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1. Alexandrov Thur ( 1958 )

Thin

Let R≤ Rm be a bounded connected _domain , with TREE.
Then

Helu)= -e >o Vice Jr o⇒ Nine ball

• false if I is not bounded (shelfspace)

◦ false if I in not connected (D= B. ☒ Be)

( Hr ? ? ? )? ?? if r is not et
o

• false if or no 5 not embedded Cwentetorus)
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Piaf . By moving planes

start

7

Stops graph v

[ graphic
↓

1) Interior tangency 2)Orthogonality

God : W: = n
-v
,

w ≤ o near plq

We know : * (p ) = o ,
w ≤o near p .
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Hr = air (%%p)=±(%⇒ur - "n ʳ(1-+10421312)
¥

[ iaijln Ñji* t babe) 2<1×1--0 free 21 /plq)
i,j

uniformly elliptic
with bounded coefficients

1) Interior tangency : * takes its max eaten interior point

⇒ by the STRONG MAX PRINCIPLE
,

1×1=-0 near tp

2) Orthogonality : * takes its max ate boundary point

⇒ by HOPF BOUNDARY POINT LEMMA

3%-197 so ← reeled out by orthogonality

* ⇒ near
q

loneliest :
r has a beaueet symmetry

in every direction .

☐%.



+2. Link with the isepirimeteie inequality -

rigidity for sets with finite perimeter

Let I be as in Alexandrov 9hm .

also :-. Peril isopenmetric quotient
IRIE

taft R in a criticalset for a if
⑥(A)↳

⇒

= o *It = ofthe perturbation ofD

dtlakai-txlnt.lt , ✗ c- Gear; RT

Remick. : she's a ioeilieae set for@④ think cheese
T

remainstrue for sets of finite perimeter

!
•
d- btl /¥.

= fjdioX-O.fm/-redHn-'V-XeeIlR;R)ott *

②
He X.ee dH
"

•¥ Pertti
1.
=

; f.jᵈi%× ⊖ for a

¥
dirt - one .DX [re]

4%1052;D Hm-7

V-✗ c-dear? RY.

Question : Does Alexandrov Thin hold for

sets with finite perimeter ?
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Then . [ Delopaolino-Maggi , trials PDE 'S 20192

Among sets with finite Vol and finite far ,

the unique critical sets for

(or sets with -constant distributional mean elevatore)

are finite unions of equal bells .

Idea of the proof
HEINTZE - KARCHER INEQUALITY : RE with Hr >o

Irl ≤ ⇒ §
,

e- dtt? with = <⇒ R=B

He

the -- course ⇒ f Hear = fear ⇒ e=n÷%gˢ
OR

µ

&
11

C-1) Perla) enlsl
FE
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3
. Interplay with PDE 's

◦ Elliptic PDE 's

Tha . [ Jooein , ARMA 19711

Consider the overdetermined problem :

- Du=1 ink

M=o onJR{ toute •nor

7 solution ⇔ R=B

◦ Pauabolic PDE 's

Thin . [Magnanini - Sakaguchi, Ann _ of Thoth 20022

-Consider Matzoh ball soup problem :

Ut - Auto in Rx (Oita)

{ u=o in Rx 304

a-1- on Adx (Oita)

the isoltnerniic surfaces face ,t)= coast } are stationary
<⇒ r=B



The. [Magnanini - Prajapat - Sakaguchi , Tates
20061 ¥

consider the problem :

Mt - Auto in IRM ✗ to
, to)

{relax )=XebD in Rm

Aries stationary in thermic {⇒ Rio B-dense

Cute
,
t) = ✗ It tread , V-tc-6.to))

i
Def .

his B-dense <⇒ train 3-
,
@=

_
ecr) such that

Ibn Brise) / = elr) Hee OR

Question . Let Ibe bounded (measurable )

I in Boleuse &_ 1=13

as r→o+

• Ibn Brca)l=↓ g. warn
_ In Hela) r

" '

+ ◦ ( rata)

[ Hulin - Troyanov , Amoetlattr . Monty 2003 ]
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4. Rigidity foe K - dense domains

Let I be a set of finite beleaguer measure,

let K be a convex body with OE imtlk)

tab. Din k- dense if Ian Cntrk) t-elDV-KEQR.fr
>0

Question : What can be said about 52 (and K) ?

Thin . [Magnanini - Marini , Pree . Roy Lee Edinburgh 20163

Rio K - dense ⇔ Randle are homothetic ellipsoids

( In particular , if K is a ball , Risa
hall ) .

Idea of the proof

Len Cntrk) / = Let + WID Cran - r)ⁿ¥+ ◦ C. _ . )

↑
W R

,
K

as r→ by (a) = inf { rzo : I ≤
Ktrk }

1×164 = const <⇒ {
R and K are biomimetic

Gk = -ehÑ⇒ ⇒ IT is an ellipsoid .

T T Petty -1hm .

Gaussian support "☒
curvature function
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5. A new rigidity problem .

Fix r >o .

-Characterize measurable sets R ≤ Rn, with
LRK+no

,
such that

/ Ibn Brise / = -e fue Es / ← his
"

r - critical
"

(ER : = { see R? limsupl-RnpB.pl# so , him sup LR§ebI > o })
171 f→o P→e

8D

I



.

☒
Historical note (on the origins of the problem)

• [ -Cimmino , Rend .

lire .

Mat
. Palermo 1932 ] :

Is it possible to characterize smooth surfaces
F- JR inÑ such that

H2 (In 2 Brlu) ) = 21172 the P
,

Fr>0 suff . small
-

• [Nitsche , Analysis 19952

The only smooth surfaces with this property ace :
the plane and the right helicoid

More references (on the noueompaet ease )

• [ Meeks - Rosenberg ,
Ann

. of Math .
2005 ]

The plane and the right helicoid over the unique

simply connected minimal surfaces embedded in
R3

• [ Koupouleas , Ann . of Math 1990 ]

Ageneral construction of CMC .

surfaces in Rt

(mad noncompoet enampees
are embedded ! )



¥
Back to our problem :

-Characterize measurable sets R ≤ Rn, with LRK+no,
such that

ÑÑ=tH ← his
"

r - critical
"

Generalized version :

Ibn Birbal = [ XB
, ,⇒
lyldy = [ XBranca-Y) dy

✗
Bro)
no he : R

"

→ Rt radially symmetric

characterize measurable sets I≤Rn sueh
that

/ If la-g) dy = e Vice ER / ← r is "

h- critical
"
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6- Link with Riesz rearrangement inequality

• given hi. Rⁿ→1R+ radially symmetric

ftp.hln-yhdnoly ≤ [*foehn-g) dndy
←

# ball with WEI = 1St

Jaw
• R.tn-critical +⇒ _

d-JhhRt|=o the# (f) volume preservingalt
t=o

Nonlocal perspective :

• Jahn = e - f.↳ hbi-g) dady
=
h -Per (D)

• Riesz inequality→
h- Perth ≥ h-Perth)

• fhln-g) dy us nonlocal h-mean curvature

In

mhln-yt-xselyl-xjyy.ly )

[Bourgoin - Brézis - Mironeseee , optimal control & PDEs , 2001
]

[ Morton - Rossi - Toledo ,
Birkhauser 2019 I
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7. Fractional rigidity flak 1-be/ miss 's-49£))
Pers (D) = ↳ Jsc ¥p+asᵈⁿᵈ& Lose ,

a> as )

Hs (D) = fpgxsclyl-Xs.ly ) dy
y /

mens

[Raffaello _ Jouganidis ,

CPAM 2008 ]

[ilaftareeli - Roquejoffee - Janin
,

CPAM 2010 ]

• Fractional tsotpeiimetrii_ inequality :

Pers (d) ≥ Pers (si) [Frank-Jeieinger , JFA 20081

• Fractional Alexandrov Theorem :

I bounded open set of class with Hs=eou2R⇒R=B

[ ihabré- fall - Jolie Morales - Welt , F. Reinetngew .

Math .
2018]

[iiuaolo - Figalli -Maggi -Novaya ,
" "

" " ]

→ no bubbling !

→ proof by moving planes .
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8. Rigidity for r.-critical sets

Brag
it :

BOUNDED

The kernel h=✗
→ COMPACTLY SUPPORTED

DISCONTINUOUS

Def . A measurable sets is r
.

- nondegenerate if

inf / In ( BrindaBina) / > 0

* 1,2k£ DIR
Iki - na /

/

Lemma
:

I open connected ⇒ R r- nondegenerate Fratianno

• same for d of finite perimeter indecomposable

• if D= Like my ra iufociamRi
i

↑
reomponents of I
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There [ Buena - F.
,
ArXiv preprint 2021 ]

Let no
,
and let I C- Rn be measurable with III.<to .

Assume I is r- critical and r- nondegenerate .

Then R is equivalent to a finite union of equal
bells

,

of radius R > rz , at mutualdistance larger
than or equal to r.

"

Regular
"

eases :

◦ I open connected set , with IRK to

R r- critical
,
ri diamI ⇒ 52=13

.

• d of finite perimeter indecomposable,
with IRKto

R r- critical
,

ri diam I ⇒ 52=13 .

Remick : The same result holds if Bns
E ellipsoid



Sets escaping from rigidity (though r- critical )
*

• Sets of infinite measure

• r- degenerate sets

,

^



Kit

proof.llassi.cat
moving planes fail

• Start :

• Stop :

-

• Conclusion :
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New moving planes

• Start: Under the hypotheses of the Thin, for
tart

Rt C- I and Stu Rt is Steiner symmetries about Ht

(By contradiction)
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• 8.1-1 :

e) Interior tangency rn> Away
contact

Pe CET n stat ) \ Ht

2) -Orthogonality ms -Close contact

9 = bing.tn = him q.hn , 1%+19^51=11-1++19:)
in

ⁿ

ni
^

nl

Ht ER ER

qi :
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1) Away contact ⇒ local symmetry

Easy situation : Bryan Brlp
' ) = of (use r-criticality )

&

More delicate situation : Bryan Brlp' /≠ of
use symmetry inside r- moons and a ping-pong game



A

2) Close contact : not possible without away contact

(Based on a local analysis exploiting nonokgeueraey )



• bonefusion B-

→ Under some
"

connectedness
"

hyp ⇒ 52=13

→ In general : D= IsUsns , with Is OPEN ⇒

' Ñ= finite union of balls&" Lebesgue negligible

1¥
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9. Rigidity for general kernels .

Let he tteocllrm; Rt) radically symmetric non increasing .

Let I ≤ Rin be measurable, with 1st < to
.

IRDBrinker VTLEÉR iuf Irn Brian)bBr1nDl > o
Mn2ER burial

↓ £

[hlx-ytdy-ev-nc-OELinffslhlm-yl-hlna-yldysoan.NET
's banal

dish eritieoil dis h - nondegenerate

Remark :

/ hln-ytdy-FTRNB.is, Golds ,
where

I 0

Brisket 1h > s}

If 4 : Rt→ Rt is defined by Ylx) :=h( Int )

r(5) = Lʰ( face Rt : Uk) >s 1) DISTRIBUTION FUNCTION OF Cf



1-4
Properties of the map srGI= Lᵗ( 44>54 )

rls) ^

spth=Rⁿ

µʰ=h1sd
} / so

h unbounded .

••\
h bounded

spthccltm With Max plateau

,ʰbʳⁿ
is

no Max plateau

so

• mom increasing , with sup rcs)= rlot) = LtGsptY4 )
(0,1-0)

• right continuous
continuous at 5- So ⇔ Lt (44--46017)=0

•
els)=o Is ≥ essswplf

• I := Ltc f- essays 44)

• 6 ÷ { sup
4s : Ks) > idioms} if rid > diamI

o
if not ≤diamR

L ' ( 44=4 Idioms } ) >o
r (6) < Niamh <⇒ { rlol < diamI
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Theorem

-

Buena -F.
.
ArXiv Preprint 2022]

Let I.≤ IRM with 1St <+• be h-critical and h- nondegenerate
to

Assume that f
,

rG)
"-101s < +✗ (⇒

ThenRisa finite union of balks Bi of
thesame cookies R .

However : R > ¥ and •list CBI
,Bj) ≥ rko)

In the assumptions

• About
.

-condition C-H C improved integrability)

L<ʰ= [ Hen Bros, Ids ⇒ he 4:c provided sids <to

1 pin it

• Lemme labout mondegeneracy )

I open connected ,
r < diam I ⇒ R r- nondegenerate

us R open connected , y < diamI ⇒ R
h- nondegenerate

-On the geometric impact of the
kernel

\
• Ris bounded from b.ehew ⇔ y> ◦ (maximal plateau)

• Multiple balls are allowed {⇒ rko ) < diamI
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Example 1

hH= 1¥
improved integrability ok for km-1

• 1=0 ⇒ R > o

o r (6) = to ⇒ multiple balls not allowed .

Enampte 2
217 . _ . . 7214

hint É, xix
i=a BrilonBring

4- < _ _ . .
< rn

41st

✗1

ta -

✗3
-

dy -

ta ta to try s

improved integrability ok Gina his bounded)

• 7- ra ⇒ R > re
I

•
✓ (6) c- { ra ,

. . . ,r* } ⇒ multiple boils allowed



F-
in the relationship with Burchard 's work

[ Burchard
,
Ann of Math 1996 ]

-
Characterization of equality cases in general Riesj inequality :

f-E.ci#y)htCa-y)dndyfp.nfpfn4DglY1hla-y1dnoY≤ fagan
(f=g= Xp , h=h☒ us [ hla-g) dndy ≤f fhla-g)drdy )

six

base of characteristic functions : f- Xiang = Xm , h=Xss
.

⇒ Diana balls Chomohtetic ellipsoids)or homethetic convex bodies

In
'

particular : if I} is a ball ⇒ Re, Is one
balls

base of arbitrary functions :
Almostall level sets must produce equality (hard

to check ! )

In particular : if 8--8--212 ,
•hey for h STRICTLY DECREASING , it follows

thatRise ball

⇒ foe h mon strictly decreasing , our result given some

NEW INFORMATION about possible maximizes ( CRITICAL
SETS ?

even though the ADDITIONAL HYPOTHESES of

improved integrability and
h- nondegeneracy .
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10

. Rigidity for polygons

◦ Polygonal isoperimetrie inequality QCPI = 1011
1PM

IP) ≥ (Pni) tpe ,={ N-gon }
↑

regular N-gon

Moeeovoe
,
PÉ is the unique critical N - gon ,

namely the unique N -gon such that

off @ (Pt) /t.jo for the following perturbations { Po } :

Tea oh Ta £

ROTATION AROUND MID - POINT PARALLEL MOVEMENT

¥-1271 /t⇒= fcoeltfcoad⇒tdPt¥¥lf⇔ - 8ᵗʰ" { edgy 11711¥. = &{d- 117-1 = 0

at |t=o

( fue) = eoto +1)Sino
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Question : what happens in the polygonal selling
when dealing with Ries2- type energies (or nonlocal perimeters) ?

JalP) = fpfphlx -g) dxdy PER, = { N-goes}

① Is PÑ a maximizer under area constraint ?

Jnlp)
?
Jalp? ) tie ,

= { N-gon } .PH#l

CURRENTLY OPEN
,
EXCEPT FOR N=3

, 4 (tiene)

the proof is based on Steiner symmetrization .

N ≥ 5 ⇒

proof fails !

>

[ Bonacini - Cristofori - Topalogeu , JGA 2022 ]

[ Polya-b-ego , Tsop . inequalities in Hatti . Physics 1951 ]

[ Braseamp - Lieb - Dellinger , JFA 1976 ]



☒

② yy Pµ? -critical foe Ja underarea constraint
? YES

% it unique ? ?? (→
answer to question ③ ! )

CURRENTLY OPEN
,
EXCEPT FOR N=3

, 4 (tiene)

Setting up (a)= fphlac -g) dy ,
the staliouariety conditions

read :

ROTATION AROUND till D- POINT

G)f Wpk) In-Mild Ht = f Viola / a- MildHt
V-i=1 , - ,

NP^
mid - pointof PTP;#

Pi_Ñi

PARALLEL MOVEMENT independentof i

* f- opted Ht =
¥ Hʰ( Pipes) ✓-i=1

,
-

,
N

PiPitt

Thy [ Bouaeiui -Cristofori - Topahgobe , JGA 2022 ]

The regular triangle
/square is the unique

triangle /quadrilateral satisfying G)
- (**) .

(under some regularity hypotheses on
the kernel )
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Proof by reflection (14--3)

ef . [ F. - Velichkov ,
Trans AMS 2019 ]

By contradiction

• Y

101
.

%
ñ I-II

vp~bd-vplxt-fhln-yldy-fph.be-g) dy
F

=
hln-g) dy - ↳ hlx-y ) dy

= f,[hlñ-y) - hang ) ] dy e o

th strictly
*

↳
p,

% K-Mdl e fµ
, ,
up (a) 1am, ,

decreasing

11 AGAINST (*)
"

£2m
,

Vista la - Ms /

☐
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Proof by slices (N=3)

of . [ Carrillo - Hiltmeier _ Voltone- Yan, Inventions 2019 ]

By contradiction :

\

Jh IP) = fpfph.lu -y ) da dy
Ie (PY PK) dna dye= frfr¥ hecrkhlVIKI

I = 124 -yal .
-

fpxafpyjh.li/k1-yi)dxio1y,
I

d- Ia (Pt
"

? PF ) dies dyos ≥ c
'
>o¥ Jetty =

at-to

C min { Ka , rya} lens-Eyal bra-Yat
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Proof ( Nkt)

By slices ⇒ ehombus

By reflection ⇒ square

Ed



134/ coben problems /

③ Prove rigidity for more general kernels , in

particular not satisfying improved integrability

② Prove rigidity for polygons when h= ✗Brad
:

given a >0 , the regular N-gon is the unique N-gon such that

G) f.
Ai"

/ Pn Briny dHᵗ (a) = cHᵗ(AiAT→) V-i-y.IN
Ai

Mi

(* *) f IPNB.ru/1x-Mi1dtF=fAi+t1PnBrla)1la-MiIdtF
Ai Mi lti-1-r.in

• True foe 14=3

a True foe every N if ee is small enough
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③ Prove some stability result for sets with
"almost constant

"

nonlocal mean curvature.

Stability of Alexandrov type results

• Ciraulo - Maggi CPAM 2017
,
Ricardo - Vettori JENS 2018 ]

STABILITY OF CLASSICAL ALEXANDROV

• [Ricardo- Fiigalli - Maggi -Noriega , J. Reine Angew .

Math2018]

STABILITY IN THE FRACTIONAL CASE

Quanlitatiepiesztype inequalities

[ Christ , ArXiv Preprint 2017 ]

• [ Frank - Lieb ,
ArXiv Preprint 2019 & Ann . SNS Pisa 2021 ]
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Many Thanks

for your attention !

For any comment
/question , e-mail to :

ilaria .fragala@poeimi.it


