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This week’s learning plan 

 You will begin to think about 
visualizing in 3D and the math thereof. 

 You will review the basic vector 
operations and make sure you have 
mastered them. 

 You will start differentiating vectors 
and know why. 



Visualization in 3D 
How well can you visualize?  Is the ball on a 
front or rear face of the cube? 

Can you visualize 
this 4 different 
ways?!



Visualization in 3D 
How well can you visualize?  Which of 
these pictures are possible? 

M.C. Escher 



Visualization in 3D 
How well can you visualize?  Which of 
these pictures are possible? 

Borromean rings 



Visualization in 3D 
How well can you visualize?  Which of 
these pictures are possible? 

This was not 
invented by Mad 
Magazine!!



Visualization in 3D 
How well can you visualize?  Which of 
these pictures are possible? 



Visualization in 3D 
How well can you visualize?  Which of 
these pictures are possible? 

Can a continuous curve 
pass through every point 
of space?!



Just to see what happens, 
let’s glue together two ideas 



Just to see what happens, 
let’s glue together two ideas 



Just to see what happens, 
let’s glue together two ideas 

Ta-da!!





Two ways to think about vectors 

1.  As a list of components 

2.  Something with length and direction  







Clicker quiz 

Is the angle between the two vectors 
       2 i – 3 j + 5 k  and   3 i – k 

A   acute (angle < π/2) 
B   obtuse (angle > π/2) 
C   a right angle 



The dot (or scalar) product Thou shalt know this! 



The dot (or scalar) product 

 Vectors in..... scalar out. 
 Also allows us to define length, 

a.k.a. norm, magnitude 
 The standard length is not the 

only possibility 

Thou shalt know this! 



The cross product Thou shalt know this! 



 Vectors in..... vector out. 

Thou shalt know this! The cross product 



The product of a scalar and a vector 

 Vector and scalar in..... vector out. 

Thou shalt know this! 



An idle question 

   Are there vectors hiding in the grading 
formula? 





Why on earth would you want 
to differentiate a 

 dot product? 

 cross product? 



Applications 

 How fast is the angle between two unit 
vectors changing? 

 What is the rate of change of angular 
momentum  L = r × p ? 



Examples 

 How fast is the angle between two unit 
vectors changing? 





Examples 

 What is the rate of change of angular 
momentum  L = r × p ? 



Why on earth would you want to 
integrate a vector function? 



Why on earth would you want to 
integrate a vector function? 

 Given velocity v(t), find position r(t). 

 Power is F•v.  If, for example one of 
these vectors is fixed, can you 
integrate the other one and then take 
the dot product? 



The good news 

 The rules of vector calculus look just 
like the rules of scalar calculus! 



The good news 

 The rules of vector calculus look just 
like the rules of scalar calculus! 

  Integrals and derivs of α f(t), f(t)+g(t), 
etc. 

 Also - because of this - you can always 
calculate component by component. 



Calculus is built on the idea of a limit. What 
does a limit mean for vector functions? 

   



Calculus is built on the idea of a limit. What 
does a limit mean for vector functions? 

   

This may contain vectors, 
but in the end it is some 
kind of scalar that 
depends on t. 



One of the great tricks of 
vector calculus: 

  If you can rewrite a vector problem in 
some way as a scalar problem, it 
becomes “kindergarten math.” 



 So if the left side → 0, each and every 
one of the contributions on the right → 
0 as well.  And conversely. 

 You can do calculus in terms of vectors 
or components. Your choice. 



You can think in terms of a holistic 
vector or its components 


