can assume 0=0 in nbhd of B Vii,Yi  Y;

let {p. } be a partition of unity subordinate to {by?set y = St d I thou ) @ on M - B
Yi

Y closed 2- form and 71g ,, symplectic Vy ES

near B
, Y = J t do = Sty - Stw = y = we ,Yo Yo  yo

YO

: . Y can be extended over B by we ,

near critical points of IT only one pit O

.

'

. M -

- St do = we , near critical pointYi

So M global closed 2- form

Mt
,

symplectic

N near Dulce } is we,

set WET
*

cost th t > o small Note : only defined on

+ areaform on S M - B !

just as in proof of Theorem 5 we symplectic outside of V



near a critical point we have a chart E
'

and est
.

Titties = Zit Zi

and we = Tc
't

we t t we ,

if J is almost complex Str on d and a

then d To J = Todt since IT is holomorphic

so Wftv ,
Ju ) = We ( IT lol

,
DIT lov )) t t war Lvov )

= Wald Tlv )
,

Jdtlv ) ) t t wa lo
,

Jr )

Z O 70 if UFO

> O so wt non - degenerate for t > O

So we are done in case I )

near be B we have a chart 62 set
.

Tl : @'
- I cool }) → Ep

'

⇐,, Zz ) 1-7 ftiZI

We = Tl
't

Wgp ,
t t wer

-

[ singular at 6.0 )

so we symplectic on M - B and diverges at B

'Proof of 5

consider G
'

- No .
→ Ep

'

It

S3 x C 0,6 )
← radial word r

Let L denote any
a - line in

- Q2 through 0

now TpI

Ir
) x 5) = Tpl④ Tpl

's =L ④ L 'T where g is std

metric on EZ

L n @
rlxs' ) -

- s
'

there is a vector field V generating
s

'
- action on all { r Ix S

'

let B be I - form on E
'

- I Coco ) ) set . B C v ) = I

and p ( rtg ) = O



on any
L

, Pk -

- do

so weak = rdrrpl ,

= dCkr4npk

now Tp I Hx 5) = L 'T ⑦ span

so T
't

wept
,
,,×g=,

Were on Lt (by definition of Wapi )

note . To ( molt by r ) =
 IT

so ( molt byD
't

OT
't

= IT 't
and (molt by dx

,
= rdx ,

( Mutt byr )* dy
,

= rdyi

:
. on Lt

,
we .

-

- it went
,

,×s
; CmoIt by# ⇐*

Wardlaw
,

= r2 Tc 't

weep ,

and on L
,

IT
*

Wapi = O

finally we have

w¢z= r
- a-

*

weep ,
td ( tr ' ) n p

thus we = IT 't

Wgp ,
t t w¢2

= ( Itt r2 )T*W¢p ,
t t d CET ) rp

it we set R= It tr
' then

we = R 'T 't

Wgp , t d CERT up

so on BY - { o } we is symplectonrorphcc'

to War on

E using Roorda . ant

-

'

 . can glue BY
.

to M - B and extend We over BY

by WE EH


