REAL ANALYSIS LECTURE NOTES:

1.4 OUTER MEASURE

CHRISTOPHER HEIL

1.4.1 INTRODUCTION

We will expand on Section 1.4 of Folland’s text, which covers abstract outer measures
also called exterior measures). To motivate the general theory, we incorporate material
from Chapter 3 of Wheeden and Zygmund’s text, in order to construct the fabled Lebesgue
measure on R%. We then use this to consider abstract outer measures.

The steps in the construction of Lebesgue measure are as follows.

(a) We start with a basic class of subsets of R? that we know how to measure, namely,
cubes or rectangular boxes. We declare that their measure is their volume.

(b) We next find a way to extend the notion of measure to all subsets of R For every
E C RY we define a nonnegative, extended real-value number that we call pu*(E)
or |E|. in a way that naturally extends the notion of the volume of cubes. This is
exterior Lebesque measure. The good news is that every subset of R¢ has a uniquely
defined exterior measure. The bad news is that pu* is not a measure — it is countably
subadditive but not countably additive.

(c) Finally, we find a way to restrict our attention to a smaller class of sets, the o-algebra
L of Lebesgue measurable subsets of R?. We show that if p is p* restricted to this
o-algebra, then p is indeed a measure. This measure is Lebesgue measure on R

The same idea applies more generally: If we begin with some class of subsets of X that
already have an assigned measure, then perhaps we can extend to a subadditive outer measure
that is defined on all subsets of X, and then by restricting to some appropriate smaller o-
algebra obtain a measure on X. But first we will begin by constructing exterior Lebesgue
measure on RY.

1.4.2 EXTERIOR LEBESGUE MEASURE

We begin with the familiar notion of the volume of a rectangular box in R¢, which for
simplicity we refer to as a “cube” (even though we do not require all side lengths to be
equal). Other common names for such sets are intervals, rectangles, or rectangular bozes.

These notes follow and expand on the text “Real Analysis: Modern Techniques and their Applications,”
2nd ed., by G. Folland. The material on Lebesgue measure is based on the text “Measure and Integral,” by
R. L. Wheeden and A. Zygmund.
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2 1.4 OUTER MEASURE

Definition 1. A cube in R? is a set of the form
d
Q = [ahbl]x"' adubd Halu i
=1

The volume of this cube is

’:]&

VO](Q) = (bl — (11) d - CLd

=1

We extend the notion of volume to arbitrary sets by covering them with countably many
cubes in all possible ways (for us, a countable set means either a finite set or a countably
infinite set, although sometimes we repeat the phrase “finite or countably infinite” for em-
phasis). For simplicity of notation, we will write {Qy}r to denote a collection of cubes Qy,
with & running through some implicit index set (usually either finite or countable). Alter-
natively, if we declare that the empty set is also a cube, then we can always consider a finite
collection {Q}_, to be an infinite collection {Q},}2°, where Q; = () for k > N.

Definition 2. The exterior Lebesque measure or outer Lebesque measure of a set £ C R? is
E|. = inf{Zvol(Qk)}
k

where the infimum is taken over all all finite or countably infinite collections of cubes Q)
such that £ C UQy.

We prefer to denote exterior Lebesgue measure by |FE|., though if we wanted to be more
consistent with Folland’s notation, we should write p*(E) instead.
Every subset of R? has a uniquely defined exterior measure, which lies in the range

0 < |Ele €

Note the following immediate, but important, consequences of the definition of exterior
measure.

o If Q) are countably many cubes and £ C UQy, then |E|. < > vol(Qg).
e Given ¢ > 0, there exist countably many cubes @)} with £ C U@, such that

E|e S ZVOI(Qk) S |E|e+5~
k

Note that we might have |E|. = oo in the line above.

Example 3. Suppose that E = {x1,2s,...} is a countable subset of R? and choose any
e > 0. For each k, choose a cube Q}, that contains z; and that has volume vol(Qy) < £/2".
Then E C UQy, so |El. < Y vol(Qr) < e. Since ¢ is arbitrary, we conclude that |E|. = 0.
Thus, every countable subset of R? has exterior measure zero.

Next we will explore some of the properties of Lebesgue measure.

Lemma 4 (Monotonicity). If A C B C R? then |A|, < |B]..
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Proof. If {Qy}x is any countable cover of B by cubes, then it is also a cover of A by cubes,
so we have

[Ale <) vol(Q).
k
This is true for every possible covering of B, so

|Al. < inf{z vol(Qg) : all covers of B by cubes} = |B.. O
k

The important point in proof is that if C4 is the collection of all covers of A by cubes, and
Cp the collection of covers of B, then Cg C C4. Every covering of B is a covering of A, but
in general there are more ways to cover A than there are to cover B.

Exercise 5. Let C' C [0, 1] C R be the classical middle-thirds Cantor set. Use monotonicity
to show that the exterior Lebesgue measure of C' is |C|. = 0. Thus C is an uncountable
subset of R that has exterior measure zero.

Exercise 6 (Translation Invariance). Show that if £ C R and h € RY, then |E + h|. = | E|.,
where E+h={x+h:2 € E}.

Note that if @ is a cube, then the collection {Q} containing only the single cube @ is a
covering of () by cubes. Hence we certainly have |Q|. < vol(Q)). However, it requires some
care to show that the exterior measure of a cube actually coincides with its volume.

Theorem 7 (Consistency with Volume). If @) is a cube in R then |Q|. = vol(Q).

Proof. We have seen that |Q]. < vol(Q), so we must prove the opposite inequality.
Let {Qy}x be any countable covering of @) by cubes, and fix any € > 0. For each k, let Q;
be any cube such that:

e () is contained in the interior of Q, i.e., Qr C (Q5)°, and

e vol(Qp) < (14 ¢)vol(Q).

Then we have

Q@ < LkJQk < U(@p)"

k
Hence {(Q;)°} is a countable open cover of the compact set ). It must therefore have a
finite subcover, i.e., there must exist an N > 0 such that

N N
Q< U@ c U
k=1 k=1

Now, since we are dealing with cubes, we have (proof by exercise) that

vol(Q) < > vol(@p) < (142) Y vol(Qx) < (1+2) > vol(Qy).
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Since this is true for every covering {Qy }x, we conclude that
vol(Q) < (1+e) inf{ D vol(@x)} = (1+¢) Q).
k
Since ¢ is arbitrary, it follows that vol(Q) < |Q|e. O

We have constructed a function | - |, that is defined on every subset of R? and has the
properties:

e 0 < |E|, < oo for every E C RY,
o |E+ hl|. = |E| for every E C R? and h € RY,
e |Q]. = vol(Q) for every cube Q.

Looking back to our very first theorem in Section 1.1, it follows that |- |. cannot possibly be
countably additive, and therefore it cannot be a measure on R%:

Exterior Lebesque measure is not a measure on RY.

Rather unsettlingly, there exist sets F, F C R? such that
ENF=0  yet |[EUF|. <|Ele+ |F|e.

On the other hand, let us prove that exterior Lebesgue measure is at least countably
subadditive.

Theorem 8 (Countable Subadditivity). If Ey, Fy, ... C RY, then

‘UEk <> |Eile.
koo le -

Proof. 1f any Ej, satisfies |Fy|. = oo then we are done, so let us assume that |Ey|. < oo for

every k. Fix any € > 0. Then for each k£ we can find a covering {ng) }; of Ej, by cubes ng)
in such a way that

k g
> vol(QY) < | Bl + o
J

Then we have

% kj

SO
k g
UE| < S v@?) <> (1Bl+o) = Y 1B + =
keoooe k.j k k
Since ¢ is arbitrary, the result follows. O

The next result states that every set E/ can be surrounded by an open set U whose exterior
measure is only € larger than that of £ (by monotonicity we of course also have |E|. < |U].,
so the measure of U is very close to the measure of E).
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Theorem 9. If £ C R? and € > 0, then there exists an open set U O E such that
Ule < |Ele+e,

and hence
|E|le = inf{|U|.: U open, U 2 E}. (1)

Proof. If |E|, = oo, take U = R?. Otherwise we have |E|, < oo, so by definition of exterior
measure there must exist cubes @, such that £/ C UQ; and ) vol(Qx) < |E| + 5. Let @
be a larger cube that contains @ in its interior, and such that vol(Q}) < vol(Qy) +27%e.
Let U be the union of the interiors of the cubes );. Then E C U, U is open, and

Ul < S vol(@}) < S vol(Q) + = < |B| +e. 0
k k

2

Since F and U\F are disjoint and their union is U, we might expect that the sum of
their exterior measures is the exterior measure of U. Unfortunately, this is false in general
(although the Axiom of Choice is required to show the existence of a counterexample).
Consequently, the fact that |U|. < |E|. + ¢ does not imply that [U\E|. < e! The “well-
behaved” sets for which this is true will be said to be measurable, and are studied in the

next section.
The next exercise pushes this “surrounding” issue a bit further.

Exercise 10. Show that if £ C R? then there exists a Gs-set H O E such that
|E|e = |H‘e

Thus, every subset E of R? is contained in a Gs-set H that has exactly the same exterior
Lebesgue measure as E.

1.4.3 OUTER MEASURES
Now let us use the example of exterior Lebesgue measure to see how to define more general

outer measures.

Definition 11 (Outer Measure). Let X be a nonempty set. An outer measure or exterior
measure on X is a function p*: P(X) — [0, 00] that satisfies the following conditions.

(a) p* (@) =0.
(b) Monotonicity: If A C B, then p*(A) < u*(B).
(c) Countable subadditivity: If Ay, Ay, ... C X, then

e (LZJ Ai) < Z 1 (Aq).

We want to show now that if we are given any particular class of “elementary sets” whose
measures are specified, then we can extend this to an outer measure on X.
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Theorem 12. Let £ C P(X) be any fixed collection of sets such that () € £ and there exist
countably many Ej € & such that UE, = X (we refer to the elements of £ as elementary
sets). Suppose that p: & — [0, 00| satisfies p()) = 0. For each A C X, define

pr(A) = it {3 (B}, 2)

where the infimum is taken over all finite or countable covers of A by sets Ej € £. Then u*
is an outer measure on X.

Proof. The given hypotheses ensure that every subset of X has at least one covering by
elements of £. Hence the infimum in equation (2) is not taken over the empty set, and
therefore does define a value in [0, 00| for each A C X.

Since {0} is one covering of () by elements of £, we have that

0 < p*(0) < p(@) = 0.

To show monotonicity, suppose that A C B C X. Since every covering of B by sets F € £
is also a covering of A, it follows immediately from the definition of p* that u*(A) < p*(B).

To prove countable subadditivity, suppose that A, As,... C X are given, and fix any
€ > 0. Then there exist set E](-k) € & such that A, C UjEJ(»k) and

. €
D AEY) < w(AD) + g
J

Then

SO

p(Uae) < SoE) < Swran) + -

Since ¢ is arbitrary, countable subadditivity follows, and therefore we have shown that p* is
an outer measure on X. 0

Despite the fact that we have shown that p* is an outer measure on X, there is still an
important point to make: We have not shown that p*(E) = p(F) for E € £. The analogous
fact for exterior Lebesgue measure is Theorem 7, which showed that if Q is a cube in R¢, then
|Q|c = vol(Q). However, note that to prove that equality, we used some topological facts
regarding cubes. Thus we made use of the fact that R? is not only a set, but is a topological
space, and furthermore that cubes can be used as “building blocks” to construct the open
subsets of R?. Hence it is perhaps not surprising that in a completely general setting we
cannot prove that p*(F) = p(E) for arbitrary outer measures. And in fact this is a point
that we will have to return to — what extra conditions will we need in order to ensure that
we will have p*(E) = p(FE) for E € £? This is a critical point, for we are trying to find a
measure that extends the values p(F) imposed on the elementary sets. We don’t want to
construct a measure that has no relation to our elementary building blocks, we want it to
be consistent with them; otherwise it will have limited use for us.
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1.4.4 LEBESGUE MEASURABLE SETS

At this point, we have constructed an exterior Lebesgue measure on all subsets of R¢.
We now turn to the delicate task of finding an appropriate smaller o-algebra L to restrict
to in order to turn this exterior measure into a true measure. Later, we will try to find an
analogous restriction for general outer measures p* on X.

Recall Theorem 9, which said that given any £ C R? and any € > 0, we can find an open
set U D E such that

Ule < |Ele+e. (3)
Note that we can write
U= FU(U\PR),

and furthermore this is a disjoint union. By subadditivity, we have that

Ule = |E U (U\E)|, < |E|+|U\E.. (4)
Yet, by themselves, equations (3) and (4) do not imply that

[U\E|. < ¢ — WE DO NOT KNOW THIS!
On the other hand, if we knew that
|Ule = |E|e+|U\E|. — WE DO NOT KNOW THIS EITHER!

then we would have enough information to conclude that |U\E|. < . However, we just
don’t have that information, and in fact we will see examples later where this is false. There
do exist sets E C R? such that for some € > 0 we can find an open set U D E with

|Ele < |Ule < |Ele+e¢ yet |[U\E|. > ¢.
These are very strange sets indeed. Perhaps if we ignore them they won’t bother us too

much. Let’s pretend they don’t exist — or, more precisely, let us restrict our attention to
those sets that do not have this strange behavior.

FiGure 1. EF CU.
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Definition 13. A set £ C R? is Lebesque measurable, or simply measurable, if
Ve >0, Jopen U D E such that |U\E|, < e.

If £ is Lebesgue measurable, then its Lebesque measure |E| is its exterior measure, i.e., we
set
E] = |E]
for those sets F that are Lebesgue measurable.
We define
L = LRY = {E CR?: E is Lebesgue measurable},
and we refer to £ as the Lebesgue a-algebra on R? (though we have not yet proved that it is
a o-algebral).

We emphasize again that we can always find a open set U DO E with |E|. < |U|. <
|E|.+¢. However, only for measurable sets can we be sure that we have the further inequality
|U\E|. < e.

Note that every open set U is Lebesgue measurable, because U O U and

U\U]. = 0 < e.

Here is a another example of a measurable set.

Lemma 14. If Z C R? and |Z|. = 0 then Z is Lebesgue measurable.

Proof. Suppose that |Z|. = 0. If we choose € > 0, then we can find an open set U O Z such
that
Ule < |Z]e+e = 0+4+¢ = ¢.
Since U\Z C U, we therefore have by monotonicity that
|U\Z|e < |U|e < e

Hence Z is measurable. 0]

Thus, every set with zero exterior measure is Lebesque measurable. This includes every
countable set, so, for example, QQ is a measurable subset of R. On the other hand, uncountable
sets may also have measure zero. For example, the Cantor set C' is an uncountable subset
of R that has exterior measure zero, and so C' is a Lebesgue measurable subset of R.

Our ultimate goal is to show that the Lebesgue o-algebra £ really is a o-algebra on R¢, and
that Lebesgue measure really is a measure with respect to this o-algebra. Note that since
every subset of a set with exterior measure zero also has exterior measure zero and hence is
measurable, Lebesgue measure will be complete in the sense introduced in Section 1.3.

To begin, let us prove that £ is closed under countable unions.

Theorem 15 (Closure Under Countable Unions). If Ey, Es, ... C R? are Lebesgue measur-
able, then so is £ = UF, and
Bl < ) |l
k=1



1.4 OUTER MEASURE 9

Proof. Fix € > 0. Since E} is measurable, there exists an open set U, O E) such that
€
\Ue\Ekle < o
Then U = UUj is an open set, U O E, and

B = (UU)\ (UB) € Ui\Ey).
Hence

o o 8
Bl < D IUNEBkle < Do = &,
k=1 k=1

so F is measurable. Since we already know that exterior measure is subadditive, we have
that |E| < > |Ekl. O

To complete the proof that £ is a o-algebra, we need to show that it is closed under
complements. However, it turns out to take a fair amount of work to do it directly. We
will do it later (see Theorem 31), but at this point I ask your indulgence — let us simply
accept on faith for the moment that £ is closed under complements, and move on to see
what further results follow from this.

Axiom 16 (Closure Under Complements). We take as an axiom that £ is closed under
complements. That is, if £ C R is Lebesgue measurable, then so is £ = R\ E.

In particular, accepting Axiom 16, we have that £ is a o-algebra on R?. Since £ contains
all the open sets, it therefore also contains all of the closed sets. And since L is also closed
under countable unions and intersections, it follows that £ contains all the G sets (finite or
countable intersections of open sets) and all the F, sets (finite or countable unions of closed
sets). In fact, we have the following facts about the Lebesgue o-algebra.

Lemma 17.
(a) If B denotes the Borel g-algebra on R? then B C L.

(b) If any E € L satisfies |E| = 0, then every subset A C E belongs to £ and also
satisfies |A| = 0.

Remark 18. It can be shown that the cardinality of B equals the cardinality of the real
line R. On the other hand, the Cantor set C' also satisfies card(C) = card(R), and every
subset of C'is measurable, so card(L) > card(P(C)) > card(R). Hence there exist Lebesgue
measurable sets that are not Borel sets, so B C L.

Assuming that £ is indeed a o-algebra, we can derive some equivalent formulations of
what it means to be a Lebesgue measurable set. To motivate this, recall that a Exercise 10
showed that given an arbitrary set £ C R?, we can find a Gs-set H D E such that |E|, = |H]|.
However, just as in our discussion leading up to the definition of Lebesgue measurable sets,
we cannot conclude from this that |H\F|. = 0! And indeed, the next result shows that this
is an equivalent way of distinguishing Lebesgue measurable sets from nonmeasurable sets.
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Theorem 19. If £ C R? is given, then the following statements are equivalent.
(a) E is Lebesgue measurable.

(b) For every € > 0, there exists a closed set F' C FE such that |[E\F|. < e.

(c) E = H\Z where H is a Gs-set and |Z| = 0.

(d) E = HUZ where H is an F,-set and |Z| = 0.

Proof. (a) <= (b). This follows from the fact that £ is closed under complements.
Exercise: Fill in the details.

(a) = (c). Suppose that F is measurable. Then for each k¥ € N we can find an open
set Uy D FE such that |[U\E| < 1/k. Let H = NUy. Then H is a G,-set, H O FE, and
Z = H\E C Ui\ FE for every k. Hence |Z|. < |U\E| < 1/k for every k, so |Z| = 0.

Exercise: Complete the remaining implications. 0

We will not prove it, but the following is a very useful standard fact about open sets. We
say that cubes are nonoverlapping if their interiors are disjoint.

Theorem 20. In RY, every open set can be written as a countable union of nonoverlapping
cubes. That is, if U C R? is open, then there exist cubes {Q},},, with disjoint interiors such
that U = UQy.

Using the preceding theorem we can derive another characterization of measurability.

Exercise 21. Let £ C R? satisfy |F|, < co. Show that FE is measurable if and only if for
each € > 0 we can write
E = (SUNp)\ Ny,

where S is a union of finitely many nonoverlapping cubes, and |Ni|., |Na|. < €.

1.4.5 LEBESGUE MEASURE

Now we will prove that Lebesgue measure is a measure on R? with respect to the Lebesgue
o-algebra L. In the process, we will also fill in the proof that £ is closed under complements.
Therefore, at this point we retract our acceptance of Axiom 16 and proceed to prove it and
other facts about Lebesgue measure.

One basic fact that we will need is that cubes are measurable.

Exercise 22. Let @ be a cube in R% Prove that |0Q|. = 0, and use this to show that Q is
measurable and that |Q| = |Q°].

We already know that Lebesgue measure is countably subadditive, so our ultimate goal
is to show that it is countably additive. Let us begin with the special case of finite unions
of cubes. Again, the meaning of “nonoverlapping cubes” is that they have disjoint interiors,
and recall that we proved in Theorem 7 that || = vol(Q) for any cube Q. In order to prove
that the measure of a finite union of nonoverlapping cubes is the sum of the measures of the
cubes, we need the following exercise.
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Exercise 23. Let Q1, 2, and R be arbitrary cubes in R? (see Figure 2). Show that
vol(R) > vol(RN Q1)+ vol(RN Qs) — vol(RN Q1 N Q2).

FIGURE 2. Cubes @)1, @2, and R for Exercise 23.

Lemma 24. If {Q;}2_, is a finite collection of nonoverlapping cubes, then
N N
U] = > Il
k=1 k=1

Proof. We know that the finite union Q = UY_,Q}, is measurable since each cube is measur-
able. Further, by subadditivity we have

N N
0 = |Ue| < X el
- k=1

For simplicity of presentation, we will establish the opposite inequality for the case N = 2
only. Let @1, @2 be nonoverlapping cubes, and suppose that { Ry}, is any cover of Q1 U Q2
by countably many cubes. Note that {R, N ()1}, is then a covering of ()1 by cubes, so we
have

Qi < D IRNQ],
¢

and similarly for Q2. Also, since @)1 and ()3 are nonoverlapping, we have that

Q1N Q2 = 0.

Therefore, Exercise 23 implies that

|Re| > |ReN Q1|+ |ReN Q2
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and therefore

@il +1Q2 < Y IReNQu+D [RNQa| < Y |Ri.
‘ ‘ ‘
Since this is true for every covering of ()1 U (Q2, we conclude that

Qi +1Qal < wf{Y [Rl} = 1Q:UQa,
¢

where the infimum is taken over all the possible coverings of ()1 U Q3 by countably many
cubes.
Exercise: Extend the proof to arbitrary N. U

Definition 25. The distance between two sets A, B C R? is
d(A,B) = inf{|z —y|:2 € A,y € B}.
We will show next that additivity holds for any two sets that are separated by a positive

distance. In fact, this is even true for exterior Lebesgue measure, i.e., it is true regardless
of whether the two sets are measurable or not.

Lemma 26. If A, B C R satisfy d(A, B) > 0, then

|[AU Bl = [Ale +[Ble.
Proof. By subadditivity, we have

AUB|, < |A]+ Bl

To show the opposite inequality, fix any € > 0. Then by definition of exterior measure,
there exist cubes @ such that AU B C UQ and

> 1@kl < JAUB. +e.
k

By dividing each @), into subcubes if necessary, we can assume that the diameter of each Q)
is less than d(A, B), i.e.,
diam(Qx) = sup{|z —y|: 2,y € Qx} < d(A,B).

Consequently, each @Q; can intersect at most one of A or B.
Let {Q:}, be the subsequence of {Q}x that contains those cubes that intersect A, and
{QB1,, the subsequence of cubes that intersect B. Since {Q},}1 covers AU B, we must have

AcU@! ad B CUQ.
k k

Therefore

[Ale+1Ble < > 1Q1 + D> _1QF < Y 1@kl < |AUB..
k k k
Since € is arbitrary, we conclude that |A|. + |Ble < |[AU Ble. O
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Exercise 27. Prove the undergraduate real analysis fact that
A, B disjoint and compact —  d(A,B) > 0.

The following corollary then follows by induction.

Corollary 28. If F, ..., Fly are finitely many disjoint compact sets, then
N

= > | Fle-

k=1

N
e
k=1

If we accept Axiom 16, then we know that all compact sets are measurable since they are
complements of open sets. However, since we are no longer accepting Axiom 16, we do not
yet know whether compact sets are measurable. Hence, in the preceding corollary we have
written exterior measure instead of Lebesgue measure. Let us now work on rectifying our
omission of the proof of Axiom 16.

Theorem 29. Every compact set F' C R? is Lebesgue measurable.

Proof. Since F is closed and bounded, we can find a single cube ) large enough that F' C Q.
Hence |F|. < |Q]| < oc.
Now fix any € > 0. Then there exists an open set U O F' such that
Fl. < |U]+|Fl.+e.

We must show that |[U\F|. < e.
Since U\ F is open, there exist countably many nonoverlapping cubes )y such that

U\F = Q-
3
For any finite IV, the set
N
Ry = UQk
k=1
is compact since each Q) is compact. Further, by Lemma 24,
N
Ryl = > Q-
k=1

Also, Ry C U\F, so Ry and F are disjoint compact sets. Therefore, by Corollary 28,

N
[Fle+ Y 1@kl = [Fle+|Bn| = [FURy|. < [FUU\F)|. = |U].
k=1
This is true for every N. Since all of the quantities appearing above are finite, we can
rearrange and combine this with subadditivity to compute that

N
U\Fle < ij Qxl = Jgignw; Qi < U= |Fl. < e O
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Corollary 30. Every closed set F' C R? is Lebesgue measurable.

Proof. Let By = {z € R? : |z| < k} be the closed ball in R? of radius k centered at the
origin. Then Fj, = F'N By is compact and hence is measurable. Since F' is the union of the
countably many sets Fj, we conclude that F' is measurable as well. 0

Finally, we can give the neglected proof of Axiom 16.
Theorem 31 (Closure Under Complements). If £ C R? is Lebesgue measurable, then so is
EC¢ =RN\E.
Proof. Suppose that E is measurable. Then for each k we can find an open U, O F such
that |Ug\E|. < 1/k. Define
F, = US.

Then F}, is closed and hence is measurable. Let

H=UFR = U

k k
Then H is measurable and H C EC. Let Z = E€\H. Then for any fixed j we have
Z = ES\UUy C E°\U; = Uj\E.
k
Hence for every j we have
1

|Z|e < |Uj\E|e < }a

and therefore |Z|. = 0. But then Z is measurable, so E = H U Z is measurable as well. [J

As a consequence, we know now that all of the earlier results that relied on on Axiom 16
are valid (Lemma 17, Theorem 19, and Exercise 21).
Finally, we show that Lebesgue measure is indeed a measure.

Theorem 32 (Countable Additivity of Lebesgue Measure). If Ey, Es, . .. are disjoint Lebesgue
measurable subsets of R?, then

U Ek} = S IE.
k=1 k=1
Proof. First let us assume that each Ej is a bounded set. By subadditivity, we have
UB| < Y IB
k=1 k=1

so our goal is to prove the opposite inequality.
Fix any € > 0. Then since F} is measurable, by Theorem 19 we can find a closed set
F,, C E}, such that

£
|Ep\Fr| < ok
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Note that the F} are disjoint compact sets. Therefore, for any finite N we have

Y

N N N o0
S IRl = |UR| < |UB| < |UE
1 k=1 k=1 k=1

where the last two inequalities follow from monotonicity. Since this is true for every N, we
conclude that

> IRl < |UE|
k=1 k=1
Finally,

STIE] = D IR U (BNF)] < Y (1F] + [B\Fxl)
k=1 k=1 k=1

> (1A + )

k=1
=Y R + ¢
k=1

U Ek’ + €.
k=1

IN

IN

Since ¢ is arbitrary, this shows that
o o
> IE < |UE|
k=1 k=1

This completes the proof for the case where each Ej is bounded.
Now suppose that the Ej are arbitrary disjoint measurable sets. For each j, k € N, set
El = {2z €EB,:j—1<|z| <j}

Then (Bl is a countable collection of disjoint measurable sets, and for each & we have
U;E] = Ej. Since each Ej is bounded, by applying the equality for bounded sets twice we

obtain
e = uz| = 518 - 3 18 =

k=1 j=1

Corollary 33. L is a o-algebra on R?, and u(E) = |E| for E € L defines a measure on R
Furthermore, (RY,| - |, £) is complete, and £ contains the Borel o-algebra B on R
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1.4.6 CARATHEODORY’'S CRITERION FOR LEBESGUE MEASURABILITY

Though we have finished constructing Lebesgue measure on R?, there is still an important
observation to make that will motivate the development of abstract measure theory.

Take another look at Theorem 19, which gives several equivalent characterizations of
Lebesgue measurability. Each of these characterizations are topologically-related in some
way, as they are formulated in terms of open, closed, Ggs, or F, sets. In contrast, the
statement of the next characterization involves only the definition of outer measure. This
makes this seemingly esoteric characterization quite important.

Theorem 34 (Carathéodory’s Criterion). Let A C R be given. Then A is measurable if
and only if

VECR?Y |E|l. = |ENA|.+|E\A|. (5)

Before proving the theorem, let us note that a measurable set A must have the property
that when any other set E is given, the exterior measures of the two disjoint pieces £ N A
and E'\A that A cuts F into must exactly add up to the exterior measure of E. This has to
be true for every set E, measurable or not.

Proof of Theorem 34.
=. Suppose that A is measurable and that E is any subset of R?. Note that since
E=(ENA)U(E\A), we have by subadditivity that

Bl < |[ENA|+|E\Al.

So, we just have to establish the opposite inequality.
By Exercise 10, we can find a Gs-set H O F such that |H| = |E|.. Note that we can
write H as the disjoint union

H = (HNA)U(H\A).

Since Lebesgue measure is countably additive and H, A are measurable, we therefore have
that

|E|. = |H| = |HNA|+ |H\A] (additivity)
> |[ENA|+ |E\A| (monotonicity).
<. Suppose that the Carathéodory criterion (5) holds.

Let us assume first that A is bounded. Let H O A be a Gs-set such that |H| = |A|.. Then
by equation (5),

Al, = [H| = |[HNA|. + |H\A|, = |Al +|H\A|..

Since |Al. < oo, we conclude that Z = H\ A has zero exterior measure and hence is measur-
able. Since A = H\Z, it is measurable as well.
Now let A be arbitrary. For each k, let

Ay = {z € A:|z| <k}
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For each k, there exists a Gs-set Hy O Ay, such that |Hg| = |Agle. Applying equation (5),
we conclude that

|Akle = [Hi| = [Hp N Ale + [Hp\Ale > [Agle + [Hp\Ale.

Since |Agle < oo, we conclude that Z, = Hj\A has exterior measure zero and hence is
measurable. Let
H = |J Hy.
k

Then H is measurable, and

Z = H\A = (LkJHk>\A C UMH\A) = UZe

k
Hence |Z|. < > |Zi| =0, so Z is measurable. But then A = H\Z is measurable as well. [J

1.4.7 OUTER MEASURES REVISITED

Now that we have fully developed Lebesgue measure, let us return to consideration of
abstract measures. Given an arbitrary outer measure p* on a set X, our goal is to create a
o-algebra M on X such that p* restricted to M will be countably additive. The elements
of M are our “good sets,” the sets that are measurable with respect to p*. But how do
we define measurability for an arbitrary outer measure? There need not be any topology
on X, so we do not have a natural analogue of the definition of Lebesgue measurable sets
(Definition 13). On the other hand, the equivalent formulation of Lebesgue measurability
given by Carathéodory’s Criterion (Theorem 34) does not involve topology, and as such it is
the appropriate motivation for the following definition.

Definition 35 (Measurable Set). Let x* be an outer measure on a set X. Then a set A C X
is u*-measurable, or simply measurable for short, if

VECX, u(E) = p*(ENA)+u"(E\A).

It is often convenient to use the equality
p(ENA)+u (E\A) = u*(ENA)+p*(En A°).
Observe that the empty set is p*-measurable by virtue of the fact that p*(0) = 0.
Note that, by subadditivity, we always have the inequality
p(E) < p (ENA)+p (E\A).

Hence, to establish measurability, we just have to prove that the opposite inequality holds
for every £ C X.
As is true for exterior Lebesgue measure, every subset with outer measure zero is measur-

able.

Lemma 36. Let p* be an outer measure on X. Then every set A C X with pu*(A) =0 is
w*-measurable.
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Proof. Suppose that pu*(A) = 0. If £ is any subset of X, then
p(E) < pw(ENA)+ p*(EnA°) (subadditivity)

= 0+ p*(ENA°) (monotonicity)
< u'(B) (monotonicity).
Hence p*(E) = p*(ENA) + p*(EN A°), and so A € M. O

Now we prove that the measurable sets form a o-algebra, and that u* restricted to this
o-algebra forms a complete measure. Note that Lebesgue measure is just a special case
of this theorem, so we are certainly duplicating some effort here. However, the additional
insights gained from considering Lebesgue measure first make this duplication worthwhile.

Theorem 37 (Carathéodory’s Theorem). If p* is an outer measure on a set X, then
M = {A CX:Ais p,*-measurable}

is a o-algebra, and u = p*|, is a complete measure (in fact, even more is true: every set
E C X with p*(F) = 0 is p*-measurable).

Proof. a. Since the empty set is p*-measurable, we know that M is not empty.

b. To show that M is closed under complements, fix any A € M, and let £ C X be
arbitrary. Then

p(E) = p(ENA)+ p (E\A)
(ENA)+u*(ENA°)
(ENAS) +p* (BN (A9)°)
(

“(ENAC) 4 p(E\AY).

p (
p (
I +
s +
Hence A€ is measurable, so A® € M.

c. Ultimately we want to show that M is closed under countable unions, but to begin
with let us show that it is closed under finite unions. By induction, it suffices to show that

it A, Be M, then AUB € M.
Choose any set F C X. By subadditivity, we have

p(E) < p'(BEN(AUB)) +p'(EN(AUB)).
Applying the fact that A, B € M and the subadditivity of u*, we have:
p(EN(AUB))+p*(ENn (AU B)°).
= 1" ((ENANB) U (ENANBY) U (ENA°NB)) +u* (EN(AUB)).

< pW(ENANB)+p (ENANBY) + +u*(ENA°N B) + p*(EN A° N BY)

1 (
= p(ENA)+p(EnA°)
1 (E)
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Therefore AU B € M.

d. Suppose that A, B € M are disjoint. The previous part showed that AU B is p*-
measurable, so

p(AUB) = p* ((AUB)NA) +p* ((AUB)NA°) = p*(A) + pw*(B).

Thus, p* is finitely additive on M. However, we do not know whether p* is finitely additive
for all subsets of X.

e. Now we will show that M is closed under countable unions. By an observation from
Section 1.2, it suffices to assume that A, Ay,... € M are disjoint sets, and to show that
their union belongs to M. Define

B = |J A4 and B, = UAr, neNlN.
k=1 k=1

Note that B,, € M since we have shown that M is closed under finite unions.
Choose any ' C X. We claim that

pW(ENB,) = > p(ENA).
k=1

Note that this would be trivial if we knew that p* is finitely additive. However, we only
know that p* is finitely additive on the p*-measurable sets, so since F is arbitrary we cannot
use this fact.

Instead, we proceed by induction. Since B; = Ay, the claim is trivial for n = 1. Therefore,
suppose that the claim holds for some n > 1. Then since A, 1 is p*-measurable,

n+1

p(ENByy) = p* (E N kL:JlAk)

n+1

= u* (E N :L:JIAk N An—l—l) + p* (E N kL:JlAk N ASH)

= W (ENA,)+p (ENn UA) (by disjointness)
k=1

= W (BN Appr) + Y it (BN Ay).

k=1

Hence the claim follows by induction.
Next,
S W(ENA) + p(ENBY) < Y p(ENAy) + p(ENBS)  (since B C BY)

k=1 k=1

= u*(ENB,) + p (ENBY) (by the claim)

= u*(F) (since B, € M).
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As this is true for every n, we conclude that

' (E) < p*(ENB)+ p*(EnNBY) (subadditivity)

< Zu ENA) + w(EnB°) (subadditivity)
k=1
= lim Y p*(ENAy) + p(ENB°)
k=1
< u'(E) (from above).
Thus we have that
W(E) = S W (ENAY + p(ENBS) = (ENB)+w*(ENEY),  (6)

k=1

so B e M.

f. To show that u* restricted to M is countably additive, let A;, Ao, ... be disjoint sets
in M, and let B = UAj. Then since we showed in the last part that B is p*-measurable, by
setting £ = B in equation (6), we have that

u*(UAk) = (B Zu (BNA) + p(BNBY%) = > (A
k=1 k=1

Hence p* is countably additive on /\/l, and therefore y = pu*|\¢ is a measure.

g. Finally, the fact that p is a complete measure follows immediately from Lemma 36,
since every subset of X with zero outer measure is p*-measurable. 0

1.4.8 PREMEASURES

In the last section, we saw that given any outer measure p*, there is an associated o-algebra
M of p*-measurable sets, and that p = p*|y is a complete measure. In Section 1.4.3 we
discussed a method of constructing outer measures: Begin with any collection &£ of subsets
of X and any specified values p(E) for £ € £, and create the outer measure p* by setting

) = mt{>" o)},
k

where the infimum is taken over all finite or countable covers of A by sets £} € £. This is
exactly what we did to create Lebesgue measure. There we started with the collection of
cubes in R? and specified that p(Q) = vol(Q) for every cube Q. Then the exterior Lebesgue
measure ;1*(A) = |A|. of an arbitrary set A C R? was defined by covering A with countable
collections of cubes.

However, for exterior Lebesgue we had some extra tools to work with, and using those we
were able to show that all cubes were measurable and that |Q|. = vol(Q) = p(Q) for every
cube ). We can ask whether analogous facts will hold for arbitrary outer measures created
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via this process. That is, suppose that £ and p are given and p* is as defined above, and
consider the following questions.

e Will the elementary sets be measurable, i.e., will we have &€ C M?
e Will we have p*(E) = p(E) for E € £7

Unfortunately, the following example shows that the answers to these questions are no in
general.

Exercise 38. Let X be any set with at least two elements, and let A be a nonempty proper
subset of A. Set
£ = {0,A A° X}.
(a) Show that if we define

A0 =0,  pA)=7  pAY=1 AX)=1
then .
p(X) = 3 # p(X)

(b) Show that if we define
p0) =0,  pA)=1 pA9=1 p(X)=1,
then
(X)) =1#2=p(XNA)+u"(XNAY),
so X is not p*-measurable.

Thus, we need to impose some extra conditions on the function p and the class &£ of
elementary sets.

Definition 39 (Premeasure). Given a set X, let A C P(X) be an algebra, i.e., A is
nonempty and is closed under complements and finite unions. Then a premeasure is a
function p19: A — [0, 0o] such that

(a) po(P) =0, and
(b) if Ay, As, ... € A are disjoint and if UA; € A, then

Ho (kf:lek> = iﬂo(Ak)-

Note that in requirement (b) we are not assuming that A is closed under countable unions.
We only require that if the union of the disjoint sets Ay belongs to A then py will be
countably additive on those sets.

Remark 40. Note that £ = {Q : Q is a cube in R?} does not form an algebra, as it is not
closed under either complements or finite unions. Thus it is not entirely obvious how the
construction of Lebesgue measure relates to premeasures. We will consider this in Section 1.5.
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Lemma 41. A premeasure ji is monotonic and finitely additive on A.

Proof. To show finite additivity, suppose that A;,..., Ay € A are disjoint sets. Define
A =0 for k > 0. Then UA, = UY_| A € A, so by definition of premeasure we have

Mo(kglflk) = Mo(lglAk> - iﬂo(z‘lk) = ﬁ:ﬂo(Ak)-

Hence p* is finitely additive.
Next, if we have A, B € A with B C A, then by finite additivity,

po(A) = po(B) + po(A\B) > po(B).

Hence o is monotonic on A. O

Given any premeasure i, we associate the outer measure defined by

WH(A) = inf{z po(Ap) : Ay € A, A C UAk}.
k=1 k
We then let M denote the o-algebra of p*-measurable sets, and we know by Carathéodory’s

Theorem that p = p*| o is a complete measure. Our next goal is to show that such a measure
is “well-behaved.”

Theorem 42. Given a premeasure o and associated outer measure p*, the following state-
ments hold.

(a) p*|a = po, i-e., p*(A) = po(A) for every A € A.

(b) A C M, ie., every set in A is p*-measurable. Consequently, p(A) = po(A) for every
Ae A

(c) If v is any measure on M such that v|4 = o, then v(E) < u(F) for all E € M,
with equality holding if pu(F) < co. Furthermore, if g is o-finite, then v = p.

Proof. (a) Suppose that A € A. Then {A} is one covering of A by sets from A, so we have

p(A) < po(A).
On the other hand, suppose that {Aj}x is any countable collection of sets in A that
covers A. Disjointize these sets by defining

n—1
B, = ANA,  and Bn:Aﬂ<An\UAk>, n> 1.
k=1

Then By, Bs,... € Aand UB, = A € A, so by the definition of premeasure and the fact
that o is monotonic we have

po(A) = ZMO(Bn) < ZNO(An)'

Since this is true for every covering of A, we conclude that
po(A) < pr(A).
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Thus po and p* agree on A.
(b) Suppose that A € A and that £ C X. If we fix any € > 0, then there exists a countable
covering { A} of E by sets Ay € A such that

S ol A) < () +e.
k=1

p(E) < p(ENA)+p (EnA°) (subadditivity)

< W

/N

LkJAk> N A) + ,u*((LkJ Ak> N AC> (monotonicity)

*

Il
=
—~

U0 4) + (U (A0 4))

pARN A+ (A0 A°) (subadditivity)
k=1

Me 10

(,UO(Ak NA) + po(Ax N AC)) (part (a))

e
I
—_

WE

po(Ag) (finite additivity on A)

B
Il
—

< u(E)+e.

Since this is true for every ¢, we conclude that
W(E) = p(ENA)+u"(ENA°).
Hence A is p*-measurable.

(c) Suppose that v is any measure on M that extends py. Suppose that £ € A is given.
If {Ay}x is any countable cover of E by sets Ay € A, then we have

o

(E) < S u(A) = 3 polAy).

k=1
Since this is true for every covering, we conclude that
v(E) < p'(E) = wE).

Suppose now that £ € M and u(E) < oo. Given € > 0, we can find A; € A such that
UA, D FE and

S holAw) < i (E) +e.
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Set A =UA,. Then
p(A) <) p(Ay) (subadditivity)

= Z,uo(/hg) (part (a))
k
< pi(E)+e

= u(E)+e (since £ € M).
Since all quantities are finite, it follows from additivity that
AN A) = p(A) —p(E) < e
Now, since A is closed under finite unions, we have that UY_, Ay € A for every N. There-
fore, by continuity from below and the fact that u and v both extend g, we have that

v(A) = lim I/(UAk> = ]\}iinoop()(kgl/lk) = A}iﬁ{l}(}ﬂ(}g@flk) = u(A).

Hence
W(E) < u(A) = v(A) = W(E)+v(A\E) < v(E)+p(A\E) < v(B)+e.

Since ¢ is arbitrary, it follows that u(E) = v(FE).

Finally, suppose that pg is o-finite, i.e., we can write X = UA, with puo(Ax) < oo for
each k. By applying the disjointization trick, we can assume that the sets Aj are disjoint.
Then since each Aj, has finite measure, we have for any £ € M that

v(E) =) v(ENA) Z“ (ENA) = wE).
k=1
Hence p = v. U

1.4.9 THE CANTOR-LEBESGUE FUNCTION

The Cantor-Lebesgue Function is an interesting function that is often useful for construct-
ing counterexamples. Therefore we digress for a moment to introduce this function and to
develop some of its properties in the form of exercises.

Consider the two functions 1, 5 pictured in Figure 3. The function ¢, takes the constant
value 1/2 on the interval (1/3,2/3) that is removed in the first stage of the construction of
the Cantor middle-thirds set, and is linear on the remaining intervals. The function ¢4 also
takes the same constant 1/2 on the interval (1/3,2/3) but additionally is constant with values
1/4 and 3/4 on the two intervals that are removed in the second stage of the construction
of the Cantor set. Continue this process, defining ¢3, 4, ..., and prove the following facts.

(a) Each ¢y is monotone increasing on [0, 1].
(b) |9k (2) — ou(@)] < 27* for every = € [0, 1]
(c) (x) = limg_o wi(z) converges uniformly on [0, 1].
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The function ¢ constructed in this manner is called the Cantor-Lebesgue function or, more
picturesquely, the Devil’s staircase.

1
0.75
0.5
0.25
0.25 0.5 0.75 1
1
0.75
0.5
0.25
0.25 0.5 0.75 1

FiGURE 3. First stages in the construction of the Cantor—Lebesgue function.

Prove the following facts about .
(d) ¢ is continuous and monotone increasing on [0, 1], but ¢ is not uniformly continuous.
(e) ¢ is differentiable for a.e. x € [0,1], and ¢'(z) = 0 a.e.

Although we have not yet defined the integral of a function like ¢’ that is only defined
almost everywhere, we will later see after we develop the Lebesgue integral that sets of mea-
sure zero “don’t matter” when dealing with integrals. As a consequence, the Fundamental
Theorem of Calculus does not apply to ¢:

o(1) — p(0) # / o/ (z) da.

If we extend ¢ to R by reflecting it about the point x = 1, and then extend by zero
outside of [0, 2], we obtain the continuous function ¢ pictured in Figure 4. It is interesting
that it can be shown that ¢ is an example of a refinable function, as it satisfies the following
refinement equation:

1 1 1 1
o(x) = 5@(3@ + 530(3:(: -+ pBz—-2)+ 530(3:(: -3)+ 5@(3:{: —4). (7)
Thus ¢ equals a finite linear combination of compressed and translated copies of itself, and so
exhibits a type of self-similarity. Refinable functions are widely studied and play important
roles in wavelet theory and in subdivision schemes in computer-aided graphics.
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FIGURE 4. The reflected Devil’s staircase (Cantor-Lebesgue function).

The fact that ¢ is refinable yields easy recursive algorithms for plotting ¢ to any desired
level of accuracy. For example, since we know the values of p(k) for k integer, we can
compute the values ¢(k/3) for k € Z by considering x = k/3 in equation (7). Iterating this,
we can obtain the values p(k/37) for any k € Z, j € N. Exercise: Plot the Cantor-Lebesgue
function.

The Cantor-Lebesgue function is the prototypical example of a singular function.

Definition 43 (Singular Function). A function f: [a,0] — C or f: R — C is singular if f
is differentiable at almost every point in its domain and f/ = 0 a.e.

1.4.10 A NONMEASURABLE SET

We will give another proof of the existence of subsets of R that are not Lebesgue measur-
able. To do this, we need the following theorem.

Theorem 44. If £ C R is Lebesgue measurable and |F| > 0, then
E—F ={zx—y:x,yek}
contains an interval around 0.

Proof. Given 0 < € < 0, we can find an open U D FE such that |U| < (14 ¢) |E|. Since U is
an open subset of R we can write it as a disjoint union of at most countably many intervals,
say

U = U (ak, bk)

k
Set Ey = E N (ay,by). Each Ej is measurable, and E is the disjoint union of the Ej.
Therefore, we have

U] = > (bh—a) and [E] = > |Ey
k

k
Since |U| < (1 + ¢) |F|, we must have

bk — Ak S (1+€> |Ek‘
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for at least one k.! Fix d with
(1 — E) (bk — ak)
1+¢ '
We have that Ey U (Ey +d) C (ax, by, +d) if d > 0, and Ex U (Ex+d) C (ar, —d, by) if d <0,
In any case,

0 < |d <

|E U (B +d)| < bp —ag+1d|.
If E), and Ej + d were disjoint, then this would imply that

2(by, —
bk—ak+\d| > |Ekﬁ(Ek—|—d>| = |Ek‘ + |Ek—|—d| > %
Regarranging, we find that
) > L=z,
1+e¢
which is a contradiction. Therefore E, N (Ey+d) # () for all |d| small enough. Hence Ej — E,
contains an interval, and therefore £ — E does as well. Il

Exercise 45. Define an equivalence relation ~ on R by
rx~y <= x—yeQ.

By the Axiom of Choice, there exists a set IV that contains exactly one element of each
equivalence class for ~. Show that N — N contains no intervals and that |[N|. > 0, and
conclude that NV is not Lebesgue measurable.

EXERCISES

Here are some practice exercises on Lebesgue measure on R?, mostly taken from the text
by Wheeden and Zygmund. Be sure to also work the exercises on abstract measure theory
from Folland’s text.

1. Construct a subset of [0, 1] in the same manner as the Cantor set, except that at the
kth stage, each interval removed has length §37%, where 0 < § < 1 is fixed. Show
that the resulting set has measure 1 — 0 and contains no intervals.

2. If {E}32, is a sequence of sets with Y |Ey|. < oo, show that limsup Ej, (and so also
liminf E}) has measure zero.

3. Show that if E; is a measurable subset of R™ and FE5 is a measurable subset of R",
then E; x E, is a measurable subset of R™*", and
|E1 X E2| = |E1| |E2|

Note: Interpret 0 - oo as 0.
Hint: Use an equivalent characterization of measurability.
Remark: This is an important fact that we will need to use later.

IThat is, for at least one k, on at least one side.
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3. Recall from Theorem 9 that if £ C R?, then its exterior measure satisfies
|E|le = inf{|U|.: U open, U 2 E}.
Define the inner Lebesque measure of E to be
|E|; = sup{|F|: F closed, F C E}.

Prove that |E|; < |E|.. Show that if |E|. < oo, then E is Lebesgue measurable if
and only if |E|. = |E|;. Give an example that shows that this equivalence can fail if
|E|. = 0.

4. Show that if £ C R is measurable and A C E, then |E| = |A]; + |E\A|..

5. Give an example of a continuous function f: R — R and a measurable set £ C R
such that f(F) is not measurable.

Hint: Consider the Cantor—Lebesgue function and the preimage of an appropriate
nonmeasurable subset of its range.

6. Show that there exist disjoint E7, E», ... such that

UB| <> IBil..
k=1

e
k=1

with strict inequality.

Hint: Let E be a nonmeasurable subset of [0,1] whose rational translates are
disjoint. Consider the translates of E by all rational r € (0,1), and use the fact that
exterior Lebesgue measure is translation-invariant.

7. Show that there exist £y O Fy O ... such that |Ey|. < oo for every k and

N E
k=1

< lim |Ek‘e,
e k—o0

with strict inequality.

8. Show that if Z C R has measure zero, then so does {z?: z € Z}.



