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1. Introduction

Contact structures on manifolds and Legendrian and transversal knots in them are very natural
objects, born over two centuries ago, in the work of Huygens,Hamilton and Jacobi on geometric
optics and work of Lie on partial di�erential equations. The y touch on diverse areas of mathematics
and physics, and have deep connections with topology and dynamics in low dimensions. The study
of Legendrian knots is now a rich and beautiful theory with many applications. This survey is
an introduction to, and overview of the current state of knot theory in contact geometry. For a
discussion of the driving questions in the �eld see [39] and for a more historical discussion of contact
geometry see [49].

This paper will concentrate on Legendrian and transversal knots in dimension three where their
theory is most fully developed and where they are most intimately tied to topology. Moreover, in
this dimension one may use a predominately topological and combinatorial approach to their study.
In Section 6 we will make our only excursion into the study of higher dimensional Legendrian knots.

Throughout this survey we assume the reader is familiar withbasic topology at the level of [77].
We have tried to keep the contact geometry prerequisites to aminimum, but it would certainly be
helpful to have had some prior exposure to the basics as can befound in [34, 50]. Some of the proofs
in Section 5 rely on convex surface theory which can be found in [34], but references to convex
surfaces can be largely ignored without serious loss of continuity.
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2. Definitions and examples

A contact structure on an oriented 3{manifold M is a completely non-integrable plane �eld � in
the tangent bundle of M: That � is a plane �eld simply means that at each point x 2 M; � x is a two
dimensional subspace ofTx M: Near each point one may always describe a plane �eld as the kernel
of a (locally de�ned) 1{form, i.e. there is a 1{form � so that � x = ker(� x ): The plane �led � is
completely non-integrable if any 1{form � de�ning � satis�es � ^ d� 6= 0 : We will require that � ^ d�
de�nes the given orientation on M: This orientation compatibility has become a fairly standard part
of the de�nition of contact structure, but in the past such a c ontact structure was called a positive
contact structure. The condition � ^ d� 6= 0 implies that � is not everywhere tangent to any surface.
Intuitively one can see this in Figure 1. There one sees the plane �elds twisting. This twisting
prevents the planes from being everywhere tangent to a surface. To make this \not everywhere
tangent" condition precise one should consult the Frobenius Theorem [18].

2.1. The standard contact structure on R3. The simplest example of a contact structures is on
R3 (with Cartesian coordinates (x; y; z)) and is given by

� std = span
�

@
@y

;
@

@x
+ y

@
@z

�
:

Clearly � std is the kernel of the 1{from � = dz � ydx and thus one may easily verify that it is a
contact structure. The plane �eld is indicated in Figure 1. We observe a few things about the plane

x

yz

x

y
z

Figure 1. The contact structure � std (left) and � sym (right) on R3: (Figures cour-
tesy of S. Sch•onenberger.)

�elds that will be useful later. Note that the plane �elds alo ng the xz-plane are all horizontal (ie.
parallel to the xy-plane). Moving out along the y axis the planes start horizontal and \twist" around
the y axis in a left handed manner. Traversing they axis from the origin \to in�nity" the planes
will make a 90� twist. Somehow it is this twisting that makes the plane �eld c ontact.

There are many other contact structures onR3 and all 3-manifolds have many contact structures,
but Darboux's theorem [1, 65] says that all of them locally look like this one. By this we mean that
any point in a manifold has a neighborhood that is di�eomorphic to a neighborhood of the origin
in R3 by a di�eomorphism that takes the contact structure on the manifold to the one described
above. Throughout much of this article we will restrict atte ntion to the contact structure above.
This is largely to simply the discussion. In a few places it will be essential that we are in (R3; � std )
and we will make that clear then.

2.2. Other contact structures. We begin with a symmetric version of � std on R3:

Example 2.1 Let � = dz + xdy � ydx or in cylindrical coordinates � = dz + r 2d�: The contact
structure � sym = ker � is as shown on the right hand side of Figure 1. One can �nd a di�eomorphism
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of R3 taking � std to � sym : Such a di�eomorphism is called acontactomorphism. Thus in some sense
they are the same contact structure, but for various purposes one is sometimes easier to work with
than the other.

Example 2.2 In R3 with cylindrical coordinates consider � = cosrdz + r sinrd�: The contact
structure � ot ker � is as shown in Figure 2. Note the plane �elds are similar to theones in � sym

but as you move out along rays perpendicular to thez-axis the planes twist around many times
(in�nitely often) whereas for � sym they twist only 90 � :

Figure 2. The contact structure � ot on R3: (Figures courtesy of S. Sch•onenberger.)

Notice in this last example the disk D = f (r; �; z )jz = 0 ; r � � g is tangent to the contact
planes along the boundary. Such a disk is called anovertwisted disk. A contact structure is called
overtwistedif there is an embedded overtwisted disk, otherwise it is called tight. From the discussion
above we see that the plane �eld must twist to be a contact structure, but � ot twists much more that
is necessary, hence the name \overtwisted". Clearly� ot is overtwisted and below we will see that
� std and � sym are tight. Moreover, we will also see that tight contact structures tell us interesting
things about knots related to them. For more discussion of tight and overtwisted contact structures
see [24, 34]. Throughout this survey we will be mainly concerned with tight contact structures with
a real focus on (R3; � std ):

We end this section with a contact structure on a closed manifold.

Example 2.3 Let S3 be the unit three sphere inR4: Let

� = i � 1
2

(x1dy2 � y1dx1 + x2dy2 � y2dx2)

where i : S3 ! R4 is the inclusion map. One may readily check that � is a contact form so
� = ker � is a contact structure on S3: If one removes a point formS3 the contact structure � is
contactomorphic to � std on R3: For a more thorough discussion of this and similar examples see [34].

For other examples of contact structures on closed manifolds see [1, 34, 54, 65].

2.3. Legendrian knots. A Legendrian knot L in a contact manifold (M 3; � ) is an embeddedS1

that is always tangent to � :
Tx L 2 � x ; x 2 L:

For the rest of this section we restrict attention to ( R3; � std ): This is for two reasons. First,
according to Darboux's theorem all contact structures look locally like (R3; � std ) and thus we are
studying the \local Legendrian knot theory" in any contact m anifold. Secondly, when studying
this contact structure we can use various projections to help us understand the Legendrian knots,
allowing us to \get a feel for Legendrian knots".

Below it will be convenient to have a parameterization ofL: So throughout this section

� : S1 ! R3 : � 7! (x(� ); y(� ); z(� ))
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will be a parameterization of L: Moreover, we will assume that� is at least a C1 immersion. Now
the fact that L is tangent to � can be easily expressed by

� 0(� ) 2 � � ( � )

or since� = ker( dz � ydx)

(1) z0(� ) � y(� )x0(� ) = 0 :

There are two ways to picture Legendrian knots in (R3; � std ); that is via the front projection and
the Lagrangian projection. We begin with the front projection. Let

� : R3 ! R2 : (x; y; z) ! (x; z):

The image, �( L ); of L under the map � is called the front projection of L: If � above parameterizes
L then

� � : S1 ! R2 : � 7! (x(� ); z(� ))
parameterizes �( L ): While � was an immersion (in fact an embedding),� � will certainly not be
one. To see this note that Equation (1) implies that z0(� ) = y(� )x0(� ) thus anytime x0(� ) vanishes
so must z0(� ): So if  � is to be an immersionx0(� ) must never vanish. But this implies that �( L )
has no vertical tangencies and of course any immersion ofS1 into R2 must have vertical tangencies.
(Here and below \vertical" means spanned by @

@z.) This brings us to our �rst important fact about
front projections.
FF 1. Front projections �( L ) have no vertical tangencies.

So how does � fail to be an immersion? Note the discussion above implies that z0(� ) always
vanishes to at least the order ofx0(� ): Thus we can always recover they-coordinate of � from � � by
rewriting Equation (1) as

(2) y(� ) =
z0(� )
x0(� )

;

if x0(� ) is non-zero. If x0 is zero at some� 0 then we have

(3) y(� 0) = lim
� ! � 0

z0(� )
x0(� )

:

There are Legendrian knots for whichx0(� ) = 0 on open intervals, see top of Figure 3, but this is
not a stable phenomena. We can easily make the cusp point in the projection \sharper", see bottom
of Figure 3. This leads to a Legendrian isotopic arc wherex0(� ) = 0 only at one point. From this

x x

x x

y

yz

z

Figure 3. Top row shows two projections of a Legendrian arc withx0(� ) = 0 on a
open interval. Bottom row shows a near by Legendrian arc withx0(� ) = 0 only at
one point.

it is easy to convince oneself that for a genericC1 smooth Legendrian embedding inR3; x0(� ) can
only vanish at isolated points. Moreover, at these isolatedpoints there is a well de�ned tangent line
in the front projection. Thus we may assume that
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FF 2. Front projections may be parameterized by a map that is an immersion except at a �nite
number of points, at which there is still a well de�ned tangent line. Such points are called
generalized cusps.

Actually this condition only guarantees the y coordinate de�ned by Equation (2) is a C0 function.
We need to add conditions on the second derivatives ofx and z to get the y coordinate to be C1:
We will not concern ourselves here with this. It is interesting to note that if we demand that all the
coordinates beC1 then generically our cusps must be \semi-cubic parabolas".By this we mean
that after a change of coordinatesz(� ) = 3 � 3 and x(� ) = 2 � 2:

Our above discussion implies thatFF 1. and FF 2. characterize front projections. In particular,
any map f : S1 ! xz{plane : � 7! (x f (� ); zf (� )) that satis�es FF 1. and FF 2. represents a
Legendrian knot, since under these conditions we can alwaysde�ne y(� ) by Equation (2). Then the
image of the map� (� ) = ( x f (� ); y(� ); zf (� )) will be a Legendrian knot.

Interpreting this in terms of knot diagrams one sees that given any knot diagram
(1) that has no vertical tangencies,
(2) the only non-smooth points are generalized cusps and
(3) at each crossing the slope of the overcrossing is smaller(that is, more negative) than the

undercrossing
represents the front projection of a Legendrian knot. To understand the condition on the overcrossing
recall that in order to have the standard orientation on R3 the positive y axis goes into the page.

Example 2.4 In Figure 4 we show front diagrams for Legendrian knots realizing the unknot, right
and left trefoil knots and the �gure eight knot.

Figure 4. Legendrian knots realizing the unknot, right and left trefoil knots and
the �gure eight knot.

Using these observations one can easily prove.

Theorem 2.5. Given any topological knotK there is a Legendrian knotC0 close to it. In particular,
there are Legendrian knots representing any topological knot type.

Proof. Consider (R3; � std ): First we show that any knot type can be represented by a Legendrian
knot. This is now quite simple, just take any diagram for the knot (Figure 5), make the modi�cations
shown if Figure 6 and then use the above procedure to recover aLegendrian knot (Figure 5).

Of course the problem with the construction of a Legendrian knot this way is that it is certainly
not C0 close to the original knot since the di�erence betweeny-coordinates of the original knot
and the Legendrian knot determined by the front projection can be quite far apart. This problem
with the y-coordinate can be �xed with the idea illustrated in Figure 7 that any arc may be C0

approximated rel end points by a Legendrian arc.
Using Darboux's theorem (that all contact structures are locally the same as (R3; � std )) one may

easily �nish the proof for a general contact 3{manifold. �
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Figure 5. Converting a knot diagram (left) into a Legendrian front (ri ght).

or

Figure 6. Realizing a knot type as a Legendrian knot.

Figure 7. C0 approximating an arc by a Legendrian arc.

Of course we could have used this last technique to show that any knot type has a Legendrian
representative thus avoiding the �rst part of the proof. But , in practice, if one is trying to construct
Legendrian representatives of a knot type (and notC0 approximations of a speci�c knot) one uses
Figure 6. This is because using Figure 7 introduces too many \zig-zags". We will see below it is
best to avoid these as much as possible.

Just as there are Reidemeister moves for topological knot diagrams there is a set of \Reidemeister"
moves for front diagrams too.

Theorem 2.6 (See [82]). Two front diagrams represent the Legendrian isotopic Legendrian knots
if and only if they are related by regular homotopy and a sequence of moves shown in Figure 8.

Example 2.7 If Figure 9 we show that two di�erent front diagrams for a Legendrian unknot are
Legendrian isotopic.

To illustrate the di�culty in using these move one might want to try to show the two Legendrian
�gure eight knots in Figure 10 are Legendrian isotopic.

We now discuss theLagrangian projection of a Legendrian knot. Let

� : R3 ! R2 : (x; y; z) 7! (x; y):

Then the Lagrangian projection of a Legendrian knot L is � (L ): The terminology \Lagrangian
projection" comes from the fact that d� jxy � plane ; which is a symplectic form, vanishes when restricted
to � (L ): This is very important when considering Legendrian knots inR2n +1 but is irrelevant in our
discussion. However, we keep the terminology for the sake ofconsistency. If we again parameterizeL
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Figure 8. Legendrian Reidemeister moves. (Also need the corresponding �gures
rotated 180 degrees about all three coordinate axes.)

Figure 9. Various fronts of the same Legendrian unknot.

Figure 10. Two fronts of the same Legendrian �gure eight knot.

by � (all notation is as above) then � (L ) is parameterized by � � (� ) = ( x(� ); y(� )) : Unlike the front
projection, the Lagrangian projection is always parameterized by an immersion, since ifx0(� ) =
y0(� ) = 0 for some � then z0(� ) 6= 0 so the tangent vector to L is pointing in the @

@z direction which
does not lie in �:

The Legendrian knot L can be recovered (up to translation in thez-direction) from the Lagrangian
projection as follows: pick some numberz0 and de�ne z(0) = z0: Then de�ne

(4) z(� ) = z0 +
Z �

0
y(� )x0(� )d�:

Since a Legendrian knot satis�es Equation (1) we see this equation can be written

z(� ) = z0 +
Z �

0
z0(� )d�;

which is a tautology. So the only ambiguity in recovering L is the choice ofz0:
Let's observe a few restrictions on immersionsS1 ! R2 that can be Lagrangian projections of a

Legendrian knot. First let g : S1 ! R2 : � 7! (x(� ); y(� )) be any immersion. If we try to de�ne z(� )
by Equation (4) then we run into problems. Speci�cally, if we think of � 2 [0; 2� ] then z(� ) will be
a well de�ned function on S1 only if z(0) = z(2� ): This condition can be written

Z 2�

0
y(� )x0(� )d� = 0

and of course is not satis�ed for all immersionsg. This is the only obstruction to lifting g to an
immersion G : S1 ! R3 whose image is tangent to�: The image of G will be a Legendrian knot if
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G is an embedding. The only way it can fail to be an embedding is if double points in the image of
g lift to have the same z-coordinate. Thus an immersiong lifts to a Legendrian knot (well de�ned
up to isotopy) if

(1)
R2�

0 y(� )x0(� )d� = 0 and

(2)
R� 1

� 0
y(� )x0(� )d� 6= 0 for all � 0 6= � 1 with g(� 0) = g(� 1):

Unfortunately these conditions are not easy to interpret diagrammatically, making working with
Lagrangian projections somewhat harder that working with front projections. None the less, La-
grangian projections are still quite useful as we will see below. We also note that Theorem 2.5 can
be proven using Lagrangian projections. Speci�cally, given any topological arc 
 : [0; 1] ! R3 we
want to use the Lagrangian projection to prove 
 ([0; 1]) can be C0 approximated by a Legendrian
arc with the same end points. By considering Figure 11 one mayclearly do this.

Figure 11. Using the Lagrangian projection to approximate topological arcs.

We also have a weak Reidemeister type theorem.

Theorem 2.8. Two Lagrangian diagrams represent Legendrian isotopic Legendrian knots only if
their diagrams are related by a sequence of moves shown if Figure 12.

Figure 12. Legendrian Reidemeister moves in the Lagrangian projection. (Also
need the corresponding �gures rotated 180 degrees about allthree coordinate axes.)

Unfortunately these moves are not su�cient to guarantee Legendrian isotopy due to the integral
constraints discussed above.

In Section 4.5 we will discuss converting a front projectioninto a Lagrangian projection.

2.4. Transverse knots. A transverse knotT in a contact manifold (M 3; � ) is an embeddedS1 that
is always transverse to� :

Tx T � � x = Tx M; x 2 T:
If � is orientable (i.e. if it is de�ned globally by a 1-form) then we can �x an orientat ion on � . Recall
our de�nition of contact structure requires a �xed orientat ion on M; thus if T is transverse to � we
can orient T so that it always intersects � positively. When T is so oriented we callT a positive
transverse knot. If we give T the opposite orientation then we call T a negative transverse knot.
If we do not put positive/negative in front of the phrase \tra nsverse knot" then positive is always
implied. In particular transverse knots are always oriented (unless � is not orientable).

For the rest of this section we restrict attention to ( R3; � std ): Transverse knots are usually studied
via the analogy of the front projection: � : R3 ! R2 : (x; y; z) 7! (x; z): Unlike for Legendrian knots
we cannot recoverT from �( T); however we can reconstructT up to isotopy through transverse
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knots (i.e. we can recover the transverse isotopy class ofT). Thus it is reasonable to study T
through �( T ):

Let's examine �( T ): Since the condition on a knot being transverse is an open condition in the
space of embeddingsS1 ! R3 it is easy to check that for a generic transverse knot �(T ) will be the
image of an immersion. This immersion satis�es two obvious constraints:

(1) the immersion has no vertical tangencies pointing down and
(2) there are no double points as shown in Figure 13.

Figure 13. Segments excluded from projections of transverse knots.

To check these conditions let� : S2 ! R3 : � 7! (x(� ); y(� ); z(� )) be a parameterization for T: The
fact that T is a positive transverse knot implies that

z0(� ) � y(� )x0(� ) > 0:

Now the projection of T is parameterized by � � (� ) = ( x(� ); z(� )) : At a vertical tangency pointing
down we havex0 = 0 and z0 < 0; this contradicts the above equation thus establishing condition (1).
To see condition (2) note that

y(� ) <
z0(� )
x0(� )

:

Thus the y coordinate is bounded by the slope of the diagram in thexz-plane. (Once again recall
the positive y axis points into the page.) One may now easily check that the picture on the right
side of Figure 13 cannot be the projection of a transverse knot.

Theorem 2.9 (See [38, 82]). Any diagram satisfying conditions (1) and (2) above can be lifted to a
transversal knot in R3 well de�ned up to isotopy through transversal knots. Moreover, two diagrams
will represent the same transverse isotopy class of transverse knots if any only if they are related by
a sequence of move shown in Figure 14.

Figure 14. Transverse Reidemeister moves. Add arrows in all ways that don't
violate the conditions in Figure 13. (Also need the corresponding �gures rotated
180 degrees about all three coordinate axes.)

A second way to study transversal knots is by using closed braids. Recall a closed braid is simply
a knot (or link) in R3 (we will use cylindrical coordinates (r;  ; z ) now) that can be parameterized
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by a map f : S1 ! R3 : � 7! (r (� );  (� ); z(� )) for which r (� ) 6= 0 and  0(� ) > 0 for all �: For more
on braids and closed braids see [7].

To see the connection between braids and transverse knots weuse the symmetric version of
the standard contact structure (R3; � sym ): Since this contact structure is contactomorphic to the
standard one we can transfer any question about the contact structure � std to the contact structure
� sym : Now given a closed braidB we can isotopy it through closed braid so that it is far from the
z-axis. Very far from the z-axis the planes that make up� sym are almost vertical, that is close to
the planes spanned by @

@z and @
@r: Thus the closed braid type B represents a transversal knot.

Bennequin proved the opposite assertion:

Theorem 2.10 (Bennequin 1983, [6]). Any transverse knot in (R3; � sym ) is transversely isotopic to
a closed braid.

The proof of this theorem is quite similar to the proof that kn ots can be braided [7]. One just
needs the check that the \braiding process" can be done in a transverse way. For details see [6, 76].

Recall, �xing n points pi ; in a disk D 2, an n-braid is an embedding ofn arcs
 i : [0; 1] ! D 2 � [0; 1]
so that 
 i (t) 2 D 2 � f tg and the endpoints of the 
 i corresponding to 0 (resp. 1) as a set map to
f pi gn

i =1 in D 2 � f 0g (resp. D 2 � f 1g). The set of all n-braids Bn form a group. It is easy to see
the group is generated by� i ; i = 1 ; : : : n � 1; where � i is the n braid with the i and i + 1 strands
interchanging in a right handed fashion and the rest unchanged, see Figure 15. The groupBn

Figure 15. A generator � i for the braid group Bn :

naturally includes in Bn +1 : Given a braid b in Bn the positive stabilization of b is b� n in Bn +1 :

Theorem 2.11 (Orevkov and Shevchishin 2003, [76]; Wrinkle, [86]). Two braids represent the same
transverse knot if and only if they are related by positive stabilization and conjugation in the braid
group.

2.5. Types of classi�cation. In trying to classify Legendrian or transverse knots one could mean
many di�erent things. We concentrate on Legendrian knots here but an analogous discussion holds
for transverse knots too.

One can classify Legendrian knots up toisotopy through Legendrian knots. That is L 0 and L 1 are
Legendrian isotopic if there is a continuous familyL t ; t 2 [0; 1]; of Legendrian knots starting at L 0 and
ending at L 1: One can also classify Legendrian knots up toambient contact isotopy. Here we mean
L 0 and L 1 are ambient contact isotopic if there is a one parameter family � t : M ! M; t 2 [0; 1];
(here (M; � ) is the ambient contact manifold) of contactomorphisms ofM such that � 0 is the identity
map and � 1(L 0) = L 1:

Theorem 2.12. The classi�cation of Legendrian knots up to Legendrian isotopy is equivalent to the
classi�cation up to contact isotopy. The analogous statement is true for transverse knots.

Proof. The implication of contact isotopy to Legendrian isotopy is obvious. For the other implication
assumeL t ; t 2 [0; 1] is an isotopy through Legendrian knots in the contact manifold (M; � ): There
is a family of di�eomorphisms � t : M ! M; t 2 [0; 1]; such that � t (L 0) = L t : Moreover, it is easy to
arrange that � �

t (� jL t ) = � jL 0 : Let � t = � �
t (� ): This is a one parameter family of contact structures

with � t = � 0 along L 0: Thus Gray's Theorem, [1, 65], implies there is a family of di�eomorphisms
 t such that  �

t (� t ) = � 0 and  t is the identity on L 0: Now set f t = � t �  t : Note

f �
t (� 0) =  �

t (� t ) = � 0:

Thus f t are all contactomorphisms of� 0 = �: Moreover f t (L 0) = � t (L 0) = L t : �
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In S3 with the standard contact structure there is another type of classi�cation that is equivalent
to these.

Theorem 2.13. In (S3; � std ) (or (R3; � std )) two Legendrian knots are Legendrian isotopic if and
only if their compliments are contactomorphic.

This theorem is not necessarily true in other contact manifolds.

Proof. A Legendrian knot L has a canonical neighborhoodN (L ): Denote by M (L ) the closure of
the complement of N (L ): If two Legendrian knots L 0 and L 1 in (S3; � std ) have contactomorphic
complements, then let  : M (L 0) ! M (L 1) be the contactomorphism. We can extend over
N (L 0) so that it takes N (L 0) to N (L 1) and is a contactomorphism for (S3; � std ): In [26], Eliashberg
has shown that there is a unique tight contact structure on S3: That coupled with Gray's Theorem
implies there is a family of contactomorphisms t : S3 ! S3; t 2 [0; 1] with  0 the identity map and
 1 =  : Thus L t =  t (L 0) is an Legendrian isotopy fromL 0 to L 1: �

2.6. Invariants of Legendrian and transversal knots. Though it is not always essential we will
always consideroriented knots.

2.6.1. Classical invariants of Legendrian knots. The most obvious invariant of a Legendrian knot is
its underlying topological knot type, since any Legendrianisotopy between two Legendrian knots is,
among other things, a topological isotopy of the underlyingknots. Given a Legendrian knot L we
will denote its underlying topological knot type by k(L ): We will use Kto denote a topological knot
type (i.e. the set of topological knots isotopic to a �xed knot) and the set of all Legendrian knots
L with k(L ) 2 K will be denoted by L(K):

The next invariant of a Legendrian knot L is the Thurston{Bennequin invariant which intuitively
measures the \twisting of � around L". More rigorously this invariant is de�ned by a trivializat ion
of the normal bundle � of L: A �xed identi�cation of � with L � R2 is called atrivialization of � or
a framing of L . A Legendrian knot has a canonical framing: since� x and � x intersect transversally
(Tx L � � x ) one gets a line bundlelx = � x \ � x ; for x 2 L: The line bundle l gives a framing of �
over L: This framing is the Thurston{Bennequin framing of L and is denotedtbf (L ):

If the normal bundle has a preassigned framingF then we can assign a number to the Thurston{
Bennequin framing of L: This number tw(L; F ) is just the twisting of l with respect to F and is
called the twisting of L with respect to F : If L is null homologous thenL has a framing given by a
Seifert surface. The twisting of L with respect to this Seifert framing will be called the Thurston-
Bennequin invariant of L and is denotedtb(L ): One may alternately de�ne tb(L ) as follows: let v
be a non-zero vector �eld alongL in � \ � and let L 0 be a copy ofL obtained by pushing L slightly
in the direction of v: Now de�ne tb(L ) as the linking of L with L 0; i.e. tb(L ) = lk (L; L 0):

Remark 2.14. If v0 is a nonzero vector �eld alongL transverse to � and L 00is obtained from L by
pushing L slightly in the direction of v0 then tb(L ) = lk (L; L 00):

The last \classical" invariant of a Legendrian knot L is the rotation number of L: This invariant
will only be de�ned for null homologous knots, so assume thatL = @� where � is an embedded
orientable surface. The contact planes when restricted to �; � j � ; form a trivial two dimensional
bundle (any orientable two plane bundle is trivial over a surface with boundary). This trivialization
of � j� induces a trivialization � jL = L � R2: Recall L has an orientation, so let v be a non zero
vector �eld tangent to L pointing in the direction of the orientation on L: The vector �eld v is in
� jL = L � R2 and thus using this trivialization we can think of v as a path of non zero vectors in
R2; as such it has a winding number. This winding numberr (L ) is the rotation number of L: Note
the rotation number depends on the orientation ofL and changes sign if the orientation is reversed.

Remark 2.15. One can also de�ner (L ) as the obstruction to extending v to a non-zero vector �eld
in � j� :

The invariants k(L ); tb(L ) and r (L ) will be called the classical invariants of L:



LEGENDRIAN AND TRANSVERSAL KNOTS 13

2.6.2. Computation of the classical invariants via projection. We now consider Legendrian knots
L in the standard contact structure on R3 and interpret the classical invariants in the front and
Lagrangian projection of L . We begin with the rotation number. Let w = @

@y: This is a nonzero
section of � and thus can be used to trivialize � jL independent of �nding a Seifert surface for L:
Now to compute the rotation number of L we just need to see how many times a nonzero tangent
vector �eld v to L; thought of as living in R2 via the trivialization given by w; winds around the
origin of R2: This is equivalent to making a signed count of how many timesv and w point in the
same direction, we call this an intersection ofv and w: The \sign of the intersection" is determined
by whether v passesw counterclockwise (+1) or clockwise (� 1). Now in the front projection v will
be pointing in the direction of � w = � @

@y at the cusps. One may easily check that the intersection
will be positive when going down a cusp and negative when going up a cusp. Moreover, since this
counts the number of timesv \intersects" � w we need to divide by two in order to get r (L ): Thus
in the front projection

(5) r (L ) =
1
2

(D � U);

where U is the number of up cusps in the front projection andD is the number of down cusps. In
the Lagrangian projection w projects to @

@y and thus the rotation number is easily seen to be the
winding number of the tangent vectors to � (L )

(6) r (L ) = winding( � (L )) :

For the Thurston{Bennequin invariant. Let v = @
@z then for any Legendrian knot L; v is a vector

�eld transverse to � along L (as in Remark 2.14). Thus tb(L ) is the linking of L with a copy L 0

of L obtained by shifting slightly in the z direction. So in the front projection L and L 0 are as in
Figure 16. Now the linking number of L and L 0 is just one half the signed count of the intersections

Figure 16. Knots L (black) and L 0 (grey) used to computetb(L ):

between them. Where an intersection is positive if it is right handed and negative if it is left handed
(Recall L and henceL 0 are oriented). See Figure 17. One can see that at each right (left) handed

+ �

Figure 17. Right handed crossing (on left) and a left handed crossing (on right).
Note this �gure is to indicate that right (left) crossings co ntribute +( � ) to the write
of a knot. The picture on the right cannot occur in a front proj ection, but non the
less left handed crossings can.

self crossing of the projection ofL there will be two right (left) handed crossings of L and L 0 and at
a right or left cusp of L there will be a left handed crossing ofL and L 0: Thus in the front projection

(7) tb(L ) = writhe(�( L )) �
1
2

(number of cusps in �( L )) :

In the Lagrangian projection L and L 0 project to the same diagram, but we have

(8) tb(L ) = writhe( � (L )) :

One may prove this formula by �rst recalling tb(L ) is the linking number of L and L 0: In the
Lagrangian projection think about trying to pull L 0 straight up. If during this process L 0 never
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intersects L then their linking is 0 : Moreover, each crossing in the diagram forL contributes � 1 to
the linking number.

2.6.3. Classical invariants of transverse knots.For transverse knots T there are only two classical
invariants, the topological knot type k(T) and the self-linking number (this is sometimes called the
Bennequin number). We denote transverse knots in a �xed topological knot type Kby T (K): To
de�ne the self-linking number of T we assume it is homologically trivial. (There is a \relative"
version of the self-linking number if this is not true but we will not discuss this point here.) Thus
there is an orientable surface � such that @� = T: As above we know that � j � is trivial so we can
�nd a nonzero vector �eld v over � in �: Let T 0 be a copy ofT obtained by pushing T slightly in
the direction of v: The self-linking number sl(T ) of T is the linking of T 0 with T:

The self-linking number also has an interpretation in terms of a relative Euler class. To see this
let v be a non zero vector in� \ T � along T that points out of � : If this v were to extend over �
then we could use it to getT 0 above and the self-linking would be 0. Ifv does not extend then the
self-linking is not 0.

Remark 2.16. The self-linking number l (T ) is precisely the obstruction to extending v over � to
a non-zero vector �eld in �:

2.6.4. Computations of the self-linking number. To compute sl(T ) for a transverse knot in the stan-
dard contact structure on R3 note that the vector v = @

@y is always in � std and thus can be used to
trivialize � std independent of a Seifert surface forT: Now let T 0 be a copy ofT obtained by pushing
T along v: The self-linking number of T is the linking number of T and T 0: If we considerT and T 0

in the \front projection" we see that

(9) sl(T ) = writhe(�( L )) :

The argument for this formula is exactly like the one for Equation (8).
We would also like to see a formula forsl(T ) in terms of a braid representation for T: To do this

recall we must use the cylindrically symmetric contact structure � 1 on R3: For our non zero vector
�eld we take v = @

@r on f x � � g; v = � @
@r for f x � � � g and on f� � < x < � g we have interpolate

between these two choices by rotating clockwise in the contact planes. If we think of all the braiding
as occurring in f x � � g the we see each generator� � contributes � 1 to the self-linking number. See
Figure 18. Moreover each strand as it passes in and out off x � � g contributes � 1 to the self-linking

Figure 18. The braid T in black and its push o� by v in grey.

number. Thus we have

(10) sl(T ) = a(T) � n(T);

where n(t) is the number of strands in the braid b representingT and a(T) is the algebraic length
of b when written in terms of the generators � i (algebraic length is the sum of the exponents on the
generators). This useful equality was �rst observed by Bennequin [6].
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2.7. Stabilizations. Given a Legendrian knot L there is a simple way to get another Legendrian
knot in the same topological knot type: stabilization. We describe stabilization in the standard
contact structure on R3: If a strand of L in the front projection of L is as on the left hand side
of Figure 19 then the stabilization of L is obtained by removing the stand and replacing it with

S+

S�

S+

S�

Figure 19. Stabilizations in the front projection (top) and the Lagran gian projec-
tion (bottom).

one of the zig-zags shown on the right hand side of Figure 19. If down cusps are added then the
stabilization is called positive, and denotedS+ (L ); and if up cusps are added then the stabilization
is called negative, and denotedS� (L ): Since stabilizations are done locally, this actually de�nes, via
Darboux's Theorem, stabilizations for Legendrian knots in any manifolds. Note

(11) tb(S� (L )) = tb(L ) � 1;

and

(12) r (S� (L )) = r (L ) � 1:

It is important to observe that stabilization is a well de�ne d operation, that is, it does not depend
at what point the stabilization is done. This is true in general [38] but in R3 it is somewhat easier
to prove [47]. One only needs to check that the \zig-zags" used to de�ne the stabilization can be
move past cusps and crossings in the front projection. UsingTheorem 2.6 this is a fun exercise.

One important fact concerning stabilizations is the following.

Theorem 2.17 (Fuchs and Tabachnikov 1997, [47]). Given two Legendrian knotsL 1 and L 2 in
(R3; � std ) that are topologically isotopic then after each has been stabilized some number of times
they will be Legendrian isotopic.

So the topological classi�cation of knots is equivalent to the stable classi�cation of Legendrian
knots. To prove this theorem one checks that the topologicalReidemeister moves can be performed
via Legendrian Reidemeister moves after su�ciently many stabilizations. It should not be di�cult
to prove this theorem in any contact 3-manifold, but such a proof does not exist in the literature.

Note using stabilization it is easy to get Legendrian knots with arbitrarily negative Thurston-
Bennequin invariants. In any tight contact structure there is an upper bound on the Thurston-
Bennequin invariant (see Section 3). Thus while it is easy tostabilize a knot it is not necessarily
easy to \destabilize" a knot. We say L destabilizes if there is a Legendrian knotL 0 such that
L = S� (L 0):

There is notion of transverse stabilization too. The stabilization of a transverse knotT is formed
by taking an arc in the front projection as shown on the left hand side of Figure 20 and replacing it
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with the arc on the right hand side. Denote the resulting knot by S(T): Note there is only one type

Figure 20. Transverse stabilization.

of stabilization here and

(13) sl(S(T)) = sl(T ) � 2:

Once again it is not hard to show that stabilization is well de�ned for transverse knots. We also
have

Theorem 2.18 (Fuchs and Tabachnikov 1997, [47]). Given two transverse knotsT1 and T2 in
(R3; � std ) that are topologically isotopic then after each has been stabilized some number of times
they will be transversely isotopic.

There is a notion of destabilization for transverse knots that is exactly analogous to destabilization
of Legendrian knots.

2.8. Surfaces and the classical invariants. In this section we see how to compute the classical
invariants of a Legendrian and transverse knot in terms of the characteristic foliation on a surface
bounded by the knot. We will also see how convex surface theory [51, 56] can be used to understand
the classical invariants of Legendrian knots.

Let T be a transverse knot bounding the surface �: Orient � so that T is its oriented boundary.
With this orientation the characteristic foliation � � points out of @� = T (recall the characteristic
foliation is oriented). Perturb � so that � � is generic. In particular, we can assume that all
the singularities are isolated elliptic or hyperbolic points. Moreover, each singularity has a sign
depending on whether the orientation of� and T � agree at the singularity. Let e� be the number of
� elliptic singularities in � � and let h� be the number of � hyperbolic singularities. We now have

(14) � sl(T ) = ( e+ � h+ ) � (e� � h� ):

This formula follows easily by interpreting sl(T ) as a relative Euler class (that is let v be a vector
�eld along T tangent to � T and contained in � and pointing into � T ; then sl(T ) is the obstruction
to extending v to a nonzero vector �eld on � T ).

By looking at the characteristic foliation one may frequently see how to destabilize a transverse
knot. In particular, if one sees Figure 21 in the characteristic foliation of a surface with a transverse

T 0

T

+

�

Figure 21. Using the characteristic foliation to recognize a destabilization.

knot T in its boundary, then one can let T 0 be the knot shown in the picture and it is clear that
sl(T 0) = sl(T ) + 2 : With a little work one can, in fact, see that S(T 0) = T: Thus when one �nds a
negative hyperbolic point on a surface whose unstable manifolds separate o� a disk with one elliptic
point (necessarily positive), then the knot can be destabilized. Such a disk is called atransverse
bypassand �rst appeared in [33] and was used in the classi�cation ofsome transverse torus knots in
[32].
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Now consider a Legendrian knotL with Seifert surface � : It is relatively easy to see we may
isotopy � relative to its boundary so that the singularities in the characteristic foliation along the
boundary alternate in sign. When this is arranged it is easy to seej tb( L )j is simply half the number
of singularities along the boundary. We now observe:

Lemma 2.19 (Eliashberg and Fraser 1998, [29]). Assume the singularities in the characteristic
foliation along @� = L alternate in sign. If tb(L ) � 0 then positive/negative singularities along the
boundary will be sources/sinks (along the boundary). Iftb(L ) > 0 the positive/negative singularities
along the boundary will be sinks/sources (along the boundary).

The idea for this lemma is simply to examine how the characteristic foliation inherits an orien-
tation from the contact planes and the Seifert surface. A singularity along the boundary is positive
or negative depending on whether the contact planes are twisting past � in a right handed or left
handed fashion.

Recall that elliptic singularities in the characteristic f oliation are sources (sinks) when the singu-
larity is positive (negative). Thus when tb(L ) > 0 we see from this lemma that all the singularities
must be hyperbolic! So the characteristic foliation can be standardized along the boundary when
tb(L ) > 0:

When tb(L ) � 0 it takes a little more work to normalize to characteristic foliation near the
boundary. In addition, the foliation can be normalized in various ways. In particular, one can
arrange that all the singularities are hyperbolic, or that all the singularities are elliptic, or that they
alternate between hyperbolic and elliptic [29].

If tb(L ) � 0 then we can isotope � relative to L so that it is convex. Denote the dividing curves
of � by � and the � regions of � n � by � � : Then we have

(15) tb(L ) = �
1
2

(L \ �) ;

and

(16) r (L ) = � (� + ) � � (� � ):

Call a properly embedded arca � � in � boundary parallel if the closure of one of the component s
of � na is a disk that contains no components of � in its interior. Such a boundary parallel dividing
curve is frequently called abypass, because it allows one to \bypass" some twisting as the following
lemma shows. Bypasses were �rst introduced in [56].

Lemma 2.20. If the dividing curves � of � contain a boundary parallel arc andtb( L ) < 1 or �
has genus greater than 0, thenL can be destabilized.

Proof. The Legendrian Realization Principle [51, 56] says that we can alter the characteristic foliation
to any other singular foliation as long as � \divides" this fo liation. Thus we may realize the foliation
shown in Figure 22 near the boundary parallel arc. We then letL 0 be the Legendrian knot indicated

L 0

L

Figure 22. Characteristic foliation associated to a boundary parallel dividing
curve (left). The destabilization L 0 of L (right).

on the right hand side of Figure 22 (after the corners are smoothed). It is not hard to show that
L = S� (L 0): �

Remark 2.21. A bypass is technically the disk cobounded byL and L 0 but using this lemma we
see that this is essentially equivalent to the de�nition above.
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2.9. Relation between Legendrian and transversal knots. Let L be a Legendrian knot in a
contact manifold (M; � ): Let A = S1 � [� 1; 1] be an embedded annulus inM such that S1 � f 0g = L
and A is transverse to�: If A is su�ciently \thin" then the characteristic foliation on A is as shown
in Figure 23. Given such anA the curve L + = S1 � f + 1

2 g (resp. L � = S1 � f� 1
2 g) is a positively

L �

L

L +

Figure 23. Annulus involved in transverse push-o� of L .

(resp. negatively) transverse knot. The knotsL � are called the positive (resp. negative) transverse
push o� of L: It is easy to check that any two transversal push-o�s are transversely isotopic.

Warning. The de�nition of the positive and negative push-o� is not standard in the literature.
Some authors (eg. Bennequin [6]) reverse the naming of positive and negative push-o�s.

In the standard contact structure on R3 we can see this transverse push o� in the front projection.
Let L be an oriented Legendrian knot and consider its front projection. Away from the cusps, any
strand oriented to the right should be pushed in the � y-direction slightly to get L + any strand
oriented to the left should be pushed in they direction slightly. Thus way from the cusps the front
projection of L and L + agree. A careful analysis near the cusps shows that they change as shown
in Figure 24.

Figure 24. Positive transverse push-o� in the front projection.

Given a Legendrian knot L we can construct a positive and a negative transversal knotT� (L )
the relation between their classical invariants is described in the following lemma.

Lemma 2.22. The invariants of Legendrian knots and their transverse push o�s are related by

(17) sl(T� (L )) = tb(L ) � r (L ):

Proof. Given L a Legendrian knot and � a Seifert surface for L we let � be a nonzero vector in
� jL that extends to a nonzero vector in � j � : Thus if v is a nonzero vector �eld tangent to L then
r (L ) is the twisting of v relative to � in � which we denote: r (l ) = t(v; �; � jL ): If � is the normal
bundle to L; s is the outward pointing normal to � and w is a vector �eld in � jL transverse to v
then tb(L ) = t(w; s; � ):

Let v+ ; w+ ; � + be the vector �elds in � jL + coming naturally from the de�nition of L + : Note we
can think of s as the same ass+ since L and L + are the same topological knots. Now keeping in
mind � = � jL + we have

sl(L + ) = t(� + ; s; � ) = t(� + ; w+ ; � ) + t(w+ ; s; � )

= t(�; w; � ) + t(w; s; � ) = � r (L ) + tb(L ):

The equation for L � is similar except that � = � � so t(� + ; w+ ; � ) = � t(�; w; � ):
For Legendrian knots in (R3; � std ) there is a direct diagrammatic proof of these formulas using

the formulas derived in the previous sections and Figure 24. �
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There is also a Legendrian push o� of a transversal knot. LetT be a transverse knot. We
want to construct a standard model for a neighborhood ofT: To this end consider (R3; � sym ):
Recall � sym = ker( dz + r 2d� ): Now let M be R3 modulo the action z 7! z + 1 : The contact
structure � sym clearly induces a contact structure onM (also denoted� sym ). Now M = S1 � R2

and Ta = f r = ag � M is a torus that bounds the solid torus Sa = f r � ag � M: The characteristic
foliation of Ta is by lines of slopea2: A standard application of Moser's technique shows that the
transverse knotsT has a neighborhoodN contactomorphic to Sa for somea: Thus in a neighborhood
of T there is a torusTb with b < a and b2 = 1

n for some positive integern: The characteristic foliation
on Tb is by lines of slopeb2 = 1

n : Let Tl be a leaf in the foliation of Tb: It is easy to see that Tl is
a Legendrian knot topologically isotopic to T: The Legendrian knot Tl is called a Legendrian push
o� of T: By considering the obvious annulus betweenT and Tl it is easy to see that the positive
transverse push o� of Tl is T:

Notice that Tl is called a Legendrian push o� and not the Legendrian push o�. The reason for
this is that there are many other Legendrian push o�s. Note that we can �nd a c < b < a such
that c2 = 1

n +1 : The the Legendrian push o� obtained using Tc; denote it T 0
l ; is related to Tl by a

negative stabilization [38]: T 0
l = S� (Tl ): We say two Legendrian knots arenegatively stably isotopicif

they are Legendrian isotopic after each has been negativelystabilized some number of times. Thus
the Legendrian push o� of a transverse knot gives a well de�ned negative stable isotopy class of
Legendrian knots.

Theorem 2.23 (In ( R3; � std ); Epstein, Fuchs and Meyer 2001, [31]; In a general contact manifold,
Etnyre and Honda 2001, [38]). Two Legendrian knots are negatively stably isotopic if and only if
their transverse push o�s are transversely isotopic.

It is quite easy to show the \only if" part of this theorem. The \if" part is much more di�cult.
Since we know all transverse knots are the transverse push o�of some Legendrian knot, the

classi�cation of transversal knots is equivalent to the classi�cation of Legendrian knots up to negative
stabilization.

3. Tightness and bounds on invariants

In the standard contact structure on R3; or more generally in a tight contact structure, there are
many bounds on the classical invariants of a Legendrian or transversal knot. In fact, the existence
of some of these bounds is at the heart of the nature of tightness. In this section we discuss these
inequalities.

3.1. Bennequin's inequality. Part of the origins of modern contact geometry can be found inthe
following theorem.

Theorem 3.1 (Eliashberg 1992, [26]). Let (M; � ) be a tight contact 3-manifold. Let L be a Leg-
endrian knot in M with Seifert surface � L and T be a transverse knot with Seifert surface� T :
Then

(18) sl(T ) � � � (� T );

and

(19) tb(L ) + jr (L )j � � � (� L ):

Sketch of Proof. Clearly the second inequality follows from the �rst and Equation (17). To prove
the �rst inequality recall the discussion in Section 2.8: if the foliation on � is generic then

� sl(T ) = ( e+ � h+ ) � (e� � h� ):

Moreover one may easily show

� (� T ) = ( e+ + e� ) � (h+ + h� ):

Thus
sl(T ) + � (� T ) = 2( e� � h� ):
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So we can prove Inequality 18 by showing that we may isotop �T (rel boundary) so that e� = 0 : This
is done by showing that the tightness of� implies that each positive elliptic point is connected to a
positive hyperbolic point and then canceling this pair. This argument is discussed in [26, 34]. �

This bound is not sharp for many knot types. This is easily seen once other inequalities are
established, so we defer this discussion until later in thissection.

The inequalities in Theorem 3.1 are called the Bennequin inequalities. However, the theorem as
stated is due to Eliashberg [26]. What Bennequin actually showed was that for any transverse knot
in (R3; � std ) Equation (18) holds [6]. One reason for this is that the notion of tight vs. overtwisted
was unknown at the time. Bennequin was trying to show that R3 has more than one contact
structure. He did this by showing that in the standard contact structure Equation (18) is true while
it is not in the contact structure � ot de�ned in Example 2.2. Speci�cally the Legendrian unknot
L = f z = 0 ; r = � g in (R3; � ot ) is easily seen to havetb(L ) = 0 :

This was one of the �rst indications of the existence of a tight vs. overtwisted dichotomy. In fact,
tightness can be characterized in terms of knots.

Theorem 3.2. A contact structure � is overtwisted if and only if there is a Legendrian unknot with
Thurston{Bennequin invariant equal to 0 if and only if there is a transverse unknot with self-linking
number equal to 0.

Using Theorem 3.1 the only non-trivial (but still easy) part of this theorem is that overtwisted
implies the existence of a transverse unknot with self-linking 0.

Since Equation 19 gives an upper bound on the Thurston{Bennequin invariant of a knot L in a
tight contact structure we can make the following de�nition

tb(K) = max f tb(L )jL 2 L (K)g:

So tb(K) is the maximal Thurston-Bennequin invariant for Legendrian knots in the knot type K:
Clearly this is an invariant of the topological knot type.

3.2. Slice genus. There has been a re�nement of Bennequin's inequality for knots in Stein �llable
contact structures. For a discussion of Stein �llable contact structures see [34, 54]. The important
point here is that the standard tight contact structure on S3 is Stein �llable by B 4 (with its standard
complex structure).

Theorem 3.3 (Akbulut and Matveyev 1997, [2]; Lisca and Matic 1998, [64]). Let X be a Stein
manifold with boundary M and � the induced contact structure. If L is a Legendrian knot in M then

(20) tb(L ) + jr (L )j � � � (�) ;

where � is an embedded oriented surface inX with @� = L:

Given a knot type K in M = @X;let gs(K) denote the minimal genus of an embedded orientable
surface � in X with @� = K: This is called the slice genusof K in (X; M ): Equation (20) can be
interpreted in terms of the slice genus:

1
2

(tb(L ) + jr (L )j + 1) � gs(K)

for all L 2 L (K): Clearly the genus of a knot is an upper bound on the slice genus, thus this inequality
implies the Bennequin inequality.

For Legendrian knots in the standard contact structure in S3 this theorem is due to Rudolph [79].
In full generality is appears in [2, 64]. Currently, the most direct proof of this theorem involves a
standard adjunction type inequality in Seiberg-Witten the ory and an embedding theorem for Stein
manifolds proved in [63].

While much of the deep mathematical content to the above theorem is Seiberg-Witten theory,
the language of Legendrian knots provides a user friendly \front end" for the Seiberg-Witten theory.
In particular, in many examples it is easy to simply draw pictures to see knots cannot be slice or to
get bounds on their slice genus without ever having to explicitly invoke Seiberg-Witten theory. We
will see applications of this in Section 7.4. Here we illustrate the usefulness of this theorem with a
simple example. LetK be a knot type and K be its mirror image. It is well known [77] that K# K is
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slice. Thus the maximal Thurston{Bennequin invariant sati s�es tb(K# K) � � 1: But later we will
see (Section 5.4) thattb(K# K) = tb(K) + tb(K) + 1 : Thus

tb(K) � � tb(K) � 2:

By drawing pictures (see Section 5.2) one may easily see thatfor p; q positive and relatively prime,
a (p; q)-torus knot K (p;q) has tb(K (p;q) ) = pq� p � q: Thus

tb(K ( � p;q) ) = tb(K (p;q) ) � p + q � pq� 2;

and we see the Bennequin inequality is not sharp. (Later we will see that tb(K ( � p;q) ) = � pq.)

3.3. Other inequalities in (R3; � std ). We begin by recalling the de�nition of several knot polyno-
mials. Consider a projection of an oriented knotK: To this projection we associate the HOMELY
(Laurent) polynomial (aka, two variable Jones polynomial) PK (v; z) which is de�ned by the skien
relation

1
v

PK + � vPK � = zPK 0 ;

where K is either K + or K � and K + ; K � ; K 0 are related to each other as shown in the top row of
Figure 25.

Figure 25. The relation between K + ; K � ; K 0 (top), K + ; K � ; K 0; K 1 (middle)
and K r ; K (bottom).

Let D be a regular projection of a (non-oriented) topological knot K: To this projection we
associate a two variable (Laurent) polynomialL K (a; x) de�ned by

L U =
a � a� 1

x
+ 1 ;

L K + � L K � = x(L K 0 � L K 1 );

L K r = aLK ;

where K + ; K � ; K 0; K 1 are as related in the middle row of Figure 25,K r ; K are as related in the
bottom row of Figure 25 and U is the diagram for the unknot with no crossings. The polynomial
L is an invariant of D through regular homotopies. The polynomialFK (a; x) = awrithe( D ) H (a; x) is
the Kau�man polynomial of K: It is an invariant of the topological knot K:

Theorem 3.4. Let K be a topological knot type. For anyL 2 L (K) we have

(1) tb(L ) + jr (L )j � dPK and
(2) tb(K ) � dFK :

Where dPK is the lowest degree inv of PK (v; z) and dFK is the lowest degree ina of FK (a; x):
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The �rst inequality, observed by Fuchs and Tabachnikov [47], follows from work of Franks and
Williams [42] and Morton [70] who showed that for ann braid with algebraic length a;

a � n � dPK ;

and the fact we observed in Section 2.6 thatsl = a � n: Thus this inequality gives a bound on the
self-linking numbers of transverse knots. The relation between the invariants of a Legendrian knot
and its transverse push o� complete the proof of the �rst inequality in the theorem.

The second inequality is originally due to Rudolph [78]. Both inequalities can be proved using
state models for the polynomials, see [84]. Both inequalities have been extended to Legendrian
knots in J 1S1 the one jet space ofS1; see [15]. For a more detailed discussion of the history of these
inequalities see [41].

Example 3.5 For the left handed trefoil we have

PK (v; z) = v� 3(
v � v� 1

z
)((2v � v� 1 � vz2)

and

FK (a; x) = a� 3(1 +
a � a� 1

x
)(2a � a� 1 + z � a� 2z + az2 � a� 1z2):

Thus we get the following bounds on Legendrian left handed trefoils L

tb(L ) + jr (L )j � dPK = � 5

and
tb(L ) � � 6:

We will see below that the maximal tb for left handed trefoils is � 6 thus the second inequality seems
sharper, but the trefoils with tb = � 6 must have r = � 1: Thus both inequalities are sharp in this
case. Note that in this case the Bennequin inequality is not sharp, as it only give an upper bound
of 1.

While no known bound on tb is always sharp the Kau�man polynomial FK frequently seems to
be very good. For example

Theorem 3.6 (Ng 2001, [75]). If Kis a 2-bridge knot, then the Kau�man bound is sharp: tb(K) =
dFK

: Moreover, the Kau�man bound is sharp for all knot types with eight or fewer crossings except

the (4; � 3) torus knot (819 in [77]).

4. New invariants

In this section we discuss two invariants of Legendrian knots that have been de�ned in recent
years. They are considerably more complicated than the \classical invariants" of Legendrian knots
and currently we do not know exactly what they tell us about Legendrian knots. But they do
show us that the classical invariants do not completely determine the Legendrian isotopy type of
Legendrian knots.

4.1. Contact homology (aka Chekanov-Eliashberg DGA). In [28] Eliashberg �rst outlined the
general theory of contact homology. It is a sophisticated algebraic tool for keeping track of \Reeb
cords" and \pseudo-holomorphic curves" in symplecizations of contact manifolds. Subsequently the
more elaborate framework of Symplectic Field Theory has been developed in [30]. The foundational
parts of these grand theories (especially the parts of interest here) are currently being developed. In
certain circumstances one can translate the general ideas into simpler terms and rigorously establish
a theory based in these simpler terms. The di�erential graded algebra (DGA) of Chekanov [12]
is such a theory for Legendrian knots inR3: We will concentrate on this simpler, but still deep,
theory here. For a discussion of how the theory described here �ts into the \big picture" see [40]. In
[81] a similar theory was established for Legendrian knots in circle bundles (with contact structures
transverse to the circle �bers).

Let L be such a Legendrian knot. ToL we want to assign a graded algebra and a di�erential on
the algebra. There are various levels of sophistication onecan use in de�ning the algebra and its
di�erential. We begin with the simplest description and dis cuss generalizations in Section 4.4.
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The Algebra. Denote the double points in � (L ) (recall this is the Lagrangian projection of L ) by
C: We assumeC is a �nite set of transverse double points (for a generic Legendrian this is clearly
true). Let AZ2

be the free associative unital algebra overZ2 generated byC: If we want to make
the generators explicit we write AZ2

(C):
The Grading. To each crossingc 2 C there are two points c+ and c� in L � R3 that project to
c: We let c+ be the point with larger z coordinate. Choose a map
 c : [0; 1] ! L that parametrizes
an arc running from c+ to c� (note there are two such arcs, we can choose either). LetP be the
projectivized unit circle in the xy-plane (i.e. identify antipodal points). We get a map gc : [0; 1] ! P

by gc(t) = 
 0
c ( t )

j 
 0
c ( t ) j : Since c is a transverse double pointgc(0) 6= gc(1): We extend gc to a map

gc : S1 ! P by rotating gc(1) clockwise until it agrees with gc(0): Now de�ne the grading on c to be

jcj = degree (gc):

See Figure 26. Note the grading is not well-de�ned! If we chose the other arc from c+ to c� in L

Figure 26. On the right are two crossings, the thicker arc is 
 c: On the right is
the image of the Gauss map for the arc. The grey arrow indicates the completion of
gc to a closed loop. When the Gauss map is projectivized we see the top example
has grading 1 and the bottom example has grading 3.

then we could have gotten a di�erent number. Note the union of the two arcs is all of L: From this
it is easy to see that the di�erence between the two possible gradings on c is the twice the rotation
number of L (recall the rotation number is the degree of the Gauss map forthe immersion � (L )).
Thus jcj is well de�ned modulo 2r (L ): Thus A is a graded algebra with grading inZ2r (L ) :
The Di�erential. We will de�ne the di�erential @on A Z2

by de�ning it on the generators of A
and then extending by the signed Leibniz rule:

@ab= ( @a)b+ ( � 1)j aj a@b:

(Note that since we are working overZ2 we do not really need the (� 1)j aj in this formula, but when
working over other rings/�elds the sign is important so we keep it in the formula.) The neighborhood
of a crossingc in R2 is divided into four quadrants by � (L ) two are labeled + quadrants and two
are labeled� quadrants as shown in Figure 27. Leta 2 C be a generator ofA and let b1 : : : bk be a

+

�

+

�

Figure 27. Quadrants near a crossing in� (L ):

word in the \letters" C. Let Pk+1 be a k + 1 sided polygon with vertices labeled counterclockwise
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v0; : : : ; vk and set

M a
b1 :::b k

= f u : (Pk+1 ; @Pk+1 ) ! (R2; � (L )) j u satis�es 1.{ 3. belowg= reparam.

where R2 denotes thexy-plane and the conditions are
1. u is an immersion
2. u(v0) = a and near a the image of a small neighborhood ofv0 under u covers a + quadrant.
3. u(vi ) = bi ; i = 1 ; : : : ; k; and near bi the image of a small neighborhood ofvi under u covers

a � quadrant.
We can now de�ne

@a=
X

b1 :::b k

(# 2M )b1b2 : : : bk ;

where the sum is taken over all words in the lettersCand # 2 denotes the modulo two count of
elements inM : It is not hard to show that M is �nite and the sum is �nite [12], thus the di�erential
is well-de�ned.

Lemma 4.1 (Chekanov 2002, [12]). The map @is a di�erential:

@� @= 0 ;

and lowers degree by one.

Example 4.2 Here we compute the graded algebra and the di�erential for the Legendrian unknot
with tb = � 2 (and r = � 1). The Lagrangian projection is shown on the right hand sideof Figure 28.
We have two generators of the algebraa1; a2: Each has grading 1. Moreover,@ai = 1 for i = 1 ; 2:

b1 b2 b3

a1

a2

a1 a2

+ + +

+

+

+ +

Figure 28. The Lagrangian projection of a Legendrian trefoil and unknot. One
corner of each crossings has been labeled with a + to help determine the signs of
all the quadrants near the crossing.

Example 4.3 Consider the Legendrian right handed trefoil with tb = 1 : The Lagrangian projection
is shown on the left of Figure 28. The algebra has �ve generators a1; a2; b1; b2; b3: Their gradings are

jai j = 1 ; jbi j = 0 :

One easily computes

@a1 = 1 + b1 + b3 + b1b2b3

@a2 = 1 + b1 + b3 + b3b2b1

@bi = 0 :

To discuss the invariance of (A Z2
; @) under Legendrian isotopy we need a few preliminary de�ni-

tions. An automorphism of AZ2
(c1; : : : ; cn ) of the form

(21) � (ci ) =

(
ci ; i 6= j
� cj + u; u 2 A (c1; : : : ; cj � 1; cj +1 ; : : : ; cn ); i = j:

for some �xed j is called elementary. A composition of such automorphism is called atame auto-
morphism. A tame isomorphism is an identi�cation of the generators of two algebras followed by a
tame automorphism. (Since our algebras are all graded our automorphisms are also assumed to be
graded automorphisms).
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An index i stabilization of a DGA (AZ2
(c1; : : : ; cn ); @) is the graded algebraAZ2

(c1; : : : ; cn ; a; b)
where jaj = jbj � 1 = i and the di�erential on this algebra agrees with the original di�erential on the
ci 's and @a= 0 ; and @b= a: If the index of a stabilization is unimportant then it is simp ly referred
to as a stabilization instead of an indexi stabilization.

Two DGA's are stably tame isomorphic if after stabilizing each of the DGA's some number of
times they become tame isomorphic.

Theorem 4.4 (Chekanov 2002, [12]). The di�erential graded algebra (A Z2
; @) associated to a Legen-

drian knot changes by stable tame isomorphisms under Legendrian isotopy, moreover the homology

CH � (L ) =
ker@

image @

is unchanged under Legendrian isotopy.

Example 4.5 The contact homology for the Legendrian unknot in Example 4.2 is

CH � (L ) = 0 ;

since@a1 = 1 : Indeed ker(@) is spanned bya1 � a2 but @(a1(a1 � a2)) = a1 � a2:

Remark 4.6. In general it is easy to show that anytime @a= 1 for some element in the algebra
then CH � = 0 :

Example 4.7 The contact homology for the Legendrian trefoil in Example 4.3 is

CH � (L ) = CH0(L ) = hb1; b2; b3jb1b2b3 = b3b2b1 = 0 i

Proposition 4.8 (Chekanov 2002, [12]). The DGA associated to a stabilized knot is stably tame
isomorphic to the \trivial" algebra, that is the algebra generated by one elementa such that @a= 1 :
In particular, the contact homology is 0.

The main observation in the proof of this proposition is that a stabilization in the Lagrangian
projection is achieved by adding a small loop (see Figure 19). Since this loop is small a generatora
has been added to the algebra for which@a= 1 by the following lemma.

Lemma 4.9 (Chekanov 2002, [12]). If u : Pk+1 ! R2 is a polygon in M a
b1 :::b k

then

h(a) �
kX

i =1

h(bi ) =
Z

Pk +1

u� (dx ^ dy)

where h(c) is the di�erence in the z-coordinates of the two pointsc+ ; c� in L lying above a double
point c:

Thus we easily see the contact homology is 0 as in Example 4.5.With a little more work one can
see the algebra is as claimed in the proposition.

4.2. Linearization. Since our algebra is non-commutative it is quite hard in general to look at the
homology of two DGA's and determine if they are the same or not. In this section we describe two
methods to extract more \computable" invariants out of the D GA associated to a Legendrian knot.

Given a DGA (A ; @) we can �lter A by \word length". That is, de�ne A n to be the vector space
generated by words in the generators ofA of length less than or equal ton: Note A n is not an algebra,
but merely a vector space. We call the DGAaugmentedif for each generatora 2 A ; @acontains no
constant term. Said another way the \the di�erential is non- decreasing on word length". It is easy
to see that if (A ; @) is an augmented DGA then @induces a di�erential @n on A n by applying @to
a generator ofA n and projecting the result to A n : If ( A ; @) is the DGA associated to a Legendrian
knot L and it is augmented then we call the homology of (A n ; @n ) the order n contact homologyof
(A ; @) and is denotedL n CH � (L ): The �rst order contact homology is frequently referred to as the
linear (or linearized) contact homology. The Poincar�e polynomial

Pn (� ) =
X

i 2 Z2r ( L )

dim(L n CH i (L )) � i
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of L n CH � (L ) is called the order n Chekanov-Poincar�e polynomial of (A ; @): It is interesting to
observe (see [12]) that one can compute the Thurston{Bennequin invariant of a Legendrian knot by
evaluating P1(� ) at � 1 :

tb(L ) = P1(� 1):

Important Facts: First, not all DGA's are augmented, and second, the ordern contact homol-
ogy and order n Chekanov-Poincar�e polynomial of (A ; @) is not an invariant of the stable tame
isomorphism class of (A ; @)!

These two facts seem to indicate these notions are useless for Legendrian knots and that our
notation is not so good. It turns out we can still make use of these ordern approximations to the
contact homology. If A is generated bya1; : : : ; ak then set

G(A ) = f g a graded automorphism ofA of the form ai 7! ai + ci where ci 2 Z2:g

Every element g 2 G(A ) gives a tame isomorphism of DGA's from (A ; @) to ( A ; @g); where @g =
g@g� 1: Now set

Ga (A ) = f g 2 G(A ) : (A ; @g) is augmentedg:

Theorem 4.10 (Chekanov 2002, [12]). The sets

I n (L ) = f Chekanov-Poincar�e polynomial of order n for (A; @g) : g 2 Ga(A )g

and

L n CH � (L ) = f L n CH � (A ; @g) : g 2 Ga(A )g

are invariants of the Legendrian knot L:

It is relatively easy to show these sets do not change under tame isomorphisms. Thus to prove
this theorem one only needs to check what happens toGa ; I n and L n CH � under stabilization.

A convenient way to �nd Ga(A ) is via augmentations. Let (A ; @) be a DGA. A map

� : A ! Z2

is called an augmentation of A if � (1) = 1 ; � � @= 0 and � vanishes on any element of non-zero
degree.

Lemma 4.11. The augmentations of(A; @) are in one to one correspondence withGa (A ).

This lemma is simple to prove once one observes that given an augmentation � the tame auto-
morphism g(ai ) = ai + � (ai ) is in Ga (A ):

Example 4.12 In this example we consider the two \Chekanov-Eliashberg knots". These were the
�rst two Legendrian knots with the same tb; r and knot type that were shown to be non Legendrian
isotopic. The Lagrangian projection of these knots is shownif Figure 29. The generators forL are

1 2

3 4

5

6

7

8

9

1 2

3

4

5

6

7

8

9

Figure 29. The knot L (left) and L 0 (right).
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ai ; i = 1 ; : : : 9: Their gradings are

jai j = 1 ; i = 1 : : : 4;

ja5 j = 2 ;

ja6 j = � 2;

jai j = 0 ; i = 7 : : : 9

and the boundary map is

@a1 = 1 + a7 + a7a6a5;

@a2 = 1 + a9 + a5a6a9;

@a3 = 1 + a8a7;

@a4 = 1 + a9a8;

@ai = 0 i � 5:

The generators forL 0 are bi ; i = 1 ; : : : 9: Their gradings are

jbi j = 1 ; i = 1 : : : 4;

jbi j = 0 ; i = 5 : : : 9

and the boundary map is

@b1 = 1 + b7 + b7b6b5 + b5 + b9b8b5;

@b2 = 1 + b9 + b5b6b9;

@b3 = 1 + b8b7;

@b4 = 1 + b9b8;

@bi = 0 i � 5:

Though these di�erentials look di�erent it is di�cult at thi s stage to see that the algebras are
not stability tame isomorphic. We now compute the linearized contact homology ofL: We begin by
looking for augmentations. These must be maps� : A ! Z2 that send ai to 0 for i � 6 and sendai

to ai + ci for i � 7 whereci is 0 or 1: The equation � � @= 0 implies

1 + c7 + c7c6c5 = 0 ;

1 + c9 + c5c6c9 = 0 ;

1 + c8c7 = 0 ;

1 + c9c8 = 0 :

The only solution to these equations isc7 = c8 = c9 = 1 : The di�erential @� associated to this
augmentation is

@� a1 = a7 + a6a5 + a7a6a5;

@� a2 = a9 + a5a6 + a5a6a9;

@� a3 = a8 + a7 + a8a7;

@� a4 = a9 + a8 + a9a8;

@� ai = 0 i � 5:

Thus one easily computes the linearized homology is generated by a1 + a2 + a3 + a4; a5; a6: It has
dimension one in grading� 2; 1; 2 soP1(� ) = � � 2 + � + � 2:

For A(L 0) one �nds three augmentations ci = 0 ; i = 1 : : : 4; c7 = c8 = c9 = 1 and c5c6 = 0 : No
matter which augmentation is used one �nds the linearized homology generated byb1 + b2 + b3 +
b4; b5; b6: Thus it has dimension one in grading 1 and dimension two in grading 0.

Hence one can distinguishL and L 0 using the linearized contact homology.
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4.3. The characteristic algebra. Let (A ; @) be the DGA generated by a1; : : : ; ak . Let I be the
two sided ideal in Agenerated byh@ai i k

i =1 : The characteristic algebraof (A ; @) is

C(A) = A=I:

Two characteristic algebrasA 1=I1 and A 2=I2 are tame isomorphic if after adding some generators
to A i and the same generators toI i ; i = 1 ; 2; then there is a tame isomorphism ofA 1 to A 2 taking
I 1 to I 2: It is important to note that the de�nition of tame isomorphis m for characteristic algebras
actually requires the pair A ; I not just A =I: So one should probably de�ne the characteristic algebra
to be the pair (A ; I ) but we will hold with tradition and de�ne C(A) = A =I; keeping in mind the need
to remember both A and I: We say A 1=I1 and A 2=I2 are equivalent if after adding some (possibly
di�erent) number of generators to both A1 and A2 (but not the ideals I i ) the algebrasA 1=I1 and
A 2=I2 are tame isomorphic.

Theorem 4.13 (Ng 2001, [75]). Legendrian isotopic knots have equivalent characteristicalgebras.

We will illustrate the e�cacy of the characteristic algebra by addressing Ng's solution to the
\Legendrian mirror problem" [47]. That is: given a Legendrian knot L is it isotopic to its image
under the map (x; y; z) 7! (x; � y; � z)? The answer is sometimes NO.

Example 4.14 Consider the Legendrian knotL whose Lagrangian projection is shown if Figure 30.
The algebra has 11 generators with gradingsja1j; = ja2j = ja7j = ja9j = ja10j = 1 ; ja3j = ja4j = 0

1

2

3
4

5

6

7

8
9

10

11

Figure 30. The Legendrian knots L .

and ja5 j = ja6 j = ja8 j = ja11 j = � 1: The di�erential is

@a1 = 1 + a10a5a3 @a6 = a11a8

@a2 = 1 + a3(1 + a6a10 + a11a7) @a7 = a8a10

@a4 = a11 + (1 + a6a11 + a11a7)a3 @a9 = 1 + a10a11

@a5 = @a8 = @a11 = @a3 = 0 :

Let I be the ideal generated by these relations and setC(A) = A=I: The characteristic algebra
C(A 0); the algebra associated to the Legendrian mirror ofL; is the same except all the terms inI
are reversed.

One may show [75] that

C(A) = ha1; : : : ; a10i =h1 + a10a5a3; 1 + a3a10a5; 1 + a2
10a2

5; 1 + a10a5 + a6a10 + a10a2
5a7i

We note that C(A) does not have elementsv and w of grading � 1 and 1; respectively, that satisfy
vw = 1 : The reason for this is if there were such elements then we could consider the further quotient
algebra C0 obtained by setting a3 = 1 ; a1 = a2 = a6 = a7 = a9 = 0 : This algebra has presentation
ha5; a10 i =h1 + a10a5i : Moreover the elementsv and w would map to such elements inC0: But in C0

one may easily see that such elements do not exist.
Now in C(A 0) we see the elementsv = a10 and w = a5a3 satisfy vw = 1 : Thus L is not Legendrian

isotopic to its mirror.

Let 
 i be the number of generators of degreei of the DGA ( A ; @): The degree distribution of A is
the map


 : Z2r (L ) ! Z � 0 : i 7! 
 i

where r (L ) is the rotation number of L:
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Theorem 4.15 (Ng 2001, [75]). The �rst and second order Poincar�e-Chekanov polynomials for all
possible augmentations of the DGA(A; @) are determined by the characteristic algebraC(A ) and the
degree distribution of A

Ng has found examples that the characteristic algebra distinguishes that have the same linearized
contact homology. Thus the characteristic algebra is a strictly stronger invariant that the linearized
contact homology.

4.4. Lifting the DGA to Z[t; t � 1]. It is fairly simple to describe the lift of the DGA to Z[t; t � 1]:
Once again we start with the Lagrangian projection � (L ) of the Legendrian knot L and assume
the set of double point Cis �nite and consists of transverse double points. Now letA be the free
associative unital algebra overZ[t; t � 1] generated byC: We grade the generators as above and set
jt j = 2 r (L ): The grading in this case is overZ (and not just Z2r (L ) ). Recall to de�ne the grading
on c 2 C we chose paths
 c from the upper point c+ 2 L above c to the lower point c� 2 L: To
de�ne the di�erential we want to assign to each u 2 M a

b1 :::b k
(for the notation see Section 4.1) an

integer nu and a signsu : We begin with the integer. Given u 2 M a
b1 :::b k

note that the image of the
boundary u(@Pk+1 ) is a union of arcs in � (L ) that can all be uniquely lifted to arcs � i in L: Let
� u = [ � i [ 
 a [ 
 bi : This is a closed loop inL: We orient � u so that all the arcs � i are oriented as
the boundary of the polygon u(Pk+1 ): Now � u is an oriented loop in the orientedL = S1: As such
it corresponds to an element inH1(L; Z) = Z: This integer is denotednu : Now for the sign. To each
corner vi of Pk+1 we assign a signs(vi ) as shown in Figure 31. The sign isu is de�ned to be

+

+
+

+
+

+�
�

Figure 31. Signss(vi ) associated to a corner.

su =
kY

i =0

s(vi ):

Now the boundary map is de�ned on a generatora 2 C by

@a=
X

b1 :::b k

X

u2 M a
b1 :::b k

su b1b2 : : : bk tn u ;

where the �rst sum is taken over all words in the letters C.
Once again we have

Theorem 4.16 (Etnyre, Ng and Sablo� 2002, [40]). The map @is a di�erential

@� @= 0 :

The stable tame isomorphism class of(A; @) is invariant under Legendrian isotopy.

Example 4.17 Here we compute the contact homology of the Legendrian �gureeight knot with
tb = � 3: From Figure 32 we see the algebra has seven generators withja2j = ja4j = ja5j = ja7j = 1 ;
ja1j = ja3j = 0 and ja6j = � 1: We compute the di�erential

@a1 = a6 � a6a3 � ta6a3a5a6;

@a2 = t � 1 + a1a3 � a6a3a4;

@a4 = 1 � a3 + ta5a6a3;

@a7 = t � 1 + a3 � ta3a6a3a5;

@a3 = @a5 = @a6 = 0 :
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Figure 32. The Legendrian knots L .

It is not currently known if this re�ned contact homology is a stronger invariant of Legendrian
knots than the original contact homology. One can still de�ne the ordern contact homology, and in
particular the linearization (though augmentations are much harder to �nd), and the characteristic
algebra of this enhanced contact homology.

One potential bene�t of including orientations when we count disks in M a
b1 :::b k

is that we can
abelianize. In particular we can de�ne A Q to be the supercommutative associative algebra with
unit over Q[t; t � 1] generated byC; the crossings in a Lagrangian projection of a Legendrian knot.
We grade the elements ofA Q as we did before and the di�erential is de�ned as above as well.

Theorem 4.18 (Etnyre, Ng and Sablo� 2002, [40]). The stable tame isomorphism class and homol-
ogy of (A Q; @) are invariants of the Legendrian isotopy class of the Legendrian knot L:

The homology of (A Q; @) is called the abelianized contact homologyof L: It is surprising but
not known if one can abelianize the contact homology overZ or Z2: In the proof of this theorem
it is simple to show the stable tame isomorphism class of the di�erential algebra is an invariant
of L but to show its homology is invariant one writes down a chain map that involves division by
integers. Thus if the abelianized contact homology overZ or Z2 is invariant the proof will have to
be considerably di�erent from the proof of the above theorem.

4.5. DGA's in the front projection. Though it is more natural to de�ne Chekanov's DGA in the
Lagrangian projection it is somewhat di�cult to work with La grangian projections of Legendrian
knots. In this section we discuss Ng's description of the DGAin the front projection [75]. This front
description is based on the following observation.

Theorem 4.19. Given the front projection of a Legendrian knotL one can obtain a diagram isotopic
to the the Lagrangian projection by altering the cusps in thefront diagram as shown in Figure 33.

Figure 33. Transition from a front projection to a Lagrangian projecti on.

Sketch of Proof. The idea is to stretch any Lagrangian projection in the x-direction so that it is
very long and 
at. Then it is easy to arrange that except near crossings and cusps each strand of
the projection has constant z-value. Now, in the complement of the crossings and the cusps, tilt
the strands so that they each have a distinct slope�z; where z is the z coordinate of the line before
it is tilted. Form the crossings by arcs whose slopes lie between the slopes of the arcs involved and
form the left cusps in a similar fashion. See Figure 34. It is easy to see the Lagrangian projection
of these constant slope lines. With a moments thought the crossings and cusps project as indicated
in the statement of the theorem. For full details see [75]. �



LEGENDRIAN AND TRANSVERSAL KNOTS 31

Figure 34. Top left: the front projection of a Legendrian unknot. Top ri ght: the
stretched projection. Middle: the tilted projection that i s easy to convert into the
Lagrangian projection (bottom).

With this theorem in mind it is simple to translate the elements used in the DGA into the front
projection.
The Algebra. Let Cbe the double points and right cusp points in the projection. Let A be the
free associative unital algebra overZ2 generated byC: (One can of course translate the algebra over
Z[t; t � 1] too, but we leave this to the reader, or see [40].)
The Grading. Each right cusp point has grading 1. To each double pointc choose a capping
path 
 c as we did in Section 4.1 for double points in the Lagrangian projection. The grading of the
crossing is

jcj = D c � Uc;
where D c (respectively Uc) is the number of cusps traversed downward (respectively upward) along

 c:
The Di�erential. Label the quadrants near a double point as in Figure 27. We will think of a
right cusps as a corner (or quadrant) and put a + there. Left cusps are not thought of as corners.
The di�erential is exactly as in Section 4.1 for crossings, except that it may have a corner or branch
point at a right vertex, see Figure 35. Branch point are counted as corners and a corner at a right

Figure 35. The ways a disk can have a negative corner at a right cusp (top)and
the corresponding disk in the Lagrangian projection (bottom). The gray is the
image of the disk. The left two diagrams indicate a branch point at the cusp. In
this case we count the cusp as a corner. The right hand pictureindicates a corner
at the cusp. In this case we count the \corner" as a double corner. That is we count
it twice when reading o� the work that goes into the di�erenti al.

cusp counts as two corners. The reason for this can be seen by transforming the front projection
into the Lagrangian projection as described in Theorem 4.19. Moreover a polygon can pass by a
right cusp as shown in Figure 36. The di�erential of a right cusp is 1 plus the di�erential de�ned
above for a crossing.

One may easily use Theorem 4.19 to see that this DGA is exactlythe one you would get using
the Lagrangian projection of L:
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Figure 36. A polygon can cross a right cusp as shown here (left). The correspond-
ing disk in the Lagrangian projection is also shown (right).

Example 4.20 Consider the front projection of the Legendrian �gure eight knot in Figure 37.
There are seven generators for the algebra, three from cuspsand 4 from crossings. Their gradings
are jai j = 1 ; i = 1 ; : : : 4; jai j = 0 ; i = 5 ; 6; 7 and ja7 j = � 1: The boundary map is

1

2

3

4

5

6

7

Figure 37. The front projection of the Legendrian �gure eight knot with tb = � 3.

@a1 = 1 + a6a6a4a6a7 + (1 + a6a5)a3a6a7 + a6a2(1 + a6 + a7a4a6)a7;

@a2 = 1 + a5a6;

@a3 = 1 + a6 + a6a7a4;

@a4 = @a5 = @a6 = @a7 = 0 :

Remark 4.21. Note that many of the disks in the above computation of di�cul t to �nd. This is
because of the right cusps. They allow disks to be quite complicated. To eliminate this problem one
can use the Legendrian Reidemeister moves (Theorem 2.6) to move them all to the far right of the
diagram. This will usually increase the number of crossingsin the diagram, but the computation of
the boundary map will usually be considerably easier.

4.6. Decomposition Invariants. Here we de�ne another new invariant of Legendrian knots. This
invariant was also discovered by Chekanov [13, 14] and can beused to solve Arnold's famous four
cusp conjecture, see Section 7.3.

Let F be the front projection of a Legendrian knot L: Let C(F ) denote the cusp points in F
and let S(F ) be the smooth components ofF n C(F ): These are called the set of \strands" inF: A
Maslov potential for F is a map

� : S(F ) ! Z2r (L )

whose value on the upper stand at a cusp is one larger than its value on the lower strand. Note the
Maslov potential is well de�ned up to adding a constant. A double point in F is called Maslov if
the value of the Maslov potential evaluated on the two strands crossing there are are the same. See
Figure 38

Now let D(F ) be the double points in F and let A(F ) be the closure of the components in
F n (D(F ) [ C(F )) : We call A(F ) the arcs in F: A decomposition of F is the collection of simple
closed curvesDF = f F1 : : : Fk g such that eachFi is the union of arcs in F; each arc is used in only
oneFi ; and all arcs are in someFi : A crossing in F is calledswitching or non-switching as indicated
in Figure 39. A decomposition is calledadmissibleif

(1) Each Fi bonds a diskB i

(2) The \vertical slice" B i;x = B i \ f x = constantg of each disk is an interval, a cusp point or
empty
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0

1

2

1

Figure 38. The four strands associated (right) associated with the front (left).
The numbers are a Maslov potential.

Figure 39. The left two �gures are switching crossings the right two are non-
switching crossings. (Di�erent line weights represent di� erent components in the
decomposition.)

(3) Near a switching crossing the intervalsB i;x and B j;x are disjoint or one is contained within
the other, where Fi and Fj are two components of the decomposition coming together at
the crossing.

(4) Each switching crossing is Maslov.

Note Item (1) rules out trivial decompositions (except for the unknot with tb = � 1). Item (2)
rules out the left two decompositions shown in Figure 40. (Infact, a stabilization in a diagram will
prevent it from having any admissible decompositions because of Item (2).) Item (3) rules out things
like that shown if Figure 40.

Figure 40. Left two �gures are not admissible by Item (2). The right �gur e is not
admissible by Item (3).

Let Adm( F ) be the set of admissible decompositions ofF: De�ne the function

� : Adm(F ) ! Z

by � (DF ) = #( DF ) � S(DF ) where S(DF ) is the number of switching crossings that occur in the
decompositionDF :

Theorem 4.22 (Chekanov and Pushkar, [14]). Let L; L 0 be two Legendrian knots inR3 with generic
front projections F; F 0: If L and L 0 are Legendrian isotopic then there is a one to one correspondence
f : Adm(F ) ! Adm(F 0) such that � (f (DF )) = � (DF ):

Thus we have two new invariants of Legendrian knots! The cardinality of Adm(�( L )) and the
map �:

Example 4.23 We can once again distinguish the Chekanov-Eliashberg knots. Here we draw the
Chekanov examples somewhat di�erently, see Figure 41. In this projection of L one may easily
see in any admissible decomposition crossings 2; 3; 4; 5 must be switching crossings (by property
(1) and (2)). Moreover, crossings 1 and 6 cannot be switchingsince they are not Maslov. Thus
one sees that this projection ofL has jAdm(�( L )) j = 1 : Similarly in the projection of L 0 crossings
2; 3; 4; 5 must be switching and either crossings 1; 6 are both switching or both non-switching. Thus
jAdm(�( L 0)) j = 2 :
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1
2 3

4 5 6
1 2

3 4

5 6

Figure 41. Legendrian projections of the two \Chekanov knots" from Figure 29.
L is on the left and L 0 is on the right.

It is interesting to note that, just as the contact homology did, this invariant also vanishes on
stabilized Legendrian knots since there are no admissible decompositions of a stabilized knot diagram.

The existence of admissible decompositions has an interesting relation to augmentations of the
Chekanov-Eliashberg DGA. In particular Fuchs has shown thefollowing theorem.

Theorem 4.24 (Fuchs, [45]). If the front projection of a Legendrian knot has an admissible decom-
position then its DGA has an augmentation.

Very recently Fuchs and Ishkhanov, and independently Sablo�, have found a converse to the
above theorem.

Theorem 4.25 (Fuchs and Ishkhanov [46]; Sablo� [80]). If the DGA of a Legendrian knot L has a
(graded) augmentation, then any front projection of L has a ruling.

An interesting corollary of this result is the following.

Corollary 4.26. If the DGA of a Legendrian knot L has a (graded) augmentation then its rotation
number is zero.

5. Classification results

In considering the classi�cation of Legendrian knots it is convenient to consider the map

	 : eL ! eK � Z � Z : (L ) 7! (k(L ); tb(L ); r (L )) ;

where eL is the space ofall oriented Legendrian knots and eK is the space ofall oriented topological
knots and k(L ) is the topological knot type underlying L: The main questions one would like to
answer are: What is the image of 	? and is 	 injective? The answ er to the second question is NO
as the Chekanov-Eliashberg examples in Figure 29 show.

We can re�ne the above questions by considering the map 	 restricted to L (K) for some knot
type K: This map is denoted 	 K : A knot type Kis called Legendrian simple if 	 K is injective. So
for Legendrian simple knot types a classi�cation of Legendrian knots amounts to the identi�cation
of the range of 	 K :

One can also consider the map
� : eL ! eT � Z;

where eT is the space of all transverse knots and �(L ) = ( L + ; tb(L )) : Recall L + is the (positive)
transverse push-o� of L: Note we did not include the rotation number in the range of � si nce
r (L ) = tb(L ) � sl(L + ): This map is potentially a better invariant than 	 : It turns out this map is
not injective either.

Example 5.1 Let E(k; l ) be the Legendrian knots shown in Figure 42. Note the topological
knots underlying E(k; l ) are determined by k + l: In [31] it was shown that E(k; l ) is Legendrian
isotopic to E(k0; l0) if and only if the unordered pairs f k; lg f k0; l0g are the same. This proof involves
computations of the linearized contact homology. However if l is odd then the transverse push-o�s
E(k; l )+ and E(k � 1; l + 1) + are transversely isotopic.
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l k

Figure 42. The Legendrian knot E(k; l ). There are l crossings on the right hand
side andk on the left.

Finally we note that all the new invariants described in Section 4 vanish on stabilized knots thus
cannot distinguish non Legendrian isotopic knots if the knots are stabilized. Below in Section 5.4
we will show there are stabilized Legendrian knots that are not Legendrian isotopic. Thus contact
homology and the decomposition invariants are not completeinvariants.

A standard procedure for trying to classify Legendrian knots in a knot type Kis to show
� All Legendrian knots in L (K) can be destabilized except those with maximal Thurston-

Bennequin invariant.
� Classify Legendrian knots inL (K) with maximal Thurston-Bennequin invariant.
� Understand when Legendrian knots become the same under stabilization.

Recall, a Legendrian knot L destabilizes if there is a Legendrian knotL 0 such that L = S� (L 0):
This procedure does not always work (see the sections on connected sums and cablings) but it is
frequently a useful strategy.

5.1. The unknot. The main theorem concerning unknots is the following.

Theorem 5.2 (Eliashberg and Fraser 1995, [29]). In any tight contact three manifold, Legendrian
unknots are determined by their Thurston-Bennequin invariant and rotation number. All Legendrian
unknots are stabilizations of the unique one withtb = � 1 and rotation r = 0 ; see Figure 4.

The bound on the Thurston Bennequin invariant follows from Bennequin's inequality (19). The
theorem then follows from two lemmas.

Lemma 5.3. Any Legendrian unknot with tb < � 1 destabilizes.

Proof. Let D be a disk that L bounds. If tb(L ) < � 1 then we may makeD convex and it will have
at least two dividing curves by Equation (15). SinceD is a disk one of these dividing curves must be
boundary parallel (recall this means that it separates o� a disk containing no other dividing curves).
As discussed in Section 2.8 we may use this dividing curve to destabilize L: �

Lemma 5.4. There is a unique Legendrian unknot withtb = � 1:

Proof. Let L i be two Legendrian unknots with tb = � 1: Let D i be a disk that L i bounds. We
can makeD i convex. Using the Legendrian Realization Principle [51, 56] we can arrange that the
characteristic foliation on D i has two elliptic point on @Di and the foliation on the rest of D i is by
arcs. Thus we may Legendrian isotopL i to an arbitrarily small neighborhood of an arc A i : One
may easily show that any two Legendrian arcs are Legendrian isotopic. Thus we can takeA1 = A2:
It is now an exercise that any two \thickenings" of A = A i to a Legendrian unknot are Legendrian
isotopic. �

5.2. Torus knots. Let T be the boundary of a neighborhood of an unknot inM 3: A knot that can
be isotoped to sit onT is called a torus knot.

Theorem 5.5 (Etnyre and Honda 2001, [38]). In any tight contact three manifold, Legendrian torus
knots are determined up to Legendrian isotopy by their knot type, Thurston-Bennequin invariant and
rotation number.
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To complete the classi�cation of Legendrian torus knots we need to identify the invariants that are
realized. For this we need to more carefully describe torus knots. Let V be an embedded unknoted
solid torus in M: Let � be the meridian to V and � be the longitude. Now all torus knots can be
isotoped onto @Vso they can be expressed byp� + q� where jpj > q > 0 and (p; q) = 1 : If p > 0
then the torus knot is called positive otherwise it is called negative.

Theorem 5.6 (Etnyre and Honda 2001, [38]). All Legendrian positive (p; q)-torus knots are stabi-
lizations of the unique one withtb = pq� p � q and rotation r = 0 ; see Figure 43.

p

q

Figure 43. Positive (p; q)-torus knot.

Theorem 5.7 (Etnyre and Honda 2001, [38]). All Legendrian negative (p; q)-torus knots are stabi-
lizations of one with maximal tb which is equal topq: Moreover, (p; q)-torus knots with maximal tb
are classi�ed by their rotation number and the set of realized rotation number is

f� (p + q + n2q)j0 � n �
2(p + q)

q
g;

See Figure 44.

B =

e

n1B

n2B

Figure 44. Negative (� p; q)-torus knot. Here p = ( n1 + n2 + 1) q + e: So for each
such pair of positive integersn1; n2 there is a maximal tb; (� p; q)-torus knot.

In Figure 45 we see the possibletb and r of Legendrian (� 9; 4)-torus knots. The points indicate a
unique Legendrian knot with corresponding invariants. Theedges indicate either positive or negative
stabilizations (depending on whether the edge has a positive or negative slope). This picture will be
called the mountain range associated to the knot type. We have not discussed mountain ranges up
till now because all previous knot types had a particularly simple mountain range.

Proof of Theorem 5.5. We restrict our attention to ( S3; � std ) for convenience. LetT be a standardly
embedded convex torus in (S3; � std ) with two dividing curves. We will need two facts [53, 56]
concerning this situation:

(1) The slope s of the dividing curves � T on T is less than 0.
(2) Any other slope in (�1 ; 0) can be realized by a standardly embedded convex torus parallel

(and disjoint from) T with two dividing curves. Moreover, slopes larger thans are realized
by tori on one side ofT and slopes smaller thans are realized on the other.
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Figure 45. Possibletb and r for the (� 9; 4)-torus knot.

We also need the following topological fact: the framing on the normal bundle of a (p; q)-torus
knot given by its Seifert surface di�ers from the one inducedby the standard torus T on which it
sits by pq:

Now consider a Legendrian positive (p; q)-torus knot L: The Bennequin inequality says that
tb(L ) � pq � p � q: Thus tw(L; T ) � � p � q < 0; so we can makeT convex without moving L:
Throughout this section we will assumeT has only two dividing curves. It is easy to deal with
the more general case but this is left to the reader. Suppose the dividing curves on T have slope
� n

m ; then tw(L; T ) = � (pm + qn): For all positive, relatively prime n; m this number is always less
than or equal to � (p + q) with equality only when m = n = 1 : Thus if tw(L; T ) < � (p + q) (that
is tb(L ) < pq � p � q) then there is a convex torus T 0 whose dividing curves have slope� 1 and
cobounds with T a toric annulus N = T 2 � [0; 1]: Let A = L � [0; 1] in N; hereL = L � f 0g: We can
assume that@Ais Legendrian andA is convex. All the dividing curves on A are properly embedded
arcs and they intersectL � f 0g � @A;2(pm + qn) times and L � f 1g � @A;2(p + q) times. From
this one may easily conclude that there is a dividing curve onA that has boundary on L = L � f 0g
and separates o� a disk fromA: Thus as discussed in Section 2.8 we can use this dividing curve to
destabilize L:

Using almost the same argument it is easy to show that a negative (p; q)-torus knot destabilized to
pq:This is left as an exercise, or see [38]. The fact that this is the maximal tb for such a Legendrian
knot is more di�cult to establish. In particular, when q is odd it does not follow from any of the
inequalities in Section 3. See [45]. �

Proof of Theorem 5.6. Let L 1 and L 2 be two Legendrian positive (p; q)-torus knots with maximal
tb: From the proof of the previous theorem we know that L i sits on a convex torusTi with two
dividing curves of slope� 1; for i = 1 ; 2: Let Vi andV 0

i be the two solid tori into which Ti breaksS3:
Using the Legendrian realization principle we may isotopTi relative to L i so that the characteristic
foliation on T1 is the same as the one onT2: Let � be a di�eomorphism T1 to T2 that preserves
the characteristic foliation and takes L 1 to L 2: By the classi�cation of contact structures on solid
tori we know � extends, as a contactomorphism, overV1 and V 0

1 : Thus � is a contactomorphism
of S3 to itself that takes L 1 to L 2: Applying Theorem 2.13 we see thatL 1 and L 2 are Legendrian
isotopic. �

The proof of Theorem 5.7 is similar to the above proof in spirit but somewhat more involved. We
refer the reader to [38].

5.3. Figure eight knot. The main theorem concerning Legendrian �gure eight knots isthe follow-
ing.

Theorem 5.8 (Etnyre and Honda 2001, [38]). In any tight contact three manifold, Legendrian
�gure eight knots are determined by their Thurston-Bennequin invariant and rotation number. All
Legendrian �gure eight knots are stabilizations of the unique one with tb = � 3 and r = 0 ; see
Figure 4.

The bound on tb comes from the inequality in Theorem 3.4. Thus the followingtwo lemmas
establish the theorem.

Lemma 5.9. Any Legendrian �gure eight knot with tb < � 3 destabilizes.
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Lemma 5.10. There is a unique Legendrian �gure eight knot with tb = � 3:

To prove any Legendrian �gure eight knot L with tb < � 3 destabilizes we consider a minimal
genus Seifert surface � for L: So � is a punctured torus and we can make it convex. We would like
to �nd a bypass for L on � so we can destabilize L: We might not always be able to do this. Thus
to prove L destabilizes we need to isotop � until we do see a bypass forL on � : To accomplish this
we use the �bration on the complement of the �gure eight knot. Speci�cally, let X = S3 n N where
N is a standard neighborhood of aL: Then X is a � bundle over S1: The monodromy for X is

	 =
�
2 1
1 1

�
:

If we cut X open along � then we get � � [0; 1]: Because of the monodromy map the dividing curves
on � � f 0g and � � f 1g will be di�erent. We can then take an annulus A = S1 � [0; 1] whereS1 � � ;
make @ALegendrian andA convex. If we chooseS1 correctly we will be able to �nd a bypass on A
for a boundary component ofA: We can use this to alter the dividing curves on � ; [56]. This will
frequently produce a bypass on � for L: The rigorous argument is somewhat involved. The reader
is referred to [38] for details.

To prove there is a unique Legendrian �gure eight knot with tb = � 3 we use the above ideas to
show that the dividing curves on � in this situation can alway s be arranged to look a certain way
and that there is a unique tight contact structure on X that is a subset of S3 and has the given
dividing curves. The uniqueness proof is then �nished as in the proof of Theorem 5.6.

5.4. Connected sums. There is a standard way to take a contact connect sum of manifolds. If
(M i ; � i ) are two contact three manifolds, then let B i be a ball with convex boundary contained in
a neighborhood of a point. The connect sumM 1# M 2 is obtained from M i n B i by gluing their
boundaries together by a contactomorphism. This construction preserves tightness [16]. IfL i is a
Legendrian knot in M i we can arrange thatL i \ B i looks like the intersection of the x-axis with a
unit ball about the origin in ( R3; � std ): We can then de�ne the connect sumL 1# L 2 in M 1# M 2 to be
the closure ofL 1 nB1 [ L 2 nB2 (here we of course need to arrange that the gluing map forM 1# M 2

sends@(L 1 \ B1) to @(L 2 \ B2)).
In (R3; � std ) the connect sum has a diagrammatic interpretation in the front projection (note

R3# R3 is not R3 so we are somewhat abusing notation, but we may think of one ofthe R3's as S3

with its standard contact structure). This diagrammatic co nnect sum is shown in Figure 46. It is

L 1 L 2 L 1 L 2

Figure 46. The connect sum in the front projection.

a good exercise to show that this is the same a the connect sum de�ned above and that it is well
de�ned. Moreover using this diagrammatic interpretation i t is easy to see

tb(L 1# L 2) = tb(L 1) + tb(L 2) + 1

and
r (L 1# L 2) = r (L 1) + r (L 2):

While all the theorems concerning the connect sum work with the more general de�nition we
restrict attention here to the diagrammatic version in R3: The following theorem says that the
prime decomposition of Legendrian knots is unique up to shifting stabilization from one summand
to the other and topological symmetries.

Theorem 5.11 (Etnyre and Honda 2003, [36]). Let K = K1# : : : # Kn be topological connected sum
knot type in R3; with K i prime. The map

L(K1) � : : : � L (Kn )
�

! L (K1# : : : # Kn )

given by connect sum is a one to one correspondence where� is generated by
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(1) ( : : : ; S� (L i ); : : : ; L j ; : : :) � (: : : ; L i ; : : : ; S� (L j ); : : :) and
(2) (L 1; : : : ; L n ) � (L � (1) ; : : : ; L � (n ) ) where � is permutation of 1; : : : ; n such that K i = K � ( i ) :

The idea for the proof of this theorem is quite simple. One just uses the spheres implicated in the
de�nition of connect sum. Make these spheres convex, cut themanifold along the spheres and glue
in standard contact balls with a standard Legendrian arc in them. One then analyses what happens
if one decomposes using a di�erent convex sphere. The details can be found in [36].

While the proof of this theorem is fairly straightforward it has some very interesting consequences.

Corollary 5.12. Given any integers n and m there is a topological knot typeK and Legendrian
knots L 1; : : : ; L n 2 L (K) with the sametb and r that are not Legendrian isotopic. Moreover, they
stay non isotopic even afterm stabilizations of any type.

These are the �rst examples that cannot be distinguished by the Chekanov-Eliashberg DGA or
the decomposition invariants. In fact, there is no known invariant distinguishing many of them.

Recall Theorem 2.17 says that any two Legendrian knots in thesame knot type become Legendrian
isotopic after some number of positive and negative stabilizations. There are many theorems in
topology concerning some type of equivalence under stabilization (eg. for Heegaard splittings of
three manifolds, smooth structures on four manifolds, . . . ), but this is the �rst time one can show
that more than one stabilization is required in the equivalence.

We indicate the proof of this corollary in the casen = 2 and m = 0 : To this end consider the
(� 5; 2) torus knots K: In L (K) there are four Legendrian knots with maximal tb (this maximum is
� 10) having rotation numbers � 3; � 1; 1; 3: Denote them by K r where the r indicates their rotation
number. Now set L 1 = K � 3# K 3 and L 2 = K � 1# K 1: Clearly both L 1 and L 2 have tb = � 19
and r = 0 : However they are not Legendrian isotopic since their summands are not related by the
equivalence relation in Theorem 5.11. Using the fact thatS+ (K � 3) = S� (K � 1) and S� (K 3) =
S+ (K 1) one may easily check thatS+ (L 1) = S+ (L 2) and S� (L 1) = S� (L 2): Thus our examples
only satisfy m = 0 in the corollary. The reason for this is that the valleys in the mountain range for
K (see Section 5.2 for the terminology) are only one deep. Thusto �nd examples with m > 0 we
just need to �nd torus knots having very deep valleys. This is a simple exercise, or see [36].

5.5. Cables. We now discuss Legendrian knots in cabled knot types. To do this we need some
preliminary de�nitions. We say a solid torus S represents a knot typeKif its core curve is in K:
De�ne the width of a knot type as

(22) w(K) = sup
1

slope(� @S)
;

where the supremum is taken over all solid tori with convex boundary representingK, and � @S are
the dividing curves on the boundary ofS: This is clearly an invariant of topological knots. Since the
standard neighborhood of a Legendrian knot withtb = n has dividing curves on its boundary with
slope 1

n we can see that
tb(K) � w(K) � tb(K) + 1 :

A knot type Kis called uniformly thick if

(1) w(K) = tb(K) and
(2) any solid torus S representing Kis contained in the interior of a solid torus that is the

standard neighborhood for a Legendrian knot inL (K) with maximal tb:

For the unknot one may easily check thatw = 0 while tb = � 1; thus the unknot is not uniformly
thick. We will see below that there are many knot types that are uniformly thick, but �rst we
indicate the importance of being uniformly thick.

Let 
 be a (p; q) curve on @(S); where S = S1 � D 2: Given a knot type K let S0 be a solid torus
representing Kand choose a di�eomorphismsS ! S0 sending S1 � f ptg to a longitude of S0 and
f ptg � @D2 to a meridian. Then the knot type K (p;q) determined by 
 under this di�eomorphism is
called the (p; q)-cable ofK.

Theorem 5.13 (Etnyre and Honda, [35]). Let Kbe a Legendrian simple, uniformly thick knot type.
Then the knot typeK (p;q) is also Legendrian simple.
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Thus we cannot say the cables of Legendrian simple knots are Legendrian simple, but this is true
if the knot type is uniformly thick.

Theorem 5.14 (Etnyre and Honda, [35]). We have the following:

(1) Negative torus knots are uniformly thick.
(2) If Kis uniformly thick and p

q < w (K) then K (p;q) is uniformly thick.
(3) If K1 and K2 are uniformly thick then K1# K2 is uniformly thick.

The proofs of these last two theorems are in principle quite similar to the proofs in the proceeding
sections, especially the section on torus knots.

There are knot types that are not uniformly thick. As mention ed above the unknot is not
uniformly thick, but it acts somewhat as if it is. For example its cables (torus knots) are Legendrian
simple. It would appear that all positive torus knots are not Legendrian simple, but this seems
di�cult to prove in general. We have the following:

Theorem 5.15 (Etnyre and Honda, [35]). If K0 is the (2; 3)-cable of the (2; 3)-torus knot, then
L(K0) is classi�ed as in Figure 47. This entails the following:

(1) There exist exactly two maximal Thurston-Bennequin representatives K � 2 L (K0). They
satisfy tb( K � ) = 6 , r (K � ) = � 1.

(2) There exist exactly two non-destabilizable representatives L � 2 L (K0) which have non-
maximal Thurston-Bennequin invariant. They satisfy tb( L � ) = 5 and r (L � ) = � 2.

(3) Every L 2 L (K0) is a stabilization of one ofK + , K � , L + , or L � .
(4) S+ (K � ) = S� (K + ), S� (L � ) = S2

� (K � ), and S+ (L + ) = S2
+ (K + ):

(5) Sk
+ (L � ) is not (Legendrian) isotopic to Sk

+ S� (K � ) and Sk
� (L + ) is not isotopic to Sk

� S+ (K + ),
for all positive integers k. Also, S2

� (L � ) is not isotopic to S2
+ (L + ).

� 5 � 4 � 3 � 2 � 1 0 1 2 3 4 5

tb = 6

5

4

3

2

r =

Figure 47. Classi�cation of Legendrian (2; 3)-cables of (2; 3)-torus knots. Concen-
tric circles indicate multiplicities, ie, the number of distinct isotopy classes with a
given r and tb.

This example is quite interesting since it is the �rst known example where there are Legendrian
knots which do not have the maximal tb for the knot type and yet they do not destabilize. Moreover,
this is the �rst knot type where there are Legendrian representatives with the same invariants that
do not become Legendrian isotopic after some number of stabilizations of a �xed sign. See the
section on transverse knots for more discussion of this knottype.

5.6. Links. There has not been much study of Legendrian links. One of the �rst result about
links appeared in [69] and addressed the question: Given a link type is there a Legendrian real-
ization such that each component has maximal Thurston{Bennequin invariant in its knot type?
The answer is NO. For a link L = [ L i de�ne its Thurston{Bennequin invariant to be the sum of
the Thurston{Bennequin invariants of its components tb(L ) =

P
tb(L i ): Then the inequality for

the Thurston{Bennequin invariant involving the HOMFLY pol ynomial in Theorem 3.4 still holds.
For the Borromean rings B and the Whitehead link W a simple computations of the HOMFLY
polynomial yield

tb(B ) � � 4
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and
tb(W ) � � 5:

SinceB had 3 components andW has 2 we clearly cannot realized them with components consisting
of unknots with maximal Thurston{Bennequin invariant. The se bounds are realized, see Figure 48.
Also in this �gure it is shown that the mirror of the Whitehead link can be realized by Legendrian
unknots of tb = � 1; once again illustrating the \cirality" of Legendrian knots . In general, very
little is known concerning realizing Legendrian links with given Legendrian knot components and
the restrictions on the Thurston{Bennequin invariants.

Figure 48. Legendrian Borromean rings with tb = � 4 (top left), Legendrian
Whitehead link with tb = � 5 (top right) and Legendrian Whitehead mirror re-
alized by two tb = � 1 unknots (bottom).

The N -copy of a Legendrian knot has also been studied. Given a Legendrian knot L in (R3; � std );
let L N be the Legendrian link obtained by talking N copies of L each shifted slightly in the z
direction. See Figure 49. The link L N is a Legendrian link in the topological link type of the

Figure 49. A 2-copy of the right handed trefoil (right) and a 3-copy of th e unknot (left).

(Ntb(L ); N )-cable of L: If L had maximal tb for Legendrian knots in its knot type then L N is a
Legendrian realization of its link type with each component having maximal tb in its knot type.

Topologically one can always realize any arbitrary permutation of the components of this link
via isotopy. Can this be done for the components of the Legendrian N -copy. We have the following
result.

Theorem 5.16 (Michatchev 2001, [68]). If L is a Legendrian unknot, then only cyclic permutations
of the components ofL N are possible via Legendrian isotopy.

One may easily check that cyclic permutations are possible.To show other permutations are not
possible one must use an enhanced version of contact homology see [68].

One can study other cables as well. The following result follows easily from [38].
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Theorem 5.17. Let p > q > 0 be relatively prime. There is a unique Legendrian link with maximal
Thurston{Bennequin invariant in the (np; nq)-torus link type. Moreover, each component of the
link has maximal tb in its knot type and any permutation of its components can be realized by a
Legendrian isotopy.

5.7. The homotopy type of the space of Legendrian knots. Recall K denotes a topological
knot type. That is K is a space of topological knots isotopic to a �xed knot. Also recall L (K) denotes
the set of all Legendrian knots in K: All the classi�cation results above can be thought of in terms
of identifying the kernel of the map

i � : � 0(L (K)) ! � 0(K);

where i : L (K) ! K is the natural inclusion map. In general, studying the homotopy groups of
L (K) is an interesting problem. To this end, �x a component L of L (K) and consider the inclusion
i : L ! K : Recently K�alm�an [59, 60] has shown the induced map on � 1 need not be injective.
Speci�cally, if L is the set of maximal Thurston-Bennequin invariant, Legendrian right handed
trefoil knots then consider the loop 
 in L illustrated in Figure 50.

Figure 50. A loop of Legendrian trefoils.

Theorem 5.18 (K�alm�an [59, 60]) . The loop 
 6 is non-trivial in � 1(L ) but i (
 6) is trivial in � 1(K):

The key ingredient in proving this theorem is the following result.

Theorem 5.19 (K�alm�an [59]) . If L is a �xed (generic) Legendrian knot in L then there is a
multiplicative homomorphism

� : � 1(L ; L ) ! Aut (CH (L ))

de�ned by continuation on the Chekanov-Eliashberg contacthomology.

Now showing that 
 6 is a non-trivial loop amounts to a computation that � of this loop is non-
trivial. This is carried out in [59]. Moreover, in [60] non-t rivial loops are found for all maximal
Thurston-Bennequin invariant positive torus knots.
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5.8. Transverse knots. Recall a knot type Kis transversely simple if transverse knots in the knot
type are determined by their self-linking numbers. By Theorem 2.23 we know that the negative
stable classi�cation of Legendrian knots implies the transverse classi�cation. Thus from the results
above we know the following knot types are transversely simple

(1) the unknot ([27]),
(2) torus knots (positive torus knots in [32], all torus knot s in [38, 66, 67]), and
(3) the �gure eight knot ([38]).

The theorem on Legendrian connect sum implies that the connect sum of Legendrian simple knot
types need not be Legendrian simple, but this is not the case for transverse knots.

Theorem 5.20 (Etnyre and Honda 2003, [36]). If K1 and K 2 are transversely simple thenK1# K2

is also transversely simple.

This theorem easily follows from Theorem 5.11 on Legendrianconnect sums and the observation
if a knot type is transversely simple then its tb-r mountain range (see Figure 45) is connected via
negative stabilizations. The proof is an easy exercise or see [36].

Once again there is an interesting relation between transverse knots and braids. We call a knot
type Kexchange reducibleif any braid representing Kcan be reduced to a unique minimal braid index
braid for Kby a sequence of braid destabilizations and exchange moves.An exchange move is shown
in Figure 51.

B1 B2 B1 B2

Figure 51. Exchange move.

Theorem 5.21 (Birman and Wrinkle 2000, [11]). If Kis exchange reducible then it is transversely
simple.

To prove this theorem one needs to observe that there are two types of braid destabilizations.
A positive one and a negative one. The positive one can be realized by a transverse isotopy and
the negative one corresponds to a transverse destabilization of the transverse knot. Moreover, an
exchange move can also be done by a transverse isotopy of the knot. Thus being exchange reducible
implies that any transverse knot destabilizes to a unique maximal self-linking number transverse
knot and thus the knot type is transversely simple. One can easily reprove that the unknot is
transversely simple with this theorem [10], see also [66, 67] for a discussion of torus knots and cables
from this perspective.

The search for non-transversely simple knot types was long and di�cult, due in part to the lack
of non classical invariants for transverse knots. But we nowknow there are non-transversely simple
knot types.

Theorem 5.22 (Birman and Menasco, [8]). The transverse knots represented by the closures of
the braids � 3

1 � 4
2 � 2

1 � � 1
2 and � 3

1 � � 1
2 � 2

1 � 4
2 are not transversely isotopic, but have the same self-linking

number.

Many other examples arise from Birman and Menasco's analysis, see [8, 9], but they are all three
braids. They prove the knots are not transversely isotopic by classifying all closed three braids and
understanding how to pass from one three braid to another representing the same knot type. (They
can also show that there must exist non transversely simple knots types that are not three braids,
but the speci�c knot types cannot identi�ed at this time.)
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The classi�cation of Legendrian knots in the knot type Kof the (2; 3)-cable of the (2; 3)-torus knot
in Theorem 5.15 implies that Kis not transversely simple. In particular we get the �rst cla ssi�cation
of transverse knots in a non-transversely simple knot type.

Theorem 5.23 (Etnyre and Honda, [35]). Let Kbe the(2; 3)-cable of the(2; 3)-torus knot. Each odd
integer less than or equal to seven is the self-linking number of a transverse knot in T (K): Moreover,
the self-linking number determines the transverse knot ifsl 6= 3 and there are precisely two transverse
knots with sl = 3 :

One should be able to construct many more such examples of cables of positive torus knot using
the ideas from [35].

5.9. Knots in overtwisted contact structures. Overtwisted contact structures have been clas-
si�ed by Eliashberg in [24] and are determined by their homotopy type of plane �eld. Since [24]
overtwisted structures have not been studied much. In particular, Legendrian knots in overtwisted
contact structures have been somewhat ignored. There are however a few things we do know.

If L is a Legendrian knot in an overtwisted contact manifold (M; � ) then call L looseif the contact
structure on M nL is overtwisted. While it has been claimed by several authorsthat if a Legendrian
knot L violates the Bennequin inequality then it is loose, this is not actually true as can be seen
from the example below (this was �rst observed in [19]). Concerning the classi�cation of loose knots
we have the following theorem.

Theorem 5.24 (Eliashberg and Fraser 1995, [29]: and Dymara 2001, [20]). Fix an overtwisted
contact structure on S3; then two loose Legendrian knots in the same knot type and having the same
tb and r are contactomorphic. Moreover, if there is a �xed overtwisted disk in the complement of
both Legendrian knots then they are Legendrian isotopic.

The proof of this theorem relies on the classi�cation of overtwisted contact structures in [24].
In particular, tb and r determine the homotopy type of the contact structure on the complement
of L: Thus two loose knots with the same invariants are related by acontactomorphism of the
ambient contact manifold. One gets a global contact isotopyif there is a �xed overtwisted disk in
the complement of both Legendrian knot.

In [29] it was asked if non-loose knots exist in overtwisted contact structures. In fact they do, as
shown in [20]. The example given there goes as follows. The standard tight contact structure on S3

can be thought to be the planes orthogonal (in the standard round metric) to the Hopf �bration.
Now let � be the contact structure obtained by a \half-Lutz twist." To understand this write the
Hopf �bration as � : S3 ! S2: Let A � S2 be an embedded annulusA = S1 � [0; 1]: Let N = � � 1(A).
Thus N = A � S1: where the S1 are the Hopf �bers. The standard contact structure intersects the
tori Tt = S1 � f tg � S1 in a linear foliation. On N alter the contact structure by adding an extra
half twist, that is leave the contact structure �xed at the bo undary of N but as t move from 0 to
1 make the slopes of the foliations induced on theTt change more rapidly so that the angles swept
out by the foliations are � more that then angles swept out by the standard contact structure. Call
this new contact structure �: Note there will be a t such that the characteristic foliation on Tt is
parallel the the �bers in the Hopf �bration. Let 
 be a leaf in this characteristic foliation. In [20]
it was shown that the overtwisted contact structure � is tight when restricted to S3 n 
: Intuitively
this is because
 intersects all the obvious overtwisted disks. To prove the complement is tight one
needs to examine the universal cover,R3; of the complement and prove that the contact structure
pulls back the standard contact structure on R3: Note 
 is a Legendrian unknot and one may easily
compute (in a manner similar to the computation for torus knots) that tb = 1 and r = 0 : It is easy
to �nd another Legendrian 
 0 with tb = 1 and r = 0 so that the complement is still overtwisted (just
take the connected sum the boundaries of two disjoint overtwisted disks). Now 
 and 
 0 cannot be
Legendrian isotopic since their complements are not contactomorphic.

From this example it seems the classi�cation of Legendrian unknots in (S3; � ) is more complicated
the the classi�cation of Legendrian unknots in tight contact structures. It would be quite interesting
(and probably not too hard) to completely classify Legendrian unknots in this contact structure, or
more generally all overtwisted contact structures onS3: It seems studying Legendrian unknots in
overtwisted contact structures might be very interesting. But this must wait for future work.
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6. Higher dimensions

A contact structure on a 2n +1 dimensional manifold M is a hyperplane �eld � that can be locally
given as the kernel of a 1-form� such that � ^ (d� )n 6= 0 : As in dimension three one should think
of such a plane �eld as \maximally nonintegrable". The standard contact structure � on R2n +1 is
given as the kernel of

(23) � = dz �
nX

j =1

yj dxj ;

wherex1; y1; : : : ; xn ; yn ; z are Euclidean coordinates onR2n +1 : In this section we restrict attention to
(R2n +1 ; � ): A Legendrian knot(or Legendrian submanifold) ofR2n +1 is ann dimensional submanifold
L � R2m +1 that is tangent to � at each point. We will frequently use L to denote the Legendrian
submanifold and the domain of a Legendrian embedding. We also recall that the standard symplectic
structure on Cn is given by

(24) ! =
nX

j =1

dxj ^ dyj ;

and a Lagrangian submanifold is ann dimensional submanifoldL � Cn for which ! (v1; v2) = 0 for
all vectors v1; v2 2 T L:

6.1. Legendrian knots in R2n +1 . As in three dimensions there are two standard projections that
are useful in studying Legendrian knots. The �rst is the Lagrangian projection (sometimes called
the complex projection) which projects out the z coordinate:

(25) � : R2n +1 ! Cn : (x1; y1; : : : ; xn ; yn ; z) 7! (x1; y1; : : : ; xn ; yn ):

The second is called thefront projection and it projects out the yj 's:

(26) � : R2n +1 ! Rn +1 : (x1; y1; : : : ; xn ; yn ; z) 7! (x1; : : : ; xn ; z):

We begin with the Lagrangian projection. If L is an embedded Legendrian knot then� (L )
is an immersed Lagrangian submanifold ofCn : If L is generic, that is in a C1 dense subset of
all Lagrangian embeddings, then� (L ) will have a �nite number of isolated double points. The
embedding ofL in R2n +1 can be recovered (up to rigid translation in the z direction) from � (L ) as
in the n = 1 case described above. Speci�cally, pick a pointp 2 � (L ) and choose anyz coordinate
for p then the z coordinate of any other point p0 is determined by

(27)
nX

j =1

Z



yj dxj ;

where 
 is any path in � (L ) from p to p0: Furthermore, given any Lagrangian immersion inCn with
isolated double points, if the integral in Equation 27 is independent of the path 
 then we obtain a
Legendrian immersion inR2n +1 : Note that we will get an embedding as long as the above integral is
not zero for paths connecting the double points. The integral in Equation (27) will be independent
of 
 when we have exact Lagrangian immersionsi : L ! R2n ; i.e. ones for whichi � (

P n
j =1 x j dyj ) is

exact. In particular, if H 1(L ) = 0 ; as is the case forSn if n 6= 1 ; then all Lagrangian immersions
are exact. Thus an isotopyL 0

t of exact Lagrangian manifolds in Cn with transverse double points
will lift to an isotopy L t of Legendrian manifolds in R2n +1 (again there is no guarantee that the
manifolds will be embedded).

Example 6.1 Here we consider the most basic example of an exact Lagrangian immersion of a
sphere inCn ; thus providing a Legendrian sphere inR2n +1 : Let Sn = f (x; y) 2 Rn � R : jxj2+ y2 = 1 g
and then de�ne

(28) f (x; y) : Sn ! Cn : (x; y) 7! ((1 + iy )x):

We claim that the image of f is an exact Lagrangian sphere inCn with one double point that lifts
to an embedded sphere inR2n +1 : When n = 1 the image is a �gure eight in the plane with a double
point at the origin.
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The Reidemeister type theorem here is

Lemma 6.2. If two Legendrian knots in R2n +1 ; n > 1; are Legendrian isotopic then their Lagrangian
projections are related by regular homotopies and isolateddouble point moves (see the left hand side
of Figure 12).

Though the Lagrangian projection of Legendrian knots has many nice properties, for example
Lemma 6.2, it has some drawbacks as well. Speci�cally, givena submanifold L n of Cn it is not
clear whether or not it is an exact Lagrangian submanifold or lifts to an embedded Legendrian
knot. Thus it is sometimes useful to consider the front projection of a Legendrian knot. The front
projection �( L ) is a codimension one subvariety ofRn +1 : Living in a lower dimensional space makes
it somewhat easier to visualize. The drawback to the front projection is that �( L ) will have certain
singularities. In fact, any singularity with a well de�ned t angent space one would expect from a
projection of L n � R2n +1 to Rn +1 can occur except tangential double points (these would correspond
to double points of L in R2n +1 ). But any map from an n dimensional space toRn +1 with no vertical
tangencies and the appropriate type of singularities will lift to a Legendrian knot in R2n +1 :

To see that any map into Rn +1 with the appropriate singularities can be lifted to a Legendrian
knot we observe that at cusp edges (and all other allowable singularities) there is a well de�ned
tangent plane to the image of the map. Thus we can recover theyi coordinate of the Legendrian
knot by looking at the slope of the tangent plane in thex i z-plane (since for the lift to be Legendrian
its tangent planes have to satisfydz =

P n
i =1 yi dxi ).

If � : L ! R2n +1 is a Legendrian embedding then (after aC1 small perturbation to another
Legendrian) o� of a codimension one subset � � L the map � � � : L ! Rn +1 will be an immersion.
For a generic point p in � we can �nd a neighborhood N of p in L; with coordinates (x1; : : : ; xn );
and a coordinate neighborhoodN 0 of � � � (p) such that � F � � is expressed in these coordinates
by (x1; : : : ; xn ) 7! (3x2

1; x2; : : : ; xn ; � 2x3
1): We say such a point is on acusp edge. See Figure 52.

Note that the image of � � � cannot have tangent planes containing thez-direction (since � (L ) is

Figure 52. Front projection with a cusp edge (right) and a \swallow-tai l" singu-
larity (left).

Legendrian). It is the cusp edges that allow our front projections to avoid these vertical tangencies.
For a generic one dimensional Legendrian knot only cusp edges occur in the front projection. In
higher dimensions there can be other singularities as well,however they all occur in codimension
larger than one. So the top dimensional strata of � consists entirely of cusp edges. In particular,
later it will be important that any path on L can be perturbed so that it only intersects � in cusp
edges. For a thorough discussion of allowable singularities see [5].

For Legendrian knots L in R2n +1 we have two \classical" invariants. First, Tabachnikov [83] has
shown how to generalize the Thurston{Bennequin invariant to higher dimension. Speci�cally, let L 0

be a copy ofL obtained by pushing L slightly in the z-direction, then

(29) tb(L ) = linking( L; L 0):

It is interesting to note that when n is even tb(L ) = 1
2 � (L ) and thus is a trivial invariant of the

Legendrian isotopy class ofL: When n is odd tb(L ) is a non trivial invariant (see Section 6.3).
It is more di�cult to generalize the rotation number a Legend rian knot in three manifolds to

higher dimensions. To each pointx 2 L we get a Lagrangian planed� x (Tx L) in Cn : Thus we get a
map L to Lag(Cn ) the space of Lagrangians inCn : The homotopy class of this map is an invariant
of L: In dimension three, � 1(Lag(C)) = Z and thus to Legendrian knots in three manifolds we have
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a rotation number. In higher dimensions and whenL is not just a sphere this homotopy class can
be much more complicated than an integer. Again it is interesting to note that when n is even and
L is an n sphere then this rotation class is always trivial. Thus whenn is even there are no classical
invariants of Legendrian knots.

6.2. Generalizations of the Chekanov-Eliashberg DGA. Contact homology naturally gener-
alizes to higher dimensions. Here we de�ne the DGA associated to a Legendrian knot in R2n +1 :
The Algebra. Denote the double points of the Lagrangian projection,� (L ); by C: We assumeCis a
�nite set of transverse double points. Let A be the free associative unital algebra overZ2 generated
by C:
The Grading. To each crossingc 2 C there are two points c+ and c� in L � R2n +1 that project
to c: We denote by c+ the point with larger z-coordinate. Choose a map
 c : [0; 1] ! L that
parametrizes an arc running from c+ to c� : (Note there could be more that one path.) For each
point 
 (� ) 2 L we have a Lagrangian planed� 
 ( � ) (T
 ( � )L) in Cn : Thus 
 give us a pathb
 in Lag(Cn ):
Sincec is a transverse double pointb
 (0) is transverse to b
 (1): Thus we can �nd a complex structure
J on R2n that (1) induces the same orientation on Cn as the standard complex structure and (2)
J (b
 (1)) = b
 (0): Now set 
 (� ) = eJ� b
 (1): Note that b
 followed by 
 is a closed loop in Lag(Cn ):
Moreover � 1(Lag(Cn ) = Z thus to this closed loop we get an integer,cz(c); the Conley-Zehnder
invariant of c: The grading on c is

jcj = cz(c) � 1:

We note that c in general depends on the path
 with which we started. To take care of this
ambiguity note that to each circle immersed in L we get an integer through the above procedure.
Let n be the greatest common divisor of all these integers. It is easy to convince oneself thatjcj is
well de�ned modulo n:
The Di�erential. We will de�ne the di�erential @on A by de�ning it on the generators of A and
then extending by the signed Leibniz rule:

@ab= ( @a)b+ ( � 1)j aj a@b:

Let a 2 C be a generator ofA and let b1 : : : bk be a word in the \letters" C. Let Pk+1 be a
k + 1 sided polygon in C with vertices labeled counterclockwisev0; : : : ; vk : We will consider maps
u : (Pk+1 ; @Pk+1 ) ! (Cn ; � (L )) such that uj@Pk +1 nf v i g lifts to a map to L � R2n +1 : Call a vertex vi

mapping to the double point c is positive (resp. negative) if the lift of the arc just clockwise of vi in
@Pk+1 lifts to an arc approaching c+ (resp. c� ) and the arc just counterclockwise ofvi lifts to an
arc approachingc� (resp. c+ ), where c� are as in the de�nition of grading. Set

M a
b1 :::b k

= f u : (Pk+1 ; @Pk+1 ) ! (Cn ; � (L )) such that u satis�es 1.{ 4. belowg= �

where � is holomorphic reparameterization and the conditions are

1. uj@Pk +1 nf v i g lifts to a map to L � R2n +1 ;
2. u(v0) = a and v0 is positive,
3. u(vi ) = bi ; i = 1 ; : : : ; k; and vi is negative,
4. u is holomorphic.

We can now de�ne

@a=
X

b1 :::b k

(# 2M )b1b2 : : : bk ;

where the sum is taken over all words in the lettersCfor which dim(M a
b1 :::b n

) = 0 and # 2 denotes
the modulo two count of elements inM :

Theorem 6.3 (Ekholm, Etnyre and Sullivan, [21, 22]). With the notation above:

(1) The map @is a well de�ned di�erential that reduces the grading by 1.
(2) The stable tame isomorphism class of(A ; @) is an invariant of L:
(3) The homology of(A ; @) is an invariant of L:

We will compute some simple examples below.
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6.3. Examples. The DGA of a Legendrian knot L is de�ned in terms of the Lagrangian projection,
but it will be much easier to construct examples in the front projection. Thus we would like to be able
to recognize the double points in the Lagrangian projectionby looking at the front projection. We
begin by noting that generically we can assume that the double points in the Lagrangian projection
do not occur along singularities in the front projection. So we consider a point p 2 �( L ) in the
front projection that is not singular. Since �( L ) is embedded nearp and the tangent plane does not
contain the vector @

@z we can �nd an open setU in Rn and a function f : U ! R such that near p;
�( L ) is given by the graph of f:

Let c+ and c� be two points in �( L ): If they correspond to double point in the Lagrangian pro-
jection then they must have the samex i coordinates, which we denotex; and di�erent z coordinates.
We assume thez coordinate of c+ is larger. Let f � be the functions described above forc� : We can
assume that f + and f � have the same domain. Letf = f + � f � : The following are equivalent:

� c+ and c� correspond to a double point in � (L )
� Tc+ �( L ) = Tc� �( L )
� df +

x = df �
x

� df x = 0

Thus we have a double point ifx is a critical point of f: Moreover, the double point is transverse if
and only if x is a nondegenerate double point. Thus to a transverse doublepoint we have a Morse
index, Indx (f ): Supposec+ ; c� correspond to a double point. Let 
 be a path from c+ to c� that is
transverse to the singular set of �( L ): Thus it intersects the singular set along the cusp edges in a
�nite number of points. Let D be the number of times
 intersects the cusps while itsz coordinate
is decreasing andU the number of times with its z coordinate increasing.

Lemma 6.4 (Ekholm, Etnyre and Sullivan, [21]) . With the notation as above. If c+ and c� corre-
spond to a transverse double pointc then

(30) cz(c) = Indx (f ) + D � U:

We are now ready for some examples.

Example 6.5 In Figure 53 the front projections of two Legendrian knots are shown. Though the
pictures are of LegendrianS2's in R5 there are clearly analogous LegendrianSn 's in R2n +1 : We use
contact homology to distinguish these examples in all dimensions. Whenn is even they cannot be
distinguished by any classical invariants. Whenn is odd they have di�erent Thurston-Bennequin
invariants. Note the Legendrian L on the left has only one double point (the \axis" of the 
ying

Figure 53. The front projection of two Legendrian spheres.

saucer)c: Using the above lemma we see thatcz(c) = n + 1 so jcj = n: Since@is degree� 1 we see
that @c= 0 : So the contact homology is generated by one element in grading n:

For L 0 on the right of the �gure, there is a double point c corresponding the the \axis" again,
but now one must go down 3 cusp edges fromc+ to c� thus jcj = n + 2 : If the picture is drawn
symmetrically, there are an Sn � 1's worth of double point. By deforming the picture slightly s o the
cusps are tilted we can break theSn � 1's worth of double points into two double point a and b: They
will have gradings jaj = n and jbj = 1 : We can again conclude that@c= 0 but we do not know if
@b= 0 or 1, and when n = 2 if @a= b or 0: But in any case the contact homology ofL 0 will be
di�erent from that of L:
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We now describe a procedure for changing a given Legendrian knot. SupposeL is a Legendrian
knot in R2n +1 containing two disks L u and L l that project to the same disk under the Lagrangian
projection. This is a degenerate situation, but it is easy to isotop any Legendrian knot so that
it has such disks. AssumeL u is above L l : Let M be a k-manifold embedded in L l : There is an
ambient isotopy of Rn +1 that is supported near �( M ) � R; where the R factor is the z-axis, that
moves �( M ) up just past �( L u ): In the front projection replace �( L l ) with the disk obtained from
�( L l ) by applying the ambient isotopy. This new front diagram describes a new Legendrian knot
L M called the stabilization of L along M . One may show

Proposition 6.6 (Ekholm, Etnyre and Sullivan, [21]) . If L M is the stabilization of L along M and
the notation is as above then

(1) The rotation class of L M is the same as the rotation class ofL:
(2) If D; U are the number of down, up, cusps along a generic path from�( L u ) to �( L l ) in

�( L ) then

tb( L M ) =

(
tb( L ); n even;

tb( L ) + ( � 1)(D � U ) 2� (M ); n odd,

(3) If the stabilization of the Legendrian knot L takes place in a small neighborhood of a cusp
edge of�( L ) then CH � (L ) = 0 :

Remark 6.7. Note using this proposition it is easy to see that whenn is odd and not 1 then we
can realize any any integer, of the appropriate parity, as the tb of some Legendrian knot.

It is important that stabilization does not always force the contact homology to be trivial.

Example 6.8 Let L be the Legendrian knot shown in Figure 54. It is clearly Legendrian isotopic

p

c

c

Figure 54. The Legendrian knot L (left). To form L a neighborhood of the arcc
should be replaced with the tube shown on the right.

to the standard \
ying saucer" in Figure 53. Let L 1 be the stabilization of L along the point p
indicated in the �gure. Let L k = L k � 1# L 1 where # is de�ned by replacing an arc connecting cusp
edges of the two front projection by the tube shown on the right of Figure 54. One can show [21]
that the grading � 1 linearized contact homology ofL k has dimensionk:

dim(L 1CH � 1(L k )) = k:

Thus none of the L k 's are Legendrian isotopic. These examples generalize to all dimensions but
when n is odd the knots L k are already distinguished by their tb: Thus when n is odd to get an
in�nite family of examples of distinct Legendrian knots wit h the same classical invariants one must
alter the above construction. For details see [21].

For other examples of Legendrian knots in high dimensions and other constructions see [21, 23].

7. Applications

There are numerous applications of Legendrian knot theory to topology and contact geometry.
We describe a few of these applications below.
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7.1. Legendrian surgery. Let (M; � ) be a contact manifold and L a Legendrian knot in M: There
is a standard neighborhoodN of L with convex boundary. The dividing curves � @N consist of two
parallel curves. We can choose a framing onN so that the dividing curves have slope1 and of
course the meridian has slope 0: Let M 0 be the manifold obtained by gluing S1 � D 2 to M n N by
the map A : @(S1 � D 2) ! @M n N given by

A =
�

1 1
� 1 0

�
:

Here we are using the framing on@Nand product structure on @S1 � D 2 to write the map as a
matrix.

The manifold M 0 has a contact structure de�ned on the complement ofS1 � D 2; but @(S1 � D 2)
has an induced convex characteristic foliation. Using the classi�cation of tight contact structures
on the solid torus there is a unique tight contact structure on S1 � D 2 inducing this characteristic
foliation. Thus we can get a well de�ned contact structure � 0 on M 0: We say the contact manifold
(M 0; � 0) is obtained form (M; � ) by Legendrian surgeryon L: There is an obvious generalization to
Legendrian surgery on a Legendrian link in (M; � ): The fundamental result concerning Legendrian
surgery is

Theorem 7.1. If (M; � ) is a �llable contact structure then any contact manifold obtained by Leg-
endrian surgery from (M; � ) is also �llable.

Recall that a �llable contact structure is tight [25]. Moreo ver, the standard contact structure on
S3 is �llable. Thus we can construct many tight contact structu res on three manifolds by doing
Legendrian surgery on links inS3:

Example 7.2 Legendrian surgery on a Legendrian unknot inS3 with tb = � k yields tight contact
structures on the lens spacesL(k + 1 ; 1):

To get other lens spacesL(p; q) consider the continued fractions expansion of� p
q :

�
p
q

= r0 �
1

r1 � : : : 1
r n

:

Then the lens spaceL(p; q) as a surgery presentation as shown in Figure 55, [77]. It is easy to see

r 0

r 1 r n � 1r 2 r n

� p
q

Figure 55. Two surgery presentation of the lens spaceL(p; q).

that all the r i < � 1 thus we can realize the right hand side of Figure 55 by Legendrian unknots with
tb = r i + 1 : Thus Legendrian surgery on this link will yield a tight conta ct structure on L(p; q): In
is interesting to note that all tight contact structures on L(p; q) come from Legendrian surgery on a
link in S3 [53, 56].

For an extensive discussion of the use of Legendrian surgeryto construct tight contact structures
see [54]

One of the main questions in contact geometry is the following.

Question. Does Legendrian surgery on a tight contact structure produce a tight contact structure?

The answer is NO if the manifold is allowed to have boundary [58] (cf. [17]) , but it is still possible
that for closed contact three manifolds this answer is YES.
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7.2. Invariants of contact structures. Now that we have seen how to construct contact structures
using Legendrian knots we examine how to use Legendrian knots to distinguishing contact structures
on three manifolds. For examples consider the contact structures

� n = ker(sin( nz)dx + cos(nz)dy);

on T 3 = T 2 � S1 wherex; y are coordinates onT 2, and z is the coordinate onS1. It is easy to see all
these contact structures onT 3 are tight (when pulled back to the universal cover ofT 3 the contact
structures become the standard contact structure onR3; [53, 56, 61]) and certainly look di�erent.
But how can they actually be distinguished? They are in the same homotopy class of plane �eld
so there is no \algebraic" way to distinguish them. Consider 
 = f (x; y; z)jx = y = 0 g: This is a
Legendrian knot in (T 3; � n ) and the twisting of the contact planes relative to the natural product
framing F is tw(
; F ) = � n: The twisting with respect to F we will denote tb(
 ); this is a slight
abuse of notation but should not be confusing. It turns out that this is the maximal twisting for
any Legendrian knot in this knot type.

Theorem 7.3. Let K be the topological knot type containing
: Then for the contact structure � n

we have

tb(K) = � n:

Thus all the contact structures� n on T 3 are distinct.

Similar arguments have been used in distinguish some contact structures on other T 2 bundles
over S1 and on someS1 bundles over surfaces [53, 56, 57]. This illustrates that Legendrian knots
are a very subtle invariant of contact structures. In fact, it is possible that contact structures are
completely determined by the Legendrian knots that exist within them.

7.3. Plane curves. Chekanov and Pushkar have recently solved Arnold's famous \four vertex
conjecture"[3] using invariants of Legendrian knots [14]. Arnold conjecture is about generic wave
fronts. A generic wave front is a curve in R2 that is immersed at all but a �nite number of points
at which there is a semi cubic cusp. Thus a curve looks very much like the front projection of
a Legendrian knot discussed in Section 2.3 except there might be vertical tangents. Consider the
manifold M = R2 � S1 with the contact structure

� = ker(( cos�)dx + ( sin� )dy);

where x; y are coordinates onR2 and � (mod 2� ) is the coordinate on S1: (If we think of M as the
unit cotangent bundle of R2 then � is a natural contact structure induced from the standard complex
structure on T � R2:) Now if 
 is a generic (oriented) wave front inR2 then we can lift 
 to 
 l in M
by sending p 2 
 to (p; � ) in M where � is the �

2 plus the angle Tp
 makes with the x-axis in R2:
Clearly 
 l is a Legendrian curve inM: In addition generic Legendrian curves inM will project to
generic wave fronts inR2: Thus we may clearly study wave fronts by studying their corresponding
Legendrian lifts.

Suppose
 t ; t 2 [0; 1] is a family of generic (oriented) wave fronts inR2 with 
 0 and 
 1 oppositely
oriented smooth circular wave fronts and for all t; 
 t having no self tangencies at which the orienta-
tions on the two intersecting strands agree. Such a family isusually called an \eversion of a smooth
circular wave front with no dangerous self tangencies". Note this last condition guarantees that the
Legendrian lift of each 
 t is an embedded Legendrian knot inM: Thus such a family of wave fronts
gives a Legendrian isotopy of the Legendrian lifts.

Conjecture 1 (Arnold's Four Cusp Conjecture, [3]). An eversion of a smooth circular wave front
with no dangerous self tangencies must contain some curves with at least four cusps.

In [3] Arnold veri�ed this conjecture in certain cases. Using an invariant for Legendrian knots
in M similar to the decomposition invariant described in Section 4.6, Chekanov and Pushkar have
veri�ed the conjecture in all cases [14].
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7.4. Knot concordance. Using the inequality
1
2

(tb(L ) + jr (L )j + 1) � gs(K)

for all L 2 L (K) from Section 3.2 we can easily make many observations about(non) slice knots
and, in particular, �nd many examples of elements of in�nite order in the knot concordance group.
We be begin with the simple observation

Lemma 7.4. If there is a Legendrian knot L 2 L (K) with tb(L ) + jr (L )j + 1 � 0 then K is not
smoothly slice. MoreoverK is of in�nite order in the knot concordance group.

The �rst observation follows directly from the above inequality. The second follows from the
inequality and the fact that tb(L + L 0) = tb(L ) + tb(L 0) + 1 :

We now apply these ideas to study Whitehead doubles of knots.If the neighborhood N of a knot
K is replaced by the solid torusD 2 � S1 shown if Figure 56, so that f ptg � S1; with pt 2 @D2; is

C

W� 3(K )

Figure 56. The solid torus used in the Whitehead double (top) and the� 3 twisted
double of the left handed trefoil knot.

identi�ed with a longitude for K on @Nthen the image of C is called the 0-Whitehead doubleof a
knot K and is denotedW0(K ): The n-twisted Whitehead doubleWn (K ) is obtained in an analogous
way after putting n-full right handed twist in the solid torus D 2 � S1: One may compute that the
Alexander polynomial of Wn (K ) is 0 for any know type. Freedman [44] has used this to show that
the zero twisted Whitehead double of any knot is topologically locally 
atly slice. There is a well
known conjecture:

Conjecture 2. A knot is smoothly slice if and only if its zero twisted Whitehead double is.

In relation to this conjecture we can show the following theorem is true.

Theorem 7.5 (Rudolph 1995, [79]). Given any knot type K for which tb(K) � 0 then all iterated
zero twisted Whitehead doubles ofK are not smoothly slice.

To prove this theorem we consider the a Legendrian version ofthe Whitehead double. Let L be
a Legendrian knot in (R3; � std ) and L 0 a parallel copy pushed up (in thez-direction) slightly from
L: The Legendrian Whitehead doubleLW (L) of L is obtained by replacing a horizontal stand ofL
and L 0 by a clasp as shown in Figure 57. One may easily compute that asa topological knot LW (L)
is Wtb(L ) (L ) and that

tb(LW (L)) = 1 and r (LW (L)) = 0 :
Thus given Klet L be an Legendrian knot inL (K) realizing maximal tb: Forming LW (L) we see that
Wtb (K ) (K) is of in�nite order in the concordance group. By considering the Legendrian doubles of
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L 0

L LW (L )

Figure 57. The change to L [ L 0 used to makeLW (L): Legendrian Whitehead
double of the trefoil (bottom).

stabilizations of L we see thatWn (K) is of in�nite order for all n � tb(K): In particular if tb(K) � 0
then the zero twisted Whitehead double is not slice.

7.5. Invariants of classical knots. It is quite easy to construct invariants of topological knots out
of Legendrian knot theory. For example the maximal Thurston{Bennequin invariant is a topological
knot invariant

tb(K) = max f tb(L )jL 2 L (K)g:
As we have seen in Section 3.2 this invariant is closely related to the slice genus of a knot. Moreover
it is very sensitive to mirroring.

Example 7.6 Let K be a (p; q) torus knot, with p; q > 0: It's mirror K is a (� p; q) torus knot.
From Section 5.2 we knowtb(K) = pq� p � q and tb(K) = � pq:

It also seems that tb is sensitive to many topological operations on a knot, like mutation. This
prospect seems very interesting but has not been pursued.

Analogous to the de�nition of �nite type invariants of topol ogical knots one can de�ne �nite type
invariants of Legendrian knots.

Theorem 7.7 (Fuchs and Tabachnikov 1997, [47]). Any �nite type Legendrian knot invariant for
Legendrian knots in (R3; � std ) with the sametb and r is also �nite type invariant of the underlying
framed topological knot type.

Put another way, two distinct Legendrian knots with the same topological knot type, tb and r
cannot be distinguished by a �nite order invariant. This the orem has been generalized to other
contact manifold, [85].

One might try to use this theorem to try to construct in�nite o rder invariants of topological knots
out of Legendrian knot theory. For example let L m (K) be all the Legendrian knots with maximal tb
and set CH (K) = f CH � (L )jL 2 Lg : So CH (K) is the set of all contact homologies for Legendrian
knots in L (K) with maximal tb: SinceCH � (L ) is not a �nite type invariant of L it would be surprising
if CH (K) is a �nite type invariant of K: More generally we ask the following question.

Question. Can one extract non �nite type invariants of topological knots K out of the DGA asso-
ciated to Legendrian knots inL (K)?

7.6. Contact homology and topological knot invariants. In this section we discuss invariants
of topological knots in R3 that come from from high dimensional Legendrian knot theory. Speci�cally,
to a topological knot in R3 we will construct a Legendrian torus in R3 � S2: The Legendrian isotopy
class of this torus will be an invariant of the knot. Thus any invariant of the Legendrian torus will
be an invariant of the topological knot.
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Let W = f (x; v) 2 T � R3jv 2 T �
x M and jvj = 1 g be the unit cotangent bundle of R3: It is easy to

see there is a natural contact structure� on W: Speci�cally let x i be coordinates onR3 and yi be
coordinates on the �bers of T � R3: The restriction of � =

P
yi dxi to W is a contact form on W: Let

� = ker �:
Given a topological knot K in R3 let TK = f (x; v) 2 W jv(Tx K ) = 0 g be the unit conormal

bundle. One may easily check thatTK is a Legendrian torus inW and that a topological isotopy of
K will produce a Legendrian isotopy of the associated torus. Thus TK is an invariant of K:

As discussed above there is no \classical invariants" ofTK ; but one can use the contact homology
of TK to come up with an invariant of K: It is actually somewhat di�cult to compute the contact
homology (not to mention contact homology has not been shownto be well de�ned in this case yet),
but following this idea Ng [71] has combinatorially de�ned the invariants of topological knots and
braids. Moreover, in [71] it is shown that these contact homology invariants can distinguish knots
with the same Alexander polynomial and signature. In [72] a topological interpretation is given
to a small piece of the contact homology invariant. Here we describe some of the geometric idea
behind the braid invariants and refer the reader to [71, 72] for details on knot invariant and the
combinatorial proofs of invariance.

Let U be the unknot in R3 represented as a 1-braid. SoTU is a Legendrian torus inW: A Legen-
drian submanifold always has a neighborhood contactomorphic to the 1-jet space of the submanifold
[50, 65]. That is, given a manifoldM its one jet space isJ 1(M ) = T � M � R with the contact form
� = dz + � (here z is the coordinate in the R direction and � is the tautological 1-form on T � M ). It
is easy to see that the zero sectionZ in J 1(M ) is a Legendrian submanifold. Thus the Legendrian
torus TU has a neighborhood contactomorphic toJ 1(T 2):

Any braid B in R3 can be isotoped into an arbitrarily small neighborhood of the unknot U:
Moreover, any isotopy of the braid can be done in this small neighborhood. Thus the Legendrian
manifold TB in W can be thought to sit inside J 1(T 2) and the Legendrian isotopy class ofTB as a
subset ofJ 1(T 2) depends only on the isotopy class ofB as a braid.

There is a projection � : J 1(T 2) ! T � T 2 that has properties identical to the Lagrangian projec-
tion discussed in Sections 6.1. Thus� (TB ) is a Lagrangian submanifold ofT � T 2 and generically has
a �nite number of transverse double points. We can now de�ne the contact homology ofTB as in
Section 6.2. It is the contact homology ofTB that is the invariant of B:

We now describe (at least heuristically) how to computeCH � (TB ): The 1-jet space also has a
\front projection" � : J 1(T 2) ! T 2 � R: This front projection has all the properties described
in Section 6.1 for the standard front projection. If B is an n-braid we can �nd n functions f i :
[0; 1] ! R2 that parameterize B in the sense that their graphs in [0; 1] � R2=(0; x) � (1; x) give B:
With such a representation of B we can express �(TB ) as the union of the graphs of the functions
Fi (t; � ) = f i (t) � (cos 2��; sin 2�� ) : [0; 1]2 ! R; where [0; 1]2 glued to form T 2: As described in
Section 6.3 the double point the the Lagrangian projection of TB correspond to the critical points
of Fi � Fj ; and these correspond to the critical points ofjf i � f j j: The function jf i � f j j must have a
maximum and a minimum, we label thesebij ; aij ; respectively. Though there may be other critical
points for jf i � f j j we can eliminate them up to stable tame isomorphism. There are no cusps in
the front projection of TB so the grading on the double points is one less than the Morse index of
Fi � Fj ; thus jaij j = 0 and jbij j = 1 :

We now describe the di�erential. Clearly we have

@aij = 0 :

The di�erential on the bij 's is somewhat more complicated.

(31) @bij = aij � � B (aij ):
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Where � B is de�ned as follows: let for a generator� k of the braid group we de�ne

(32) � � k :

8
>>>>>>>>>><

>>>>>>>>>>:

aki 7! � ak+1 ;i � ak+1 ;k aki i 6= k; k + 1

aik 7! � ai;k +1 � aik ak;k +1 i 6= k; k + 1

ak+1 ;i 7! aki i 6= k; k + 1
ai;k +1 7! aik i 6= k; k + q

ak;k +1 7! ak+1 ;k

ak+1 ;k 7! ak;k +1

aij 7! aij i; j 6= k; k + 1 :

If B = � i 1 : : : � i l then de�ne � B = � � i l
� : : : � � � i 1

: This di�erential @is computed by looking for
holomorphic disks in T � (T 2) with boundary on the projection of TB : This is done by considering
\gradient 
ow trees" for all the functions Fi � Fj : See [71]. In addition, see [71], for a description of
the knot invariant.
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