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and the worst and the dimmest 





An important theorem 

 A continuous function on a closed and 
bounded set always has a maximum 
value and a minimum value. 

 Might or might not be true if the set is 
unbounded or not closed. 



An important theorem 

 A continuous function on a closed and 
bounded set always has a maximum 
value and a minimum value. 

 Yet the gradient need not be 0 at the 
maximum. 
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Maxima and minima 

 What is the maximum value of  
       2 + 4 x + x y - 3 x2 - 2 y2 ? 

 How do I know there is a max even if 
there are no restrictions on the region, 
which ⇒ it is unbounded? 







 Let U be an open, connected domain. 
 For local max/mins, assume open; it 
   could be the interior of the closed domain 

of the main theorem. 

 What is the condition for a local 
maximum or minimum? 



Maxima and minima- Discussion 

 Let U be an open, connected domain. 
 For local max/mins, assume open; it 
   could be the interior of the closed domain of the 

main theorem. 

 What is the condition for a local maximum or 
minimum? 
 It’s still going to be a max if we vary x with y 

fixed, or vice versa.  So the first partials must 
“vanish”  (jargon for “= 0”) or not exist. (crit pt) 

 That’s necessary.  Is it also sufficient? 



LOCAL MAX 

INFLECTION PT 





Example 

 What is the maximum value of  
          1 - 4 (x2 + y2)1/2 = 1 - 4 |r| ? 

Pointy max 









Example 

 What is the maximum value of a 1D 
function like  

          2 + 4 x  - 3 x2  ? 



Second derivative test? 

 Recall 1D:  fʹ′ʹ′(x) > 0 ⇒ local minimum, 

                    fʹ′ʹ′(x) < 0 ⇒ local maximum 



Recall the 2nd order Taylor formula 



Second derivative test? 

 We meet  Dr. Hesse.  No, not that Hesse!  

Hermann Hesse 



Second derivative test? 

 The Hessian matrix 

Ludwig Otto Hesse 



Ludwig Otto Hesse – the Determinator 

Second derivative test? 





Second derivative test? 

 The Hessian matrix 

A symmetric matrix may be positive definite, 
negative definite, or neither.  What do those terms 
mean and how do you tell? 



Second derivative test 

 D = det (H) = fxx fyy - (fxy)2, “the 
discriminant.”   

   If at a crit. pt, and 

 D < 0, then SADDLE. 

 D > 0, then LOCAL MAX OR MIN.  Check fxx 
or fyy to determine which:  

          fxx > 0 ⇒ min,      < 0 ⇒ max 



Second derivative test? 

 The Hessian matrix 

Theorem:   If det(H) < 0, then the critical point is a 
saddle.   



Example 

 sin(x) sin(y)    Where are the critical 
points, and what are they? 







Examples - Find and classify 
critical points 

 4 x3 + y2 - 12 x2 - 36 x 

 x y e-2xy 

 x3 + (x - y)2 



Examples - Find and classify 
critical points 

 4 x3 + y2 - 12 x2 - 36 x 
 (3, 0) is a local minimum (Hessian matrix 

has positives on diagonal and positive 
determinant.) 

 (-1,0) is a saddle.  (Hessian matrix has 
negative determinant.) 






