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Coming to the end of the road 



Prof. H’s Absolutely Top 10 List 



10 

The PDEs using grad, curl, and div 



Maxwell’s equations 
Wikipedia article on Maxwell’s Equations: 



Navier-Stokes 

Navier-Stokes.  
The PDE of fluid 
flow. 



Navier Stokes, the PDE of fluid flow 



9 …………The Laplacian 
 Δ  or ∇2 = ∇•∇ = ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 

 If Δ u = 0, "Laplace's equation," then u is 
"harmonic."  
 x - y 
 x2 - y2 
 ex cos y 
  x2 + z2 - y2     (NOT THIS ONE!) 



Laplacian 
 Laplace’s equation for “harmonic fns”: 

 Δ u = 0 . 
 Equilibrium membrane, electric potential 

 Heat or diffusion equation 
 ut = k Δ u. 

 Temperature, density of dye 

 Wave equation 
 utt = c2 Δ u. 

 Sound, light 



8,7,6…  
Green, Gauß, and Stokes 

 You can swap out integrals with curls 
and divs for integrals of a lower 
dimension 



 You can swap out integrals with curls 
and divs for integrals of a lower 
dimension 

 or vice versa. 

8,7,6…  
Green, Gauß, and Stokes 



 Interesting complications happen when 
the region has holes. 

8,7,6…  
Green, Gauß, and Stokes 



5,4…  
Curl and Divergence 

 (We’ll get to Grad later) 
 Think of (∂/∂x, ∂/∂y, ∂/∂z) as a 

“vector operator.” 
 Div:  vector in, scalar out ∇•v  
 Curl:  vector in, vector out ∇×v 
 Sometimes simplify with Green, Gauß 

or Stokes. 



3….  
 Triple integrals 

 Related to volume. 

 Do ‘em as 3 kindergarten integrals in a row. 

 The tricky part is the limits. 



2….  
 Double integrals 

 Related to area. 

 Do ‘em as 2 kindergarten integrals in a row. 

 The tricky part is the limits. 



 N = Tu × Tv . 
 It is normal (perpendicular) to the 

surface, as defined by r(u,v), with two 
parameters. 

1…. The Fundamental VP 



1…. The Fundamental VP 

 N = Tu × Tv . 
 It is normal (perpendicular) to the 

surface, as defined by r(u,v), with two 
parameters. 

Arm is normal 
to the 
surface!  
Fingers are like 
Tu and Tv.!



1…. The Fundamental VP 
 N = Tu × Tv . 

 It is normal (perpendicular) to the surface 

 If z = f(x,y), N = -fx i - -fy j + k 



1…. The Fundamental VP 
 N = Tu × Tv . 

 It is normal (perpendicular) to the surface 

 If z = f(x,y), N = -fx i - -fy j + k 

 dS = |N| du dv 



The Fundamental VP reminds 
me to tell you about ... 



The Fundamental VP reminds 
me to tell you about ... 

Gauß’s  

      Theorema !
  Egregium!



You are not responsible! 

...for curvature of surfaces.  But 
maybe you’d like to know. 



Gauß curvature 

 It is given in terms of the normal 
components of the derivatives of Tu 
and Tv. 



Gauß curvature 

 It is given in terms of the normal 
components of the derivatives of Tu 
and Tv.  If E = |Tu|2, F = Tu•Tv,  

 G =|Tv|2, then the curvature operator 
is the matrix-valued function  



Gauß curvature 

 It is given in terms of the normal 
components of the derivatives of Tu 
and Tv.  If E = |Tu|2, F = Tu•Tv,  

 G =|Tv|2, then the curvature operator 
is the matrix-valued function 

 It’s a kind of Hessian, actually.  



Gauß curvature 

 K is the determinant of this operator, 
i.e.   

 The perimeter of a small “circle” is 
           2πr(1 – Kr2/6 + .....)  



Mean curvature 

 Is a cylinder curved? 
 Mean curvature is the trace of the 

curvature operator. 
 The Gauß curvature is intrinsic,in the 

sense that it does not depend on the 
parametrization, and in fact it is also 
unaffected when the surface is rolled 
up or distorted in any way without 
stretching.   



Time to be responsible again! 



0…. Line integrals 
 Sometimes you can evaluate them as  
        f(b) - f(a) ….. 



0…. Line integrals 
 Sometimes you can evaluate them as  
        f(b) - f(a) ….. 

 Otherwise you have to parametrize. 



0…. Line integrals 
 Sometimes you can evaluate them as  
        f(b) - f(a) ….. 

 Otherwise you have to parametrize. 
 (Or use Green or Stokes) 



-1…. Jacobians 
 Curvilinear coordinates 

  My favorite is paraboloidal!  Mine is bipolar! 
 Change to convenient coordinates to 

do an integral. 



-2…. Cylindrical 
 Cylindrical  is just polar with z. 

 x = r cos θ, y = r sin θ, z = z 

 Remember r dr dθ dz 



-3…. Spherical 
 Spherical is colatitude (like polar, but 

from north pole down) and longitude 

 r = ρ sin φ, θ = θ, z = ρ cos φ 

 x = ρ sin φ cos θ, y = ρ sin φ sin θ, z = ρ cos φ 

 Remember dV = ρ2 sin φ dρ dθ dφ 



We pause here for one of the 
great integrals	








-4….  
 Reconstructing a function from its gradient 

 Just when is a vector field the gradient of a 
function?    
 xi + yj 
 xi - yj 
 yi - xj 
 yi + xj 



-4….  
 Reconstructing a function from its gradient 

 Just when is a vector field the gradient of a 
function?    
 xi + yj 
 xi - yj 
 yi - xj    (NOT THIS ONE!) 
 yi + xj 



-5…LagrangE  
 Max/Min with constraints 

 ∇ F = λ∇ G 

 n equations in n+1 unknowns 



-5…LagrangE  
 ∇ F = λ∇ G    (which can become a deep 

subject, when you are highly constrained) 



 ∇ F = 0  … or ∇ F not defined. 

 Two questions:  where, and how big? 

 The Hessian. 

-6: local max/min  



-7…GRAD  
  The basic vector derivative. 

  Direction uphill 

  Tangent planes 

  Approximation 

  Seems kind of kindergarteny now that we know div and 
curl, doesn’t it? 



-8…  arc length  
 |dr| = ds 

 |v| dt = | dr/dt | dt 

If I move at unit speed, 
this tree’s arc length is 
the time I’ll spend 
walking on it!  



-9…  curvature 
 A kind of second derivative 

 There’s also torsion! 



-10…  space curves 
 Remember the trihedron T, N, B! 









THE END 


