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Green mathematics 



This week’s learning plan and 
announcements 

 We continue with the latest, rather sophisticated 
kinds of integral: 
  Line integrals 
  Integrals over surfaces 
  Flux 

 We meet George Green, a self-taught mathematical 
physicist 



Path-independence 

 Can we ever reason that if the curve C 
goes from a to b, then the integral is just 
of the form f(b) - f(a), as in one 
dimension? 



Atlanta can be green -ish 

 Pollen counts yesterday 
 Boston     6.5/m3  
 Austin      9.3/m3  
 Seattle    10.0/m3  
 Atlanta   179/m3  
 But wait...... 



Folks, that’s not a period, it’s a comma.!



Example 

 Suppose your eye has an effective area of 2 cm2, and 
there is a wind from the east at 5cm/sec carrying 
4000 grains of pollen per m3, which is about 1 mg.  
You walk clockwise in a circle of radius 1 km starting 
at the north end of the circle and ending on North 
Ave.  (a.k.a. Atlanta’s x-axis).  Being a 
mathematician, you walk at π m/sec.  If it takes 20 
grams of tears to wash away a gram of gritty grime, 
how much weight will you have lost by crying by the 
time you get to your destination? 



Path-independence 

 Can we ever reason that if the curve C 
goes from a to b, then the integral is just 
of the form f(b) - f(a), as in one 
dimension? 



The pollen line integral 



Clicker quiz 

A.  Yes, because the divergence of F is 
not zero. 

B.  Yes, because it is 3 dimensional, so 
the cross partials can’t match. 

C.  No, because the curl of F is 0. √ 
D.  Yes, because the curl of F is 0.       



Integrating over surfaces 

∆φ 

∆θ 

How large is 
the little 
parallelogram 
when we 
increase  

 θ to θ+∆θ  

and  

φ to φ+∆φ? 



The Fundamental Vector Product 



What makes the FVP so cool? 

 The vector N is normal to the tangent 
plane. 

 The area element is dS = |N| du dv 
  So we use it whenever we integrate over the 

surface. 



Simplifications when z=f(x,y) 

 r = x i + y j + f(x,y) k 

 Identify u = x, v = y: 

 N = -fx i - fy j + k. 

 dS = (1 + |∇f|2)1/2 dx dy 



To summarize pictorially, 



Some surface areas  and 
surface integrals 

 Suppose that pollen settles on a 
helicoid  

      (x,y,z) = (r cos θ,r sin θ, θ), 
   0 < r < 1, 0 < θ, ≤ 2π, with density  
   proportional to r.  How heavy is it? 



Some surface areas  and 
surface integrals 



Some surface areas  and 
surface integrals 

 Suppose that pollen settles on a 
helicoid  

      (x,y,z) = (r cos θ,r sin θ, θ), 
   0 < r < 1, 0 < θ, ≤ 2π, with density  
   proportional to r.  How heavy is it? 



Speaking of pollen 

 Your eye isn’t flat, but is spherical.  The rate of 
deposition of pollen is greater when the velocity is 
perpendicular to the surface, and less when it is 
nearly parallel.  In general, it is proportional to the dot 
product of v with n dS, which MT denotes as a 
vectorial aria differential dS.  



A tip for flux integrals 

 Instead of normalizing N to a unit 
vector n, you can often short-cut the 
calculation as follows: 

 The unit vector n = ± N/|N|and the 
area element is dS = |N|du dv, so… 
 v•dS = v•n dS = v•N du dv .   
 Often you can avoid calculating |N|. 



Flux and flux integrals 

 At what rate does a fluid pass through 
a membrane? 
 If the velocity is v, only the normal 

component v·n transports matter across 
the membrane. 

 Rate is also proportional to area 

 ∴Flux is the integral of v·dS = v·n dS. 



Example 

 What is the flux out of a sphere of 
radius 2 when v(x,y,x) = x i + y j ? 









Maxwell’s equations 
Wikipedia article on Maxwell’s Equations: 



Meet George Green 

 Portrait from Mactutor archive. 



The next best thing to the 
fundamental theorem of calculus 

for double integrals 

Usual fundamental theorem - an integral can “cancel 
off” a derivative. 

New:  If you have a double integral of a derivative, you 
can cancel one integral off against the derivative.  
Carefully. 



Consider the humble potato, Ω 



As usual, we chop the potato up: 





Later, we’ll integrate over the whole 
potato.  Stay tuned! 


