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It was the best of times, it 
was the worst of times 



This week’s learning plan and announcements 

  No office period next Monday 
  Happy 204th birthday to Chuck and Abe! 



This week’s learning plan and announcements 

  No office period next Monday 
 Oh, and.... 





We’d better get some practice with: 

 What kind of surface is that? 
 Closest/farthest points and other max/

min problems 
 Locating and classifying cp’s 
 Quick and dirty Taylor 
 Normals, tan planes, normal lines 
 Directional derivatives 





A funky example 



A funky example 



Extra credit contest due 
Thursday 

Due Thursday, 14 Feb. This contest has to do with the 
"funky example.” Find a formula for a saddle like that 
one.  What do the gradient and Hessian matrix tell you 
about the funky saddle point at the origin x = y = 0? 
Carefully discuss the tangent planes and the (3D) 
normal vectors at points near the origin. 



Closest and farthest points 

1.  How about a plane that misses the origin? 







Closest and farthest points 

1.  How about a plane that misses the origin? 
2.  How about an ellipse or some such 

curved surface? 







Examples - Find and classify 
critical points 

 x3 + (x - y)2 





Examples - Find and classify 
critical points 

 4 x3 + y2 - 12 x2 - 36 x 
 (3, 0) is a local minimum (Hessian matrix 

has positives on diagonal and positive 
determinant.) 

 (-1,0) is a saddle.  (Hessian matrix has 
negative determinant.) 



Examples 

 f(x,y,z) = x2 + 4 y2 – 8 y + 3 z2 + xy – yz +2 

 f(x,y,z) = x2 - 4 y2 – 8 y + 3 z2 + xy – yz +2 

 f(x,y,z) = 7 - x2 - 4 y2 – 8 y - 3 z2 + xy – yz 



Quick and dirty Taylor 



Quick and dirty Taylor 



Example 

 How can you minimize the amount of 
wood needed to make a rectangular 
box, with no top, holding 1 cubic 
meter? 



Absolute max and min 

 Here is the algorithm for a closed, 
bounded region and continuous function: 
 Calculate gradient 
 List all critical points 

 Optional:  Use Hessian test to eliminate some 
candidates. 

 Also check the boundary points 
 (more on this subject in future lecture) 



 How can you minimize the amount of 
wood needed to make a rectangular 
box, with no top, holding 1 cubic 
meter? 

A word problem – “modeling” 



A word problem – “modeling” 

 How can you minimize the amount of 
wood needed to make a rectangular 
box, with no top, holding 1 cubic 
meter? 

 The objective function is xy+2 xz + 2 yz. 
 The constraints are: 0 ≤ x, y, z, and xyz=1. 
 Use one constraint to eliminate one variable. 



One option:  Use the constraint to reduce the 
dimension.  Substitute z = 1/xy to get an 
objective function of the form 

f(x,y) = x y + 2/x + 2/y . 

Although this region is unbounded, we intuitively know 
that the box will have finite dimensions. 

As for the constraints 0 ≤ x,y,z, we also know that on 
the boundary:  {x=0} or {y=0} or {z=0}, the box would 
have 0 volume. 

The good values (x,y) are in the interior, 
and therefore are a critical point. 



One option:  Use the constraint to reduce the 
dimension.  Substitute z = 1/xy to get an 
objective function of the form 

f(x,y) = x y + 2/x + 2/y . 

The gradient is 

 ∇f(x,y) = (y - 2/x2)i + (x - 2/y2)j 



One option:  Use the constraint to reduce the 
dimension.  Substitute z = 1/xy to get an 
objective function of the form 

f(x,y) = x y + 2/x + 2/y . 

The gradient is 

 ∇f(x,y) = (y - 2/x2)i + (x - 2/y2)j 

 Solving gives x = y = 21/3 as the only critical point. 



Gradient determines f up to a 
constant 

  Let U be open and connected, and f and g be 
differentiable on U.  If ∇f = ∇g on U, then 

            f(x) = g(x) + C. 
  How about an example? 

  Arctan(y/x)  vs. Arccos(x/(x2+y2)1/2) 




