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MITCHEL T. KELLER

Problem 70. Let X = AU B, where A and B are closed in X. Let f: X — Y and
g: B —Y be continuous functions such that f(z) = g(z) for all z € AN B. Let

) f(x) ifzecA
h(m)_{g(x) if x € B.

Show that A is well-defined and h is continuous.

Proof. We see that h is well-defined since for any point x € AN B, we have f(z) =
g(x). To see that h is continuous, let C be a closed set in Y. Then

R C)={zeX |h(z)eCt={ac A| f(a) e CYU{be B|g(b) € C} = f1(C)ug~(C).
Since f is continuous on A, f~1(C) is closed in A, and thus is closed in X since A

is closed in X. Similarly, g~ 1(C) is closed in X. Thus h=1(C) is closed in X as a
finite union of closed sets. O

Problem 72. Let Y be a compact subspace of a Hausdorff space X and g not in
Y. Show that there exists U and V open sets of X such that Y C U, zg € V and
VnU={}.

Proof. For each y € Y, there is a neighborhood U, of y and neighborhood V,
of xy such that U, NV, = {}. Then {U,},ey is an open cover of Y, and since
Y is compact, there is a finite subcollection {U;}7; that covers Y. If we take
the neighborhoods of xg corresponding to the U; and call them V;, then we have
that U := U]_,U; is open as a union of open sets and covers Y by construction.
Furthermore, V :=N7_,V; is open as a finite union of open sets and it contains x
since xg is in each V;. We also have that U NV is empty, since any point of U is in
some U;, and thus not in V; by construction, so it cannot be in V. O

Problem 74. Let X be a topological space. Show that X is compact if and only if
for every collection of closed sets {Cy, }oca that has the finite intersection property,
we have NaeaCo # {}-

Proof. (=) Suppose that X is compact but that there is a collection {Cy}aea of
closed sets with the finite intersection property but has NaeaCq = {}. Then we
have that X = Ugep (X — Cy), 80 {X — Cq}aca is an open cover of X. Since X is
compact, there is a finite subcollection {X —C;}?_; that covers X. But then N, C;
is empty, contrary to the assumption that the collection has the finite intersection
property.

(<) Let {Us}aen be an open cover of X. Then we have that {X — U, }aea is a
collection of closed sets such that Neea (X —U,) = {}, for otherwise there would be
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a point not covered by any of the U,. Since this intersection is empty, the collection
{X — Us}aen cannot have the finite intersection property. Thus, there is a finite
subcollection {X —U;}* ; such that N, (X —U;) = {}, meaning that X = U, U,.
Thus, since our initial collection was arbitrary, X is compact. (Il

Problem 75. Let 7 and 7’ be two topologies for X. Assume that X is compact
and Hausdorff for both topologies and that 7 C 7’. Show that 7 =T,

Proof. Let U € T'. Then X —U is closed under 7", so the compactness of X implies
that X — U is compact for 7’. Now let {Uy}aea be a covering of X — U by sets
of 7. Since 7 C 7', this is also a covering by open sets of the topology 7’. Now
we can use the compactness of X — U to find a finite subcover X — U C U}, U;.
But each U; is in 7, so this is a finite subcover stricting within 7, so X — U is
compact for 7. But X is Hausdorff for 7, so X — U is closed, and thus U € T as
desired. (]
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