MATH 6021 - Exercises/Homework

Problem 1: Show that (f,g) = fol f(x)g(x)dz defines an inner product in C0, 1].
Problem 2 (Due 5/27, Posted 5/16): Show that ||z|[; = >/, |z;| is a norm in R".

Problem 3: Show that || f||1 = fol |f(z)|dz is anorm in C[0,1]. Is || f||cc = maxo<gz<1 |f ()]
also a norm in C[0,1]?

Problem 4 (Due 5/27, Posted 5/16): Let (X,d) be a metric space. Let o(z,y) =
d(z,y)/(1 +d(x,y)). Prove that (X, o) is a metric space.

Problem 5: Show that in a normed space B, (z) = z + rB1(0).

Problem 6: Draw B.(x), where the space is R? and the distance is d(z,y) = ||z — y||co =
maxi<;<2 |zs — yil.

Problem 7: Prove that the open intervals in R are open sets.

Problem 8: 1) Show that the open intervals in R form a basis for the standard topology
in R. 2) Show that the open intervals with rational endpoints in R also form form a basis
for the standard topology in R.

Problem 9 (Due 5/27, Posted 5/18): Let (X,7) be a topological space. Let B be a
basis for 7. Show that U is open if and only if U is the union of elements of B.

Problem 10: Let (X,7) be a topological space. Let A C X. Suppose that for each
x € A there exists an open set U such that x € U C A. Show that A is open.

Problem 11 (Due 5/27, Posted 5/20): Let X and Y be topological spaces. Let B
and C be basis for the topology of X and Y respectively. Show that D ={B xC : B € B
and C € C} is a basis for the topology of X x Y.

Problem 12: Show that the standard topology in R? is equal to the product topology
when R? is regarded as R x R.

Problem 13: Let (X,7) be a topological space and Y C X. Show that 7y = {Y NU :
U €T} is a topology on Y.

Problem 14: Let X be a topological space and Y a subspace of X. Show that, if U is
open in Y and Y is open in X then U is open in X.

Problem 15: Is the following true or false? Let X be a topological space and Y a subspace
of X. If U is open in Y then U is open in X. Provide a proof or a counterexample.

Problem 16: Let X be a topological space and Y a subspace of X. Show that if B is a
basis for the topology of X, then By = {Y N B : B € B} is a basis for the topology on Y.



Problem 17: Let A be a subspace of X and B a subspace of Y. Show that the product
topology on A x B is the same as the topology A x B inherits as a subspace of X x Y.

Problem 18: Show that if Y is a subspace of X, and A a subspace of Y, then the topology
A inherits as a subspace of Y is the same as the topology A inherits as a subspace of X.

Problem 19: Show that [a,b] is closed in R and {(z,y) : © > 0 and y > 0} is closed in
R2.

Problem 20: Let Y = [0, 1]. Which of the following sets are open in Y7 Which are open
in R?

A={zreR:1/2<z <1},

B={zeR:1/2<z<1},

C={zeR:1/2<z<1},

D={zxeR:1/2<z<1}.

Problem 21: Let X be a topological space. Show that:
1) X and 0 are closed.
2) A, closed for all a € A implies that NgepAg is closed.
3) A; and Aj closed implies that A; U Ag is closed.

Problem 22: Let X be a topological space and Y a subspace of X. Show that A is closed
in Y if and only if A is the intersection of a closed set in X with Y.

Problem 23: Let X be a topological space and Y a subspace of X. Show that if A is
closed in Y and Y is closed in X then A is closed in X.

Problem 24: Let X be a topological space and A C X. Show that: 1) G open and
G C A implies that G C A° and 2) F closed and A C F implies that ACF.

Problem 25: Let X be a topological space and A C X. Show that: 1) A open implies
that A = A and 2) A closed implies that A = A.

Problem 26: Let (X, ||.||) be a normed space, z € X and r > 0. Show that B,(z) = {y €
Xl =yl <7}

Problem 27: Let X be a topological space and Y a subspace of X and A C Y. Let A
be the closure of A in X. Show that the closure of Ain Y is ANY.

Problem_28: Let X be a topological space and B a basis. Let A C X and z € X. Show
that z € A if and only if every B € B that contains = intersects A.

Problem 29 (Due 6/6, Posted 5/23): Let X be a topological space. Let B, A and
A, (a € A) be subsets of X. Show that:

1) B C A implies B C A.

2) AUB=AUB.

3) UaEAA_a - UaEAAa-



Problem 30: What is the limit set and closure of {1/n : n positive integer}?

Problem 31: Let (X, d) be a metric space. Let z,, € X for all positive integer n. Show
that z,, — x if and only if for all £ > 0 there exists a positive integer N such that n > N
implies d(zp,x) < €.

Problem 32 (Due 6/6, Posted 5/23): Let X be a Hausdorff topological space. Let
A be subsets of X. Show that z € A" if and only if every neighborhood of x contains an
infinite number of points of A.

Problem 33: Prove that the product of two Hausdorff topological spaces is Hausdorff
and a subspace of a Hausdorff space is Hausdorff.

Problem 34: Prove that the norms [zl = /> 22, ||z|li = Y i |2i| and ||z]e =

maxi<j<n |z;| induce the same topology in R™.

Problem 35 (Due 6/6, Posted 5/25): Let X be a normed space, z € X and r > 0.
Show that bd(B,(z)) ={y € X : |ly —z| =7}

Problem 36: Show that A% Nbd(A) =0 and A = A° U bd(A).
Problem 37: Show that U is open if and only if bd(U) = U — U.

Problem 38: Find the boundary and the interior of the following sets
A={(z,y) :y=0}
B ={(z,y) :}
C=AUB
D = {(z,y) : x is irrational}
E={(z,y):0<a®—y* <1}
F={(zx,y):x#0and y < 1/x}

Problem 39: Let X, Y be a topological spaces. Prove that f: X — Y is continuous if
and only if f~1(V) is open for all V C Y open if and only if f~1(F) is closed for all F C Y
closed.

Problem :40 Let X, Y be a topological spaces. Let f: X — Y and z € X. Let B, and
B, be neighborhood basis at « and f(x) for the topology of X and Y respectively. Prove

that f : X — Y is continuous at z if and only if for every B, € By there exists Bx € Bx
such that f(B;) C By.

Problem 41: Let X, Y be a topological spaces. Let I be basis for the topology of Y.
Prove that f: X — Y is continuous if and only if f~!(B) is open for all B € B.

Problem 42: Show that f : R — R? given by f(z) = (322, 2z) is continuous.

Problem 43: Let X, Y be a topological spaces. Let f : X — Y be a bijection. Show
that the following are equivalent:
1) f is an homeomorphism



2) f(U) is open in Y if and only if U is open in X.
3) V is open in Y if and only if f=(V) is open in Y.

Problem 44: Let X,Y,Z be topological spaces. Let f : X — Y andg:Y — Z be
continuous. Show that go f: X — Z (i.e. go f(z) = g(f(z))) is continuous.

Problem 45: Let X, Y, Z be topological spaces. Show that if X is homeomorphic to Y
and Y is homeomorphic to Z, then X is homeomorphic to Z.

Problem 46: Let A = {(z,y) € R? : 22 + y?> = 1 and (z,y) # (1,0)}. Show that A is
homeomorphic R and R is homeomorphic to (0, 1).

Problem 47: Let X,Y be topological spaces. Let f : X — Y be continuous and bijective.
Show that f(G) is open for every open G implies that f an homeomorphism.

Problem 48: Let X,Y be topological spaces. Let f : X — Y be continuous and bijective.
Does f(F) is closed for every closed F' imply that f an homeomorphism? (Justify).

Problem 49 (Due 6/6, Posted 5/25): Let (X,d) be a metric space. Show that
d: X x X — R is continuous (X x X with the product topology).

Problem 50 (Due 6/10, Posted 5/25): Let (X,d) be a metric space. Let A C X
prove that the function f(x) = dist(z, A) = inf,eca d(x, a) is continuous.

Problem 51 (Due 6/10, Posted 5/25): Let (X,d) be a metric space. Let A C X.
Show that = € A if and only if there exists a sequence {a,} C A such that a,, — .

Problem 52: Let (X, d) be a metric space. Let A C X. Let d’ = d|A x A, the restriction
of d to pairs of elements in A. Show that (A, d’) is a metric space and its topology is the
same as the topology that A inherits from X as a subspace of X.

Problem 53: Let (X,dx) and (Y,dy) be metric spaces. Let x1,z9 € X and y1,y2 € Y.
Let p((x1,y1), (x2,y2)) = max{dx(z1,y1),dy (z2,y2)}. Show that p is a distance for X x Y’
and that the topology induced by this distance is equal to the product topology.

Problem 54 (Due 6/10, Posted 5/27): Let X be a topological space and (Y,d)
be metric space. Let f, : X — Y be a sequence of continuous functions and z, a
sequence of points in X. Show that x,, — x and f,, converges uniformly to f implies that

Problem 55: Let X,Y be homeomorphic topological spaces. Show that X is connected
if and only if Y is connected.

Problem 56: Let X,Y be connected topological spaces. Show that X X Y is connected.
(Hint: Let (a,b) € X xY. Let Ty, = X x {y} U{a} x Y. Show that T}, is connected for all
y € Y. Show that (a,b) € T, for all y € Y. Show that X x Y = UyecyTy)

Problem 57 (Due 6/10, Posted 5/27): Let X be a topological space. Let A, C X



(n positive integer) A, connected for all n. Assume that A, N A,41 # 0 for all n. Show
that US2 | A, is connected.

Problem 58: A space is totally disconnected if its only connected subspaces are one-point
sets. Show that if X has the discrete topology, then X is totally disconnected. Does the
converse hold? (Justify).

Problem 59: Let X be a topological space. Let A C X. Show that if C' is a connected
subspace of X that intersects both A and X — A, then C intersects bd(A).

Problem 60: Let X,Y be connected topological spaces. Let A C X,B CY, with A # X
and B # Y. Show that X x Y — A x B is connected.

Problem 61: Let X be a connected topological space. Let f : X — R continuous. Let
a,b € X such that f(a) < f(b). Show that for all € [f(a), f(b)] there exists x € X such
that f(z)=r.

Problem 62 (Due 6/17, Posted 6/1): Let X be a topological space. Show that X
path connected implies X connected.

Problem 63: Show that:
a) [0,1] is path connected.
b) R? — {(0,0)} is path connected.
c¢) Let X be a normed space, x € X and r > 0. B,(x) is path connected.
d) {(z,sin(1/x) : x > 0} U {{(0,0)} x [-1,1]} is connected but not path connected.

Problem 64: Let X,Y be topological spaces and f: X — Y an homeomorphism. Show
that, for any A C X, X — A is homeomorphic to Y — f(A).

Problem 65 (Due 6/17, Posted 6/1): Show that no two of the spaces (0, 1), (0,1] and
[0, 1] are homeomorphic.

Problem 66: Show that R™ and R are not homeomorphic if n > 1.

Problem 67 (Due 6/17, Posted 6/1): Let S!' = {x € R?: ||z| = 1}. Let f: S' = R
be continuous. Show that there exists z € S* such that f(z) = f(—x).

Problem 68: Let f : [0,1] — [0, 1] be continuous. Show that there exists x € [0, 1] such
that f(z) =« (such z is called a fixed point of f).

Problem 69 (Due 6/17, Posted 6/1): True or false (justify):

a) X,Y path connected implies X x Y path connected

b) A C X. A path connected implies A path connected

c) X path connected and f: X — Y implies f(X) path connected

d) A, € X path connected for all & € A and NpepAn # 0 implies that UaepAq is
path connected

Problem 70 (Due 6/24, Posted 6/1): Let X = AU B, where A and B are closed in



X. Let f: A—Y and g : B — Y be continuous functions such that f(z) = g(z) for all

r € ANB. Let @) )
| flz) ifze
i) _{ g(x) ifz e B.

Show that h is well defined and A is continuous.

Problem 71: Let X be topological space and x,y,z € X. Show that if there is a path in
X from z to y and a path in X from y to z then there is path in X from z to z.

Problem 72 (Due 6/24, Posted 6/8): Let Y be a compact subspace of a Hausdorff
space X and zg not in Y. Show that there exists U and V open sets of X such that
YCU,zgeVand VNU = 0.

Problem 73: Let X and Y be homeomorphic topological spaces. Show that X is compact
if and only if Y is compact.

Problem 74 (Due 6/24, Posted 6/10): Let X be a topological space. Show that X
is compact if and only if for every collection of closed sets {C,}aca that has the finite
intersection property we have NaecpCly # 0.

Problem 75 (Due 6/24, Posted 6/10): Let 7 and 7' be two topologies for X. Assume
that X is compact and Hausdorff for both topologies and that 7 C 7", i.e. U € T implies
U e T'. Show that 7T =7".

Problem 76: Let X be a topological space. Show that a finite union of compact subspaces
of X is compact.

Problem 77: Let (X,d) be a metric space and Y a subspace of X. Show that if Y is
compact, then Y is closed and bounded.

Problem 78 (Due 7/1, Posted 6/10): Let (X, d) be a metric space and Y a subspace
of X. Does Y being closed and bounded imply that Y is compact? (Justify,i.e. proof or
counterexample).

Problem 79 (Due 7/1, Posted 6/10): Let A and B be disjoint compact subspaces of
a Hausdorff space X. Show that there exists disjoint open sets (in X) U and V such that
ACUand BCV.

Problem 80: Let X,Y be topological spaces, with X compact and Y Hausdorff, and
f: X — Y continuous. Let A C X. Show that A closed implies that f(A) is closed.

Problem 81: Let X,Y be topological spaces, with Y compact Hausdorff, and f : X — Y.
Show that f is continuous if and only if Gy = {(x, f(z)) : © € X} (the graph of f) is
closed in X x Y.

Problem 82 (Due 7/1, Posted 6/10): Let X be a topological space. Let f: X — R
and g : X — R be two continuous functions. Show that h(z) = max{f(z),g(z)} is
continuous.



Problem 83 (Due 7/1, Posted 6/13): Let (X,d) be a metric space. Let A C X
(A#0) and x € X. Show that:

a) dist(z, A) = 0 if and only if x € A

b) A compact implies there exists a € A such that d(z,a) = dist(x, A)

¢) A compact, U C X, U open and A C U implies there exists € > 0 such that {x € X :
dist(z,A) < e} CU.

d) ¢) may not hold if A is closed but not compact

Problem 84 (Due 7/11, Posted 6/13):

a) Show that f : (0,1) — R given by f(z) = 1/z is continuous but not uniformly
continuous.

b) Let f : (0,1) — R be given by f(z) = /z. Is f continuous? Is f uniformly
continuous?. (justify, i.e. proof or counter example).

Problem 85: Let (X,d) be a metric space. Let f : X — X be an isometry, i.e.
d(f(z), fly)) = d(z,y) for all z,y € X. Show that X being compact implies that f
is bijective.

Problem 86 (Due 7/11, Posted 6/15): Let (X, d) be a metric space. Let f: X — X
be a contraction, i.e. there exists r < 1 such that d(f(x), f(y)) < rd(z,y) for all z,y € X.
Show that X being compact implies that f has unique fixed point, i.e. there exist a unique
x € X such that f(z) =

Problem 87 (Due 7/11, Posted 6/20): Show that every Cauchy sequence is bounded.

Problem 88: Let X be a topological space and (Y, d) a bounded metric space. Show that
(CB(X,Y),p) is a metric space where, as defined in class, CB(X,Y)={f: X - Y : f
is continuous and bounded (i.e. f(X) is bounded)} and p(f, g) = sup,cx d(f(x), g(z)) for
all f,g e CB(X,Y).

Problem 89 (Due 7/11, Posted 6/20): Let X be a metric space.

a) Assume there exists € > 0 such that B.(z) is compact for all z € X. Show that X
is complete.

b) Assume that for every x € X there exists € > 0 such that B.(z) is compact. Show
by means of an example that X need not be complete.

Problem 90: Let (X, dx) and (Y, dy) be metric spaces. Let Y be complete. Let A C X.
Show that if f : A — Y is uniformly continuous, then f can be uniquely extended to a
continuous function g : A — Y, and g is uniformly continuous.

Problem 91: Let (X,d) be a metric space. Show that X is complete if and only if for
all collection of closed sets {A;,}nen such that A, 11 C A, and diam(A,) — 0 we have

mneNIﬁln 7& @

Problem 92: Let (X, d) be a metric space. A map f: X — X is called a contraction if
there exists r < 1 such that d(f(z), f(y)) < rd(z,y) for all z,y € X. Show that if X is
complete and f a contraction, there exists x € X such that f(z) = =.



Problem 93: Prove that the vector space C'B([0, 1],R) is not finite dimensional.

Problem 94: Let (X,d) be a metric space. Let a,z¢9 € X. Let f : X — R given by
f(x) =d(z,a) — d(z,xg) is bounded and continuous.

Problem 95: Let X and Y be two normed spaces. Show that (BL(X,Y),|| - ) is a
normed space, where, as defined in class, || T = inf {yr>0:7(a)||< M|2|| forall ze x} M -

Problem 95: Let X and Y be two normed spaces. Let T'€ BL(X,Y’). Show that

|7 ()|
|IT|| = sup I 1T ().
w0 ||z =1

Problem 96 (Due 7/18, Posted 6/22): Let X =C[0,1] = {f : [0, 1] — R continuous}
with the norm || f|| = max,cp 1 [ f(z)]. Let T': X — X be defined as T'(f = I3 f(
Show that 7' € BL(X, X) and compute ||T]].

Problem 97: Let A € R™*". Show that T : R™ — R™ defined by T'(z) = Az is a
bounded linear operator.

Problem 98 (Due 7/18, Posted 6/22): Let X be a vector space, (.,.) an inner product
in X and |.|| the induced norm. Let a € X. Let T': X — R defined by T'(z) = (a,z).
Show that 7' € X* and ||T|| = ||a.

Problem 99 (Due 7/18, Posted 6/27): Let X be areal normed space. Let f: X — R
be a linear functional, f # 0. Let Ker(f) = f~({0}). Show the following:
1) f is bounded if and only if Ker(f) is closed
2) f is not bounded if and only if Ker(f) is dense.

Problem 100: Let vq,...,v, be a basis of a finite dimensional vector space X. For
each = € X, let \;(x) be the unique numbers that satisfy Y . ; A\j(z)v; = z. Let ||z]j; =
Yoy |Ai(z)] and S = {z € X : ||z|1 = 1}. Show that ||.||; is a norm and S is compact (in
the topology induced by this norm).

Problem 101 (Due 7/18, Posted 6/27): Let |.|| and |.||" be two norms on the same
space X. Show that these two norms are equivalent if and only if there exists positive
numbers m and M such that m|z| < ||z|" < M||z| for all z € X.

Problem 102: Let X and Y be two normed spaces. Let T': X — Y be a bounded linear
operator. Show that if (z,,) is a Cauchy sequence in X, then (T'(x,,)) is a Cauchy sequence
inY.

Problem 103: Let (X,d) be a metric space. Let FF C X closed and K C X compact
such that F'N K = (). Show that dist(K, F) = inf ek, yer d(z,y) > 0.

Problem 104: Let (X,d) be a metric space. Does Fy, Fy C X closed and Fy N Fy = 0
imply dist(F, Fy) > 07 (Justify).



Problem 105: Let X be a metric space. Let € > 0 and (z,) be a sequence in X that
satisfies d(xy,, ;) > € whenever n # m. Show that (z,) does not have any convergent
subsequence.

Problem 106: Let A C R™. Show that A is a flat if and only if Aa + ub € A whenever
a,be Aand A+ p=1.

Problem 107: Let A, C R™ be a flat for all « € A. Show NaepAq is a flat.
Problem 108: Let A C R". Show that
aff(A)= (] F

Fflat: FDA

Problem 109: Let A C R” be a flat. Let ai,...,a,, € A and Aq,..., A, such that
Z?ll A; = 1. Show that ZZZI Aa; € A.

Problem 110: Let A C R"™ be a flat. Assume A = ay + .51 = as + Sy where aj,a9 € R"
and S7 and Sy are subspaces of R™. Show that S1 = S5 = A — a, where a is any element
of A.

Problem 111: Let A C R™. Show that aff(A) is the set of all affine combinations of
points of A.

Problem 112: Show that ag,aq,...,a, are affinely independent if and only if ay —
ag, - - -, a, — ag are linearly independent.

Problem 113: Show that ag,ay, ..., a, are affinely independent if and only if dim(aff({ag, a,...,a,}) =
r.

Problem 114: Let ag,ay,...,a, be affinely independent. Let x € aff({ag,a1,...,a,}).
Show that there exists unique numbers \g, A1, ..., A, such that x = Z::() ;a; and Z::() N =
1.

Problem 115: Show that H C R” is a hyperplane if and only if there exists a € R™ and
¢ € R with a # 0 such that H = {z € R": (a,z) = c}.

Problem 116: Show that flats are convex sets.

Problem 117: Let A C R™ be a flat. Let H C R"™ be a hyperplane that intersects A but
does not contain A. Show that AN H is a flat and that dim(A N H) = dim(A4) — 1.

Problem 118: Let a € R"” and ¢ € R with a # 0. Let R = {z € R" : (a,z) > ¢}. Show
that R is convex.

Problem 119: Show that the intersection of convex sets is convex.

Problem 120: Let A be convex. Show that the convex combination of points in A is in
A.



Problem 121: Let A C R". Show that

conv(A) = ﬂ B.

Bconvex:BDA

Problem 122: Let A C R". Show that conv(A) is the set of all convex combination of
points in A.

Problem 123: What the the convex hull of the following sets:
a) {z e R": [|z||s =1}
b) {a,b} where a,b € R"
c) {(0,0),(0,1),(1,0),(1/3,1/3)}

Problem 124: Which of the following sets is convex:
a) {(z,y) 1y >22” and y < 2 + 1}
b) {(z,y) : y > 22 and y < —a® + 1}

Problem 125 (Due 7/25, Posted 7/1): Show that in R", the convex hull of a compact
set is compact and the convex hull of an open set is open.

Problem 126: Let A C X convex. Let x,y € X — A. Prove that € conv(A U {y}) and
y € conv(A U {z}) implies z = y.

Problem 127: Let ag, ay, ..., a, be affinely independent. Show that ri(conv({ag,a1,...,a,}) =
D0 ohiai 2> g A =1and X\; > 0 for all i}.

Problem 128: Let A, B C R" convex sets. Assume that A C B and dim(A4) = dim(B).
Show that ri(A) C ri(B).

Problem 129 (Due 7/25, Posted 7/1): Let A C R™ convex. Let a,b € A and r > 0.
Show that B, (a)Naff(A) C A implies that By,(Aa+(1—A)b)Naff(A) C A for all A € (0, 1].

Problem 130: Let A C R" convex. Let a € 1i(A4) and b € A. Show that Aa + (1 — \)b €
ri(A) for all A € (0,1].

Problem 132: Let A C R" convex. Show that ri(A) is convex and A is convex.

Problem 133: Let A C R” closed and x € R™. Show that there exists ag € A such that
|z — ag|| = dist(z, A).

Problem 134: Let A, B C R" be convex sets. Show that A— B ={a—b:a € A and
b € B} is convex.

Problem 135: Let A C R™ be convex. Let x € rb(A). Show that there exists a hyperplane
H that supports A at x and A € H.

Problem 136: Let Q = [-1,1]> = {(2,y) : —1 <2 <1 and —1 <y < 1}. Let f be the
projection operator of Q. What if f(x,y) (i.e. give the formula for f)?
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Problem 137: Let A, B C R" be disjoint convex sets. Let z € R™. Show that conv(A U
{z}) N B =10 or conv(BU{z})NA=0.

Problem 138: Show that every compact convex set in R™ can be expressed as an inter-
section of closed balls.

Problem 139: Let
A={(z,y):y>2¢>and y < 2® + 1} and B = {(0,3/2))}.
Prove that A and B can not be separated by a hyperplane.

Problem 140 (Due 7/25, Posted 7/8): Let A C R" be closed and convex. Let f be
the projection operator of A. Let x,y € R™ and a € A. Assume that f(z) = f(y) = a
prove that f(Az + (1 —AN)y) =aforall 0 <A <1.

Problem 141: Let A C R” be convex. Show the following:
1) The intersection of a family of faces of A is a face of A.

2) If B is a face of A and C' is a face of B then C' is a face of A.
3) If H is a hyperplane that supports A then H N A is a face.

Problem 142: Let A C R™ be convex and F a face of A. Show that z € F and
x = 1 Na; with Y7, \; =1and A; > 0 and a; € A for all i implies that a; € F for
all 7.

Problem 143 (Due 7/25, Posted 7/11): Which closed convex sets have no extreme
points in R??

Problem 144: Let V be the set of vertices of a polytope P in R™ and let x be a point not
lying in aff(P). Show that conv({z} U P) is a polytope whose set of vertices is {z} U V.

Problem 145: Let ag, ..., a, be affinely independent. Show that F is a face of conv({ay, . .
if and only if F' =conv({a; : i € I}) for some I C {0,...,r}.

Problem 146: Let ag,...,a, be affinely independent. Let I C {0,...,r} and J C
i

{0,...,7}. Show that I = J if and only if conv({a; : i € I'}) zconv?{ ci € J}).

Problem 147: Let B = {z € R? : ||z||s < 1}. True or false: For every f : B — B
continuous there exists x € B such that f(x) = z. (Justify).

Problem 148: Let K C R™ compact and convex. Let d =dim(K). Show that K is
homeomorphic to {z € RY: ||z|j2 < 1}.

Problem 149: Show that {x € R" : ||z||2 < 1} is homeomorphic to R".
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