
F.
Lefschetz pencilsand A -

brations on 4 - manifolds

let's start with a Lets chefs fibration

I→ MY

t '

we assume all critical points have distinct images under it

let c be a critical value and U a closed nbhd of c in S

containing no other critical points
we can assume U = 2- dish

note . T
- ' 120 ) is I

'

- bundle over S
'

exercise .

c) given any
manifold X and a diffeomorphism

to :X → X
,

then the mapping torus

To, =
Mx to ' D/⇐ , ynlollxho )

is an X - bundle over S
'

2) if to and 4 are isotopic ,
show Tp I Ty

as bundles

3)Given
any X - bundle over S

'

there is some

diffeomorphism of :X -7 X such that the bundle

is Tp ,
we call 4 the monodromy of the

bundle



let 's try to figure out what the monodromy of T
- ' IN ) is

let V be a chart about thecritical point ( and assume

U is a chart about c) so that IT has the form

⇐, ,
Zz ) 1-7 Z

, Zz

Consider IT
- i ( u ) - V

this will be a ⇐- A ) bundle over U -
- B

'

where A  is an annulus in -2

I recall IT
- 'C x ) All is an annulus for xtc

IT -

44N I 2 disks )

since B
'

contractible
,

the bundle is trivial

IT -  ' I Ut - V I U x ( E - A )

: .
IT

- ' Lou ) - V I S
'

x ( I - A )
he

. monodromy is trivial away from A

( or at least isotopic to identity )

now for T
- '

I ou ) All :

we can assume U is e - disk

ZIT
so JU parameterized by t t ee

'
t c- Eo

.
I

recall we need to trivialize IT -420 ) outside V

note for # large a
- ' to ) trivialize 'd

" by Zit I Zi ,

WE
'

) we u

Zz

¥- z ,



note for 12-4large T
- ' 14 trivialize 'd

by at Lwt for w "

z
,

points in IT

-420) parameterized by

Zit I Z
, ,

eel
'

" t

z ,

- y

or ZL
Eat ( e e' " t

zj
'

,

za )

but neither agrees with both trivializations !

A
f It ) I

f
g Ct )consider

¥
µ

and ¥I I l

42 2E 42 2E

and parameterization of IT
-

Yee ' " 't ) given by

he : z
,

1→ I gift ) z
, d

" H " " t

,
Elgaz, , , e'

" t

z
,

- ie
- 22T Hecht )

( g Htt ) z ,
e

' " t " " ",tEgqz
, , ,

z ,

-  i

ein
( I - Hail ) ) t )

for I Zit > 2E get I z ,
,

ez ,

- ' eint )

for His 42

"

( so Hoo )
, get I ee

" "
z

,
,

zi
' )

he
. param . by Zz ↳ ( Ee

" t t
zit

, za )

so this param . agrees with both trivializations !

by definition the monodromy a h
,

It
,
) = I g CHI ) E ,

e
" " ""

,
- )

com paired to hottie ( g Keith
,

- )
identified with E - to } by projection to It factor

so monodromy is multiplication by z
,

e' " ' HH )



this is the map

G - to )

¥0- ¥T
vanishing
cycle C

this is called a right handed Dehn twist about c

Remark In general,
if 8 a simple closed curve in a

surface I
,

the Dehn twist about 8 is the diffeomorphism
Ty : -2 → I

that is the identity outside a nbhd of 8 and in that

nbhd is

⑧
exercise i) Tr is well - defined upto isotopy

( and only depends on 8 upto isotopy)

4 given any 8 C I there is a Lefschetz fibration

over the disk with a single critical point ,
Whose

vanishing cycle is 8 and has monodromy Tr

( note this is the converse of above discussion )
Hint . Start  with ubhd of critical point and glue

together with trivial surface bundles

now given IT : Mt D
'

a Lefschetz fibration with more critical

points

.
.

' i:'' i.
'

see::::is::::c
nivas

( intersect D
-

in end pt )

let N
. be small ubhd 7 ;

Tl
"

INa ) is determined by vanishing cycle 8
;



the monodromy of T
- ' ( 2Nd is

 

Ty
;

exercise .

1) The monodromy of Tl -
' ( 2 ( D

,
u ( UN

,
))) is Erno . . .

o Ty
,

2) Given
any curves 8

, . . . 8k in -2 there is a

Lefschetz fibration over
D

'

with k critical points
,

vanishing cycles 8
, . . . 8h

,

and monodromy

Tono . . .
o Tr

,

3) let S be a surface of genus g with one boundary
component and I : M -7 s be a -2 - fiber bundle

g

show IT
- '

to s ) has

monodromy
IT [ f

,

,g?
1=1

where f.
, g,

'

. -2-7-2 are any diffeomorphisms
and If

, ,g ,
] = f. og,

o fi
'

ogi
'

4) Show the converse of 3)
,

re . given any diffeomorphism

of the form ¥
,

[ f
, ,g-it ,

there is a E- bundle

over S with this monodromy on 35

Th ' 7 .

I ) if it : M -7 s is a Lefschetz fibration with fiber -2

over a closed surface of genus g ,
with k singular points ,

then there
are

diffeomorphisms f
, .gg. :[ → I

,
a =L

,
.  - g

such that
Tl Tgif [ fifi ) I

isotopic
where 8

;
 are the vanishing cycles

I ) Conversely ,given such a factorization there is

a Lefschetz fibration realizing this data
.



Proof . I )

f÷? there is a disk DES such that

all critical points in D
'

from above Tl -4215 ) has monodromy IT Tr
;

and

Tl
-  -

( 215-15 )) has monodromy IT If
, is ,

]

these must be glued together by an orientation

reversing,
fiber preserving diffeomorphism .

exercise : if To, orientation reversing fiberpreserving

diffeomorphic co Ty then to - h 4- ' h
"

for some diffeomorphism h

so IT Ty
,

# [ f
, ,q . ] - I

-2
( here f.

, g ,
are possibly

conjugates of original f.
, 9;)

- i

for I ) just use above discussions to build Abra trois

over D2 and ID
'

and glue together ¥7

Now
,

what if M s has a section

ayy go
assume OCS ) misses critical pts

note : Ocs ) has a neighborhood Ns that is a D
'

bundle

over S and D2's are nbhds of old in
 

Tx

let D
'

c s contain no critical point ,
and 4=5-15

← in fiber

Ns A IT
- '

( s )= S
,

xD}so monodromy of IT
- ' l 25

, )

restricted to D
'

c -2 is identity !
f-

so the monodromy of  T
-

Yas
, ) is 4

,
then



there is a diffeomorphism

oh
: I

,
→ I

,

where 2-
,

-

-

FDI
and 1912-2

,

= idk
,

such that 4 ,

extends
over

DI
by identity to get 4

as above to
,

= IT Tri Tl [ f.
,

9;] but

4
,

~ Tsh
•

some k
,

where 8 is parallel to 52
,

8

Remark a priori to
, might be a more general "

point push
"

map
but  in thiscase can't extend S ,

xD't to nbhd of ocs )

now we have
2 ( T

- I Cs
,

) ) 2 I T
- ' I D2) )

511 SH

S
'

XI S
'

x -2
i  I X

S
'

* CE;uDI) → s
'

x EuDI)
ditto

t t

÷ is D
s

,
D

'

note S
,

x DI and D
'

x DI glue to give N
,

the nbhd of of s )

exercise .

1) Show Ns is a
D

'

- bundle over S with Euler number - k

Hint : the isotopy Tsh to id
-2

affects isomorphism
IT

-  '

As
,
) to 5×-2

4 Show if we have a factorization of Tsh as above

there is a Lefschetz fibration with section of

self - intersection - h realizing this data



so we have shown

Tha 8 .

I ) let T : M → s be a Lefschetz fibration with fiber -2

over a closed surface of genus g ,
with k singular points ,

with l disjoint

sections

having
'

self - intersection hi
,

. . .

, ke

set Ee = E - K - dishes )

There are diffeomorphisms f
, ,g ;

: I → I 2=1
,  - - g

,
St

.

l l i

IT Tri Tl [ fig;] - Tigh
,

'

o
. . .

oTjhe
where 8

;
 are the vanishing cycles and 8

; parallel to

The boundary component .

I ) Conversely ,given such a factorization there is

a Lefschetz fibration with l sections realizing this data
.

Open Problem

Does any Lefschetz fibration over 5 have a section ?

When does any Lefschetz fibration have a section ? (multi section)

note . this is equivalent to : Can a factorization

IT Ty
,

Tl [ fi
,

9;] ~ If

be lifted to a similar factorization of Tj ?

( note any dcffeo of -2
, gives one of -2

,
but

can you

"

lift
' '

adifteo of E to -2
,

? )

Finally ,
note a Lefschetz pencil with base locus having l points

then we can blow - up l times to get a Lefschetz fibration

with l disjoint sections
,

all of self - intersection - I



thus we have shown

Tha 9 .

It let IT , B) be a Lefschetz pencilwith B having l points

and IT having k critical points
let I be the fiber and Ee -

- E - Ce desks )
Then

IT Tq - IT Ts,

where 8
;

 are the vanishing cycles and 8
; parallel to

The boundary component .

I ) Conversely ,given such a factorization there is

a Lefschetz pencil e base points realizing this data

exercise . i ) Compute the homology of a Lefschetz

pencil from the above data

2) Compute the intersection form

Research Problem .

Can
you find an exotic smooth I symplectic ) structure

on Ep
'

or GP
'

# If or 5 x 5
. . . by finding an

appropriate factorization as above ?

Or prove they don't exist ?

Later we will talk about handle bodies
,

but here we just
observe how to build a neighborhood of a singular
fiber by attaching a 2- handle

let U be a dish in S containing a single critical value

and V a nbhd of the corresponding critical point



such that ITCZ
, f-a) = Zit Zi

Xl  1×2 ① Z

.

i¥÷÷÷¥
:in

Set  I = Reo IT

note IT is a Morse function with one critical point

at 0 of index 2 :

TT Ix
, try

, , at aye ) = x Text - Yi - yi

so
TT

- '

Kx
,

e ) ) is obtained from IT
-

' Krs .

- E ) ) by
"

attaching a 2- handle
' '

the core of the handle is { x ,
-

- ye o
, yityzeE3so the attaching s

' is Ix ,
= xz -

- O
,

4,445=53
is the

Vanishing cycle 8 in T
- '

C - c )

how is the handle attached to 2 I - '

C I - x ,
- eh ?

re
.

what is the framing on
8

note : lifecos o ,
i re since ) parameterize 8

so

tisrio
,

i cost ) is tangent to 8 and To
-

Y - c )

the fiber IT
- Y - E ) is holomorphic so

i f - Isin
'

0,2 cost ) = C Scio
,

- cost) also tangent to T
- '

I - C)

the tangent space to I
- '

I - e ) along 8 is spanned by

{ r
'

lot , Zx
, .

Fed

and the normal bundle to the core of the 2- handle
is spanned by 134,341

the framing of the normal bundle to 8 in IT - ' I - E )

given by the fiber Tl
- ' C - E )



was just computed to be son 't Ze
,

- cost Ix
,

so the fiber framing is one greater than the

framing coming from the handle

we have shown

lemma 10

It U contains a single critical value of  IT : Mt s

then IT -44 is obtained from U x -2 by attaching
a 2- handle to the vanishing cycle 8 of the critical

point with framing one less than the framing
induced on V from the fiber

exercise

D Check that we were careful with orientations and

got the framing right I re .

- I not  ti )
.

2) Show this is consistent with the monodromy

being a right handed Dehn twist about 8
.

Remark : It you know aboutKirby calculus then you should

now be able to build a handle picture of a Lefschetz

fibration given a monodromy presentation .


