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Slicing, dicing, and integration 



This week’s learning plan 

  A closer look at grad, curl, and div. 
         (even in fancy variables) 
  Integration – or is it disintegration? 

 What’s it all about in 3D 
  How do you calculate integrals? 



Other matters 

  HW due day? 

A   Monday 
B   Tuesday  √"
C   Wednesday 
D   Thursday 



∇•v 

∇f 

∇×v 

Grad, Curl, and Div 



Congratulations to Riesling M for 
her solution of last week’s puzzle  

while she probably wasn’t paying rapt attention to my lecture 
  Two mathematicians meet in the Skiles Building. The first asks 

the second how her family is, and the second answers: "They're 
great. My three sons all had birthdays last week. The sum of 
their ages is 13. The product of their ages is the same as your 
street number. 

  “Hmm...” says the first mathematician.  I need to know 
something more before I can tell you how old your children 
are." The second answers: "Oh, my eldest son plays the violin." 
The first mathematician says: “Aha, now I know.” 



   Consider a scalar function like f(x,y,z) := xyz and a 
vector field like v(x,y,z):= xz i – yz k. Which of the 
following is true? 

A   ∇•f is nonsense and ∇×v is a scalar field. 
B   ∇×v is nonsense and ∇•f is a scalar field. 
C   ∇f is nonsense and ∇×v is a vector field. 
D   f•∇ is nonsense and v×∇f is a vector field.  √ 

Clicker Quiz 



  Linear rules 
  Product rules 
  Chain rules 
  Higher derivatives 

 Laplacian  ∇2 = ∇•∇ 
 ∇×∇f =  
 ∇•∇×v = 

New rules 
Details about the rules are 
to be found in the text.  
Remember:  1. The basic 
rules look as much as 
possible like those of KG 
calculus.  2.  Keep what’s 
left on the left and what’s 
right on the right.  3.  For 
the chair rule, the most 
reliable thing is to look at 
each input and each output 
component, and sum up 
KG-looking expressions for 
all the ways of getting from 
the first input to the last 
output. 



Grad, curl, and div in 
interesting coordinates 

 We can change variables in and expression 
like ∇ =  i∂x +  j∂y +  k∂z .  Cylindrical isn’t too 
hard: 
 er = cos θ i + sin θ j, and  
   eθ = - sin θ i + cos θ j,  
             so 
    i = cos θ er - sin θ eθ, and 
    j = sin θ er + cos θ eθ, and 



Grad, curl, and div in 
interesting coordinates 

 We can change variables in and expression 
like ∇ = i∂x +  j∂y +  k∂z .  Cylindrical isn’t too 
hard: 
 ∂x = (∂θ/∂x) ∂θ + (∂r/∂x) ∂r  
        = - ((sin θ)/r) ∂θ + (cos θ)∂r, and 
   ∂y = (cos θ)/r ∂θ + (sin θ)∂r 
Note:  This takes a calculation, and at the 
end you need to remember to rewrite 
everything in terms of the new variables r,θ. 



Grad, curl, and div in 
interesting coordinates 

 We can change variables in and expression 
like ∇ = i∂x +  j∂y +  k∂z .  Cylindrical isn’t too 
hard: 
 ∇ = er ∂r + (eθ/r) ∂θ+ ez ∂z    (where ez = k) 



Grad, curl, and div in 
interesting coordinates 



Grad, curl, and div in 
interesting coordinates 

This one isn’t what you 
might have predicted.  
Why? 



The Laplacian and some of 
the great PDEs 



Laplacian 
 Laplace’s equation for “harmonic fns”: 

 Δ u = ∇2u = 0 . 
 Equilibrium membrane, electric potential 

 Heat or diffusion equation 
 ut = k ∇2 u. 

 Temperature, density of dye 

 Wave equation 
 utt = c2 ∇2 u. 

 Sound, light 



A sharp! break to a new 
subject:   

Integration  
and the culinary arts? 



Puzzle break! 

  0 = 0         +     0     +    0        +  …… 

         = (1 – 1) + (1 – 1) +  (1 – 1) +  …… 

         = 1 + (-1 + 1) + (-1 + 1) + (-1 + 1) + ….. 

        = 1 +     0     +    0        +  … 

         = 1 



Visuals for volumes 



Each slice 
has width 

 ∆x 



Each slice 
has width 

 ∆x 

Each slice 
has volume 

 A(x)∆x 



Each slice 
has width 

 ∆x 

Each slice 
has volume 

 A(x)∆x 
Total volume ≈ a 
Riemann sum 

 ∑iA(xi)∆x 



Now take a close look at the slices: 

Why, there’s a little coordinate grid on there!  And, and… 



Now take a close look at the slices: 

So each A(x) is itself an integral of the form ∫z dy. 

Suppose the height of a rectangular region is z = h(x,y).  
The volume is an iterated integral,  

Integrate over h
(x,y) to get A(x). 



This potato has been sliced 
along the x-axis with width ∆x. 

What happens when we slice 
it a second time along the y-
axis with width ∆y? 



FRIES! 
The volume of a vertical French fry is (hgt • ∆x ∆y) (or pretty close) 



Double Riemann whammy: 

This is a definite integral plugged into a second 
definite integral.  In other words, it is a delicate 
kind of limit of a Rieman sum plugged into 
another limit of a Rieman sum.    Ouch! 



Anatomy of the notation 

Do the inside operation first.  (Does it matter?) 



Double Riemann whammy: 

This is the one we write and calculate. 

This is the one we think about and get the 
computer to calculate. 



Examples: 

A loaf of bread sits in a rectangular pan,  

      R = {0 ≤ x ≤ 12,  0 ≤ y ≤ 4}.   

The height of the  bread at point (x,y) is 5 + (x/12) - 
cos(πy/2)  (units are inches).  What is the volume 
of the loaf? 









Practicalities of doing  
double integrals. 





Practicalities of doing  
double integrals. 

    Un integrale doppio!
                           è !
         un integrale iterato.*!



Practicalities of doing  
double integrals. 

       A double integral !
              is !
     an iterated integral.!



 Let’s take one favorite function, like f
(x,y) = xy, and integrate it over lots of 
regions.   
 What does the integral of xy over a region 

in the first quadrant (x,y > 0) represent? 
 What if the region is in the second 

quadrant (x < 0, y > 0)? 


