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Abstract

Gabor frames {e2™™#*g(x — ka)}, peza provide series repre-

sentations not only of functions in L*(R?) but of the entire range
of spaces M2'? known as the modulation spaces. Membership of a
function or distribution f in the modulation space is characterized
by a sequence-space norm of the Gabor coefficients of f depending
only on the magnitudes of those coefficients, and the Gabor series
representation of f converges unconditionally in the norm of the
modulation space. This paper shows that Gabor expansions also
converge in the entire range of amalgam spaces W (LP, L%), which
are not modulation spaces in general but, along with the modu-
lation spaces, play important roles in time-frequency analysis and
sampling theory. It is shown that membership of a function or dis-
tribution in the amalgam space is characterized by an appropriate
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sequence space norm of the Gabor coefficients. However, this se-
quence space norm depends on the phase of the Gabor coefficients
as well as their magnitudes, and the Gabor expansions converge
conditionally in general. Additionally, some converse results pro-
viding necessary conditions on g are obtained.

Key words and phrases: Amalgam spaces, frames, Gabor ex-
pansions, Gabor frames, modulation spaces, phase-space, sam-
pling, time-frequency analysis, Walnut representation
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1 Introduction

A Gabor frame G(g,a, ) = {e2™"%g(x — ak)}y pega for L2(R?) pro-
vides basis-like series representations of functions in L?, with uncondi-
tional convergence of the series. However, unless the frame is a Riesz
basis (and hence, by the Balian-Low theorem has poor time-frequency
localization), these representations will not be unique. Still, a canonical
and computable representation exists, and Gabor frames have found a
wide variety of applications in mathematics, science, and engineering
[9]. An important fact is that Gabor frames provide much more than
just a means to recognize square-integrability of functions. If the win-
dow function g is reasonably well-localized in time and frequency, then
Gabor frame expansions are valid not only in L? but in an entire range
of associated spaces M2? known as the modulation spaces. The frame
expansions converge unconditionally in the norm of those spaces, and
membership of a tempered distribution in M} is characterized by mem-
bership of its sequence of Gabor coefficients in a weighted sequence space
(29, We refer to [25] for a recent detailed development of time-frequency
analysis and modulation spaces.

Some results on Gabor analysis outside of the modulation spaces
were obtained by Walnut in [34]. In particular, he introduced what is
now known as the Walnut representation of the frame operator, and con-
sidered the boundedness of the frame operator on LP. Recently, it was
independently observed in [23] and [26] that Gabor expansions actually
converge in LP(R%) when 1 < p < co. Since LP is not a modulation space
when p # 2, it was known that Gabor expansions could not converge
unconditionally in LP. However, the fact that they converge at all was
a surprise.
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In this paper we consider a much larger class of spaces than the LP
spaces, namely, we consider the weighted amalgam spaces W (LP,L}).
These spaces amalgamate a local criteria for membership with a global
criteria. They are the “right” spaces for a wide range of applications,
and in particular play important roles in recent developments in time-
frequency analysis [14], [16], [25] and in sampling theory [15], [1], [2], [3],
[4], [19]. We will show that not only do Gabor expansions converge for
the special case LP = W(LP,LP), but that they converge in the entire
range of weighted amalgam spaces. Moreover, membership in the amal-
gam space is characterized by membership of the Gabor coefficients in
an appropriate sequence space. In the course of obtaining these results,
we prove several results of independent interest on the behavior of the
analysis and synthesis operators associated with the Gabor frame, and
on the Walnut representation, which is an extremely useful tool in Gabor
frame theory. Moreover, we include the cases p = 1,00 or ¢ = 1,00 in
our consideration. In particular, we show that Gabor expansions exist
even in L' and in a weak sense in L, given the right interpretation
of “expansion.” These results significantly extend the results in [26].
Additionally, we obtain some necessary conditions on the window ¢, ex-
tending weaker necessary conditions obtained by Balan in [5] for the
particular case W (L2, L*°).

Amalgam space techniques play an important role in the formulation
and proofs of sampling theorems. Specifically, we will prove the bound-
edness of the sampling operator on amalgam spaces. While our main
focus will be on the Gabor analysis of amalgam spaces, we are convinced
that our results on Gabor series are relevant for sampling problems per
se, and we plan to exploit this connection in our future work.

Our paper is organized as follows. Following some basic notation in
Section 2, we provide in Section 3 some background on Gabor expansions
in L? and the modulation spaces. These set the stage for the precise
statement of our main results in Section 4. Proofs of these results are
given in Section 5.

2 Notation

2.1 General notation

In addition to the basic definitions and notation of [25], we use the fol-
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lowing notation. @, denotes the cube Q, = [0, a)?. The characteristic
function of a measurable set F is Xg. Translation and modulation of a
function f with domain R? are defined, respectively, by

T.f(t) = f(t—z) and  M,f(t) =™ f(t).

The Fourier transform of f € L'(R%) is
fw) = Ffw) = | f@)e*™dt, weR™
R4

The Short-Time Fourier Transform (STFT) of a function f with respect
to a window g is

Vi) = (LMT) = [ e GT=) f0)ar

whenever the integral makes sense. Analogously to the Fourier trans-
form, the STFT extends in a distributional sense to f, g in the space of
tempered distributions ', cf. [20, Prop. 1.42].

Given a strictly positive function w on R?, the space L%, is defined
by the norm

1/p
Il = Ltwly = ([ @Pu@rds) .

with the usual adjustment if p = co. Here and in other definitions, if
w = 1 then we omit writing it.
Given E C R%, we use the shorthand

1/p
[ fllpe = IIf - XElLr = (/E!f(x)]pdx> )

2.2 Weight functions

Throughout this paper, w will denote a submultiplicative weight func-
tion, i.e., w is positive, symmetric, and continuous, and satisfies

Va,y eRY, wzty) < w@)w(y).

The prototypical example of a submultiplicative weight is the poly-
nomially-growing function w(z) = (1 + |z|)®, where s > 0. We also
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consider weight functions defined on R?? by making the obvious changes
in the definition.

Throughout this paper, v will denote an w-moderate function, i.e.,
v is positive, continuous, and symmetric, and there exists a constant
C, > 0 such that

Vaz,y e RY, vz +y) < C,w(z)v(y). (1)

For example, v(z) = (1 + |z|)! is moderate with respect to w(z) =
(14 |x|)® exactly for |t| < s.
If v is w-moderate, then by manipulating (1) we see that

1 1

vy = U gy

so 1/v is also w-moderate (with the same constant). Thus, the class of w-
moderate weights is closed under reciprocals, and consequently the class
of spaces LY, using w-moderate weights is closed under duality (with the
usual exception for p = co). This would not be the case if we restricted
only to submultiplicative weights. The following lemma provides an im-
portant additional motivation for considering moderate weights, namely
that LY is translation-invariant exactly for moderate weights [11].

Lemma 2.1. Let w be a submultiplicative weight on R%, and fix 1 < p <
00. Then the following statements are equivalent.

a. v 18 w-moderate.

b. LY is translation-invariant (i.e., for each x € R%, T, is a continu-
ous mapping of LY, onto itself).

c. For each compact set K C R?, there exists a constant C > 0 such
that
VyeRe,  sup v(t) < C inf u(t).

tey+K tey+ K

Given an w-moderate weight v on R%, we will often use the notation
7 to denote the weight on Z? defined by (k) = v(ak), and for a weight
v on R?? we define 7(k,n) = v(ak, fn).
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2.3 Amalgam spaces

Given an w-moderate weight v on R¢ and given 1 < p,q < oo, the
weighted amalgam space W (LP, L) is the Banach space of all measur-
able functions on R for which the norm

1/q
Vllwiercs) = (Z I Tamaugumk)q) @

kezd

is finite, with the usual adjustment if ¢ = oc.

The first use of amalgam spaces was by Wiener, who introduced the
spaces W (L', L?) and W (L? L') in [35] and W (L®°, L') and W (L', L)
n [36], [37], in connection with his development of the theory of gen-
eralized harmonic analysis. The space W (L, L!) is sometimes called
the Wiener algebra, cf. [32]. Tt was shown in [34] that W (L, L!) is a
convenient and general class of windows for Gabor analysis within L2.

In a series of papers beginning with [12], [13], Feichtinger developed
a comprehensive theory of amalgam spaces on locally compact groups
which allows a wide range of spaces of functions or distributions to be
used as local or global components in the amalgam, not just spaces such
as LP or L} that are defined solely in terms of integrability conditions.
See [14], [15], [16] for discussions of amalgam spaces and their applica-
tions. For an introduction to amalgams, concentrating on the weighted
amalgams W (LP, L) but providing an introduction to the general Fe-
ichtinger theory and containing background and references, we refer to
[28]. Additionally, the review of Fournier and Stewart [21] is a useful in-
troduction to the amalgams W (LP, L?) in the setting of locally compact
abelian groups.

Since any cube Q, in R? can be covered by a finite number of trans-
lates of a cube Qg, the space W (LP, L) is independent of the value of a
used in (2) in the sense that each different choice of v yields an equivalent
norm for W(LP, L}). A wide variety of other equivalent norms is pro-
vided by the Feichtinger amalgam theory. In particular, we refer to [28]
for an exposition of the “continuous” norms on the amalgam spaces,
which provide a much clearer motivation than (2) of why W(LP, L)
should be viewed as an amalgamation of a local LP with a global L{,
rather than merely a disjoint piecing together of local LP components.

For each w-moderate weight v, we have the following inclusion rela-
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tions: if p1 > pa, q1 < g2, then

WP, LE) € WP LE) © W(LP L) € WL, L),

In particular, the inclusions W (L, LL) ¢ W(LP,L}) C W(Ll,L(fjw)
hold for all 1 < p, ¢ < oo and all w-moderate weights v. In this sense
W (L*>, L}) is the smallest and W (L!, Li’?w) is the largest amalgam space
in the class of amalgam spaces with w-moderate weight functions.

For p, ¢ < oo, the Schwartz class S and the space of functions with

compact support are dense in W (LP, L1).

2.4 Amalgam Spaces and Sampling Theory

To highlight the important role of amalgam spaces in sampling theory,
we show how amalgam spaces arise in the rigorous definition of the
sampling operator. For more details on amalgam space techniques in
sampling theory, we refer to the pioneering work of Feichtinger [14], [15]
and the recent survey [4].

A discrete set X = {z;}je; C R is called separated if inf;p, |z; —
x| > 0, and relatively separated if X is a finite union of separated sets.
The sampling operator Sx f is defined as the restriction of f to X, i.e.,
it maps a function f to the sequence Sxf = {f(x;)};jes. In general,
Sx f need not even be defined, therefore we must impose conditions on
f in order that the sampling operator be a well-defined object. Here
amalgam spaces are very useful.

Theorem 2.2. a. If X is a relatively separated set, then the sampling
operator is a bounded operator from W (L, LE)NC to t1(J), and
thus

1/q
(Sravte) " < Clflwiaessy
Jj€J
b. A continuous function f belongs to W (L™, L) if and only if
Sx f € ¢4(J) for all relatively separated sets X C R%.
Proof. For a proof of part a, we refer to Prop. 11.1.4 (and the remark
following) in [25], and to [4, Thm. 3.1].

(b) If f is a continuous function in W (L, L), then Sx f € ¢1(J)
by part a.
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Conversely, assume that f is continuous and that Sx f € ¢1(.J) for all
relatively separated sets X C R%. For each k € Z%, choose 1, € ok + Qg
with the property that |f(xg)| = || f - TakXQ. |lco- Then the set {z}pczd
is relatively separated. Using Lemma 2.1(c) and our assumption, we
find that

1/q
Isxflly = (X Iolrvien?)

kezd
1/q
> (3 17 Tl viaky)
kezd
= CHfHW(Loo,Lz)- O

Strictly speaking, any real sampling device takes only local averages
(f,v;) instead of the exact point evaluations f(z;), cf. [1]. Here, the
;’s form a collection of averaging functions associated to the sampling
set X, and they are assumed to satisfy the following natural properties:

supp(v;j) C z; + Qa for some a > 0, (3)
Jpa () da = 1, (4)
Supjc s [Villy = M < oo for some 1 < p < o0. (5)

A more realistic sampling model will then replace the sampling oper-
ator Sy by the averaged sampling operator Ax g defined by Ax v f =
{(f,¥;)}jes. As above, Axy is well-defined only on certain function
spaces, precisely some amalgam spaces, as is shown in the following
statement.

Proposition 2.3. If X C R% is a relatively separated set and ¥ =
{j}jer is a set of averaging functions satisfying (3)—(5), then Ax v is
a bounded operator from W (LP, L) to ¢1(.J).

Proof. First we note that

max #{j€J:x; € ak+ Qa} = Ny < o0, (6)
kezd

because X is relatively separated. Now, if z; € ak+Qq, then supp(v;) C
Zj + Qo C ok + 24, and therefore

[(Fidl < I TakXQaallp 1951 -
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Using (5), (6), and Lemma 2.1, we then obtain that

lAxaflly = ST IF Ul vz

JjeJ
= > D Kfeplivla;)e
keZd z;€ak+Qq
< NoMC Y |If - TarX, ||} v(ak)?
kezd
< Cl”f”w(LPL‘I
as desired. O

2.5 Duality and convergence

We will need to be precise about the meaning of convergence of series.
For general references we refer to the text of Singer [33], and for ref-
erences on Banach function spaces we refer to the text of Bennett and
Sharpley [8].

The following lemma characterizing unconditional convergence will
be useful.

Lemma 2.4. Let X be a Banach space with dual space X*, and let
fr € X for k € J. Then the following statements are equivalent.

a. Y ey fr converges unconditionally in X, i.e., it converges with
respect to every ordering of the index set J.

b. There exists f € X such that for each € > 0, there exists a finite
Fy C J such that

Vfinite F' D Fy, Hf—ka.H < €
keF X

c. For every € > 0, there exists a finite Fy C J such that

Vfinite F' O Fp, sup{z [{fi, h)| - h € X*, ||h]|x+ = 1} < e
kEE

Now let X be a Banach function space in the sense of [8]. In par-
ticular, this includes the amalgam spaces W (LP, L%). The Kdthe dual
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(or associated space, as it is called in [8]), is the space X consisting of
all measurable functions h such that fh € L' for each f € X. By |8,
Thm. 1.2.9], X is a closed, norm-fundamental subspace of X*, so in
particular,

vieX, Iflx = suw{l{(f,m)]:heX, |h]g=1}

By [8, Cor. 1.5.3], X is complete in the J(X,X) topology, i.e., the weak
topology on X generated by X. In particular, a series > key fr con-
verges in the o (X, X') topology if >, . ;(fk, h) converges for each h € X.
It converges unconditionally in that topology if the convergence is in-
dependent of the ordering of J, and since the terms (fy, h) are scalars,
this occurs if and only if

VheX, > [fi.h)] < oo
kedJ

The dual and Kothe dual of the amalgam spaces are given in the
next lemma.

Lemma 2.5. Let v be an w-moderate weight.

a. For 1 <p,q < oo, the dual space of W (LP, L}) is W(Lp/,L‘{/V).

b. For 1 < p,q < oo, the Kithe dual of W(LP, L) is W(Lp/,L‘{/V).

3 Background: Gabor Expansions in L? and the
Modulation Spaces

3.1 Gabor frames in L?
Given a window function g € L?>(R?) and given «, § > 0, we say that

G(9,0,8) = {MpnTokG}knezd = {ezmﬁn'zg(ﬂﬁ—ak)}k,nezd

is a Gabor frame for L2(R?) if there exist constants A, B > 0 (called
frame bounds) such that

VEeLPRY), Alfl3: < D W Mg Targ)l* < Blfl3--
k,n€Zd

The basic properties of Gabor frames are laid out in the following
result; we refer to [9], [25], or [29] for more extensive treatments of frames
and Gabor frames.
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Theorem 3.1. Let G(g,a,3) be a Gabor frame for L*(R%) with frame
bounds A, B. Then the following statements hold.

a. The analysis operator Cgf = ((f, MpnTurg)) g neza @5 a bounded
mapping Cy: L* — €%, and we have the norm equivalence ||f||2 =<

1Coflle2-

b. The synthesis operator Ryc = Zk,nEZd Ckn MgnTokg is a bounded
mapping Rg: 0? — L?. The series defining Ryc converges uncondi-
tionally in L? for every c € (2.

c¢. Ry =Cy, and the frame operator Sy = RyCy: L? — L? is strictly
positive.

d. The dual window v = Sg_lg generates a Gabor frame G(v,a, )
for L2(RY) with frame bounds 1/B, 1/A.

e. R,Cy=1 on L*(R%), i.e., we have the Gabor expansions

f = RWCgf = Z <f7MﬁnTak'7> MﬁnTakg (7)
k,nezd

for f € L2(RY), with unconditional convergence of the series.

In brief, if G(g, a, 3) is a frame for L2(R%) then the £2-norm of the se-
quence of Gabor coefficients ((f, MgnTokg))k neze 1S an equivalent norm
for L?, and the Gabor expansions given by (7) hold in L2. Moreover, for
our purposes it is important to note that once the analysis and synthesis
operators are defined, the statement “Gabor expansions converge in L?”
is equivalent to the statement that the identity operator on L? factorizes
as I = R,C,.

In all these statements, and throughout this paper, the roles of g and
v may be interchanged.

3.2 Gabor frames in the modulation spaces

Under stronger assumptions on g, the expansions in (7) are valid not only
in L? but in the entire class of function spaces known as the modulation
spaces. For detailed discussion of these spaces we refer to [17], [25]. The
appropriate window class in this setting is the Feichtinger algebra

ML = (f e S(RY): ViS € LL®R™).
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where w is a submultiplicative weight on R?? with polynomial growth
(see [25, Sec. 11.4] for a discussion of the details required in dealing
with more general weights). The Schwartz class S is dense in M. Since
w > 1, we have Mul, C M', and it can be shown that M is contained in
the Wiener algebra W (L>, L1).

Let v be an w-moderate weight function on R??, and let ¢ € M}
be fixed. Then the modulation space MY? is the space of all tempered
distributions f € &'(R?) for which the norm

a/p 1/q
e = ([, ([ Watenparas) ™ an)

is finite. This definition is independent of the choice of g € M} in
the sense of equivalent norms. Further, M} = ML! (with equivalent
norms). For 1 < p, ¢ < oo, the dual of M} is Mf//f/. The space M~
is a subspace of the tempered distributions, but has the advantage of
being a Banach space. If v(z,y) = v(z) = (1 + |#|)*, then M2? is the
weighted L2 space L2. If v(z,y) = v(y) = (1 + |y|)*, then M2 = H?,
the standard Sobolev space. However, LP does not coincide with any
modulation space when p # 2 [18].

The following result summarizes some basic facts on Gabor frames
in the modulation spaces, cf. [25, Ch. 12]. The theorem is not stated in
its weakest possible form; for example, the boundedness of the analysis
and synthesis operators requires only the assumption g € M1, and does
not require that g generate a frame for L?. The mixed-norm sequence
space (2 consists of all sequences ¢ = (¢y,) knezd such that

q/p\ 1/
el = (X (X lamPotinr) ) < o

nezt “keZd
where v(k,n) = v(ak, fn).

Theorem 3.2. Let v be an w-moderate weight on R%*¢, and let 1 <
p,q < co. Let g € M} be such that G(g,c, 3) is a Gabor frame for
L*(RY). Then the following statements hold.

a. The analysis operator Cof = ((f, MpnTok9))y peza s a bounded
mapping Cyg: M'? — (29 and we have the norm equivalence

[ llazpe = N Cq fllepo-
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b. The synthesis operator Ryc = Zk,neZd Ckn MpgnTorg is a bounded
mapping Ry: (29 — MP?. The series defining Ryc converges un-
conditionally in the norm of M for every c € £27 (weak* uncon-

ditionally in Mfz;oo if p=00 or ¢ =00).

c. The frame operator Sy = RyCy is a continuously invertible map-
ping of ME? onto itself.

d. The dual window v = Sg_lg lies in M}.
e. R,Cy=1 on MPA1,

f. A distribution f € M;” belongs to MY if and only if Cyf € 021,
If g €S, then a tempered distribution f € S'(R?) belongs to ML
if and only if Cyf € (1.

In brief, the 2 norm of the Gabor coefficients ((f, Mg, Turg))k nezd
is an equivalent norm for M7, and the Gabor expansions (7) are valid in
MP?, with unconditional convergence of that series in the norm of M2,
Moreover, there is a strong statement made in part f of Theorem 3.2 that
is not usually observed in the standard list of Gabor frame properties
in L? (Theorem 3.1), namely that ||C,f|| era is not only an equivalent
norm for MY?, but membership of f in the modulation space is charac-
terized by membership of its sequence of Gabor coefficients Cy f in ¢27.
In particular, only the magnitude of these coefficients is important in
determining whether a given distribution lies in M2"?.

The proof of Theorem 3.2 requires deep analysis. In particular, the
invertibility of Sy, on M5! for arbitrary values of «, § was only recently
proved in [27].

In summary, once the analysis and synthesis operators have been
correctly defined, the fact that Gabor expansions converge in the modu-
lation spaces is simply the statement that the identity operator on MJ"?
factorizes as I = R,C,.

Remark 3.3. For comparison with later results, let us rewrite the def-
inition of the synthesis operator in several ways:

Rgc(x) = Z Ckn MﬁnTakg(x) (8)
k,n€Zd
= <Z Chn 62“’6”“) Targ() (9)
keZd “nezd
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= Y (@) Tang(@), (10)

kezd

where my(z) = >, czd Cin 2T s a 1/B-periodic function. In the
modulation spaces, the convergence of the double sum in (8) is uncon-
ditional, but when we turn to the amalgam spaces in Section 4, this will
no longer be the case. A correct formulation of the meaning of the syn-
thesis operator will then be essential, and the form of Ryc given by (9)
or especially (10) becomes the appropriate inspiration. O

One potential point of confusion in comparing the statement of re-
sults for amalgam spaces with the modulation spaces is that although
the amalgam spaces W(LP, L]) and the modulation spaces M%? both
involve a weight, the weight serves different purposes and is defined on
different spaces. For the modulation spaces, the weight is a joint time-
frequency weight, and hence is defined on R??, while for the amalgams
it is a weight on the global component of the amalgam, and hence is a
weight on RY.

4 Gabor Expansions in the Amalgam Spaces

In this section we will state our main results precisely. In particular,
we show that there is an analogue of Theorem 3.2 for the case of Gabor
expansions in the weighted amalgam spaces. This is surprising, because
the modulation spaces are the natural setting for Gabor analysis. And
indeed, while Gabor expansions converge unconditionally in the modu-
lation spaces, the convergence in the amalgam spaces is conditional in
general and even the meaning of the term “expansion” must be handled
appropriately. Throughout, we will use the notation v(k) = v(ak).

4.1 Sequence spaces

Before stating our results, we must define the sequence spaces that will
be associated with Gabor expansions in the amalgam spaces. We begin
by recalling that the Fourier transform of f € L'(Q; /8) is the sequence

f defined by

f(n) = Ff(n) = p° f(t) e 2mibnt g n e z%
Qi/p
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For 1 < p < oo, let FLP(Qy/g) denote the image of LP(Q,/g) under
the Fourier transform. Since Fourier coefficients are unique in LP, if ¢ =
(en)nezd € FLP(Q1/8) then there exists a unique function m € LP(Q1/3)
such that m(n) = ¢, for every n, and the norm on FLP(Q, ) is defined
by

lellzre@m = lImllp@s- (11)
For 1 < p < oo, Littlewood—Paley theory can be used to give an equiv-
alent norm for (11), cf. [10, Ch. 7].

Definition 4.1. Let a, § > 0 be given. Then S}¢ = (1(FLP(Qq/))
will denote the space of all FLP(Q /5)—Valued sequences which are £1-
summable. That is, a doubly-indexed sequence ¢ = (crn )y nezd lies in
SE1if for each k € Z% there exists my € LP(Qy/5) such that

mk(n) = Ckn, k,n € Zd,
and such that
1/q
lellspr = (3 Il , 707) < o,
kezd
with the usual change if ¢ = oc. O

When 1 < p < 0o, we can write my, as a Fourier series

mi(z) = Z Chop €27PT (12)
nezd

in the sense that the square partial sums of (12) converge to my in the
norm of LP(Qy ), cf. [30], [38]. Hence, for 1 <p < ooand 1 < ¢ < o0

we can write the norm on S27 as
, p qa/p 1/q
lcllgra = <Z (/ Z Chp €2TIPE dac) D(k)q> .
Y Qu/p
Note that for p = 2, we have via the Plancherel theorem that Sg’q =

kezd nezd
E?,’q, However, for general p, S2? is not a “solid” space. In particular,
changing the phases of the cg,, can change the norm of c.
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4.2 Boundedness of the analysis and synthesis operators

Our first main result states some facts which do not require a frame
hypothesis. In particular, the following result makes precise the meaning
and behavior of the analysis and synthesis operators on the amalgam
spaces, and shows that the Walnut representation, which is an extremely
useful tool in Gabor analysis, holds on the amalgam spaces.

Theorem 4.2. Let v be an w-moderate weight on R, Let a, > 0
and 1 < p,q < oo be given. Fix g, v € W(L>®, L}). Then the following
statements hold.

a. The analysis operator Cof = ({f, MpnTokg))g neza 8 a bounded
mapping Cg: W (LP, L) — SP9, Moreover, there exist unique func-
tions my € LP(Q1/3) which satisfy my(n) = Cyf(k,n) for all
k, n € Z%, and these are given explicitly by

mi(e) = N (f Tosg)(w — 3

nezd

= 7Y (Tsf Tarr29)(2). (13)

nezd

The series on the right side of (13) converges unconditionally in

LP(Qq/8) (unconditionally in the o(L>(Q1/3), Ll(Ql/ﬁ) topology
if p= 00).

b. Given c € SY?, let my, € LP(Qy) be the unique functions satisfying
me(n) = cpp for all k, n € Z%. Then the series

Ryc = Z mg - Takg (14)
kezd

converges unconditionally in W (LP,L}) (unconditionally in the

o(W(LP, L}), W(Lp,,Lcll//V)) topology if p = o0 or ¢ = o), and

Ry is a bounded mapping Ry: S21 — W(LP,Li).

c. The Walnut representation

BoCof = 703 Gu-Tuf (15)

neZd
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holds for f € W(LP, L), with the series on the right of (15) con-
verging absolutely in W (LP, L}), and where

Gn(x) = Z g(x — % —ak)y(z — ak)
kezd

= 2 (T30 T (@). (16)

kezd

Remark 4.3. When 1 < p < oo, the functions my, appearing in (14) can
be written as Fourier series, allowing IZ4c to be written as the iterated

Rye(x) = ) (Z Chn 627”’6”) Torg(x), (17)

kezd “neZd

sum

i.e., the same series as appears in (9). When p = 1 or p = oo, this is
not the case. The functions m; are still uniquely determined by ¢, but
cannot be written as Fourier series. When p = ¢ = 2, both the inner and
outer sums in the iterated series in (17) converge unconditionally, and
then R,c can also be written as the double sum in (8), with unconditional
convergence of that series. O

4.3 Gabor expansions in the amalgam spaces

Under the assumption that G(g,a, 3) is a frame for L?(R%), we obtain
the following result.

Theorem 4.4. Let v be an w-moderate weight on RY, and let a, >0
and 1 < p,q < 0o be given. Assume that g, v € W(L>®, L)) are such
that G(g, o, B) is a Gabor frame for L* with dual frame G(v,a, 3). Then
the following statements hold.

a. We have the norm equivalence || |y o 13y = |Co fllgpa-
b. R,Cy =1 on W(LP,LY).

c. A function [ € W(Ll,Lclx/’w) belongs to W (LP,L}) if and only if
C,f € S21.

Remark 4.5. a. Theorem 4.4 says that, given an appropriate condition
on the window g and its dual window +y, a Gabor frame for L? extends to
the amalgam spaces and provides “Gabor expansions” for the amalgam

241



spaces in the sense that we have the factorization of the identity as
I = R,Cy. The specific form of these expansions is that given f, there
exist functions my, such that f = R,Cyf = > my - Torg. When 1 <
p < 00, the functions mj can be realized as Fourier series, leading to an
expansion of the form

f@) = RCyf(x) = (Z(f, Mg Tor) 62’”6”"”> Targ(x). (18)

kezd “neZd

The inner sum defining mj, converges conditionally in general, while the
outer sum converges unconditionally.

b. For the case p = 1, the functions m; cannot be written as Fourier
series, so we do not have a series expansion of the form (18). A different
approach to the case p = ¢ = 1 and v = 1, based on Littlewood—Paley
theory, is developed by Gilbert and Lakey in [22], where they show that
Gabor frames can be used to characterize a Hardy-type space on the
line.

c¢. Theorem 4.4c says that if we use the “largest” amalgam space
W(Ll,L;’?w) as our “universe,” then membership of a function in an
amalgam W (LP L) is characterized by membership of its sequence of
Gabor coefficients in an appropriate sequence space. By imposing addi-
tional restrictions on g, 7y, we could enlarge the universe on which this
characterization is valid. In particular, if we required g, v to lie in the
Schwartz class S, then the universe on which this characterization was
valid would be the space S’ of tempered distributions.

d. For the case of the modulation spaces, there is a deep result that
states that if g lies in the Feichtinger algebra M2, then the dual window
v will lie in M as well, cf. Theorem 3.2. For the case of the amalgam
spaces, we do not know if the assumption g € W (L, L.) implies that
the dual window ~ also lies in that space. This is an interesting and
possibly difficult open question. O

4.4 Convergence of Gabor expansions

As pointed out above, when 1 < p < oo, the synthesis operator R, can be
written as the iterated sum (17). The inner series in this sum converges
conditionally in general, while the outer series converges unconditionally.
Our next result shows that this series can also be written as a double
sum, as in (8), but because the proof relies on the convergence of Fourier
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series in LP, the convergence is conditional in general. In dealing with
Fourier series in higher dimensions, it is important to use the maximum
norm |z| = max{|x1],...,|z4|} on RY

Proposition 4.6. Let v be an w-moderate weight. Let o, 3 > 0 and
1 <p<oo,1<q< oo begiven. Assume that g, v € W(L*,LL) are
such that G(g,a, 3) is a Gabor frame for L* with dual window ~y. Then
the following statements hold.

a. If c € S, then the partial sums

SkNe = > Y ok Mg Torg,  K,N >0,
|k|<K [n|<N

converge to Ryc in the norm of W(LP,L}), i.e., for each € > 0
there exist Ko, Ng > 0 such that

VK > Ky, VN > Ny, HRgC_SK,NCHW(LP,Lﬁ) < €.

b. If f € W(LP,L}), then the partial sums of the Gabor expansion
of f

SkN(Cof) = Y > {f ManTorg) ManTury,
|k|<K [n|<N

converge to f in the norm of W (LP,L1).

4.5 Necessary conditions on the window

Our final main result provides a partial converse to Theorem 4.2a. In
particular, Theorem 4.2a implies that if g € W(L>®,LL), then Cj is
bounded on each W (LP, L). In the converse direction, if g is a measur-
able function and 1 < p, ¢ < oo are given, then in order for C,; to be well-
defined on W (L, L), we must at least have C,f(0,0) = (f,g) = [ f§
defined for each f € W(LP,L}). Hence fg € L' for all such f, so we
immediately have that g must lie in the Kéthe dual of W (LP, L), which
is WL, L],).

For the unweighted case, we obtain the following further necessary
condition in order that Cy be bounded on W(L?, L>°). For the case
p = 2, this result was obtained by Balan in [5] and published in [6],
[7]. Extensions of some other results from [5] to the case p # 2 are also
possible by combining the arguments of Balan with the techniques of
this paper.
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Theorem 4.7. Let o, > 0 and 1 < p < oo be given. If g € W(L¥' | L)
and Cy is a bounded map from W (LP, L>°) to SP*°, then g € W (L, LP).

As noted above, the hypothesis g € W(Lp/,Ll) is not a limitation
on the generality of the result, as it is necessary in order that C, can
even be defined. Furthermore, if 1 < p < oo then W(L*, LP) is not
contained in W (L?, L") nor conversely, so Theorem 4.7 is not a trivial
consequence of embeddings of modulation spaces. The result is also true
if p =1, but in this case W (L>®, L?) = W(L?', L') and there is no new
information gained.

5 Proofs

In this section, we present the proofs of the results stated above. First,
Section 5.1 provides some useful lemmas. The proof of Theorem 4.2
is divided into Sections 5.2-5.4, which deal respectively with the syn-
thesis operator, the analysis operator, and the Walnut representation.
Section 5.5 contains the proof of Theorem 4.4, Section 5.6 contains the
proof of Proposition 4.6, and Section 5.7 contains the proof of Theo-
rem 4.7.

5.1 Lemmas

The following lemmas will be important in the sequel. The first lemma
is simply a counting argument.

Lemma 5.1. Let o, 8 > 0 be given. Let K,g be the maximum number
of %Zd—tmnslates of Q1 required to cover any aZ%-translate of Qq, i.e.,

Ko = tezd:|(L N (ak + Qq)| > 0}.
% gé%#{ (5 + Qi/p) N (ak + Qa)| > 0}

Then given 1 < p < oo, we have for any 1/B-periodic function m €
LP(Q1/3) and any k € Z% that

1
mllpakin < EF Imllpy, s

/oo
where Kaﬁ =1.

The second lemma is a weighted version of an estimate that is useful
in the Walnut representation of the Gabor frame operator on L?, see
[34, Lemma 2.2].
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Lemma 5.2. Let w be a submultiplicative weight, and let o, B > 0 be
given. Then there exists a constant C = C(a, f,w) > 0 such that if g,
v € W(L*®,LL) and the functions G,, are defined by (16), then

D Gnlloow(B) < Cllglwwe,cy) IVlwze,Ly)-
nezd

Proof. 1t follows from Lemma 2.1 and the fact that w is w-moderate that
| fwllw (zo, 1) 18 an equivalent norm for W (L, L}Y). In particular, we
have gw, yw € W(L>, L'), so by [25, Lemma 6.3.1],

A d
Y IGnllee < (2 4+ 128+ D |gwllw ze, 1) Iwllw(ze,21);
nezd

where G, is the analogue of G,, with g replaced by |glw and 7 replaced
by |y|w. Hence,

S [ Gulloc w(3)

nezd

Z g(x — 5 — ak)v(z — ak) x
kezd

= E ess sup
nezd z€R?

w((z — ak) — (z — 5 — ak))

< Z €ss sup Z l9(x — F — ak)|w(z — § — ak) x
TZEZd Z‘eRd kEZd
|v(z — ak)|w(z — ak)
= Z HénHoo
nezd
< Cllgllwee,zu)y IVllwzee,r1)- O

Finally, we need an estimate on the effect of translations on the
amalgam space norm.

Lemma 5.3. Let v be an w-moderate weight. Then for 1 < p,q < oo,
we have for each f € W(LP,L{) and £ € Z¢ that

||Taef||W(Lp,LZ) < Cyw(al) Hf”W(LP,LZ)'
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5.2 Proof of Theorem 4.2b: Boundedness of the synthesis
operator

In this subsection we will prove part b of Theorem 4.2, establishing the
boundedness of the synthesis operator on S%7.

We divide into cases. First, we consider the case 1 < p,q¢ < 0.
We are given ¢ € S29, and we must prove that the series (14) defining
Rgyc converges unconditionally in the norm of W (L, L}), and that R,
so defined is a bounded mapping of W (LP, L) into S2?. To show the
convergence we will make use of Lemma 2.4.

Fix ¢ > 0. Then, by definition of the norm in S2? we have that
> llmells o, s v(k)? < co. Hence there exists a finite set Fy such that

Vfinite FF O Fo, Y [lmgl|?, Q5 P(R)T < €. (19)
k¢F
Recall that 1/v is an w-moderate weight, and let K,3 be the constant
appearing in Lemma 5.1. Fix any h € W (L¥, L‘ll/ ). Then

S - Takg, B)|

k¢F
3 / () Tong () h(z)| do

k¢ F

- Z Z/ [mg(2) Targ(2) M(2)| Tan+akXQ, () dz

k¢ F nezd’ Qo

IN

IN

Z Z Ty - Tom-l-akXQaHoo ||mk:||p,om+ozk+Qa X
k¢F nezd
v(ak)

v(an + ak — an)

Hh : ToerakXQa Hp’

IN

Z 19 - TanXQalloo X

nezd
Cyv(ak)w(an)
v(an + ak)

Z B ||mk;||pQ1/ﬁ |h- Tom-i—akXQaHP
k¢F

1/q
1
CRLY S o TanXgu e o(am) (3 Il g, , viab)?)

nezd k¢F

IN
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¢ 1 1/q
h-T,  —— . 20
3 el s ) (20)

(

Combining (19) and (20), we have that

1
Dl Towg, W) < e ol ey Welly o o
k¢F v

Therefore, taking the supremum over all h of unit norm and appealing
to Lemma 2.4, we see that Rgc = ) my,- T, converges unconditionally.
Further, replacing F by Z? in the calculation in (20) yields

[(Rge,h)] < > [{my - Targ, b
kezd

1
< OB Nolhwzs gy Nellsp Il o g - (21)

Since W (L¥', L(f//y) is the dual space of W(LP, L}), taking the suprema
over all h of unit norm in (21) shows that

HRgCHW(Lp7L3) = Sup{‘(RgC7 h>’ : HhHW(Lp/,L(i// ) - 1}

IN

1
C,,Ka/p lgllw (zo,r1) llcllsza, (22)

so Ry is bounded. This completes the proof for the case 1 < p,q < co.

When p = 0o or ¢ = oo, we make use of the fact that W (L¥, L‘ll//y)
is the Kothe dual of W(LP,LZ). The fact that the series defining Ryc
converges in the weak topology is given by the same calculations as
in (20), (21), and the fact that the Kéthe dual is a norm-fundamental
subspace of the dual space means that we can again estimate ||Rycl|ge.a

by using (22). Hence R, is bounded, and the proof is complete.

5.3 Proof of Theorem 4.2a: Boundedness of the analysis
operator

In this subsection we will prove part a of Theorem 4.2, establishing the
boundedness of the analysis operator on W (LP, L).
We are given that g € W(L*,L}) and that 1 < p,q¢ < co. Let

f € W(LP, L), which is a subspace of W(Ll,Li’?w). First we must
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show that the functions my given by (13) are well-defined. Since my
is the 1/(-periodization of the integrable function f - T,rg, the series
defining m;, converges at least in L'(Q,). To show that the periodization
converges unconditionally in LP(Q;/g) (weakly if p = co) and to derive

a useful estimate, fix any 1/3-periodic function h € L?' (Q, /8)- Then for
each fixed k, we have

S 1@ — ) Tang(e — 3) hia)] de

Qu/p nezd

- /\f()Takg 2) h(z)| da

- Z/ akg ) ($)|Tak+anan(fE)d$

neZzad
< Z ||Tozk9 : Tozk:—l—omXQaHoo Hf : Tak+omXQaHp x
nezd
2l v(ak + an — an)
P ak+an+Qq I/(Ckk)
K
< Yo TanXaulloo IF - TokranXaullp Kofd - %
nezd
Cyv(ak + an)w(an)
Hth/le/ﬁ v(ak)

1
= GK, /p Il @18 = ( Z 19 - TanXQa lloo w(an) x
Zd
If - Tak+anXQaHp v(ak + an). (23)

This yields the desired convergence, and taking the suprema in (23) over
h with unit norm implies the estimate

1
mellnays < BCHY oo 7 2 N9 TanXa, oo wlam) x
nezd

||f ) Tak—l—omXQa ||p V(()ék? + OZTL).
Second, we show that 7 (n) has the correct form. Since e2rifn-z o

Lp/(Ql /8), we have by the weak convergence of the series defining my,
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mk(n) — ﬁd <mk’ e2m’ﬂn-z>
_ T, f.T = 2mifnx
Zgi/Ql/ﬁ< %f O‘kJFég’ ’ >
= Y[ o DTl — e e g
tezd ? Qs

= [ Tug) @) e e

= <f7 MﬁnTakg>
= Cgf(k’n)

Finally, we must show that Cj is a bounded mapping of W (LP, L})
into S29. Given f € W(LP, L}), to show that C,f € S2? we must show
that the sequence r given by

r(k) = lmillp@, s kE€Z

lies in ¢2. To do this, fix any sequence a € E‘{/ﬁ. Then, using (24), we
have

[(r.a)| < Z HmkHP,Ql/ﬁ la(k)|

kezd

_ 1/p"
B7C KN S g - TanXau lloo wlan) x

nezd

1f - Tok+anXqullp v(ak + an) |a(k)| —=
kgd + Qallp l/(()ék?)

B7CEYY S g TunXau e wian) x

nezd

1/q
<Z IF - Tt an X, I (o + an>q> x

kezd

kezd

IN

IN
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— 1/p’
< BTICHK G gllwiae, iz 1 lwws.zy (24)

Since 6611//17 equals (£1)* when ¢ < oo and is a norm-fundamental subspace

when ¢ = oo, taking the suprema in (24) over sequences a with unit norm
yields the estimate

_ 1/p'
ICo Fllsza = lIrller < B™CLEYY Nallwzo £y | Fllwzr,zo)-
Hence Cy is a bounded mapping of W (LP?, L) into SE9.

Remark 5.4. For the case 1 < p,q < 00, the boundedness of C; could
also be shown by proving that Cy: W (LP, L) — S is the adjoint of
Ry: Sf;’g/ — W(L¥, LC{/V), and then using the reflexivity of the space
W (LP, L}) and the fact that 1/v is also w-moderate. O

5.4 Proof of Theorem 4.2c: The Walnut representation

In this subsection we will prove part ¢ of Theorem 4.2, establishing the
validity of the Walnut representation of R,C, on W (L?, L{).

We are given g, v € W(L>®, L)) and 1 < p,q < oco. For this proof,
let us use the equivalent norm for W(LP, L) obtained by replacing «
in (2) by 1/8. Then by Lemma 5.3,

HT%fHW(LP,Lﬁ) < Gy W(%) ||f||W(LP,L3)-

Therefore, using the autocorrelation functions G,, defined in (16), we
have for f € W(LP, L]) that

> G- Ta fllw e,y

nezd
< Z 1Gnlloo 1T Fllw (zr,28)
nezd
< Collfllwnrsy D IGnlloow (%)

nezd
< CC | fllwwr,eo) 19w (zoe,L1y IVllw (o 1)
the last inequality following from Lemma 5.2. Hence the series ) G, -

T n f converges absolutely in W (LP, L}).
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Now fix f € W(LP, L}). Then Cyf € S¥? by Theorem 4.2a. Letting
my, be defined by (13), we have Cy f(k,n) = my(n). Further, R,Cyf =
> my - Tury, this series converging unconditionally if p, ¢ < oo, or
unconditionally in the weak topology otherwise. In any case, for h €
W(LP L7, ) we have

1/i
<R’chf7 h> = Z <mk “Toks h>
kezd
= mp(x) Tory(z) hx) dx
Zhe
= Y / 3 T f(0) Tk 9(0) T () )
kezd nezd
> / S T f ) T 39(0) T () Be)
nezd kezd
= —d n f(x x) h(zx) de.
= 5 ngdAdef< ) Gala) ) d
= 571 (Gu-Taf h),
nezd

from which (15) follows. The interchanges of integration and summation
can be justified by Lemma 5.2 and Fubini’s Theorem.

5.5 Proof of Theorem 4.4: Gabor frames in the amalgam
spaces

In this subsection we will prove Theorem 4.4. We are given g, v €
W (L>®,LL) such that G(g,, () is a Gabor frame for L? and v is the
dual window to g. By Theorem 4.2, we have that C,, C: W (L, L]) —
SP4 and Ry, Ry:S2Y — W(LP, L) are bounded mappings for each
1 < p,q < oo and each w-moderate weight v. Further, for the case
p =q = 2 and v = 1, the frame hypothesis implies that the identity
R,C, = I holds on L? and the definition of R, given in Theorem 3.1
coincides in this case with the definition of R, given in Theorem 4.2.
Letting Gy, be the autocorrelation functions defined in (16), the fact that
R,Cy = I holds on L? implies by [25, Thm. 7.3.1] that

B 4Gy =1 ae. and G, =0 a.e. for n # 0.
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Consequently, using the Walnut representation (15) of R,Cy on the space
W (LP, L), we have for f € W(LP, L%) that

== 7d . n =
R,Cyf = B4 G Tuf = f.
nezd
Hence R,C, = I holds on W(LP,L}) as well. This proves part b of

Theorem 4.4.
Next, given f € W(LP, L}), we have

Hf”W(LP,LZ) = HR’YCngW(LP,LZ)
< Ry [[ICy fllsza
< R IHIC I 1 lwzo,29)-

Consequently, ||Cgf\|55,q =< || fllw(Lp,Lg), Which proves part a of Theo-
rem 4.4.

Finally, we prove part ¢ of Theorem 4.4. Let f € W(Ll,Lcﬁw) be
given. We must show that f € W(LP, L) if and only if C,f € S.
The forward direction, that if f € W (LP, L}) then C, f € S2?, is simply
Theorem 4.2a. For the reverse direction, assume that C,f € S2'?. Then
by Theorem 4.2a, the function f = R, (C, f) lies in W (LP, L). However,
the factorization R,Cy; = I holds on every amalgam space, including
W(Ll,Lcl"/’w) in particular, so we also know that f = R,Cyf. Thus
f=Ffe W (LP, L), which completes the proof.

5.6 Proof of Proposition 4.6: Convergence of Gabor ex-
pansions

In this subsection we will prove Proposition 4.6. We are given g, v €
W (L>®, L)) such that G(g,a,3) is a Gabor frame for L? and ~ is the
dual window to g, and we fix 1 <p < oo and 1 < g < oc0.

Assume that ¢ € S27 and let my, be defined by (13). For N > 0,
write

SNmk _ § : Chn eQmBn-x
[n|<N

for the partial sums of the Fourier series of mj. The exponentials
{e?ribnay 4 form a basis for LP(Qq/p) [30], [38], so, letting C7 de-
note the basis constant for this system, we have for each k € Z% that

Jim g = Symillp,,, = 0 (25)
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and
sup [|Snmkllp,@, s < C1llmllp,, - (26)
N>0

Since ¢ € 27, given £ > 0, we can find K( > 0 such that

1/q
vk (X I, o007)  <e e
|k|>K

Because of (25) and the fact that K is finite, we can find an Ny > 0
such that

_ 5
VN > No,  sup |my — Snmylp,q,,, 7(k)

< —° (28
k| <Ko (2K + 1)d/a (28)

Now, since ¢ € SP% and 1 < p < oo, we know that Ryc can be written
as the iterated series (17). Write the partial sums of the outer series as

SK,OOC = Z (Z Ckn 627”"6”%) Takg = Z my - Tokg-

|k|<K “nezd |k|<K

Given K > Ky and N > Ny, write

RgC—SK,NC = (Rgc_SKo,ooC)+(SKO,ooC_SKO,NC)+(SK0,NC_SK,NC)-

(29)

We will calculate the W (LP, L) norm of each of these terms separately.

For the first term, define a sequence r by ri, = cg, for |k| < K

and n € Z%, and ry, = 0 otherwise. Then SKooo€ = Rgr, and R, is a
bounded mapping of S2? — W (LP, L), so using (27) we have

[Rgc — SKo,ooCHW(LP,Lﬁ) = [[Ry(c— T)HW(LP,L?,)

IN

1Bl flc = 7l[sza

1/q
7 (X el , 0)

|k“>K0
< [Rylle. (30)

For the second term, define sy, = ¢, for |k| < K and |n| < N, and
skn = 0 otherwise. Then Sk, nvc = Rys, so using (28), we have

[ Sko,00¢ — SKo,NCHW(LP,Lz)
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< Byl 7 sllgps
1/q
= IRl (Xl Sl , 707
|k|<Ko
< IRyl (1)

For the third term, define ty, = ¢, for |k| < K and |n| < N, and
tkn = 0 otherwise. Then Sk, yc = Ryt, so using (26) and (27), we have

Sk, nC — SK,NCHW(LP,LZ)

< IRl s = tlsge
1/q
—irl (X Isvmlg,, 200
Ko<|k|<K
5 1/q
< alrd( X Imili,,#0)
Ko<|k|<K
< iR, (32)

Applying (30)-(32) to (29), we see that |[Rgc — Sk ,ncllw e, ry) <
(24 C1) ||Rg|l e, which completes the proof.

5.7 Proof of Proposition 4.7: Necessary conditions

We will prove Theorem 4.7 in this subsection. We assume that g €
W (L, L') is such that C, is a bounded map from W (LP, L>) to SP**,
where 1 < p < oo, and we wish to show that g € W(L*, LP). Let us
show first that g € L®. If not, then given any D > 0 there would exist
a set J contained in some cube % + @15 and with positive measure such
that |g(z)| > D on J.

Set f = ‘J|11/p e!a89 x ;. Using the equivalent norm for W (LP, L>)
obtained by replacing « in (2) by 1/8, we have that || fly(zr ) < 1.
By hypothesis, Cyf € SP*°, so there exist 1/(-periodic functions my
such that my(n) = Cyf(k,n). Since f-Tyrg € L', it is easy to see that
my, is given by (13). In particular, considering k = 0 we have

mollq,, = 57
Qi/p

S fe- g —2)| de

nezd
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g
- L e
E+Q1/[3

BPipP.

\Y

Hence

D < B sup |Imilpq,
kezd

= BYCyfllsr
< BUCHN lIw ey < BEIC]-

But since D is arbitrary, this contradicts the fact that C, is a bounded
mapping. Hence g must be in L™

Now we show that g € W(L>, LP). Fix £ > 0, and for each n € Z4
define

Then set J, = J, if |J,| < e, otherwise let J), be a subset of .J,, of
measure €. Let

N. = sup{N € N: |J}| > § for all [n| < N}

Note that N. — oo as ¢ — 0 (and may even be oo for some ¢). Define
f = etarsyg 2 inj<n. XJ;,, and note that || f|lw L re) < /P, Therefore
Cyf € SP°°, and letting my, be defined by (13), we have

mollq,, = 57> | 2P Xy (1) da

In|<N. +Q1/ﬁ

) 9 TsXa,,
ot Y (R

In|<Ne

—pde—p—1
B2 e Z Hg'T%XQUﬁHgo
In|<Ne

Y

Y

Hence

S o Toxonlte < 22 up il
g 5\Q1/plloc = c p kllp,Q1/5
In|<N: keZ
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ﬂpdgpﬂ
= 1Cy f 5,00

ﬂpd2

IN

HC PN 1 (2o, 1)

< ﬁpd?p“ 1Cq "

Since N; — oo as € — 0, this implies that g € W (L, LP).
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