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Abstract

In this paper we treat the two-variable positive extension problem for trigonometric
polynomials where the extension is required to be the reciprocal of the absolute value
squared of a stable polynomial. This problem may also be interpreted as an autoregres-
sive filter design problem for bivariate stochastic processes. We show that the existence
of a solution is equivalent to solving a finite positive definite matrix completion prob-
lem where the completion is required to satisfy an additional low rank condition. As a
corollary of the main result a necessary and sufficient condition for the existence of a
spectral Fejér-Riesz factorization of a strictly positive two-variable trigonometric poly-
nomial is given in terms of the Fourier coefficients of its reciprocal. Tools in the proofs
include a specific two-variable Kronecker theorem based on certain elements from al-
gebraic geometry, as well as a two-variable Christoffel-Darboux like formula. The key
ingredient is a matrix valued polynomial that appears in a parameterized version of
the Schur-Cohn test for stability. The results also have consequences in the theory of
two-variable orthogonal polynomials where a spectral matching result is obtained, as
well as in the study of inverse formulas for doubly-indexed Toeplitz matrices. Finally,
numerical results are presented for both the autoregressive filter problem and the fac-
torization problem.

Key Words: autoregressive filter, bivariate stochastic processes, two-variable positive
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orthogonal polynomials, two-variable minimizing pseudopolynomials, stability, Fejér-
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Chapter 1

Introduction

The trigonometric moment problem, orthogonal polynomials on the unit circle, pre-
dictor polynomials, stable factorizations, etc., have led to a rich and exciting area of
mathematics. These problems were considered early in 20th century in the works of
Carathéodory, Fejér, Kolomogorov, Riesz, Schur, Szego, and Toeplitz, and wonderful
accounts of this theory may be found in classical books, such as [44], [35], [2], and [1].
The theory is not only rich in its mathematics but also in its applications, most no-
tably in signal processing [36], systems theory [31], [30], prediction theory [23, Chapter
XTI}, and wavelets [16, Chapter 6]. More recently, these problems have been studied in
the context of unifying frameworks from which the classical results appear as special
cases. We mention here the commutant lifting approach [31], the reproducing kernel
Hilbert space approach [25], the Schur parameter approach [15], and the band method
approach [28], [40], [66].

About halfway through the 20th century multivariable variations started to appear.
Several questions lead to extensive multivariable generalizations (e.g, [47, 48], [18, 19,
21]), while others lead to counterexamples ([10], [58], [33], [22], [54], [53]). In this
paper we solve some of the two-variable problems that heretofore remained unresolved.
In particular, we solve the positive extension problem that appears in the design of
causal bivariate autoregressive filters. As a result we also solve the spectral matching
problem for orthogonal polynomials and the spectral Fejér-Riesz factorization problem
for strictly positive trigonometric polynomials of two variables. In the next section we
will present these three main results. It may be helpful to first read Section 1.3 in
which some terminology and some notational conventions are introduced.

1.1 The main results

1.1.1 The positive extension problem

A polynomial p(z) is called stableif p(z) #0for z € D:= {2 € C : |2| < 1}. Forsucha

polynomial define its spectral density function by f(z) = —=2—. Recall the following

~ p(2)p(1/2)°



classical extension problem: given are complex numbers ¢;, ¢ = 0,+1,+2,...,4+n, find
a stable polynomial of degree n so that its spectral density function f has Fourier
coefficients f(k) = cx, k = —n,... ,n. The solution of this problem goes back to the
works of Carathéodory, Toeplitz and Szego, and is as follows: A solution exists if and
only if the Toeplitz matriz C' = (c;—;)} ;= is positive definite (notation: C' > 0). In
that case, the stable polynomial p(z) = po+ ...+ ppz"™ (which is unique when we require
po > 0) may be found via the Yule-Walker equation

= = 1

co € - € 1

0 1 n po 7o

¢ ¢ - Pl 0
C1

Cn €1 Co Dn 0

This result was later generalized to the matrix valued case in [17] and [26] and in the
operator valued case in [41]. The spectral density function f of p has in fact a so-called
mazximum entropy property (see [9]), which states that among all positive functions on
the unit circle with the prescribed Fourier coefficients ¢, kK = —n, ... , n, this particular
solution maximizes the entropy integral

-/ log(f(¢”))do.

The elegant proofs of these results in [26] have lead to the band method, which is
a general framework for solving positive and contractive extension problems. It was
initiated in [28], and pursued in [40], [66], [56], and other papers (see also [37, Chapter
XXXV] and references therein).

In this paper we generalize the above result to the two-variable case. Unlike the
one-variable case, it does not suffice to write down a single matrix and check whether
it is positive definite. In fact, one needs to solve a positive definite completion problem
where the to be completed matrix is also required to have a certain low rank submatrix.
The precise statement is the following.

Theorem 1.1.1 Given are complex numbers ¢y, (k,1) € {0,...,n} x {0,... ,m}.
There exists a stable (no roots in 52) polynomial p(z,w) = Y 1o S "o przw! with
poo > 0 so that its spectral density function f(z,w) := (p(z,w)p(1/z,1/w))~" has
Fourier coefficients f(k,1) = c, (k,1) € {0,... ,n} x {0,...,m}, if and only if there
exist complex numbers cxy, (k,1) € {1,...,n} x{—m,..., =1}, so that the (n+1)(m+
1) x (n+1)(m + 1) doubly indexed Toeplitz matrix

OO C—n
Cn CO



where

Cj0 Cj—m
OJ = ) ] = —-n, » 1,
Cim **  Cjo
and c_y,_; = Cx,, has the following two properties:

(1) T is positive definite;

(2) the (n 4+ 1)m x (m + 1)n submatriz of I' obtained by removing scalar rows 1 +
jim+1), 7=0,...,n, and scalar columns 1,2,... ,m+ 1, has rank nm.

In this case one finds the column vector

[p(Q)o PooPo1 - PooPom PooPio - ° PooPim PooP20 - - - pOOpnm]T

as the first column of the inverse of I'. Here T denotes a transpose.

A more general version will appear in Section 2.4. The main motivation for this
problem is the bivariate autoregressive filter problem, which we shall discuss in Sec-
tion 3.2.

1.1.2 Two-variable orthogonal polynomials

The theory of one-variable orthogonal polynomials is well-established, beginning with
the results of Szeg6 [61, 62]. The following is well known.

Given s a positive Borel measure p with support on the unit circle containing
at least n + 1 points. Let {¢;(2)}, i = 0,...,n, be the unique sequence of poly-
nomials such that ¢;(z) is a polynomial of degree i in z with positive leading coeffi-
cient and [T ¢;(e”)¢;(e?)dp(0) = 6;—;. Then py(z) := b nlz) = 2"y (2) is stable
and has spectral matching, 1.e., m has the same Fourier coefficients ¢; as p for
1=0,+1,42--- +n.

In this paper we explore the two variable case. In the papers by Delsarte, Genin
and Kamp [18, 19] the first steps were made towards a general multivariable theory.
We add to this the following spectral matching result.

Theorem 1.1.2 Given is a positive Borel measure p with support on the bitorus T?.
Denote the Fourier coefficients of p by c,, u € Z2, and suppose that

det<cu7v)u,v€{0,... ,n}x{0,...,m} > 0.

Let ¢(z,w) = 1 oD 10 b zFw! be the polynomial so that ¢y, > 0,
|t e g, = 0. (nm) # (kD) € {0, 0} x 0, o)

5



and

/_W/ o(e”, e p(e?, em)dp(6,n) = 1,

Then p(z,w) = 2"w™¢(1/Z,1/W) is stable (no roots inside D2) and the Fourier co-
efficients ¢, of m satisfy ¢, = ¢y, u € {0,...,n} x {0,...,m}, if and only
if

rank(c,_y)ueft,... myxfo,....m}y = NM. (1.1.1)
ve{0,... ,n}x{1,...,m}

In that case, we have in fact that ¢, = ¢y, u € {—n,... ,n} x {—m,... ,m}.

One of the main tools in proving this result is the establishment of a two-variable
Christoffel-Darboux like formula (see Proposition 2.3.3).

1.1.3 Fejér-Riesz factorization

The well-known Fejér-Riesz lemma states that a trigonometric polynomial f(z) =
fonz™" 4 -+ fu2" that takes on nonnegative values on the unit circle (i.e., f(z) >0
for |z| = 1) can be written as the modulus squared of a polynomial of the same degree.
That is, there exists a polynomial p(z) = pg + - - - + p,2" such that

&)=, ld=1

In fact, one may choose p(z) to be outer, i.e., p(z) # 0, |z| < 1. In the nonsingular case
when f(z) > 0, |z| = 1, one may choose p(z) to be stable. This factorization result has
many applications, among others in H..-control (see, e.g., [32]) and in the construction
of compactly supported wavelets (see [16, Chapter 6]). A natural question is whether
analogs of the Fejér-Riesz lemma exist for functions of several variables. Omne such
variation is the following: let

flz,w) = Z Z fuzFwt, |z| = Jw| =1,

l=—mk=—n

be so that f(z,w) > 0 for all |z| = |w| = 1, does there exist a stable polynomial
p(z,w) =Y 0 > przw! so that
Few) = (s, | = w] =17 (1.12)

In general, this question has a negative answer, as f(z,w) may not even be written as
a sum of square magnitudes of polynomials of the same degree ([10], [58]), let alone as
a sum with one term, which necessarily has the same degree. As as aside, we mention
that a strictly positive trigonometric polynomial may always be written as a sum of
square magnitudes of polynomials that typically will be of higher degree [24, Corollary



5.2]. From a “degree of freedom” argument the general failure of factorization (1.1.2)
is not too surprising. Indeed, if f(z,w) is positive on the bitorus, one may perturb the
(n+1)(m+1)+nm coefficients fr, = f*, _, (k,1) € {0,...,n}x{0,...,m}U{L,... ,n}x
{—=m, ..., —1}, independently while remaining positive. If one wants to perturb p(z, w)
while maintaining equality in (1.1.2), one only has (n + 1)(m + 1) coefficients py,
(k,1) € {0,...,n} x {0,...,m} to perturb, leading to a generic impossibility. (Note
that one may always assume that pyy € R and that necessarily foo € R, so that the
difference in count is indeed nm complex variables.)

As a consequence of the positive extension result, we arrive at the following char-
acterization for when a stable factorization (1.1.2) exists.

Theorem 1.1.3 Suppose that f(z,w) = >0 S"  fuzFw! is positive for |z| =
lw| = 1. Then there exists a polynomial p(z,w) = > 1_o S 1%y prz"w! with p(z,w) # 0
for |z],|lw| <1, and f(z,w) = |p(z,w)|? if and only if the matriz I as in Theorem 1.1.1
built from the Fourier coefficients ¢y = % (k,1) of the reciprocal of f, satisfies condition
(2) of Theorem 1.1.1. In that case, the polynomial p is unique up to multiplication with
a complex number of modulus 1.

A more general version will appear in Section 3.3.

1.2 Overall strategy and organization

There exist many different proofs for the classical one-variable problem described in
Subsection 1.1.1. Several of these methods may be generalized to deal with the following
two-variable variation: given are ¢y = ¢_y_;, k € Z, l = —m,... ,m, find a stable
function p(z,w) = Y pe o Pro" + D ope oo Doy Prz™w! whose spectral density function
f has Fourier coefficients f(k’,l) =cu, k € Z, 1l = —m,...,m. We shall refer to this
two-variable problem as the “strip” case, because of the shape of the region 5, =
Z x {—m,... ,m} C Z*. Papers where this case appears include [19], [55] (reflection
coefficient approach), [6], [56] (band method approach). In this paper we deal with
a finite index set in Z? where the Fourier coefficients of the sought spectral density
function are specified. A standard case we will consider is the set A, U (—A,) with
Ay =H{0,...,n} x{0,...,m}. As it is known how to deal with the strip case one
would like to determine the Fourier coefficients in a strip containing A, U (—A,), and
then solve the problem from there. The main question is how to do this. The answer
we have found lies in a parameterized version of the Gohberg-Semencul formula [43].
The following simple observation turns out to be crucial.

Observation 1: Let p(z,w) = >0 > ", prz"w' be a stable polynomial, and let

f(z,w) = m be its spectral density function. Write p(z,w) = ", pi(2)w’



and f(z,w) =37 D2 fiyrw! =377 fi(2)w!. Then

po(2) O po(1/2) - pm(l/2)
[(fims ()=l ™ S - :
pm(2) -+ po(2) O po(1/z)
Pmt1(1/2) O Pm1(2) - pi(2)
- : : = En(2),
]31(1/2) ﬁm-‘rl(l/z) O pm+1(z)

where py,+1(2) = 0. Moreover, E,,(z) is a matrix valued trigonometric polynomial in z
of degree n.

This last observation implies that F,,(z) is uniquely determined by the Fourier coef-
ficients Fi = (fix—1)ii=0> I = =7, ... ,n, of the matrix valued function (f;_;(2))7%—o-
Moreover, it is known exactly [26, Section 6] how to construct E,,(z) from F_,, ..., F,.
For this construction we need to know fix, (i,k) € {-n,... ., n} x {-m,... ,m} =
Ay — Ay Since Ay — Ay # AL U (—A,) we first need to solve for the unknowns
fir = f_i_p (k) € {1,...,n} x {=m,...,—1}. It turns out that for the resolution
of this step the particular structure of E,,(z) plays an important role. The crucial
observation here is again a simple one, namely:

Observation 2: If M,,_i(z) is a stable matrix polynomial so that E,,_1(z) =

M 1(2)Mp—1(2)*, z € T, then

M,o(2) = (001{;?8)% Mmi(z))

is a stable matrix polynomial satisfying F,,(z) = M,,(2)M,,(2)*, z € T.
With the help of this observation we are able to find the conditions the unknowns in fj,
(7,k) € Ay — A, need to satisfy in order to lead to a solution. These main observations
will appear in Chapter 2 which contains the solution of the positive extension problem.

We now describe the organization of the paper in detail. Chapter 2 contains the
main positive extension result and is organized as follows. In Section 2.1 we study
matrix polynomials of the form FE,,(z) as above, and extract the crucial structure they
contain. As a by-product we formulate a test for stability of two-variable polynomials
that only uses one-variable root tests. In Section 2.2 we study the Fourier coefficients
of the spectral density function corresponding to a stable polynomial, and exhibit their
low rank behavior. This low rank behavior ultimately leads to the solution of the
positive extension problem. In Section 2.3 we show that the polynomial constructed
from the completed data has the desired properties (stability and “spectral matching”
= the matching of the Fourier coefficients of its spectral density function). In Section
2.4 we formulate and solve the general positive extension problem for arbitrary given
finite data.

Chapter 3 contains several consequences of the main result. The positive extension
problem is recast in the settings of two-variable orthogonal polynomials and of bivariate



autoregressive filter design. These interpretations of the main results appear in Sections
3.1 and 3.2, respectively. In Section 3.3 we state and prove the spectral Fejér-Riesz
factorization result for strictly positive trigonometric polynomials. In Section 3.4 we
present what our result means for a possible generalization of the Gohberg-Semencul
formula to doubly indexed Toeplitz matrices.

In the appendix, finally, we provide an alternative way to prove one direction of the
positive extension result. The method here uses minimal rank completions within the
class of doubly indexed Toeplitz matrices.

1.3 Conventions and notations

For purposes of easy reference we mention in this section the most important notational
conventions used in this paper.

Notation for several frequently used sets are N, Ny, Z, T, D, R, C, and C_,, which
stand for the sets of positive integers, nonnegative integers, integers, complex numbers
of modulus one, complex numbers of modulus less than one, real numbers, complex
numbers, and complex numbers including infinity, respectively.

In this paper we shall deal with subsets of Z* and with orderings on them. The
most frequently used ordering is the lexicographical ordering which is defined by

(k1) <iez (k1,01) <=k < ky or (k =k and [ < [3).
We shall also use the reverse lexicographical ordering which is defined by
(K, 1) <veviea (K1, 1) = (LK) <iea (l1, K1)
Both these orderings are linear orders and in addition they satisfy
(k,l) < (m,n) = (k+p,l4+q) < (m+p,n+q). (1.3.1)

In such a case, one may associate a halfspace with the ordering which is defined by
{(k,1) = (0,0) < (k,1)}. In the case of the lexicographical ordering we shall denote the
associated halfspace by H and refer to it as the standard halfspace. In the case of the
reverse lexicographical ordering we shall denote the associated halfspace by H. Instead
of starting with the ordering, one may also start with a halfspace H of 72 (i.e., a set
H satistying H+ H ¢ H, HN (=H) = 0, HU (—H) U {(0,0)} = Z?) and define an
ordering via

(k, 1) <g (k1 1) <= (ks — k, 1, — 1) € H.

We shall refer to the order <, as the order associated with H.

Throughout the paper we shall use matrices whose rows and columns are indexed by
subsets of Z2. For example, if I = {(0,0),(1,0),(0,1)} and J = {(2,1),(2,2),(2,3)},
then

C= (Cu—v)uel,veJ

9



is the 3 x 3 matrix

C2-1 C2-2 C2_3

C= C-1,-1 C-1,—2 C-1-3

C20 C2-1 C_2-2
The matrix C' may be referred to as a I x J matrix. The first row in this matrix will be
referred to as the (0, 0)th, while, for instance, the second column will be referred to as
the (2,2)th. The entries are referred to according to the row and column index. Thus
for example, in this particular matrix, the ((1,0),(2,3)) entry contains the element
c_1,—3. The inverse of this matrix has rows and columns that are indexed by J and I,
respectively. In other words, C~1 is a J x I matrix. In the case when C is invertible,
we may for example have statements of the form: (C™1)2) 0,1) = 0 if and only if

C9_1 C_og_
rank( -1 % 3) <1,

C-1,-1 C-1,-3

which is a true statement by Kramer’s rule. In parts of the paper the index sets [
and J may be given without an order (e.g., I ={1,...,n} x{...,m —2,m —1,m}),
in which case any order may be chosen. Clearly, in that case the statements made
about the matrices will be independent of the chosen order, such as statements about
rank and zeroes in the inverse. When I = J we will always choose the same order
for the rows and columns, as in this case we may want to make statements about self-
adjointness and positive definiteness. In algebraic manipulations with matrices indexed
by subsets of Z? common sense rules apply. E.g., if C'is a I x J matrix and D a J x K
matrix, then C'D is a I x K matrix whose (i, k)th entry equals ) . ; cijdj;. Quite often
we will encounter matrices whose rows and columns are indexed by the particular set
Ay ={0,...,n} x{0,... ,m}. It is a useful observation that when we order A, in the
lexicographical ordering, the corresponding matrix is a (n+ 1) x (n + 1) block Toeplitz
matrix whose block entries are themselves (m + 1) x (m + 1) Toeplitz matrices. In
the reverse lexicographical order we also get such a doubly-indexed Toeplitz matrix,
but now the matrix is a (m + 1) x (m + 1) block matrix whose blocks are of size
(n+1)x (n+1).
Row and column vectors may be indexed by subsets of Z?. The notations

row(ck)keK, COl(Ck)keK

stand for a row and column vector containing the entries ¢, k € K, in some order,
respectively. We shall also use the more conventional notations

F

row(F)iy = (Fr -+ Fa),col(F)i, = |

F,
Polynomials and pseudopolynomials (negative powers are allowed) in one and two
variables will appear. For a one variable polynomial p(z) = Y ,p;z*, we have the

10



notations
- - ey N 1 - 0
P(2) =D pis" P (2) = 2"p(2) = D _Puit’
i—0 i=0

The polynomial P (z) is called the reverse of p(z). In this definition it is important
to know how many terms (of which some may be zero) p(z) has. We shall use the
term “degree” here, so that the polynomial p(z) above has degree n. It is a slight
deviation from the standard way of using the term degree as its use usually implies
that the coefficient of the highest degree monomial is nonzero. For our two variables
we shall use z and w. The monomial z'w’ will in shorthand be denoted by (Z)k where
k = (i,7). When K C Z? is a finite set and pg, k € K, are complex numbers, then
p(z,w) = D> 1k Pr (;)k is called a pseudopolynomial. For this pseudopolynomial we

define i
_ B [z
keK

In addition, we have a notion of “reverse” for a two-variable pseudopolynomial, but in
this case the index set K needs to be ordered, say K = {ko,... ,kn,}. In that case,

e = (2) nl,

It is a slight abuse of notation not to include the ordering of K in the notation of
D (z,w), but in all instances we will make clear what order on K applies (or, at least
indicate which element of K appears last in the ordering).

For polynomials of one or two variables we shall allow co as a root. In one variable,
we say that a(z) = > a,z" has a root at infinity when a,, = 0. Equivalently, oo is a
root of a(z) if and only if 0 is a root of ‘@ (z). As a consequence, we get the following
interpretation of oo as a root for polynomials of two variables. Let

plz,w) =Y Y pyztu’ = ij(z)wj = Zﬁi(w)z"

i=0 j=0

).

g~

be a polynomial of degree (n,m). Then p(z,00) = 0 corresponds to the statement
Pm(z) = 0, while p(co,w) = 0 corresponds to the statement p,(w) = 0. The statement
p(00, 00) = 0 corresponds to p,,, = 0. Finally, for a r x r matrix polynomial G(z) =
Sor o Giz' of degree n, we say that oo is in the spectrum of G if det G,, = 0. This is
equivalent to the statement that the polynomial det(G(z)) of degree rn has a root at
0.

We will need the notions of left and right stable factorizations of matrix-valued
trigonometric polynomials. We say that a polynomial a(z) is stable if a(z) # 0, z € D.
A square matrix polynomial G(z) is called stable if det G(z) is stable. Let A(z) =
S A;z' be a matrix-valued trigonometric polynomial that is positive definite on T,

it=—n

11



i.e., A(z) > 0 for |z| = 1. In particular, since the values of A(z) on the unit circle are
Hermitian, we have A; = A*,, i = 0,... ,n. The positive matrix function A(z) allows
a left stable factorization, that is, we may write

A(z) = M(2)M(1/2)", z € C\ {0},

with M (z) a stable matrix polynomial of degree n. In the scalar case, this is the well-
known Fejér-Riesz factorization and goes back to the early 1900’s. For the matrix case
the result goes back to [57] and [46]. When we require that M (0) is lower triangular
with positive diagonal entries, the stable factorization is unique. We shall refer to this
unique factor M(z) as the left stable factor of A(z). Similarly, we define right variations
of the above notions. In particular, if N(z) is so that A(z) = N(1/2)*N(z),z € C\ {0},
N(z) is stable and N(0) is lower triangular with positive diagonal elements, then N(z)
is called the right stable factor of A(z). For scalar functions f of two variables stability
is defined as f(z,w) # 0 for (z,w) € D x TU {0} x D. As we shall see in Proposition
2.1.1, when f is a polynomial stability is equivalent to f(z,w) # 0, (z,w) € .

Cholesky factorizations of positive definite matrices will play an important role as
well. Given a positive definite matrix M, we say that L is its lower Cholesky factor
when L is lower triangular, has positive entries on the diagonal and satisfies M = LL*.
We say that U is the upper Cholesky factor of M when U is upper triangular, has
positive entries on the diagonal and satisfies M = UU™.

We also mention the notation f ( ) which stands for the kth Fourier coefficient of
J- In the case when k € Z we are considering a function on T, while in the case when
k € Z2 we are considering a function on T2. The support of f is the set {k:f ( ) #0}.
Finally, we will use the Kronecker delta frequently, which is defined as ¢, = 1 when
u =0 and §, = 0 otherwise. Here u typically ranges in a subset of Z or Z2.
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Chapter 2

Stable polynomials and positive
extensions

In this chapter we treat the positive extension problem where, given a finite number
of Fourier coefficients, a stable polynomial is sought whose spectral density function
has the prescribed Fourier coefficients. We will show that the required positive exten-
sion exists if and only if a structured partial matrix has a positive definite structured
completion satisfying a certain low rank condition. In order to show the necessity we
shall study stable polynomials and their density functions. In particular, we shall find
expressions for the Fourier coefficients of the corresponding spectral density function
in terms of realizations of a one-variable matrix polynomial that we associate with the
stable polynomial. This matrix polynomial may be viewed as a parameterized Schur-
Cohn expression. The sufficiency proof is achieved by showing that a completed matrix
as described above has an associated predictor polynomial that is stable and that has
the spectral matching property. For this latter part, we first prove a useful formula
that may be interpreted as a two-variable Christoffel-Darboux like formula. Along the
way we will also obtain a stability test for two variable polynomials that consists of two
one-variable root tests and a single matrix positive definiteness test.

2.1 Stability via one-variable root tests

The classical Schur-Cohn test states that a polynomial a(z) = ag + - - + a,2" is stable
if and only if

ag O Gy -+ Qp—1 n, O p - a1
: . . : - - .o >0
Ap_1 -+ Qg O ao a; - a, O a, (2.1.1)

In this section we study two-variable stable polynomials. By definition p(z,w) is stable
if p(z,w) # 0 for (z,w) € D x TU {0} x D. Consequently, one may write p(z,w) =
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oo ai(w)z" and require that (2.1.1) holds for a; = a;(w) for all w € T. It is therefore
natural in this context to study matrix valued trigonometric polynomials of the type
(2.1.1) where a; are polynomials. We will do this in this section and obtain a stability
test for two variable polynomials that only requires one variable root tests. More
importantly, we develop the basic results needed to solve the positive extension problem.
We start with some preliminary material.

Let f be a complex valued continuous function of two variables whose domain
includes Dx TU{0} xD. We say that f is stableif f(z,w) # 0 for (z,w) € DxTU{0} xD.
Note that stability of f implies that f is invertible as a function on the bitorus T?. We
have the following equivalent statements for the stability of polynomials p of degree
(n,m), that is polynomials of the form

p(z,w) = Z Zpijziwj. (2.1.2)
i=0 j=0

Note that we do not have any nonzero requirements on the coefficients of p, so that the
degree has to be specified along with the polynomial. The (k,[)’th Fourier coefficient
of a function ¢(z,w) is denoted by q(k,1).

Proposition 2.1.1 Let p(z,w) be a polynomial of degree (n,m). The following are
equivalent:

(i) p is stable

(ii) p1(k,1) = 0 for all (k,1) € {(k,1) : k <0 or (k=0 and l < 0)}
(iii) p1(k,1) = 0 for all (k,1) € {(k,1): k <0 orl< 0}
(iv) p(z,w) #0 for all |2] < 1 and |w] < 1.

The equivalence of (i) and (ii) holds for all stable functions and actually provides
the motivation for its definition. .

Proof. For (i) = (ii) use [29] to see that stability implies that p~1(k,1) = 0 for
k < 0. In addition, it follows from p(0,w) # 0 for |w| < 1 that p/:l(O,l) =0 for [ < 0.
For (iii) = (iv) use that (iii) implies that p~! has an absolutely summable Fourier
expansion of the form

plw) = Y pik Dl e = w| = 1

k>0

Thus p~! can be extended for values of z and w inside the unit disk, proving (iv). The
implication (iv) = (i) is trivial.
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It remains to show (ii) = (iii). For this write
p(z,w) = Zﬁj(w)'zj’
=0

and .
p Nz w) = Z qr(w) 2~
k=0

—

Thus gx(1) = p~(k,1). Note that go(I) = 0, I < 0. Since p(z,w)p~(z,w) = 1,
Po(w)go(w) =1
and

j
Zﬁj—l(w)C]z(w) =0, Jj=1
1=0

We proceed by induction. Suppose that for j < k, with k£ > 0, we have shown that
gj(s) =0, s <0. Then

Gen(w) = 57y (Ll Ao a(w)a(w))

= —qo(w) (Zf:o ﬁk+1—l(w)QZ<w)>

contains only nonnegative powers of w. Thus gr11(s) =0, s <0. O

We introduce the notion of intersecting zeros. We will allow for roots to be at oo as
explained in Section 1.3. Given is a polynomial p(z,w) of degree (n,m). We say that
a pair (z,w) € C2, is an intersecting zero of p if

p(z,w) =0="D(z,w). (2.1.3)

In general a polynomial could have continua of intersecting zeros. We will see that
when p is stable, it only has a finite number of them. In fact, the intersecting roots
will play a crucial role in the stability test we develop. This is because they appear in
the description of the spectrum of matrix trigonometric polynomials constructed from
a parameterized Schur-Cohn type test. This is part of the content of the following
proposition.

For a stable polynomial p(z,w) we define its spectral density function by

f(sz) = 1/(])(2,@0)]_9(2_1,10_1)),

where for p as in (2.1.2) we let p(z, w) = > 27§ 7" By;2'w?. Note that when p(2, wp) 7
0 for some |zo| = |wo| = 1, then f(z9,wp) > 0. In particular, if p is stable, then f > 0
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on T2. In addition, for a square matrix valued function G(z) we define its spectrum by
Y(G) = {z: detG(z) = 0}. In case G(z) is a matrix polynomial we allow for co to
be in the spectrum of G as explained in Section 1.3. So in this case ¥(G) C Cy. We
remind the reader that the definition of left stable factor may be found in Section 1.3.

Proposition 2.1.2 Let p(z,w) be a stable polynomial of degree (n, m) with p(0,0) > 0,
and let f(z,w) be its spectral density function. Write

p(z,w) = Zpi(Z)wi, flz,w) = Z fi(z)w

Put p;(2) =0 for i > m. Then the following hold:
(i) Ti(z) == (fi—j(2))F;—o > 0 for all k € Ny and all z € T.
(i) for all k > m — 1 and for all z in the domain of Ty, with z & X(Ty):

po(2) O po(1/2) -+ pe(1/2)
Ti(z) ™' = : : -
pr(2) - po(2) O po(1/z)
Prr1(1/2) O preri(2) 0 pi(2) (2.1.4)
- : - . : =: Ei(2)
m(l/z) - pra(1/2) O Pry1(2)

(iii) for k > m — 1, the left stable factors My(z) and My1(z) of the positive trigono-
metric matriz polynomzals Ex(2) and Exi1(z), respectively, satisfy

_ | po(z) 0
Mia(2) = | (pl O M) (2.1.5)

(iv) The spectra of My,_1, Mm,l and z"E,,_1 are given by

N(Mp_1) ={2€Csx\D : Jw such that (z,w) is an intersecting zero of p},
S(Mp_1) ={z€D : 3w such that (z,w) is an intersecting zero of p},
YN(2"Ep—1) ={z € Cy : Jw such that (z,w) is an intersecting zero of p} C C,, \ T.

In particular, p has only a finite number of mtersectm%zeros. In addition, for
k>m, S(M) = S(My_1) U{z € Coo : po(z) = 0}, S(My) = S(M 1) U{z €
Coo : T0(2) = 0}, S(2"E}) = S(Mj) US(My).

Note that the statement above shows that Ey(z) > 0, z € T, as Ey(z) = Ty(2)™*
One may also see this by using the Schur-Cohn test for stability.
We shall use the following lemma.
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Lemma 2.1.3 Let p(z,w) = > pi(2)w’ be a polynomial of degree (n,m), and let
E,_1(z) be defined by (2.1.4). Then

Y(2"Epm-1) = {2z € C» : Jw such that (z,w) is an intersecting zero of p}

The ideas in the proof below have appeared earlier in the context of Bezoutians
(see, e.g., the proof of Theorem 1 in Section 13.3 of [52]).

Proof. Write ‘P (z,w) = > ¢:i(2)w’, or equivalently, set ¢;(z) = 2"p,,_;(1/2).
First suppose that p,,(z) = 0 and ¢,,(2) = 0. Then (z,00) is an intersecting root for
every z € C. Moreover, it is easy to see that the first column of 2" E,,_1(2) is the
constant zero column, and consequently (2" F,, 1) = C.. Thus the result follows in
this case.

Suppose now that ¢,,(z) # 0. Consider the Sylvester matrix

po(z) O QO(Z) Q
@) o) dma(®) o wl2)

SO =10 L mE g o al) (2:1.6)
O | pm'(Z) O | quZ)

corresponding to p(z,w) and p (z,w) viewed as polynomials in w. Since the determi-
nant of S(z) is the resultant of these two polynomials, we obtain that there exists a w
so that (2.1.3) holds if and only if S(z) is singular. Notice that if we write S(z) as

_ (alz) 2"B(z)
S(z)—(v(z) an(z)>, (2.1.7)

with all blocks of size m x m, then «(z) and (3(z) are lower triangular Toeplitz, and
therefore they commute. The matrices y(z) and §(z) are upper triangular Toeplitz
and commute as well. Moreover, by (2.1.4), E,,_1(2) = a(2)d(2) — B(2)7(z). By using
Schur complements we have for z ¢ 3(§) that

det S(2) = det(a(z) — B(2)d(2) 1y(2)) det(2"6(2)) = det(2"E,,_1(2)),

where in the last step we used the product rule for determinants and the fact that v(z)
and 0(z) commute. Since 3(9) is finite (due to g, (z) £ 0) , det S(2) = det(z"E,,_1(2))
for all z, and thus it follows that z is a zero of det(2"E,,—1(z)) if and only if S(z) is
singular. This yields the description of (2" E,,_1).

The case when p,,,(z) # 0 is similar. O

Proof of Proposition 2.1.2. (i). Fix |z| = 1. Since f(z,w) > 0 for all |w| =1,
the multiplication operator g(w) — f(z,w)g(w) is a positive definite operator on the
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Lebesgue space Ly(T). But then so is its restriction to the linear span of {1,w, ... ,w*}.
This yields (i).

(ii). Fix |z| = 1. Since f(z,w)p(z,w) = 1/p(z,1/w) is analytic for w € Cy \
D, the 0,...,k Fourier coefficients of f(z,w)p(z,w) viewed as a function of w are
1/po(2),0,...,0. In other words,

po(2)

Tk(z) plf'Z) _

Pk‘(z)

Equation (2.1.4) for |z| = 1 now follows directly from the celebrated Gohberg-Semencul
formulas [43]. Since both sides of (2.1.4) are rational, we get that (2.1.4) holds for all
z in the domain of T} with z & 3(T}).

(iii). Let Mg(z) be the stable factor of Ej(z). Define My 1(z) via (2.1.5). Writing
out the product My 1(2)Mj,1(1/2)* and comparing it to Ex.1(2), it is straightforward
to see that My 1(2)Mi1(1/2)* = Ej41(2). Since both po(z) and My(z) are stable,
My.+1(z) is stable as well. Moreover, since pg(0) > 0 and Mj(0) is lower triangular
with positive diagonal entries, the same holds for Mj.1(0). Thus Mj1(z) must be the
stable factor of Eyyq1(2).

(iv). By Lemma 2.1.3 the description of 3(z"E,,_1) follows. But then it also follows
that z is a zero of the stable factor M,,_,(z) of E,,_1(z) if and only if z € Co, \ D and
(z,w) is an intersecting zero of p for some w. The description of E(Mm_l) follows by
symmetry. The expressions for Z(Mk), Y(My), and X(z"Ey), k > m, follow directly
from (iii). O

One can state several variations of the above result. We state the following one. It
may be proven by using the above result (with the roles of z and w reversed) together
with the observation that if A is a Toeplitz matrix then JATJ = A where J is the matrix
with 1’s on the anti-diagonal and zeros elsewhere. The latter implies, for instance,
that the right and left spectral factors N and My, respectively, of Fj are related by
Ny = JMFJ. The proposition may also be proven directly. The details are omitted.

Proposition 2.1.4 Let p(z,w) be a stable polynomial of degree (n,m) with p(0,0) > 0,
and let f(z,w) be its spectral density function. Write

p(z,w) = Zﬁz(w)zi,f(sz) = Z filw)2"

Put p;(w) =0 for i > n. Then the following hold:
(i) Tp(w) := (ﬁ,j(w))ﬁjzo >0 for all k € Ny and all w € T.
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(ii) for all k >n —1 and for all w in the domain of Tx with w & X(T},):

Po(L/w) -+ Pp(1/w)| |Bo(w) O

T (w)™" = - : : . -
O A/ [ o dw
Prri(w) - pr(w) | | Py (1/w) O . (2.1.8)
_ : : =: Ej(w)
O Pr1(w) 51(1/71)) Tt EkJrl(l/w)

(ii) for k > n—1, the right stable factors Mb(w) and M1 (w) of the positive trigono-
metric matriz polynomials Ex(w) and Eyiq(w), respectively, satisfy

row(Fieii(w))y o(w) (2:1.9)

Mk+1(w) =

~ = ~
(iv) The spectra of M, 1, M,_1 and w™E,_1 are given by
N(M,_1) ={w € Csx\D : 3z such that (z,w) is an intersecting zero of p},
=
Y(M,—1) ={weD : 3z such that (z,w) is an intersecting zero of p},

S(wmE,—1) ={w € Cy : Iz such that (z,w) is an intersecting zero of p} C C, \ T.

In particular, p has only a finite number of intersecting zeros. In addition, for

k> n, S(M) = B(M,_1) U {w € Co : fo(w) = 0}, S(M ;) = S(M 1) U{w €

—

Coo t Po(w) = 0}, S(w™Ey) = S(My) U S(My).
We now obtain a criterion for stability in terms of intersecting zeros.

Theorem 2.1.5 Let p(z,w) be a polynomial of degree (n,m) of two variables. The
following conditions are equivalent:

(i) p(z,w) is stable,

(i) p(z,a) # 0 for all || <1 and some |a| = 1, p(b,w) # 0 for all [w| < 1 and some
|b| < 1, and the intersecting zeros of p lie in D x (Cy, \ D) U (C \ D) x D.

(117) p(z,a) # 0 for all |z| <1 and some |a] = 1, p(b,w) # 0 for all |w| < 1 and some
|b| <1, and every intersecting zero (z,w) of p satisfies |z| # 1 or |w| # 1.

() p(b,w) # 0 for all [w| <1 and some [b|] < 1, E,_1(a) > 0 for some |a| = 1, and
det E,,_1(w) # 0 for all |w| = 1.
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Clearly, one may reverse the roles of z and w, and obtain additional equivalences.

Proof. That (i) implies (ii) follows directly from Proposition 2.1.1(iv). For (ii)
— (iv) note that the stability of p(z,a) is equivalent to E,_1(a) > 0. Moreover,
S(w™E,_1) = {w : 3z such that (z,w) is an intersecting zero of p} does not contain
any elements from T.

For (iv) — (iii) notice that E,_i(a) > 0 is equivalent to p(z,a) being stable. In
addition, since ¥(w™E,_1) N'T = (}, we have by the variation of Lemma 2.1.3 with the
roles of z and w interchanged, that all intersecting zeros of p(z,w) satisfy |w| # 1.

Finally, in order to see that (iii) implies (i) suppose that (iii) is satisfied. We
claim that p(z,w) # 0 for |z|] = |w| = 1. Indeed, suppose by contradiction that

p(20,wp) = 0, for some \20| = |wp| = 1. Then, by taking complex conjugates, we
get 0 =277 > 0" o_zyzl 5 = %, and thus P (zp,wp) = 0 as well. This contra-
0

dicts (iii). The result now follows from Theorem 2 in [60] (see also Theorem 3 in [20]). O

It should be observed that checking stability via Theorem 2.1.5(iv) may be done
by two single variable polynomial root tests (e.g., check that p(0,w) is stable and that
det E,,_1(w) # 0, |w| = 1) and a positive definiteness test (e.g., E,_1(1) > 0). We note
that in [8] a test of this type has been alluded to, but a proof is not present there.

2.2 Fourier coefficients of spectral density functions

In the following we show that the spectral density function of a stable polynomial of
degree (n, m) has an associated Hankel operator of rank nm. This is done by developing
formulas for the Fourier coefficients appearing in the Hankel operator. The spectrum
(= the set of eigenvalues) of a constant square matrix A is denoted by o(A). Further,
denote §, = 0 for u # (0,0) and 60y = 1.

Theorem 2.2.1 Let p(z,w) = > > " (pijz'w’ be a stable polynomial of degree
(n,m), and let f(z,w) be its spectral density function. Then there erists a row vec-
tor x € C", a column vector y € C" and commuting matrices S, S € C"™*™™ such
that

o(S) ={z€D : Jw such that (z,w) is an intersecting zero of p},
o(S) ={weD : Iz such that (z,w) is an intersecting zero of p}, (2.2.1)
and

Flk,j) = xSmHi-tgn=t=ky L <pn_1 j>—-m+1l (2.2.2)
We may choose ©,y,S and S as follows

T = row(f((n - 17 O) - u>>u€A7 Yy = C01(5u+(0,—m+1))u€A7 S = q)ilcbla S = (I)ilq)%
(2.2.3)
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where

~ ~ ~

O = (f(u—2v))uwer,®1 = (f(u—0v—1(1,0)))uver, P2 = (f(u—v+(0,1))yren
and A ={0,... ,n—1} x{0,... ,m — 1}. In particular the matriz

(f(u =) uefn—2.—1}x{0,1,...} (2.2.4)

ve{0,1,... }x{....m—2,m—1}
has rank equal to nm.

In case n = m = 2 and the lexicographical ordering is used, equation (2.2.3) yields
the choice

-~ ~ o~

v = (Fo) fa.-1 F0.00 Fo.-1).y=(0 10 0)",

o
|
S~—

|
—_ =
(@)
N—
\)
Yy
|
—_
|
N—

Yy )
y—~"

- T>*~>

—_
@)
~— = =
N~—

T
s
Yy

)

— = O O
—_— O = O
S— N N
—~
(=]
=

~— ~— =
—~
o
|

=
\t_\ =~
o
=

e
I
)\)?—Q)i> ~
oo |
< —
—2 2o
)
1
|

)

=

~— ~— =

Ly )

~~ \'o

\.o |

~— =

)
|

“H \_}—‘ }\'.) \_[\3

_ O = O

~— — ~— —

and

S— N
hYTh)
T
—_

0,1 (0,

L2) 7.1 70,2 f0,1)

Notice that the above result is reminiscent of (one direction of) the classical Kro-
necker Theorem (see, e.g., [69]) which relates functions with a finite number of poles in
D with a low rank Hankel operator. In addition, the choice of the matrices (2.2.3) has
the flavor of a two-variable version of Silverman’s algorithm [59, Proof of Theorem 11]
for finding realizations.

Clearly, the matrix (2.2.4) may be interpreted as a restriction of the multiplication
operator M; on the Lebesgue space L?(T?) with symbol f. Indeed, if for A C Z* we
denote by P, the orthogonal projector on L?(T?) given by

) )

A

[\]

|
)= )
vH uO o
=N
) )
— o o
o = O

[

Py Z 2wl | = Z ezt (2.2.5)
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then Py M Py : ImP; — ImP; has a matrix representation (with respect to the canonical
basis {zFw!}4))
(f(u - U))UEI,’UEJ'

Proof of Theorem 2.2.1. We shall use the notation of Propositions 2.1.2 and
2.1.4. The strategy of the proof is as follows. The matrix valued functions T;(w)
and Tj(z) both have inverses that are matrix valued trigonometric polynomials (use
part (ii) of Propositions 2.1.2 and 2.1.4). Therefore, their Fourier coefficients may be
represented as CA'B, i > 0, for appropriately chosen finite matrices A, B, and C. Since
the matrix valued functions T)(w) and Ty(z) are closely related, the representations of
their Fourier coefficients are closely related as well. Using this the desired representation
of the Fourier coefficients of f are found. Let us start.

For k > m — 1, consider the equality Ty(2) = My(1/2z)* 1M, (z)~'. Notice that
Mg(z) is a (k+1) x (k+ 1) matrix polynomial of degree n, and that Mj(0) is invertible.
Thus M(z) = 2"My(1/Z)* is a polynomial of degree n with an invertible leading term
M;(0)*. As M, is stable and M), is anti-stable (all spectrum inside the unit circle),
they do not have common spectrum. Since, in addition Mk has an invertible leading
term, there exist by Theorem 3.5 in [39] matrix polynomials Py(z) and Q(2) of degree
at most n — 1 so that

Mi(2)Pe(2) + Qu(2) My(2) = Lisy.

Moreover, Q(z) is given by

L Wa(z) - W) 7

Qr(z) = — (A) "M\t

2mi zZ—=A g
Notice that by the particular structure of My/(z), as described in Proposition 2.1.2(iii),

* *

A= (1 o ) kzm

and also
Mip(0) ' Qu(z) = <: : ) k> m. (2.2.6)

Now

Ti(2) = 2"Mi(2) " Qu(2) + O(2"). (2.2.7)
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Next, we write My (z)"'Qx(2) in realization form, as follows. Write

Mi(0) " My(2) = 2" T+ L 2+ L Mi(0) 7 Qul2) = Q02" .+ Q).

n

Note that by Proposition 2.1.2(iii) ,

w_ (T |
Ly = PBO ) k>m,j7=0,... n. (2.2.8)
j

By repeatedly using (2.2.8) we obtain,
(Pn—j,0\
ST *
(k) _ i C_
Lj - - 7k:>m7.]_07"'ana

Pn—j,0 -
(Fea™) - (2.2.9)
O L;

Pn—3,0

where (=2-22) appears k —m + 1 times. By [7, Theorem I1.2.3] (take transposes twice
to apply the result directly),we have

Me(2)'Qu(2) = C(2I — A)'B, 2 ¢ ©(My), (2.2.10)
where
0 0 —L
i - " | 0 —L{
C=(0 -0 L), B=col(@Q")y} A= _ :
0 -~ I —L™,

which are of size (kK + 1) x n(k + 1), n(k+ 1) x (k+ 1) and n(k + 1) x n(k + 1),
respectively. The representation (2.2.10) is called a realization of the rational matrix
function M, ~'Qy (see, e.g., [7]). Due to (2.2.9) we may apply a permutation 7 to A
so that we obtain the following block upper triangular form

T *
A= r ARt = - :
O S’
where
0 —(22) 0 0 —Ly"
_ (Pn-1, (WL71)
E (F=22) o_ |1 0 —L!

P ' (m-1)

0 1 (B 0 1 L
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and the matrix 7" appears k —m + 1 times in A. Notice that o(S5") = Z(Mm,l) c D.
The permutation 7 transforms C' and B into

E1 O *
C=Cipl = B=nB=| 1|,
E1 *
O En, Wi
where
E, = (0 e 0 [l)

is of size [ x nl and W = col(PQﬁ-k));:& with P the m x (k+ 1) matrix P = [0 I,,,].
With the help of (2.2.6) it is straightforward to check that

Wi =(x Wi_),k>m. (2.2.11)
Expanding (2.2.10), we now obtain from (2.2.7) and the definition of T (z) that
(fist(2)fimg = D 2" ' CA'B 4+ 0(2").
i=0

By taking the jth Fourier coefficient on both sides, and writing only the last m rows,
we get

fj,k—m—H T ij T fj,—m-H

Hj == : S : = B, (ST IWi i <n—-1,k>m— 1.
fin oo fimer o fio (2.2.12)

In a similar way, but now using Proposition 2.1.4, we obtain

. Joj o fenvrg T A o
Hy=| + -~ : = F(S*)™ =Wy, > —m+ 1,0 >n -1,
Fo1j o foi o fethney (2.2.13)

«—

where o(5) = 2(M,_;) C D,

is of size n x nm, and W, is a matrix of size nm x [ with the property that
‘/T/l:([/i/lfl *)7l2n

Notice that Hjj, defined in (2.2.12) and Hj; defined in (2.2.13) are related in the
following way

(Hijn)iZo o0 = ml(Hyi)e i, 9= )72,
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where 7, and 7, ' are appropriately chosen permutations (that convert reverse lexico-

graphical ordering to lexicographical ordering). Notice that w5 depends on k and [, but
we will suppress this dependency. Combining (2.2.12) and (2.2.13) we therefore get

col( B (S)" )10 row (S Y W))—g = micol(F(S*) )t row((S*)FWh)k_oms.
(2.2.14)

When £ = m — 1 and | = n — 1, (2.2.14) equals the invertible nm X nm matrix
¢ = (fu—v)u,ve{o,...,nfl}X{O,...,mfl}a i'e-a
® = col(Bn (S ) hrow((SPW], )i =

= chol(Fn(S’*)j);n:—olrow((g*)mflfjWn_l);n:—OlW} (2.2.15)

Thus the nm x nm matrices col(E,,(S")" 7)1}, col(Fn(S*)j)g’Z@l, row((S")W,, 1)~
and Tow((S*)™1W,_1)7," are all invertible. We now let

K = row((S")'W/

mo1)izo L= row((S7) T IWL )

j:D ) =

and put . . R
E=E,K,S=K'SK F=F,L, S=L"'S*L.

Then (2.2.15) yields
® = col(ES™79)12) = mcol(FS)7. (2.2.16)

Let x denote the first row of E, which by (2.2.16) equals the ((n — 1)m + 1)th row of
®. As m picks out the jth scalar row from each block to make the jth block, we have
by (2.2.16) that x equals the last row of F. In fact, we obtain from (2.2.16) that

F= col(zS" 1)) B = col(zS7)m=! (2.2.17)

j:() 9
and, more generally,

FS' = col(zS'S" )12, ES" = col(zS"S) i =0,... ,m—1;r=0,...,n— L

Let now also B X
W, = K*IW,Q , W, = L='w,.

Then the definitions of K and L yield

Ly = 10w (ST W 1)i2g = row(gm_l_jWn_l)T:_Olﬂg, (2.2.18)
and, by (2.2.14) and (2.2.16),
row(S7W;,)_g = row(gk’jﬁ/})ﬁzoﬁg, k>m—1,1>n—1.
(2.2.19)
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Denoting the last column of W} by y (which by (2.2.11) is independent of k), we get
from (2.2.18) that y is the mth column of I, and also equals the first column of W;.
In addition, from (2.2.19) ,

STW), = row (55" S7y)E_,, STW, = row(S"S'y) g, k >m — 1,1 >n — 1.
(2.2.20)

In particular, W, = [y -+ S|, and thus SiW, = [S%y --- S?S'y]. Comparing this with
the representation of S in (2.2.20) we obtain

SiSky = SkSiy k> 0,5 > 0. (2.2.21)
Since

Lym = row(STW,, 1)125 = row(STrow (S =ry) gy

= row(gmflfjWn_l)}":_Olﬂg = row(gmflfjrow(S’"y)f;&);”Z_OIWQ, (2.2.22)
we have by (2.2.21) that SS = SS, and thus S and S commute. It follows now from
(2.2.12) that

Hj = ES™77'W,, = col(:cgj);”:BIS”’j’IrOW(Sk”"y)k

r=0"

By inspection (2.2.2) follows directly.
Moreover, using equation (2.2.16) we obtain

DS = (col(BS" I 1)121)S = col(E,, S"I )2, =

j=0 -

== COl(EmSn—j—l)T,L_EerW(Sij_l>;}:—01 — (Hi—j,m—l)n_2 n—-1 _ Q)l'

1= 7,':71, _]:0

Thus S is as in (2.2.3). Similarly, we obtain that S is given by (2.2.3).
Finally, that the infinite matrix (2.2.4) has rank nm follows from the observation
that

~

(f(u =) uefn—2n-1}x{0,1,..} =
ve{0,1,... }x{....m—2,m—1}

col(zS" R ST) 4 ety xio,.y X TOW(SFS™ Ty ) b o1y om2m1)-
O

It should be noticed that the proof of Theorem 2.2.1 also gives a way to derive
formulas for the other Fourier coefficients of f. These now also involve the matrices

0 - 0 —(Z0) 0 1 0
- |t VORI | S
I : : 0 0 1
7PLOY _(PomY) _(Pom-1y . _(pory)
0 - 1 _(pTﬁ) (1;(2)0) ( O;Doo ) (zgo)

As those formulas do not play a critical role in the positive extension result, we do not
pursue this here.
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2.3 Stability and spectral matching of a predictor
polynomial

Before we come to the positive extension result, we would first like to address the
following question. Let A, = {0,...,n} x {0,...,m} and let complex numbers c,,
weAy — AL ={-n,... ,n} x{—m,... ,m} be given so that (c,—y)uver, > 0. Then
we can define an inner product on the finite dimensional space {(qj})v v e N} by

setting
z z
) )mee

When we perform a Gram-Schmidt orthogonalization procedure on the basis {(Z)U
v € Ay}, we obtain polynomials ¢,(z, w), v € {0,...,n} x{0,...,m}. It is well known
that in the one-variable case the reverses of these polynomials are stable and have
a spectral matching property (see also Subsection 1.1.2). The following result states
that under an additional condition on the numbers ¢, the polynomial ¢, has similar
properties. As we shall see in the next section, the polynomial ¢ ,,,(z,w) yields exactly
the solution to the positive extension result.

If (Cyw)vemwen is a matrix whose entries are indexed by the sets M and N (C Z?,
in our case), then

-1

[(Cv,w)vEM,wEN] A
B

denotes the submatrix in its inverse that corresponds to the rows indexed by A C N and
columns indexed by B C M. When no specific statement is made about the ordering
of the elements of M and N, one may choose any ordering. When M = N we give the
rows and the columns the same ordering.

Theorem 2.3.1 Let Ay = {0,...,n} x{0,...,m} and c,, u € Ay — Ay, be given so
that (Cu—v)uwver, > 0. Put

q(z,w) = row ((z>u> . [(Cumv)uwens] " col(@u)uer. . (2.3.1)

w

and let p(z,w) = q(z,w)/+1/q(0,0). The predictor polynomial p(z,w) is stable and

satisfies
dz dw
y ue A, — AL, 2.3.2
¢ 27?2 //() zw)|22wu€+ * ( )

if and only if

U—v ) u,v L, n}x - O 233
[(C ) , eA+\{(0,0)}} {{3} {1} {0 ( )

X
vv
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It should be noted that it may happen that p(z,w) is stable without condition
(2.3.3) being satisfied (after all, the set of stable pseudopolynomials is open). However,
in that case (2.3.2) does not hold. The following example illustrates this.

Example 2.3.2 Let A+ = {0, 1} X {0, 1}, and Cop — 1,001 = 411 =C1,-1,Cl0 = 0= C11-
Then (cy—y)uwvea, > 0 and,

p(z,w) = (224 — 60w — 16z — 42w) /v 46816.

It is easy to see that p(z,w) is stable. Computing the Fourier coefficients of f(z,w) =
1/ (p(z, w)p(1/2, 1 /w) yields

~ ~ ~

7(0,0) 1.0104, £(0,1) ~ 0.2702, f(1,0) ~ —0.0725,

F(1,1) ~ —0.2007, f(1,—1) ~ —0.0194.

The proof of the above theorem depends heavily on the theory of matrix poly-
nomials orthogonal on the unit circle, therefore we recall some results from [17]. As
usual, we denote the halfspaces associated with the lexicographical ordering and reverse
lexicographical ordering by H and H, respectively. Let

cg Cko-oo CF
Cy Cia s

where C*, = (CF)* is the (k+ 1) x (k + 1) Toeplitz matrix given by

Cio " Gk
E_ . . . P
Ci=1]": .. : , i=-n,...,n.

Cik - G

Likewise, in reverse lexicographic order, set

oot ek,
SR e e e
cr o Chy e Ch

where C*, = (CF)* is the (k + 1) x (k + 1) Toeplitz matrix given by

Coi '+ Ckyi
k_ | - . . -
Ci=1|": .. S L= —m,...,m.

Cki -+ Coi
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Observe that in the lexicographical ordering (cy—y)uwvea, = I while in the reverse
lexicographical ordering (cy—y)uver, = I',.

Given I'y = (C;;); ;—o > 0 with C; being matrices of size r x r, we set

As(t) = [Loaly - 2 LT 0 - 0

s

and
By(z) =[0---0 LT [2®L, - - o, I,)T,

where I, is the r x r identity matrix. Then one of the versions of the matrix Christoffel-
Darboux formula (formula (66) of Theorem 13 in [17]) yields

(1 —am)|[L, I 2* LU 2L - 25 L)

= A(0)A0) " Au(n)* — (570 By (2) BL(0) 1B (L), (2.3.4)
If we let U, denote the upper Cholesky factor of I';!, then
U, = (U‘Bl ;)
for some matrix X,,, and
By(z) = Xy[0 - -0 LU [2° L, - - - I, )T

Using this it is not hard to see that

(I ol - LU, o1, - - - 25 L)

=l ol -2 LD (L a0y -2y L) (xfl)SBs(é)*BS(O)*lBS(i—ll)(ZB_E))

But then (2.3.4) and (2.3.5) give the useful variation of the matrix Christoffel-Darboux
formula:

(1 —2z)[L, «I, - 2 LT L oy L - - 2 L) (2.3.6)
= Ay(2)As(0) 7 Ag(1)" — (271)* B4 (2) Bs(0) ' By () o
An important property given by [17, Theorem 6] is that if Ty, is positive then A(z) is sta-
ble. If the matrices C; are themselves Toeplitz matrices, they satisfy C; = J,_;C} J,_,
where .J, = (0;1j—r)} j—o- This yields that B(z) = J,_1A(z)".J,_1, as was also observed
in [18, after Theorem 9] . We will apply the above result to the cases when C; = C/"
and when C) = Clm_l. Equivalently, these are the cases when I'y = I'"" and when
[, = I ! respectively. We therefore define for i = m — 1,m,

Al(2) = [Lig1 2Ligq -+ 2" L )(TL) 141 0 - - - O],

Bi(z) = [0 0L ) (T [P oy 2™ My -+ LT (2:3.7)
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Likewise, for the reverse lexicographical order, we define for i =n — 1, n,

Al (w) =Ly wli ";wmfiﬂ](fﬁn)’l[liﬂo - 0]7,

o . 2.3.
Bh(w) =0 0L )(Fh) Loy 0 oy - L] (2.38)

The matrices B! (z) and B!, (w) satisfy B(z) = J;A% (2)TJ; and B! (w) = J, A (w)T J,.
Let L be the lower Cholesky factor of (T)~!,i = m — 1,m. We then define

PZ(Z,U}) = [1w e wl][LH Z]i+1 L Zn]i+1]L;Z[Ii+1 0 . O]T
=[lw - w[lipr 2lipa -+ 2" L [(T3) (V)70 - 0T
L w45 (2) (%) (2:39)
where A’ (z) is given by (2.3.7) and (Y;")* is the lower Cholesky factor of A?(0). From
the relation between A’ (z) and B!(z), and from B! (z) = J;A (2)"J; we see that for
1=m—1,m,
[Pz, w)]" = 2w [P'(1/2,1/w)]" = [Lw - w')z"Bi(1/2)"(X})1J,
(2.3.10)

where X! (= J;(Y,))TJ;) is the upper Cholesky factor of Bi(0). It follows from the
definition of p(z,w) in Theorem 2.3.1 that the first column of P™ is p(z,w). Thus we
shall write

P™(z,w) = [p(z,w) wPW(z,w)], (2.3.11)

where PM(z,w) is some row valued polynomial in z and w. From the definition for
P™ we find

(P )]t = e

[SE

)

Likewise for i = n — 1,n set

IBZ(Z,U)> = [12 tee Zi][[i+1 w[i+1 S ™ [i+ ]E:n[[z+10 tee O]T
= []_Z cee Zi][IH_l U}]H_1 s W
1AL () (V) (2313)
where L is the lower Cholesky factor of (I'},) ™! and (Y}%)* is the lower Cholesky factor
of Al (0). Also
— N o - .
[Pi(z,w)]" = 2w™[P(1/2,1/w)* )" = [1z - 2Jw™B! (1/w)*(X.)* ' J,.
(2.3.14)

Similarly as above,
P*(z,w) = [p(z,w) wPY(z,w)], (2.3.15)

for some row valued polynomial P (z, w).
We now state a Christoffel-Darboux like formula.
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Proposition 2.3.3 Let Ay ={0,...,n} x{0,...,m} and ¢,, v € Ay — Ay, be given
50 that (cy—t)uen, > 0 and
1

U—v Ju,v o n}x - O 2316
[(Cumv)uperi\ (0011 {1 (o) ( )

holds. Then
p(zaw)p(zlawl) - T(%w)?(zhwl)*
= (1 — ww;) P™ (2, w) P (21, wy) (2.3.17)

— — .
+(1 = 221) PPz, w) T PP (2, wy)*
We need the following observation regarding Cholesky factors.

Lemma 2.3.4 Let A be a positive definite r X r matrix and suppose that for some
1<j<k<rAYHy=0,1=1,...,5. Then the lower Cholesky factor L of At
satisfies Ly = 0, 1 = 1,...,j. Moreover, if A is the (r — 1) x (r — 1) matriz obtained

from A by removing the kth row and column, and L is the lower Cholesky factor of
A=Y then

Ly=Ly i=1,... k—1;1=1,...,7, (2.3.18)
and

Liviy=1Ly, i=k,....,r—1;1=1,...,3 (2.3.19)

In other words, the first j columns of L and L coincide after the kth row (which contains
zeroes in columns 1,...,7) in L has been removed.

Proof. Since the first j columns of a lower Cholesky factor of a matrix M are linear
combinations of the first j columns of M, the first statement follows. The second part

follows from the above observation and the following general rule: if M = (M;;);,_,

is an invertible block matrix with square diagonal entries, (Mij)?,j:1 is invertible, and
(Nij)} ;=1 = M1 satisfies N1z = 0, then

My Mo _1: Nipoo*
Moy My Noy %)~

To see this, write out the first two rows of the product M N = I to see that

Mll M12 Nll — I
M21 M22 N21 0)"
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Proof of Proposition 2.3.3. We use the notations introduced in this section.
We first show that condition (2.3.16) and a repeated use of Lemma 2.3.4 imply the
following equalities:

PO (z,w) = P Y(z,w), PY(z,w) = P" "}z, w), (2.3.20)

where P and P were introduced in (2.3.11) and (2.3.15), and P! and P! were
defined in (2.3.9) and (2.3.13), respectively. Indeed, for the first equality in (2.3.20)
observe that (2.3.11) and (2.3.9) yield

P™(z,w) = [p(z,w) wPY (z,w)] = [1 - w™|[Ins1 2Lms1 -+ 2" Lst| L [ Iipsr O - - 0]7

Denoting by L the matrix obtained from L7 by removing its first row and column, we

find that

By (2.3.16) the matrix L contains zeros in the first m columns at rows mj + 1, j =
1,...,n. A repeated use of Lemma 2.3.4 now gives that

PO (z,w) =1 w™ Y[y 2L+ 2"y LT 1,0 - 0] = P2z, w).

This yields the first equality in (2.3.20). The second equality follows analogously.
We now prove (2.3.17). Apply (2.3.6) with I';_; = I'" | and multiply (2.3.6) with

[1w - w™] on the left and [1w; --- wi*]* on the right to obtain
(L—zm)lw - w L1 2" L0 ) " r 20 T [ [Lwn - 0] =
Lo w (AR (G) T AT (1)
(ZZl)"Bm(%) ()~ X T B () [Lwy - - wi]™,

Next, use (2.3.9), (2.3.10), (2.3.11), (2.3.12) and (2.3.20) to obtain

(1 —=2Z)[L- - w™ Ly~ Zn_ljm+1]<rzl—1)_1[lm+1 2y ! m]*[1- - wi]*
= P™(z,w)P™ (21, wy)* — [P7(z,w)] " [P™ (21, w1)*]"
= p(z,w)p(z1,wy) + ww P (2, w) P™ (21, wp)*

A 2.3.21
—F (2 w) T (zw) = Pz w) Prtawn) 2320
Applying now (2.3.6) with I'y_; = I}, multiplying with [1w --- w™!] on the right

n—1-
and [1w; --- w']* on the left gives

T

Pz, w) P (2, wy)* — ?mfl(z,w)T?mfl(zl, wy)*

= (1= 2z [ w2 L () e A L 0] g 00
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Subtracting (2.3.22) from (2.3.21) yields

—

p(z,w)p(z,w) =P (z w))P (z,w) = (1 — ww) P" " (z,w) P" (21, w1)*
+(1—2z) (1w - H mt1 e 2t [m-i-l](rm )_ i1 2 _1[m+1}*[1 it
—[1wm Y [Ly, - 2 ](rf;_l) I, - 1[m] (1w ). (2.3.23)

Next we put the rows and columns of I"7" ; in reverse lexicographical order and note
that I'™ , becomes I'""1. Thus

Mw - w™[Lpy--- 2”71]m+1](rn D) - 2 1w
=1z 2 YLy w™ L) Ly w2

o A T
_ P"*l(%w)TPn*l(Z,w)* (2.3.24)
_'_[12 Zn_l][]n"'wm_IInKFZlill)_l[In”'w{n_lfn]*[l Z{L 1]>.<7

where in the last equality we use an observation as in (2.3.5). Since I} and I~}
are just reorderings of each other we finally obtain by combining (2.3.23) and (2.3.24)

p(z,w)p(z,w) - T(z,w)‘ﬁ(z,w)
= (1 — ww,)P™ Yz, w) P (2, w)" + (1 — 221)

—
P?’L

-1 T]Bn—l( «T
(2, 0) 21, W15 3 95)

which is the desired result equation. O

With the above result we can now prove Theorem 2.3.1. First we remind the reader
of the following useful well known fact (see [45]; see also Theorem 2.5 in [67]).

Lemma 2.3.5 Let A be a matriz of size px q and D be a matriz of size (n—p) X (n—q)
and let B,C, P,Q, R, S be matrices of appropriate sizes so that

eI

q — rankC = p — rankR.

Then

In particular, R = 0 if and only if rankC = q — p.

For the sake of completeness we shall provide a proof for this lemma.
Proof. Since CP = —DR , PlkerR] C kerC. Likewise, since RA = —SC, we get
AlkerC] C kerR. Consequently,

AP[kerR] C AlkerC| C kerR.
Since AP + BR =1 , AP[kerR] = kerR, thus
AlkerC| = kerR.
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This yields dim kerC' > dimker R. By reversing the roles of C' and R one obtains also
that dimker R > dim kerC'. This gives dim ker R = dim kerC', yielding the lemma. O

Proof of Theorem 2.3.1. Let Ay ={0,...,n} x{0,...,m}and ¢,, u € Ay — A,
be given so that (cy—y)uwen, > 0 and (2.3.3) holds. First we show that p(z, w) is stable.
Set z; = z and wy = w, |w|=11in (2.3.17), to obtain

p(z,w)]2 — [T (2, w)[2 = (1 = |2P) P (2, w) P (2, w)".

If p(z0,wo) = 0 in the region |z| < 1 and |w| = 1 then the above equation and
equation (2.3.14) imply that Bﬁ;l(wo)* must have a left eigenvector with eigenvalue
zero. However, this leads to a contradiction since det(B™ '(wq)*) # 0 for |w| = 1 .
A similar argument also applies for the region |w| < 1,|z| = 1. If p(z0, wp) = 0 with
|20] = 1 = |wp| then so is P (z0,wp). From (2.3.17) with z; = zy we find that this
would imply that P™ (2, we) P™ (29, w1)* = 0 for arbitrary |w;| < 1. However from
(2.3.9) with z = 2y we see this cannot happen since det(A”!(z)) # 0. It now follows
from Theorem 2.1.5(iii) that p(z,w) is stable.

Next we show that p(z, w) satisfies equation (2.3.2). We begin by writing p(z, w) =
oo pi(2)w'. Then straightforward algebraic manipulations (or, alternatively, see [51,
Section 4]) show that

p(z,w)p(1/Z,w1) —ww1 P (2,w) P (1/2,w1)
1—ww

po(2) O po(1/2) -+ Pm(1/2)
(1, ..,wm)< : ‘ :

(2w || O w2

Pmt1(1/2) O s (2) - p(2) > 1 (£.3.26)
pl/5) o ez || O pma(2)]/ \ap )

where p,,11(2) = 0. Furthermore, by (2.3.17) with z; = 1/Z,

p(z,w)p(1/z,w1) — P (z,w) P (1/Z,wy)

p— = P Yz, w)P™ 1)z, w,)*.

Multiplying both sides by ww, and adding p(z,w)p(1/Z,w;) to both sides yields

p(Z, w)p(l/i, wl) — wwl(ﬁ(zv w)?(l/i, wl)
1-— WWq

= P™(z,w)P™(1/Z,wy)",
(2.3.27)

where we used that
P (zw) = [p(z, w) wP™ (2, w)].
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Combining (2.3.26), (2.3.27), and (2.3.9) we find

po(2) O po(1/z) - pm(l/2)
pm(2) -+ po(2) O po(1/2)
Pmi1(1/2) O Pmy1(2) 0 p(2)
- : . [2328)
p(l/z) o Pmga(1/2) O Pmt1(2)

= A7 (2) A (0)7 AT (1/2)".
Recall that A"(z) is stable [17, Theorem 6]. Therefore, on the unit circle we find that
En(2) > 0. Let F(z2) = E,,(2)"! and write
F(z) = Z F,.2".
Note that by the Gohberg-Semencul formula F'(z) is Toeplitz for every z. Furthermore,
we get, using the stability of A(z) that

F(2) A7 (2) = AR(1/2) T A7(0) = T + O(1/2).

Comparing the 0, ... ,n Fourier coefficients on both sides yields the equation
F - F, Ao I
Lo =1 (2.3.29)
F, - F A, 0

where A7 (z) =", A;z". On the other hand, by the definition (2.3.7) of A7 (z)
cpoooom\ (A I
oo l=1:1. (2.3.30)
cro... O A, 0
By the matrix version of the Gohberg-Semencul formula (see [38]) a positive definite
block Toeplitz matrix is uniquely determined by the first block column of its inverse.

It therefore follows that the equations (2.3.29) and (2.3.30) are the same, or in other
words,

Ct=F,l=-n,...,n. (2.3.31)

Since F'(z) is Toeplitz we may write F'(2) = (fi—;(2)){=- Fix z € T. By (2.3.28) we
may view p(z,w) = Y ", pi(2)w" as the polynomial in w formed from taking the first

35



column of the lower Cholesky factor of F'(z)~!'(= E,,(z)). But then the one-variable
theory (see subsection 1.1.2) gives that

1 27 e—ile
= — ————df,l=—m,... )
fl(’z) 27'('/0 |p(27620)|2 ) m, , M

Now (2.3.31) yields that for I =

27 27 7zl9 ikn

1

Crl = JEl(k’> = 5 f( e ~ndn

————dfdn, k= —n,... ,n.
21 Jo

6177 619 |2

This proves (2.3.2)

For the converse, let p(z,w) be stable. Observe that ¢, defined in (2.3.2) is the uth
Fourier coefficient of the spectral density function associated with p(z,w). But then it
follows directly from Theorem 2.2.1 that

nm = rank® < rank(c,_y)ue(r,.. nyxf0...my = rank(cy,_y ) ve(-1.....n-13x{0,...m-1} < NM.
ve{0,... ,n}x{1,...,m} u€{0,... ,n—1}x{-1,...,m—1}

Now, by Lemma 2.3.5 we obtain (2.3.3). O

2.4 Positive extensions

Let H = {(n,m) : n > 0or (n =0 and m > 0)} be the standard halfspace in Z?,
and let A, be a finite set in H U {(0,0)} containing (0,0). We consider the following
problem which arises in the design of autoregressive filters. For given complex numbers
¢, (k1) € Ay, find if possible a pseudopolynomial

p(z,w) = Z ez wt, 2| = |w| =1,

(k1)EAy
so that
(i) p(z,w) is stable
(ii) W has Fourier coefficients ¢, for (k,[) € A;.

In the one-variable case where A, = {0,1,2,...,n} the necessary and sufficient
condition is that the finite Toeplitz matrix

CO DY C_n
C =

Cn PR CO
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is positive definite, where c¢_p = ¢ for &k € {1,...,n}. In that case, the desired
polynomial equals

p(z) =g Plpo +prz+ -+ paz™), |2 =1,
where
1
o
DPn 0

In this section we shall give necessary and sufficient conditions for the two-variable
problem in terms of positive definite matrix completions. We start with the case when

Ay ={0,...,n} x{0,...,m}.

As usual, we denote by J, the Kronecker delta on Z?, i.e., §, = 0 for u # (0,0) and
5(070) =1.

Theorem 2.4.1 Let Ay = {0,...,n} x {0,...,m}, and let ¢,, u € Ay, be given
complex numbers. Put c_,, = ¢,, u € A. The following are equivalent:

(i) there exists a stable polynomial p with support (p) C Ay such that B |2 has Fourier

—

coefficients #(u) =cy, U € Ay
(ii) there exist complex numbers c,, u € (Ay — A )\(AL U —AL) so that

(Cu—v)u,UEA+ >0

and

rank(cu—v>ue{1 ..... n}x{0,...m} — nm; (241)
ve{0,...,n}x{1,..,m}
(i1i) there exist complex numbers c,, u € (Ay — AL)\(Ay U—Ay) so that
(CU—U)U,UGAJr > 0
and
7777 m}

(iv) For all pairs of sets S and Sy with

{1,...,n} x {0 om}PC S C{1,2,...} x{...,m—1,m}
{0,...,n}x{l,....m}CS,C{....n—1,n}x{1,2,...} (2.4.2)



(v)

(vi)

(vit)

there exist ¢, u € (S —S)\(AL U(=Ay)), where S = {(0,0)} US; US,, such that

(Cufv)u,’vES >0 (G,Ctlng on ZZ(S))a
and
rank(c, ) ues, = nm; (2.4.3)
vES2

For some pair of sets S and Sy satisfying (2.4.2) there exist ¢,, u € (S—S)\(ALU
(—Ay)), where S = {(0,0)} US; U Sy, such that

Z lcu| < o0
uesS—-5
(Cu—v>u,'u€S >0 (G’Cting on lQ(S))a

and

rank(c,_y)ues, = nm;
VES2

For all pairs of finite sets S and Sy satisfying (2.4.2) there exist ¢,, u € (S —
SIN(AL U (=AL)), where S = {(0,0)} US; US,, such that
(Cufv)u,’ues >0

and
—1
[(Cu—v)u,vesluSg] S2\S1 =0
S1\S2

For some pair of finite sets Sy and Sy satisfying (2.4.2) there exist ¢,, u € (S —
SIN(A+ U (—=Ay)), where S = {(0,0)} US, US,, such that

(Cu—v)u,ves >0

and
1
[(Cu—v)u,v€S1U52] S2\S1 = 0.
S1\S2

In case one of (i)-(vii) (and thus all of (i)-(vii)) hold, put

and let

-1

(qu)u€A+ = [(Cufv)u,v€A+] (5u)u€A+ (244)

plzw) =g " | Y autu' ] (2.4.5)
(k,D)eAt

Then p(z,w) is a polynomial satisfying (i), and p(z,w) is unique up to multiplication
with a constant of modulus 1.
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Proof. The equivalence of (ii) and (iii) follows directly from Lemma 2.3.5. The
implications (iv) — (vi) and (vii) — (v) also follow from Lemma 2.3.5. The implications
(i) — (v), (iv) — (v), (iv) — (ii), (iii) — (vii), (vi) — (vii), (vi) — (iii) are tautologies.
The implication (v) — (ii) follows from the observation that the matrices appearing in
(ii) are submatrices of the matrices appearing in (v), and the fact that (c,—y)uven, >0
implies that

rank(Cu—v) ue{l,...n}x{0,...m} = MM (2.4.6)
For the equivalence of (i)—(vii) it remains to prove the implications (i) — (iv) and (iii)
— ().

Assume that a stable polynomial p(z,w) as in (i) exists. Let f(z,w) be the spectral

density function of p(z,w) and put

o= fk), kel

Then, because of (i), for k € A, this definition of ¢; coincides with the prescribed ¢;’s.
In addition, f is in the Wiener class, so ) > |c,| < 0o. Moreover, since f(z,w) > 0
for |z] = |w| = 1, the multiplication operator M; : L*(T?) — L*(T?) defined by
M¢(g)(z,w) = f(z,w)g(z,w) is positive definite. Letting S;, S; and S as in (iv), we
get that the restriction of M to Ps(L*(T?)) is positive definite. Here, for K C Z?, the
projection Py is the orthogonal projection of L?(T?) onto the subspace of functions
with Fourier support in K. That is, Px(D_ ay (Z)) = > ek Qo (Z) Thus we obtain
the positive definiteness of (¢,—y)uves- In addition, since the matrix in (2.4.3) is the
adjoint of a submatrix of the matrix in (2.2.4), we get by Theorem 2.2.1 that

rank(cy—y)ues, < nm.
VE Sy

This together with observation (2.4.6) which is valid in this case, we obtain (2.4.3).
This proves (i) — (iv).

Assume now that (iii) holds. Define p(z,w) as in (2.4.5). By Theorem 2.3.1 | p is
stable, and moreover, ¢, = #(u), u € Ay — Ay This proves (i).

Suppose now that (i)—(vii) are valid, and let p(z, w) be as under (i). By multiplying
with a constant of modulus one we may choose p(z,w) so that p(0,0) = pgo > 0. Let
f(z,w) be the spectral density function corresponding to p(z,w). Then f(z,w)p(z, w) =

m. Since p(z,w) is stable,

1 1
Prug0,01(fP) = Praugo,0) (t) =—,
p Poo

where in the last step we used the stability and H is the standard halfspace in Z2.
Thus, in particular,

1
Py, (fp) = —.
A (fP) -~
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which in matrix notation gives that

1
(Cufv)u,UGA.;,. (pu)u€A+ = (_ §u> .
Poo uehy

By multiplying both sides with pg it follows that p(z,w) is given by (2.4.5) where ¢,
u € Ay, is given by (2.4.4). O

—

Remark 2.4.2 Note that in fact the proof shows that #(u) =cy, u € S —9, for all
applicable S.

In the appendix we shall provide an alternative proof of (ii) — (i) based on minimal
rank completions, and the full strip positive extension problem (see [5, 6]).

Note that the proof of Theorem 2.4.1 yields that the polynomial p(z,w) with pgg > 0
is uniquely determined by the matrix (c,—y)uwver,. One may ask whether in turn all
unknown entries ¢,, u € (Ay — AL)\ (AL U—Ay) in this matrix are determined by the
conditions in Theorem 2.4.1(ii). When n = 1 or m = 1, it is not hard to see that the
rank condition (2.4.1) determines ¢, u € (AL — Ay)\ (AL U—A,) uniquely. E.g., when
n = 1 the coefficients ¢; 1, ..., c1,_, are determined uniquely by the equations

c1—j=lco—1--- CO,fm][(CO,ifk)Tk_zlo]_l[Cl,f]#l el jym) i =1, m.
(2.4.7)

It is still an open problem whether the coefficients ¢,, u € (A — AL )\(Ay U—A,) are
determined uniquely in general by the conditions in Theorem 2.4.1(ii). If not, it would
mean that there are cases in which there are multiple solutions p to the problem. Our
computations so far have led us to believe, however, that this cannot occur.

Another natural question is whether the existence of ¢,, u € (A — A, )\(ALU—Ay)
so that (cu—y)uwea, > 0, automatically implies the existence of a choice for ¢,, u €
(AL — A )\ (AL U—Ay) so that in addition condition (2.4.1) is satisfied. This is false.
E.g., one may take n = 1, m = 3, coo = 7.7, co1 = 6.3, cpo = 4.5, co3 = 2.5, ¢19 = 3,
ci1 = 1.5, ci2 = 2 and ¢;3 = 1.6. By setting ¢; _; = 4.9301, ¢; o = 7.2776 and
¢1,—3 = 7.0593 (which we determined using the software of [3]), one may check that
one obtains a positive definite matrix (cy—y)uvea, (its smallest eigenvalue is 0.0099).
However, equation (2.4.7) forces ¢y = 2.4372, ¢;_o = 1.9405 and ¢y _3 = 1.1570,
which does not give a positive definite matrix (it has an eigenvalue equal to —0.5228;
even the submatrix obtained by deleting the (0,0) column and row has a negative
eigenvalue —0.3535).

Theorem 1.1.1 follows directly from Theorem 2.4.1.

Proof of Theorem 1.1.1 Let ¢,, u € Ay, be given so that ¢,, u € (A, —
A\ (AL U—A,) exist satisfying (1) and (2) in the statement of Theorem 1.1.1. Thus
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Theorem 2.4.1(ii) is satisfied, yielding the existence of a stable polynomial p(z,w) =

S o > PrazFw! with pgg > 0 as in ().
Conversely, given is a stable polynomial satisfying Theorem 2.4.1(i). Thus Theorem
2.4.1(ii) is valid, yielding (1) and (2) in Theorem 1.1.1. O

We shall now build up to the general case of a finite set A, C H. We first consider
the case when {(0,0)} € Ay C{0,...,n} x{0,...,m}.

Theorem 2.4.3 Let {(0,0)} € Ay C{0,...,n} x{0,...,m}, and let ¢,, u € A, be
giwen complex numbers. Put c_, = ¢,, u € A. The following are equivalent:

(i) there ezists a stable polynomial p with support (p) C Ay such that ﬁ has Fourier

—

coefficients # (u) =cy, u € Ay

17 ere exist compiex numoers C,, u € {—N, ... . Ny X 1—M, ..., M U — SO
() th St pl b ; { ) ) } { ) ) }\(A+ A+)
that
(Cufv)u,’ue{(] ..... n}x{0,...m} = 0, (248)
—1
[(Cumv)uveo, .0} x{0,mP {000} {1m}xfo} =0, (2.4.9)
{0} x{1,....m}
and
—1
[(Cu—v)u,ve{o ,,,,, n}x {0, ..., m}} {0,y x{0,ompay = 0. (2.4.10)
{0} x{0}

In case (i) (and (ii)) holds, a solution p is given by (2.4.4) and (2.4.5).

Note that (ii) in this theorem reduces to Theorem 2.4.1(iii) in the case when A, =
{0,...,n}x{0,...,m}. One may also formulate analogs of Theorem 2.4.1 (ii), (iv)—(vii)
but we leave this to the interested reader.

Proof. Suppose (i) is valid. Let f(z,w) be the spectral density function of p(z, w)
and put

o = f(u), u € 72

Now the polynomial p(z,w) satisfies Theorem 2.4.1(i) for the collection of numbers
{cu,u € {0,...,n} x{0,...,m}}. Thus Theorem 2.4.1(iii) and (2.4.4) and (2.4.5) are
valid. Theorem 2.4.1(iii) implies the first two conditions in (ii). Since p is given by
(2.4.4) and (2.4.5) (up to a constant) we have that support(p) C A, implies (2.4.10).
This shows that (ii) is valid.

Next, assume that (ii) is valid. The first two properties in (ii) give that Theorem
2.4.1(iii) is satisfied. Thus Theorem 2.4.1(i) is valid, yielding that there exists a stable
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polynomial given by (2.4.4) and (2.4.5) so that % (u) = ¢y, u€f{0,...,n}x{0,...,m}.
Thus, in particular, this polynomial has the right match

—

1

W (u) = cq, ue N,

and, moreover, by the construction of p by (2.4.4) and (2.4.5) one sees that condition
(2.4.10) yields that support (p) € Ay. This shows that (i) is valid. O

Next consider an index set of the following type
J(n,m,q) = | J{i} x {~iq.....,m —iq}, n,m>0, g€
i=0

So J(n,m,0) ={0,...,n} x {0,...,m}. We have the following proposition.

Proposition 2.4.4 Let n,m be nonnegative integers and q € 7Z, and let {(0,0} C
AL C J(n,m,q). Letd,, u € A, be given complex numbers. Put Ay = {(k,l + kq) :
(k,1) € Ay} and

Clr,s) = d(ns_rq), (7’, S) S A+.

Then Ay C J(n,m,0). Moreover, the following are equivalent.

(i) There exists a stable pseudopolynomial q(z,w) with support (§) C A, such that
#(U) = du7 u e A+.

(i) There exists a stable polynomial p(z,w) with support (p) C Ay such that #(u) =
Cu, U E AL

Proof. Use the correspondence ¢(z, w) = p (2

wq

w), |z| = |w| = 1. 0

It remains to observe that any finite {(0,0)} € Ay € H U {(0,0)} is a subset of
some J(n,m,q). Indeed, let

n =max{k: (k,l)e A} (>0),
g =-min{|f]:(k1)eA k>1},

and

m =max{l+ kq: (k1) e A} (>0).

Then A, C J(n,m,q). Consequently, we have, by applying a combination of Proposi-
tion 2.4.4 and Theorem 2.4.3, the problem introduced in the beginning of this section
reduced to a finite positive definite matrix completion problem where the completion
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is required to be block Toeplitz with Toeplitz matrix entries satisfying certain inverse
constraints. As is established in [64] finding such completions (if they exist) is nu-
merically feasible. We shall give some numerical results in Section 4.3. Interesting
open questions remain regarding the d-variable case (when d > 3), and whether, for
instance, if {c,, v € A} and {dy,u € A, } satisfy the conditions of Theorem 2.4.1 the
sum sequence {c, + d,,u € A, } also satisfies these conditions.

Partial necessary conditions for the autoregressive filter problem appear in [11] (see
also [12]), where it was shown that if Theorem 2.4.3(i) holds then

[(Cu_v)u7U€A+_A+:|(_A1+—A+)\A+ = 0. (2.4.11)
{0} x {0}

That this condition is not sufficient, is shown by the following example. Let A, =
{(0,0),(1,0),(0,1)}, and coo = 1,co1 = .25,¢10 = .25. If we choose ¢;_; = .125 and
c1,—2 = 5/16, then (2.4.11) is satisfied. Computing for p we find p(z, w) i

9 1
g__z__w’

which is stable (since |p(z,w)| > ¢ — 7 — 7 > 0 when |z| < 1 and |w| < 1). However,
the function # does not have the prescribed Fourier coefficients, as

—_ — —

1 1 1
EF010)=099Z% Iﬂg@,D:=EP(LO):OQ&%.

The correct choice is given by ¢; 1 = 0.0625 and ¢; _» = 0.0156, yielding the stable
polynomial p(z,w) = 1.1333 — 0.2667z — 0.2667w satisfying

— — —

1 1 1
—(0,0) =1, —(0,1) = —(1,0) = 0.25.
Mﬁ ) Mﬁ MJ
Let us end this section with a comparison with the extension problem for positive-
definite functions as considered in [58]. There, a pattern A C Z? is said to have the

extension property if every sequence (¢, )yen—a Which satisfies the positivity requirement
(Cu—v>u,v€A Z 07 (2412)

admits the existence of a positive Borel measure 1 on T? so that
QMZ/Z%MMaw,wDEA—A
T2

Note that in our terminology, we would let A, = (A — A) N (H U {(0,0)}). Moreover,
we study the strictly positive definite case and look for a measure of the special form

1 dzdw

p(z, w)[? (2mi)*zw”

(2.4.13)

dp(z, w) =

where p(z,w) is a stable polynomial with Fourier support in A. Following [58] a con-
struction of a positive extension is given in [4] in the case that A = {0,1} x {0,...,m},
which in our terminology corresponds to the case when A, = {0} x {0,...,m}U{1} x
{—=m,...,m}. We remark that their construction does not yield a measure of the form
(2.4.13) (see formula (3) in [4]), and indeed one cannot expect that strict positive defi-
niteness in (2.4.12) yields a measure of this special form as the rank condition (2.4.1)
also needs to be satisfied.
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Chapter 3

Applications of the extension
problem

In this chapter we treat four applications of the extension results. They concern two-
variable orthogonal polynomials, two variable stable autoregressive filters, Fejér-Riesz
factorization for two variable trigonometric functions, and inverse formulas for doubly-
indexed Toeplitz matrices.

3.1 Orthogonal and minimizing pseudopolynomials

We fix H={(n,m):n>1or (n=0and m > 0)} C Z? to be the standard halfspace
in Z2. Let p be a positive Borel measure on T? and L?(p, T?) be the space of functions
square integrable with respect to p, i.e. [, [f(6,¢)|*dp < co. On this space there is a
natural inner product given by

(.90, = [ 16.)3(6.0)dp. (3.1.1)

for all f,g € L*(p, T?). We denote the Fourier coefficients of p by ¢y, (k,1) € Z?, which
are given by

Ck,l:/ e k=R dp(0), p).
T2

Let A be a finite subset of H U {(0,0)} containing (0,0), and suppose that p is such
that

(Cu—v)u,v€A+ > 0. (312)

As mentioned before, for v = (k,1) € Z* we denote by (?)" the monomial ()" = zFu!.
For an ordered set {vg, -, v} we let C(vg, - ,vy) denote the (m + 1) x (m + 1)
matrix

Cvo, -+ 0m) = (Comu;)ilj=0-
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Definition 3.1.1 For an ordered subset {vy,... ,v,} of AL with vy = (0,0), we define
the orthogonal pseudopolynomials [33] ¢ (UO, Cee U (Z)) ;0 =0,---,m, by the relations,

¢ Vn. s v Ut < _ZZ:a z v (313)
05 y Uy w - fo %,] w ) e
with a;; > 0, and
<¢(U07”' ,UJ,Qb(’U(),"' 7Uj)>p - 5111;—'0]' 17] = 07 , M. (314)

Here §, = 0 if v # (0,0) and 000y = 1. For the construction of ¢(vg, - -, v;; (;)) the
above orthogonality equations are equivalent to

AN 1 . .
<¢<U07"'>vi)’( ) >P:_,5vrvj]:07"',l.

w i

Thus,

Cvo—vo """ Cug—v;
det| Cvici—vo "7 Cu_i—vy

L) - ()

¢ (’007 T Ui (,i,)) - \/d@i}C(’U(),“'fUi) det C(vo, wi—1)

(3.1.5)

They are called pseudopolynomials since negative powers of z and w may arise. From

the above equations we see that the orthogonal pseudopolynomials ¢ (vo, RN K (;)) Ji =
0,...,m, form a basis for the space spanned by the monomials {(fu)vo, cee (Z)Um}

As usual the monic orthogonal pseudopolynomials solve the following minimiza-
tion problem: Let II(vg, -+ ,v,,) be the set of polynomials with exponents taken from
{vo, "+, v} with the coefficient of (fu)vm equal to one. Then a,,,,¢ (vo, Cee U (fu))
is the solution to the minimization problem

min [7(0, 0)[*dp(6, ).

€l (vo, - vm) 2

Another important set of polynomials called minimizing pseudopolynomials studied
in [18] can be characterized as follows.

Definition 3.1.2 For an ordered subset {vy,... ,v,} of AL with vy = (0,0), we define

the minimizing pseudopolynomial p (vo, S U (;)) by
p(UOf"a’Um;(z))) = mx
1
2\ 2\ |0
() () et
0
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where

_ [det C(vy -~ o)
kv, vm) = \/det Clvg- -+ V)

Alternative formulas for the minimizing polynomials are given by

() ()

det | Cor—vy " Coi—vn,

z Com—1o Copm—vm
/l) s PR 7’I_}m; pr—
b ( ’ <w)) \/det C(U())“ : avm) det C(Ulv e 7Um)

() () () )

where L; is the first column of the lower triangular Cholesky factor L of C(vg -« - v,,) !
(= LL*). It should be noted that in [18] the normalization constant m does
not appear in the definition of the minimizing pseudopolynomial. For our purposes

it is convenient to include this factor in the definition. In the definition above the
2-tuples vg, - - - , vy, are ordered, however it is easy to check that for any permutation m

on {0,...,m} with 7(0) =0

z z
P\ Vr) " s VYn(m); w =P\ Vo, ", Un; w .

Thus, on occasion we shall also write p (A; (5})) where A is the set {vg, -, v}, and
it is understood that (8) is first in the ordering. Minimizing pseudopolynomials appear
naturally in the following context. Let

v
q)p:span{<z) ck=0,...,m} =R
w

be given by
®,(g) = (9. 9)» — 2Re(goo)-

Then (see [18],[19]) @, is minimized by k(vo,... ,vm)p Vo, ,vm; (7). In taking
the reverse polynomial of p (UO, Ce U (z))) the term of (;)vm is taken to appear
last. In other words, if p (vo, e U (Z)) =y "oa (z))vi, then p (vo, e U (5))) =
W P(y)-

( )Thel(re is 21 close relationship between the two sets of pseudopolynomials introduced
in this section, namely:

(0= vmi (3))
z})”m]—? <Um — Ums Um — Umn—1,""" , Un — Vo, (1/w)> (317)

= (
:¢(Um—vm,vm_vm—17"' y Um — Vo; (i;))

<
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Both sets of polynomials appear also in a prediction context. In Section 3 of [42] there is
an eloquent explanation of the one-variable prediction theory. One easily adjusts this to
the bivariate context and sees that p(vo, ... , Up; (fu)) appears in backward prediction,
while the pseudopolynomial ¢(vy, ... ,Vm; (;’J)) plays a role in forward prediction. We
will not further pursue this here.

In Lemmas 3.1.3, 3.1.4, 3.1.5 and Theorem 3.1.6 we recall some familiar properties
of the minimizing pseudopolynomials and their reverses. Using the connection (3.1.7),
one may state comparable properties of the orthogonal pseudopolynomials. We will
focus our attention mostly to the minimizing pseudopolynomials, following the lead of
[18] and [19].

The first lemma follows from the two determinantal formulas above, and describes
their orthogonality properties.

Lemma 3.1.3 [18, Corollary of Theorem 1] Let p be a positive Borel measure on T?
with Fourier coefficients c,, u € Z*. Let {(0,0)} € A, € HU{(0,0)} be a finite set
and assume that (3.1.2) holds. Further, let {vo,... ,vn} be an ordered subset of A
with vy = (0,0). Denote p(z,w) = p (vo, e U (2)) Then p satisfies and up to an

overall complex constant of modulus one is determined by the orthonormality relations

(p,p)p =1 (3.1.8)

and
(p, (Z) )p =0, 0<i<m, (3.1.9)

with the inner product defined in (3.1.1). The above undetermined complex constant is
uniquely fized by requiring the trailing coefficient of p to be positive.

Note that equation (3.1.7) and the definition of @(vo, ... , Vm; (5))) implies that
{7 <,Z) bo=DBmdi  0<i<m,

det C(vm-+v1
Next we will see that there is a recurrence relation among the minimizing pseu-
dopolynomials. To this end let

where (3, = \/ ot PAvm o) C(Ummvog # 0.

Cvo: - vm | wo -+ Wm) = (Co—w, )i,j=0,m

be the matrix with rows indexed by v; and columns indexed by w;.
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Lemma 3.1.4 The minimizing pseudopolynomaial p (UO C U (1’2)) satisfies the rela-

tion
p (o vws (1)) = wtnh (p (v0--vmr: (3)
2\ B
ol ) (w) T (0 — 0 vm—vl,(w))>, (3.1.10)

where D det €

ooy (U [0 v)

Vdet C(vg -+ 1) det C(vy -+ - vy)

Furthermore,

z VO "Um z omimet 4
7 s (2 = e ((2) 7 s )

+Oé<U0 t 'Um>p (Um — Uy Um — Um—1** * Uy, — U1, (Z)>> . (3111)

w

We remark that equation (3.1.10) is given in Theorem 2 of [18].
Proof. p (vm — Uy U — U1, * * * Upy — U1 (fu)) is characterized up to multiplica-
tion by a constant by its orthogonality to (Z)_vim, 1=0,1,...,m—1. Now

(o) ( (o (3)) - e (e vss ()

—vi+v1
is orthogonal to (5)) ,1=0,...,m—1, which gives (3.1.10) up to a scalar factor.

Um,
By comparing coefficients of (5)) on both sides of the recurrence relation we find

that

B (=)™ det C(vy -+ | Vo Vm—1)y/det C (v - Vppq)
\/det C(vg -+ Vm—1)det C(U—1 — U1+ U1 — v1) det C(vy - - -vm).

a(vo . Um)

Equation (3.1.10) now follows since
detC(Ul N 'Ui) = detC’(vZ — Vj—1°"°"U; — Ul).

Equation (3.1.11) is obtained by taking reversals in equation (3.1.10). O
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From the definition of k£ and « in terms of determinants it is easy to see that
the following are true. Let w; = v, — Vp—j, j = 0,...,m, then a(wy---w,) =
a(vg - Uy) = a(—vg - -+ — vy). Moreover, the Jacobi identity implies that

kQ(UO .. 'Um)

k2(v0 cUm—1

) (1 — |a(vg - - -vm)\Q) =1.

Lemma 3.1.5 The muinimizing pseudopolynomaial p (UO C U (;)) satisfies the rela-
tion

p (oo o (2D e (0o (3)) -

—

p (Um_Um---vm—Uo; (;))T(vm—vm...vm_vo; (5)11)>

=p (o vm; () p <’Uo Uy (j,ﬁ))— (3.1.12)

v1
(5) 7 Gt =03 () ()77 (o o o= 0 (2)

Proof. Set p,, (2) =p (v vm; (2)) and pi, (2) =D (vm — vm -+ vm — 05 (2))
for + = 0,1. From the recurrence relation we find

pm(z)z%z(;z)::Eggeﬁg%jlpm_l(;)pm_l

Also,

T T = Blmmtntnw)
. [(s)“l L (T
V1 -
21 z2\ <1 21
+(w1) (U, — U+ Uy — V0) Pri—1 (w) P m—1 (w1>
v1 - @
+ (5}) a(vm — Ut " " Uy — UO)pmfl (5]11)7#_1 (5,)

+M%—%mWrwmmﬁMwwmewmﬁ%*“ﬂ

w1
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Now using the relations between a(vg - - - v,,) and (v, — Uy« + - Uy —0g) and k(vg - - - vy,
and k(v —vp, - - - vg—v1 ), and then subtracting the lower equation from the upper gives
the result. O

The theorem below in the case of reverse lexicographical ordering is Theorem 8 in
[18].

Theorem 3.1.6 Let p be a positive Borel measure on T? with Fourier coefficients
cu, u € Z* Let {(0,0)} € Ay € HU{(0,0)} be a finite set and assume that
(3.1.2) holds. Further, order Ay as Ay = {vo, -+ ,vm}. The pseudopolynomials
{(;)”ip (vi — Vi, Vip1 — Ui+ Uy — U5 (j})) c1=0,... ,m} form an orthonormal basis

of the space {(Z)° : v € Ay} endowed with the inner product (,),. Furthermore, if we
set

then P = [(5}) . (;) vm] L, where L is the lower triangular Cholesky factor of C(v, - - -
i.e., Clvg, -+ ,vm) L

Note that in this theorem the order of the rows and columns in C(vo, - -, vy,) is
important. Furthermore, the indices arising in the /th pseudopolynomial above can be
read off from the lower triangular part of the {th column of the matrix C' in the ordering
chosen.

Proof. For 0 < j <17 < m we need to show that

() (oo (2)) () (st (Z)>>p(;§i,§)

The result for i = j follows from equation (3.1.8) with p(j}) = p(vj —Vj,Vj41 — U, ...,
Upy — V55 (i)) For ¢ > j the above result follows if it can be shown that

(vi—vj)
V4 z
<p(Uj—Uj,...,Um—'Uj; (w))’(w) >p:0,

fori=j+1,...,m. But this is exactly the content of equation (3.1.9). Consequently
we see that the polynomials (i)vp (vz» — Uiy ey Uy — U5 (;)), 1=20,...,m are linearly
independent and thus they form a basis for {(2)" : v € AL}

z
w
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In matrix form we see that (3.1.13) can be rewritten as L*C(vg, -+ ,v,)L = I

which implies that C(vg, -+ ,v,)"' = LL*. Since L has positive diagonal elements we
see that each pseudopolynomial must have a positive trailing coefficient which uniquely
specifies the pseudopolynomial. O

Up until this point ordering on the monomials has not played any special role. In
the results that follow the ordering will be important.

As noted in [18, Theorem 7], Theorem 3.1.6 allows us to connect certain minimizing
pseudopolynomials with the matrix orthogonal polynomials in (2.3.7) and (2.3.8), as
follows. From Theorem 3.1.6, and equation (2.3.9) with i = m it follows that,

P (2,w0) = [p” (z,w) wpV (z,w) - w™p™ (z,w)],

where

p(j)(z7w):p({0}X{O,...,m—j} U{l,...,n} X{_jw"vm_j}; (i})
3=0,...,

)

P™(z,w) = [p(z,w) wP™ ' (z,w)], (3.1.14)

This coupled with (2.3.20) in Section 2.3 implies that

where P(~1 has the following representation in terms of pseudo polynomials,
Pz, w) = [pW (2, w) wp@ (z,w) - - - w™ L pm Y (2, w)].

Analogous formulas for P?,i = n,n — 1, also hold. With this we can recast Proposition
2.3.3 as follows.

Theorem 3.1.7 Let p be a positive Borel measure on T? with Fourier coefficients c,,
uw€eZ? Let Ay ={0,...,n} x{0,...,m} and assume that (3.1.2) holds. In addition,
assume that

—1
Cu—v )uveA \{(0.0)}] {1,..., n}x - 0 3115
[(Cuo)uversrioon] gy (3.1.15)

Then
p(As () e (A () =7 (A ()7 (A ()
= (1= wwy) S5 () (Qus (2)) p (@i (21))

H1 -2 DL 7 (20)) 7 (@ () (3.1.16)
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where
Qr={0} x{0,....m—k}U{l,....n} x{=k+1,....,m—k}, k=1,...,m,

and .
Qr=10,... ,n—k}x{0fU{—-k+1,... , n—Fk}x{l,... ,m},

and Qi and Qy, are ordered so that (n,m — k) and (n — k,m) appear last, respectively.
In addition, we may recast Theorem 2.3.1 in the current context as follows.

Theorem 3.1.8 Let Ay ={0,...,n} x{0,...,m} be ordered lexicographically, and let
p be a positive Borel measure on T? so that its Fourier coefficients c,, u € Z* satisfy
(Cu—v)uwer, > 0. Then the polynomial p(A; (fu)) is stable and satisfies

1
Cy = //( ) ded_waUEA+_A+a
(2mi? p(Ass QI 2w (3.1.17)

if and only iof

-1
[(Cu—v)uwer\((0,0)}] (1n)x(0) = 0. (3.1.18)

{0}x{1,...,m}

Similarly, the orthogonal polynomial ¢(A; (7)) is anti-stable (i.e., p(Ay; (7)) # 0 for
(z,w) € (Co \ D)?) and satisfies

“= 2ri2 //( ) Aj( ))IQdZCZU e he A (3.1.19)

if and only if (3.1.18) holds.

Proof. The first part is exactly the statement in Theorem 2.3.1. For the second
part, use the connection (3.1.7) and the fact that (n,m) — A, = A, O

Proof of Theorem 1.1.2 Follows directly from Theorem 3.1.8. O

3.2 Stable autoregressive filters

Two-dimensional signal processing has been an important field of study in the last
decades. Early influential papers in this area are the ones by Whittle [63], and Helson
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and Lowdenslager [47, 48], where many of the one-dimensional results were general-
ized to the two-dimensional situation after introducing a notion of causality based on
halfspaces.

In this section we shall show how the positive extension results may be interpreted
in the context of autoregressive filters. We consider stochastic processes X = (x,,)yez2
depending on two discrete variables defined on a fixed probability space (€2, .4, P). We
shall consider zero mean processes X = (z,)yez2, i-e., E(x,) = 0 for all u. Recall that
the space L%*(€, A, P) of square integrable random variables endowed with the inner
product

(z,y) = E(y"z)

is a Hilbert space. A stochastic process X = (x,,),ezz is called a (wide sense) stationary
process on 72 if for u,v € Z? we have that

E(zyx,) = E(x), Tuip) = Rx(u—v), forall p € Z2.

It is known that the function Ry, termed the covariance function of X, defines a positive
semi-definite function on 72, i.e.,

p
Z Oéi@ij(ui - Uj) Z 0,

t,j=1

forall p e N, ay,...,a, € C,uy,...,u, € Z*. The theorem of Herglotz, Bochner and
Weil (see, e.g., [49, Chapter 8]) on positive definite functions states that for such a
function Rx there is a positive regular bounded measure px defined for Borel sets on
the torus [0, 27]? such that

Rx(u) = /ei<“’t>dux(t),

for all two tuples of integers u. The measure px is referred to as the spectral distribution
measure of the process X. The spectral density fx(t) of the process X is the spectral
density of the absolutely continuous part of ux, i.e., the absolutely continuous part of

Mx equals

dtydty
t1,t0)—=.

fX( 1, 2) (27‘(’)2

Let H be the standard halfspace in Z?, and let (0,0) € A, € HU{(0,0)} be a finite
set. A zero-mean stationary stochastic process X = (xy),ecz2 is said to be AR(AL), if
there exist complex numbers ag, k € Ay \ {(0,0)}, so that for every u

Ty + Z ATy = €y, u e 72, (3.2.1)
'UGA+
v#(0,0)
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where {e, ;u € Z*} is a white noise zero mean process with variance o2, for some o.
The AR(A.) process is said to be causal if there is a solution to equations (3.2.1) of
the form
':CU = Z ¢U6u_v7u 6 Zz?
veHU{(0,0)}
with Y |¢y| < co. The bivariate autoregressive (AR) model problem concerns

veHU{(0,0)}
the following. Given are autocorrelation elements

ey = E(z4T0), u € Ay,

determine, if possible, the coefficients a,,v € Ay \ {(0,0)}, and the variance o2 of a
causal autoregressive filter representation (3.2.1). It is well known that if (3.2.1) is

causal then . )
z
= —(1 [
ple)i= 20+ 3 w(7))

0#veA L

is stable and its spectral density function has Fourier coefficients equal to E(z,Zo).
Conversely, a solution p(z,w) = >, . A, Pu (;)u to the positive extension problem with
given data c,,u € A, yields a solution to the stable bivariate autoregressive filter
problem by putting o = zﬁ’ and a, = 1%' We may therefore interpret the results of
Section 2.4 in terms of autoregressive filters. Below is this interpretation for the case

when Ay ={0,... ,n} x{0,... ,m}.

Theorem 3.2.1 There exists a causal solution to (3.2.1) for the given autocorrelation

elements cy, (k,1) € {0,... ,n}x{0,...,m} if and only if there exist complex numbers
cers (k1) € {1,...,n} x {—=m,..., =1}, so that the (n+ 1)(m+ 1) X (n + 1)(m + 1)
doubly indexed Toeplitz matrix
C10 : C—n
I'=1: C
Cy Co
where
C]O .. C]’fm
C] = : : ) .] = —-n, , 1,
C‘]m o e CJO
and c_y,_; = Cxy, has the following two properties:

(1) T s positive definite;

(2) the (n 4+ 1)m x (m + 1)n submatriz of T' obtained by removing scalar rows 1 +
jm+1), 7=0,...,n, and scalar columns 1,2,...,m+ 1, has rank nm.
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In this case one finds the vector

1
F[anm...ano “ e aom...a()l 1]

as the last row of the inverse of T.

Proof. Let ¢,, u € Ay, be given so that ¢,, u € (Ay — Ay )\(AL U —Ay) exist
satisfying (1) and (2) in the statement of the theorem. Thus Theorem 2.4.1(ii) is
satisfied, yielding the existence of a stable polynomial p(z,w) = Y ;_ > ", priz*w!
with pgg > 0 asin (i) of Theorem 2.4.1. Put now, o = zﬁ and ag; = Dripoo, (k,1) # (0,0).
These choices for o and ay; provide the desired AR representation (3.2.1). That the
solution is causal follows from Proposition 2.1.1.

Conversely, when a causal solution to the AR representation (3.2.1) is given, one
may set pog = Clr and py; = @, (k,1) # (0,0), and obtain a stable polynomial satisfying
Theorem 2.4.1(i). Thus Theorem 2.4.1(ii) is valid, yielding (1) and (2) in Theorem
3.2.1. O

For other sets A, one needs to use the appropriate result of Section 2.4.

Based on characterization Theorem 2.4.3(ii) for the existence of a causal solution to
the AR model problem, a numerical algorithm was developed in [64] for computing the
solution. The algorithm has been implemented in MATLAB and several experiments
have been executed. We cite here two experiments.

Experiment 1. For the given data

coo = 8, co1 = 4, coa = 1, co3 = .25, o4 = 0.01, c12 = 2, ¢13 = 0.5,
Clqg — 003, Cly — 0006, Coy — 1, Coy — 01, Cog — 001, Co7 — 0001,
the program arrives at the pseudopolynomial (in MATLAB short format)

plz,w) = ﬁ(o.lg% — 0.1215w + 0.0450w? — 0.0158w? + 0.0049w* — 0.0521 zw?

+0.04862w> — 0.0239zw* + 0.00832w® — 0.015722w* + 0.015722w?
—0.0089z2w® + 0.00342%w").

After computing the Fourier coefficients of 1/|p(w, z)|* (by using 2D-fft and 2D-ifft with
grid size 64) we arrive at an error of 1.1026e-09. The error is the Euclidian norm of the
vector of differences of the given and the obtained Fourier coefficients.

Experiment 2. For the data

Cop — ]_, Co1 — .4, Co2 — .]_, Co3 — 04, Cio = .2,
C11 = 05, C12 = 027 C13 = 005, Cop — .]., Co1 — 05, Coo — 01,
Co3 = 003, C30 = 04, C31 = 015, C3g = 002, C33 = 0005,
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we find the pseudopolynomial

L_ (1 1.2646 — .5572w + .1171w? — .0429w?® — 26122 + .17912w — .0791 20>

V/1.2646
+.0324zw® — .06072%2 — .01712%w + .03362%w? — .01432%w?
—.01322% +.01072%w — .0058z3w? + .003723w3).

The error here is 2.0926e-11.

3.3 Fejér-Riesz factorization

The well-known Fejér-Riesz lemma, in the nonsingular case, states that a trigonometric
polynomial f(z) = f_,z7" + .-+ f,2" that takes on positive values on the circle (i.e.,
f(z) > 0 for |z] = 1) can be written as the modulus squared of a stable polynomial of
the same degree. That is, there exists a stable polynomial p(z) = pg + - - - + p,2™ such
that

f(z) = Ip(2)]%, 2] = 1.
In this section we obtain a two variable variation of this result.

Let H be the standard halfspace in Z? and let A, be a subset of H U {(0,0)}
containing (0,0). Let f(z,w) be a Wiener function with Fourier support in Ay — A,.

Thus
fw)y= Y fufut, > [ful <o

(k,l)€A+fA+ (k,l)€A+fA+

Suppose that f(z,w) > 0 for |z| = |w| = 1, we ask the question whether there exists a
stable Wiener function p(z,w) with Fourier support in A so that f(z,w) = |p(z,w)|?,
(z,w) € T?? For the case when A, is the strip Ay = {(n,m) : 0 <n < ror(n=
0 and m > 0)} this question was answered affirmatively in [5, 6]. Also, for the truncated
strip Ay ={(n,m):0<n<ror (n=0and m > 0)or (n=rand m < s)} the answer
is affirmative, as was observed in [56]. It needs to be noted that in both these two cases
(as well as in the classical one-variable case) A, — Ay = A} U (—A,), which has been
conjectured by A. Seghier to be crucial for a direct factorization result to exist. In the
following theorem we shall deal with the case when A, is a finite subset of Z2. In that
case we always have that Ay — A, # Ay U (—Ay) (unless Ay lies on a line, reducing it
to the one-variable case). Let us remark that one may of course consider other algebras
of functions than the Wiener algebra (e.g., continuous functions, essentially bounded
functions); however, for the case when |A;| < oo the problem is independent of the
choice of any reasonable algebra. Recall that

J(n,m,q) = | J{i} x {~iq,....m—iq}, n,m=>0, q€Z
=0
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Theorem 3.3.1 Let (0,0) € Ay C H be a finite set, and suppose that
f(z,w) = Z fklzkwl7
(kD)eEAL—A4
1

is positive on the bitorus. Let c,, (r,s) € Z*, denote the Fourier coefficients of o)
The following are equivalent:

(i) there ezists a stable pseudopolynomial p(z,w) with support (p) C Ay such that
flz,w) = [p(z, w)P, 2| = |w| =1

(i1) for some J(n,m,q) with Ay C J(n,m,q)

1

[(Cuv)uwesmma\ [©.0}] 1(1-0),2~20),-(n,-ng)} = O (3.3.1)
{0}x{1,...,m}
and
-1
[(Cu—v)u,veJ(n,m,q)] J(n,m,g)\Ap = 0. (332)
{0}x {0}

(iii) for all J(n,m,q) with Ay C J(n,m,q) (3.3.1) and (3.3.2) hold.

In the case one of (i)-(iil) (and thus all of (i)-(iii)) hold, one may find p(z,w) by
letting

p(zw) = a0 [ D audw' |, (3.3.3)
(k)eA+
where
-1
(qu)u€A+ = [(Cufv)u,veA_,_] (6u)u€A+~ (334)

Proof. Choose J(n,m,q) so that A, C J(n,m,q). Using the change of variables
f(z,w) = fzw? w) = |p(zw?, w)|* =: |p(z,w)|?, we get that the Fourier coefficients
Gy of % satisfy €u = Ck kg, SO that the corresponding Fourier support is J(n,m,0).
We may therefore without loss of generality assume that ¢ = 0.

(i) — (iii). Consider the set of Fourier coefficients {cx;, (k,1) € A;}. This collection
satisfies the conditions in Theorem 2.4.3(i), and therefore we may find complex numbers
cw € (J(n,m,0) — J(n,m,0)) \ (Ay U (=A,)) so that (2.4.8), (2.4.9) and (2.4.10)
are satisfied. Moreover, they are obtained in the proof of Theorem 2.4.3 by letting
Cy = ﬁ(u) Note that conditions (2.4.9) and (2.4.10) coincide with conditions (3.3.1)
and (3.3.2), finishing the proof of (i) — (iii).

The implication (iii) — (ii) is trivial.
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For (ii) — (i), observe that the coefficients ¢, satisfy (2.4.8), (2.4.9) and (2.4.10).
Indeed, (2.4.9) and (2.4.10) follow directly from (3.3.1) and (3.3.2), while (2.4.8) fol-
lows from the positivity of f. Introduce now the stable p(z,w) as in (3.3.3) and (3.3.4),

%(u), u € Ay — Ay (see Remark 2.4.2). Consequently,

# and % are both, in the terminology of [4], positive extensions of {c¢, }uea, -1, Whose
reciprocal has Fourier support in A, — A,. By the uniqueness result of the maximum
entropy extension (see [68] or Theorem 3.1 in [4]) , # = %, yielding (i). O

obtaining that ﬁ(u) =c, =

Proof of Theorem 1.1.3. Follows directly from Theorem 3.3.1 with A, =
J(n,m,0), and Proposition 2.1.1. O

Note that in terms of inner/outer factorizations Theorem 3.3.1 gives a criterion
for when an invertible pseudopolynomial P has an outer factor with the same Fourier
support. Indeed, one lets f = |P|? and checks whether conditions (3.3.1) and (3.3.2)

—

hold. If so, p as in (3.3.3) gives the outer factor (since support(p*') C H U {(0,0)})
and % has modulus constant equal to 1.

The criterion in Theorem 3.3.1 allows for a numerical algorithm to obtain the factor
p, when it exists. Let us illustrate this on the following example.

2 2 i i rxm2— il x=2=13] o—2(r+s)—|i|—|j
Example 3.3.2 Let f(z,w) = 7,307, ziwd (32 S22l o-20+9)-lil-lil). Com-
puting the Fourier coefficients of the reciprocal of f (using MATLAB; truncating the
Fourier series at index 64), we get:

Co,0 = 16125, Co,1 = C10 = —06450, Co2 = C20 = —008067 C1,—2 = 00322,

c1-1 = 0.2580, 1.1 = 0.2580, c1 5 = cg = 0.0322, ¢35 = 0.0040,
Co,—1 = 00322, C22 = 00040,

where only the first four decimal digits show. In order to check (3.3.1) (where n = m =
2,q = 0) we compute

€, €C,-1 €-11 C-10 C-1,-1 C—21 C20 C-2-1
Co,1 €0 C-12 C-11 C-10 C-22 C_21 C-20
¢,-1 ¢,-2 ©Co0 C,-1 €C,-2 C-10 C-1,-1 C-1-2
€10 C1,-1 Coz C0,0 €co,—1 €C-11 C-10 C-1-1
C1,1 C1,0 Co,2 Co,1 C0,0 C_12 C-11 C-1,0
Co—1 C2—2 Cio Ci—1 C1-2 €0 Co,—1 Co,—2
Coo C2-1 Ci1 C1,0 C1,—1 Co,1 €0,0 Co,—1
C2.1 €20 C1,2 C11 C1,0 €o,2 Co,1 C0,0

)
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0.9375 0.3750 0.0000 0.4688 0.1875 0.0000 0.2344 0.0938
0.3750 0.9375 0.0000 0.1875 0.4688 0.0000 0.0938 0.2344
0.0000 0.0000 0.9375 0.4688 0.2344 0.3750 0.1875 0.0938
0.4688 0.1875 0.4688 1.3477 0.5625 0.1875 0.5625 0.2344
0.1875 0.4688 0.2344 0.5625 1.1719 0.0938 0.2344 0.4922 |~
0.0000 0.0000 0.3750 0.1875 0.0938 0.9375 0.4688 0.2344
0.2344 0.0938 0.1875 0.5625 0.2344 0.4688 1.1719 0.4922
0.0938 0.2344 0.0938 0.2344 0.4922 0.2344 0.4922 0.9961

which has zeroes in the required positions. Since Ay = J(2,2,0) the condition (3.3.2)
is void. Computing p(z,w) one finds p(z, w) = Zi,l:o 2 h=lakyl,

We remark that our result is quite different from results regarding writing positive
trigonometric polynomials as sums of squares of (pseudo-)polynomials (see, e.g., [10],
(58], [4]), again stressing the fact that we are considering functions of more than one
variable. E.g., the positive function |z — 4]? + |w — 2|? can not be written as |p(z, w)|?
where p is a pseudopolynomial (i.e., p has finite Fourier support). One may, however,
write |z — 4]* + |w — 2]* = |p(z, w)|* when one allows p to be a Wiener function with
infinite Fourier support {0} x {0,1,2,...} U {1} x{...,—2,—1,0} and in that case p
can be chosen to be stable as well (see [56]).

3.4 Inverses of doubly-indexed Toeplitz matrices

Due to the results developed in Section 2.3, we may formulate the following procedure
for finding the inverse of a doubly indexed positive definite Toeplitz matrix that satisfies
a low rank condition. In particular, it shows that in this case the matrix is fully
determined by the first column of its inverse. Recall that the notion of a left stable
factor is defined in Section 1.3.

Theorem 3.4.1 Let C be a positive definite block Toeplitz matrices C' = (Ci—;)7 =9
whose blocks Cj = (cj 1)l =y are also Toeplitz. Suppose in addition that

rank(cu,v) uwe{0,... ,n}x{1,...,m} = nm,
ve{l,... ,n}x{0,...,m}

Let the i(m + 1) + j th entry of the first column of C~' be denoted by g;;, i =0,... ,n,

j=0,...,m. Then p(z,w) := \/;ﬁ Do 2o GijZ'w? s stable. Furthermore, let
Po(2) O po(1/2) -+ Pm-1(1/2)
Em_l(Z) =
Pm-1(2) -+ po(2) O Po(1/2)
Pm(1/2) O Pm(2) -+ pi(2)
pO/) w2 [ O )
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where we write p(z,w) = Y i~ pi(z)w'. Then the following formula for C~* holds:

s J O R
| PP P P
Pn Pn—l U PO P(Sk
0 0 JuPTJy - JnPlJy
Jm(P;)TJm 0 0 :
I (PE) T =+ T (By) I O 0

where
Pio 0
P = m ,
(COI(Pz‘j)jl -Fz>
and F(z) = Y"1, Fiz" is the left stable factor of En,_1(2).

Proof. Let p(z,w) be as above. It follows from Theorem 2.3.1 in Chapter 2 that
p(z,w) is stable. In addition, it is straightforward to check that

p(z,w)p(l/Z,wl)—‘F(z,w)‘ﬁ(l/é,un)
1—ww

=(1,...,w™ YE,, 1(2) (3.4.1)

—m—1
wy"

We have used a similar observation in the proof of Theorem 2.3.1. Furthermore, by
(2.3.17) with z; = 1/z,

Pz wpl/z,w) =P (2 0)P (/2 00) _ puei, ) prei (1 /2, )",
1— ’LUU_)1 (342)

Combining (3.4.1), (3.4.2), and (2.3.9) of Section 2.3 we find
Eni(2) = AT (2)ATH0) T AT (1/2)", (3.4.3)

where A™71(z) is defined in (2.3.7). Since A™71(2)(Y™~1)~! is stable (use [17, The-
orem 6]; here (Y,"1)* is the lower Cholesky factor of A™~1(0)), and is lower trian-
gular at 0 with positive diagonal entries, we must have that A™~1(2)(Y,"~1)~! is the
left stable factor F(z) of E(z). Thus F(z) = A™'(2)(Y,""!)~!. By Proposition
2.1.2(iii) we now have that P(z) is the left stable factor of E,,(z). By equation (2.3.28)
P(z) = A™(2)(Y,™)"!. By the definition (2.3.7) of A™(z), this yields that col(P;)", is
the first column of the lower Cholesky factor of C~1. The result now follows from the
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matrix version of the Gohberg-Semencul formula (see [38]). O

Though the above result gives a way to construct C~! based solely on its first
column, the formula does not have the simple algebraic form as the classical Gohberg-
Semencul [43] formula. When n = m = 1 the formula for C~! is as follows:

Poo  Po1 Pio P11
Po1P10 75—
Po1 JL oo P10
P1opPo1 —_— ’
b0 — f
11 P1o Po1  DPoo

=

P00 Po1

where

1
[ = %(Pgo + |p1ol® + [porl* = |p1il? + (pgo — 2Ip10l*Pe0 — 2050 |P01|* — 2050 |11+

’P10’4—2\p01 |2|p10\2—2’P10’2\p11 *+|pos ]4—2]1701 \2’P11|2+\P11 ’4+4p11P10p01p00+4p10mp01p00)1/2)-

Here it was assumed that ¢; 1 = Wé}?”. Clearly, the formula for the (2,2) entry (or,
to be more precise, the ((0,1),(0,1)) entry) of C~! is uniquely determined by the first
column of C~!, but the formula also involves taking square roots, a feature that is
not present in the classical Gohberg-Semencul formula. This suggests that a simple
algebraic formula as the classical Gohberg-Semencul formula may not exist for doubly-
indexed Toeplitz matrices.
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Appendix

In this appendix we present an alternative proof of Theorem 2.4.1 (ii) — (i). Assume

that ¢, w € {—n,...,n} x {—m, ..., m} are given so that
(Cufv)u,vel\.;,. >0 (Al)
and
rank(c,—y)ueft,... myxfo,...m} = NM. (A.2)

ve{0,... ,n}x{1,...,m}

Let C; be the (m + 1) x (m + 1) Toeplitz matrix

CJO PR C.%im
Ci=1+:+ -~ + |, Jje{-n...n}

ij DY CJO
and T’y the (k+ 1) x (k4 1) block Toeplitz matrix

Cy -+ C_,
Lp=1: --. I ke {0,...,n}.
Cp - O

By (A.1) , I';, > 0. Introduce the matrix valued trigonometric polynomial

F(N) =Y NC;,  [M=1

j=—n

By the results in Section 6 of [26] (see also [34], Section II1.2 in [66] or Section II1.3 in
[40]) there exist unique (m + 1) x (m + 1) matrices C}, |j| > n, so that

i IG5 < o0,

j=—00

and Fipi(N) =320 N C; satisfies

Feit(N\) >0, A =1,
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—_

Fi(k)=0, k| > n.

ext

These matrices C; = C*;, j > n, are given inductively by

Gy
Cn—i—j — On—i—j—l e Oj Fr_zil 5 ] — 1, 2, ey (A3)
Cy,

(see e.g., [27], [13, 14, 15]). We claim that because of (A.2) we actually have that the
matrices Cj, j > n, are Toeplitz.

Lemma A.1 The matrices C;, |j| > n, are Toeplitz matrices.

Proof. Let P and @ be the (m + 1) x m matrices

R O o -

Note that an (m + 1) x (m + 1) matrix M is Toeplitz if and only if
P*MP = Q* MQ.
Condition (A.2) tells us that

ClP COP e O—T’L+1P
CoP CP - C_, 9P
rank 2 ' 2 = nm. (A.4)
c,p C,P --- CoP
We also have that
rPcyp - PC_,P
rank : = nm, (A.5)
PC,_ P --- P*CyP

since this matrix is a principal submatrix of size nm x nm of the positive definite matrix
.
Consider now the partial matrices

C, Cy o Cpps
n+1 02 Cl T Cfn+2 n+1
(EB J1> L : (@ J2> (A.6)
i=1 C, C,q --- Cy i=1
7 G o O
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where
(J17 JQ) S {(Im+17 P)? (Q*7 -[m+1)7 (P*J P)? (Q*J Q)}
Recall from [50] (see also [65] or Section IV.2 [66]) that

A B
7 C
has a unique minimal rank completion if and only if

rank [A B} = rank B = rank {g]

and in that case

A B
CB-YA C

is the minimal rank completion, where B(~1) is a generalized inverse of B. The rank of
this unique minimal rank completion equals rank(B).

From (A.4) and (A.5) and the Toeplitz structure it is not hard to see that all four
partial matrices in (A.6) satisfy this uniqueness condition, and that the unique minimal
rank completion of (A.6) is given by completing with

chn—i—lJQa

where C), 41 is given by (A.3). We next note that, due to the Toeplitz structure of
C_ni1,-..,Cp, we have that the partial matrices in (A.6) with (Ji, J3) = (P*, P) and
(J1,J2) = (QF, Q) are the same. Therefore, they have the same unique minimal rank
completion, and thus

P*Cp P = Q" Cra@,
giving that C),1; is Toeplitz. In addition,

n+2 Cl n+2 C’0 Tt C—n—i—l n
Im (@ J1> © | CIm (@ J1> : : (6}9 J2>
i=1 Chi1 i=1 c, --- 4 i=1

for all four possibilities of (Ji, Js).
By repeating the same arguments for taller matrices (A.6) (i.e., block rows are
added) one may show that C, o, Cp13,... are Toeplitz as well. O

Since Cj, |j| > n, are Toeplitz, we may define c;i, |j| > n, |k| < m, via setting

CJO ) C]7—m
Ci=1 : s il

C]m PR C]O
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Let now

felzow) =" cpFu®, |z =|w| =1
JEL
kl<m

We may now apply Theorem 1.1 in [6], where the positive definiteness of the Toeplitz
operator follows from F,.:(A) > 0, |[A| = 1. It is not hard to see (because of the con-
struction of Cj, |j| > n) that the function 2D (z)~*/? in Theorem 1.1 of [6] corresponds
exactly to p(z,w) in (2.4.5) of Theorem 2.4.1. Thus by Theorem 1.1 in [6] , p is stable,

and #(u) =y, uw € Z X {—m,...,m}. Thus, we have established Theorem 2.4.1(i).
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