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John J. Benedetto, Christopher Heil, and David F. Walnut

“If it is true, it can be proved.” — Enrico Fermi

ABSTRACT. The Balian–Low theorem (BLT) is a key result in time-frequency analysis, originally

stated by Balian and, independently, by Low, as: If a Gabor system {e2πimbt g(t − na)}m,n∈Z

with ab = 1 forms an orthonormal basis for L2(R), then

(
∫

∞

−∞

|t g(t)|2 dt

) (
∫

∞

−∞

|γ ĝ(γ)|2 dγ

)

= +∞.

The BLT was later extended from orthonormal bases to exact frames.
This paper presents a tutorial on Gabor systems, the BLT, and related topics, such as

the Zak transform and Wilson bases. Because of the fact that (g′)∧(γ) = 2πiγ ĝ(γ), the role of
differentiation in the proof of the BLT is examined carefully. The major new contributions of this
paper are the construction of a complete Gabor system of the form {e2πibmt g(t − an)} such that
{(an , bm)} has density strictly less than 1, an Amalgam BLT that provides distinct restrictions on
Gabor systems {e2πimbt g(t − na)} that form exact frames, and a new proof of the BLT for exact
frames that does not require differentiation and relies only on classical real variable methods from
harmonic analysis.

1. Introduction

1.1. History

The Balian–Low theorem (BLT) is a key result in time-frequency analysis. It was originally
stated by Balian [Bal81] and, independently, by Low [Low85], as: If a Gabor system {e2πimbt g(t−
na)}m,n∈Z with ab = 1 forms an orthonormal basis for L2(R) = {f :

∫ ∞

−∞ |f(t)|2 dt <∞} then

(
∫ ∞

−∞

|t g(t)|2 dt
) (

∫ ∞

−∞

|γ ĝ(γ)|2 dγ
)

= +∞,
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where ĝ(γ) =
∫ ∞

−∞
g(t) e−2πiγt dt is the Fourier transform of g, R is the real line, and Z is the set of

integers. The setting for Balian was Gabor’s notion of information area in signal analysis [Gab46],
[Dau86], [JHJ88], [Ben94, §7.3], as well as the role of the phase plane in quantum mechanics [vN55].
The background for Low included completeness properties of classical wavepackets in quantum
mechanics (for example, [vN55] (including von Neumann’s work from the late 1920’s).

The proofs given by Balian and Low each contained a gap arising from the fact that square-
integrability of the partial derivatives of a function does not imply continuity of the function itself in
dimensions two and higher. This gap was independently addressed in two ways. Battle provided an
elegant and entirely new proof based on the operator theory associated with the Classical Uncertainty
Principle Inequality [Bat88]. Daubechies, Coifman, and Semmes retained the original approach of
Balian and Low, filling the gap directly [Dau90]. In the process, they extended the result from Gabor
systems which form orthonormal bases for L2(R) to Gabor systems which form exact frames—a
natural generalization of orthonormal bases that we describe below. Although Battle’s uncertainty
principle approach to the BLT for orthonormal bases was both elegant and simple, and although
the step from orthonormal bases to exact frames seems small, it was a nontrivial matter to adapt
Battle’s proof to the case of exact frames. This was accomplished by Daubechies and Janssen in
[DJ93]. Their proof is beautifully recounted in Daubechies’ recent monograph [Dau92].

In order to describe frames and exact frames, let us first recall and describe orthonormal bases.
We begin with the L2-norm of a complex-valued function f , given by

‖f‖2 =

(
∫

|f(t)|2 dt
)1/2

.

Integrals with unspecified limits are to be taken over the entire real line R. The quantity ‖f‖2
2 is

often referred to as the energy of f . Thus L2(R) is the space of all functions f that have finite

energy. We can define an inner product on L2(R) by

〈f, g〉 =

∫

f(t) g(t) dt,

the bar denoting complex conjugation.
A sequence {fk} of functions in L2(R) is orthonormal if

〈fk, f`〉 = δk,` =

{

1, if k = `,

0, if k 6= `.

A sequence {fk} is a basis for L2(R) if

∀ f ∈ L2(R), ∃ unique scalars ck(f) such that f =
∑

k

ck(f) fk. (1.1)

A sequence that is both orthonormal and a basis is an orthonormal basis. In this case, the scalars
ck(f) are given simply by inner products of f with the basis elements: ck(f) = 〈f, fk〉. Thus, for an
orthonormal basis

∀ f ∈ L2(R), f =
∑

k

〈f, fk〉 fk. (1.2)
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Moreover, the Plancherel formula states that the energy of f is determined by the “energy” of the
coefficients 〈f, fk〉:

∀ f ∈ L2(R), ‖f‖2
2 =

∑

k

|〈f, fk〉|2. (1.3)

The Plancherel formula motivates the definition of frames. A sequence {fk} is a frame if there
exist constants A, B > 0, called the frame bounds, so that the following approximate Plancherel

formula holds:

∀ f ∈ L2(R), A ‖f‖2
2 ≤

∑

k

|〈f, fk〉|2 ≤ B ‖f‖2
2. (1.4)

Thus, for a frame, the energy ‖f‖2
2 of f is “equivalent” but not necessarily equal to the coefficient

energy
∑ |〈f, fk〉|2. If A = B then the frame is said to be tight.

Unlike orthonormal bases, this approximate Plancherel formula is the only requirement we
place on a sequence in order for it to be called a frame. We do not require that a frame form a
basis, and in fact there are many useful frames that are not bases. This stems from the surprising
fact that every frame provides a series representation of functions f similar to the one given in (1.2)

for orthonormal bases. In particular, for any frame {fk} there will exist a dual frame {f̃k} so that

∀ f ∈ L2(R), f =
∑

k

〈f, f̃k〉 fk =
∑

k

〈f, fk〉 f̃k. (1.5)

If the frame {fk} happens to form a basis, then the only way to write f =
∑

ck fk is with ck = 〈f, f̃k〉.
If the frame is not a basis then there will exist other choices of ck so that f =

∑

ck fk. Among all

these choices, ck = 〈f, f̃k〉 is still “best” in several ways. For example, it is the choice that minimizes
the quantity

∑ |ck|2.
It is the concept of exactness that distinguishes between frames that are bases and those that

are not. A frame {fk} is exact if it ceases to be a frame when any single element f` is deleted, that
is, {fk}k 6=` is not a frame for any `. A frame is a basis if and only if it is exact. Therefore, an exact
frame satisfies both the approximate Plancherel formula (1.4) and has the property that (1.5) is
the unique series representation of functions f in terms of the frame elements fk or the dual frame
elements f̃k. All orthonormal bases are exact frames, and all exact frames are frames. However,
there exist frames that are not exact, and there exist exact frames that are not orthonormal bases.
Moreover, tightness and exactness are distinct concepts: there exist tight frames that are exact and
there exist tight frames that are inexact. We discuss further properties of frames in §2.1.

We can now state the BLT for exact frames. For simplicity of notation, we write gp,q(t) =
e2πipt g(t− q). We call {gmb,na} a Gabor system, and we assume that the indices m, n range over Z
unless otherwise specified. Then the BLT is:

1.1. Theorem (BLT).

Let g ∈ L2(R), and let a, b > 0 satisfy ab = 1. If the Gabor system {gmb,na} is an exact frame

for L2(R), then

‖tg(t)‖2 ‖γĝ(γ)‖2 = +∞. (1.6)
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We shall see in §2.3 that the hypothesis ab = 1 in the BLT is redundant, following from
the hypothesis that the Gabor system {gmb,na} forms an exact frame for L2(R) (Theorem 2.3).
Moreover, when ab = 1, a Gabor system is a frame if and only if it is an exact frame (Theorem 3.1d).

It is instructive to compare the BLT to the Classical Uncertainty Principle Inequality. We use
the symbol R̂ to denote the real line thought of as the frequency axis, and we let C denote the set
of complex numbers.

1.2. Theorem (Classical Uncertainty Principle Inequality).

Let (t0, γ0) ∈ R× R̂. Then

∀ f ∈ L2(R), ‖f‖2
2 ≤ 4π ‖(t− t0) f(t)‖2 ‖(γ − γ0) f̂(γ)‖2, (1.7)

and there is equality in (1.7) if and only if f(t) = C e2πitγ0 e−s(t−t0)
2

for some C ∈ C and s > 0.

Thus, if a Gabor system {gmb,na} forms an exact frame then the right side of (1.7) is infinite
when f is replaced by g. In this sense, the BLT maximizes the Classical Uncertainty Principle
Inequality. For comparison, note that if f(t) = (sin 2πΩt)/(πt), or if f ∈ L2(R) behaves like |t|α as
t→ ∞ with α ∈ [−3/2,−1/2), then the right side of (1.7) is infinite.

1.2. Outline

Because of the fact that
(g′)∧(γ) = 2πiγ ĝ(γ) (1.8)

(at least for g satisfying certain conditions, for example, [Ben96, Theorem 1.4.1d,e] or Theorem 5.2),
it is natural that differentiation plays a role in any study of the BLT. This differentiation may take
several forms, including classical, pointwise almost everywhere, or distributional. It is our goal in
this paper to examine this role, to consider the form the differentiation takes, and to determine if
differentiation is required in any proof of the BLT. In the process we present a tutorial on the BLT
and its current proofs, and explore several related phenomena.

We begin in §2 by presenting background and context for the BLT. We discuss basic properties
of frames in §2.1 and show in §2.2 that properties of the Gabor system {gmb,na} are related to the

“density” of the set Λ = {(na,mb)}m,n∈Z = aZ× bZ, which is a rectangular lattice in R× R̂. Small
values of a, b correspond to high density for Λ, while large values of a, b correspond to low density.
We see that the condition ab = 1, corresponding to Λ with density 1, can be interpreted as a Nyquist
phenomenon for Gabor systems: a Gabor system can be a frame only when ab ≤ 1, can be an exact
frame only when ab = 1, and must be incomplete if ab > 1. Completeness and related concepts are
defined in §2.1. In §2.3 we turn from considering such “regular” Gabor systems to “irregular” Gabor
systems {gp,q}(q,p)∈Λ, where Λ is now a discrete subset of R× R̂, which need not form a lattice. We
define the density of such irregular sets, and see that properties of irregular Gabor systems are again
tied to the density of Λ. One of the contributions of this paper is our construction in §2.4 of an
irregular Gabor system that violates the Nyquist phenomenon observed by regular Gabor systems.
Specifically, for each integer K > 0 we show that there exists an irregular Gabor system {gp,q}(q,p)∈Λ

that is complete in L2(R) even though Λ has density 2/K.
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In §3 we develop and apply the Zak transform, a major tool in the analysis of Gabor systems.
The basic definitions and properties of the Zak transform are laid out in §3.1. We use the Zak
Transform in §3.2 to prove a variation on the BLT that we call the Amalgam BLT. This uses the
same hypotheses as the BLT and gives a related but distinct conclusion. The Amalgam BLT has
the advantage of possessing an elegantly simple proof that applies both to orthonormal bases and to
exact frames. We provide examples illustrating the distinction between the BLT and the Amalgam
BLT. In §3.3 we show that these examples provide insight into the class of Gabor systems that forms
Bessel sequences, i.e., Gabor systems that satisfy at least the upper frame bound. In §3.4 we discuss
discrete analogues of Gabor systems and the Zak transform and compare BLT phenomena in the
continuous and discrete settings.

The BLT places a severe restriction on those functions g such that {gmb,na} can form an exact
frame. Wilson bases were originated as a way to avoid this restriction. They are constructed from
linear combinations of Gabor system elements. This seemingly small modification permits Wilson
bases to avoid the BLT phenomenon. We devote §4 to a discussion of Wilson bases. We show how
they are related to Gabor systems for which Λ = {(na,mb)} has density 1/2 and discuss how they
can be analyzed using the Zak transform.

We set the stage for the BLT itself in §5 by presenting a number of elementary but revealing
calculations, as well as placing the BLT in the context of some major ideas from classical harmonic
analysis. In the category of calculations there is a comparison of distributional and ordinary dif-
ferentiation (Theorem 5.1), a quantitative statement about equation (1.8) (Theorem 5.2), and an
assortment of facts dealing with the BLT as related to types of bounded variation arising in clas-
sical harmonic analysis (Example 5.3). In the category of context, we prove elementary versions
of the BLT using Sobolev’s Lemma (Remark 5.4) and Wiener amalgam spaces (Theorem 5.5 and
Theorem 5.6).

Another contribution of this paper appears in §6, which is devoted to the Coifman–Semmes–
Daubechies approach to the BLT. We present a new proof of the key steps using only real variable
differentiation methods from harmonic analysis, e.g., [Ste70], combined with the topological argu-
ments from Balian and Low. This represents an attempt to understand the role of differentiation in
the BLT in terms of inequalities related to variations of the Zak transform over small cubes.

Finally, in §7 we consider the BLT from Battle’s uncertainty principle point of view. We
elaborate on the proof of the BLT for exact frames given by Daubechies–Janssen. This proof is
based on the operator theory associated with the Classical Uncertainty Principle Inequality, which
is stated in Theorem 1.2 and restated in operator-theoretic terms in Theorem 7.1. After proving
two lemmas related to Battle’s original idea, we prove a Weak BLT (Theorem 7.4). This result is
proved by Hilbert space methods alone, but has the feature of highlighting the role of the position

operator Pf(t) = tf(t) and the dual function g̃ in determining if the Gabor system {gmb,na} is an
exact frame. Battle’s BLT for orthonormal bases is a consequence of Theorem 7.4, as is the BLT
for several other Gabor systems (Example 7.5). Further, Theorem 7.4 coupled with a differentiation
argument gives another proof of the BLT for exact frames (Theorem 7.7). The remainder of §7 deals
with examples closely related to the relation between differentiation and the BLT. We isolate the
key step at which Hilbert space methods appear to fail to complete the proof of the BLT for exact
frames. We close with an open problem related to this key step, and with the observation that a
solution of this problem without the use of differentiation would yield a proof of the BLT in which
differentiation plays no role.

We use the usual notation of analysis as found in the books by Hörmander [Hör83], Schwartz
[Sch66], and Stein and Weiss [StW71]. For the convenience of the reader we have collected in the
Appendix a summary of the various notation used throughout the paper.
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2. Background

2.1. Frames

Frames can be defined in any Hilbert space, of which L2(R) is a prime example. We let H
denote any Hilbert space with inner product 〈f, g〉 and norm ‖f‖ = 〈f, f〉1/2. A sequence {fk} in
H is a frame for H if there exist constants A, B > 0 such that the approximate Plancherel formula
(1.4) holds with L2(R) replaced by H . A, B are the frame bounds. The frame is tight if A = B,
and it is exact if it is no longer a frame when any one of its elements is removed. A sequence that
satisfies the upper frame bound (and that may or may not satisfy the lower frame bound) is called
a Bessel sequence.

The theory of frames is due to Duffin and Schaeffer [DS52], whose context was the theory of
nonharmonic Fourier series. Frame analysis has seen a recent resurgence in both time-frequency
analysis and wavelet theory, spurred by the papers [DGM86] and [Dau90]. Expository treatments of
frames can be found in [HW89], [Dau92], and [BW94]. Gröchenig [Grö91] determined the nontrivial
extension of frames to Banach spaces and developed applications to atomic decompositions. Recent
developments in pure frame theory can be found in [CH94], [Grö93], [Hol94], [Li94]. There are recent
applications of frames in signal processing, for example, [BT93], [HRT94].

A frame may or may not be a basis for H . A basis is a sequence {fk} such that (1.1) holds
with L2(R) replaced by H . Every basis is complete, that is, the finite linear span

span{fk} =

{

∑

k∈F

ck fk : F is finite, ck ∈ C

}

is dense in H , meaning that for every f ∈ H and every ε > 0, there is some finite linear combination
h =

∑

k∈F ck fk so that ‖f − h‖ < ε. Thus the closure of span{fk} is all of H . It follows from the
Hahn–Banach Theorem that {fk} is complete if and only if

〈f, fk〉 = 0 for all k =⇒ f = 0. (2.1)

Using this formulation, we see immediately from the approximate Plancherel formula (1.4) that all
frames are complete.

A basis need not be a frame, and a frame need not be a basis. All exact frames are bases. In
fact, an exact frame {fk} is a bounded unconditional basis. Bounded means that 0 < inf ‖fk‖ ≤
sup ‖fk‖ <∞. Unconditional means that the summations in (1.1) converge unconditionally, that is,
regardless of the order of summation, so every rearrangement of the series also converges. Conversely,
every bounded unconditional basis for H is an exact frame for H . Exact frames can be characterized
in yet another way: They coincide with the class of Riesz bases for H . A sequence {fk} is a Riesz
basis if there exists a continuous, invertible, linear mapping T of H onto itself such that {Tfk} forms
an orthonormal basis for H . Thus the notions of exact frame, bounded unconditional basis, and
Riesz basis coincide. Proofs of these equivalences can be found in [You80], and are due to Köthe
[Köt36] and Duffin and Schaeffer [DS52], with important related contributions by Bari [Bar51].

Whether it forms a basis or not, any frame {fk} allows series representations of elements
f ∈ H : There will exist coefficients ck(f) so that f =

∑

ck(f) fk. If the frame is not exact then
these coefficients need not be unique. However, there is always one computable, canonical choice.
This is derived from the frame operator
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Sf =
∑

k

〈f, fk〉 fk, (2.2)

which is a continuous, invertible, linear mapping of H onto itself. In fact, ‖I − 2
A+BS‖ < 1, so S−1

can be computed via the Neumann series S−1 = 2
A+B

∑∞
k=0(I − 2

A+BS)k. The sequence {f̃k} with

f̃k = S−1fk forms another frame for H , called the dual frame of {fk}. The frame bounds for the dual
frame are 1/B, 1/A. Using the dual frame we obtain the series representations given in (1.5), which
express f in terms of the frame elements fk. The summations in (1.5) converge unconditionally. If

the frame {fk} is exact, then {fk} and the dual frame {f̃k} are biorthogonal, that is, 〈fk, f̃`〉 = δk,`.
Conversely, any frame that is biorthogonal to its dual frame is exact.

The frame operator S is a positive operator, that is, 〈Sf, f〉 ≥ 0 for every f . It therefore
possesses a square-root S1/2, a positive, invertible operator satisfying S1/2S1/2 = S. The sequence
{S−1/2fk} is a tight frame with A = B = 1. This frame is exact if and only if the original frame
{fk} is exact.

2.2. Gabor systems, Gabor frames, and density

We define the translation τxf and modulation eγf of a function f by

τxf(t) = f(t− x) and eγf(t) = e2πiγt f(t). (2.3)

Given g ∈ L2(R) and fixed a, b > 0, the Gabor system corresponding to g, a, and b is the sequence
{gmb,na}m,n∈Z, where

gp,q(t) = epτqg(t) = e2πipt g(t− q).

Gabor systems are sometimes referred to as Weyl–Heisenberg or windowed Fourier systems.
A Gabor system that forms a frame for L2(R) is called a Gabor frame. The dual frame of a

Gabor frame has a particularly nice form, which follows from the calculation S(gmb,na) = (Sg)mb,na,
where S is the frame operator

Sf =
∑

m,n

〈f, gmb,na〉 gmb,na. (2.4)

Replacing g by S−1g gives S−1(gmb,na) = (S−1g)mb,na, so the dual frame of {gmb,na} is another
Gabor frame {g̃mb,na}, generated by the dual function g̃ = S−1g.

The frame operator S and the dual Gabor frame play a key role in understanding and im-
plementing Gabor analysis. Later in this issue of the Journal of Fourier Analysis and Applications

there is a paper of Janssen [Jan95] that explores these topics in detail. Other related papers include
[Jan94], [Li94], [LH95], [QCL92], [RoS94], [TO95], [WR90], [ZZ93].

The algebraic structure of the lattice Λ = {(na,mb)} = aZ × bZ has been exploited to derive
necessary conditions for a Gabor system {gmb,na} to be complete, a frame, or an exact frame, in
terms of the value of the product ab. It is the product rather than the individual values of a and b
that are important because if h(t) = r1/2g(rt) is a dilation of g then hp,q(t) = r1/2gp/r,qr(rt). Hence
the Gabor system {hmb,na} is complete, a frame, or an exact frame if and only if the same is true
of the Gabor system {gmb/r,nar}.
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As a corollary of other results on C∗ algebras, Rieffel [Rie81] proved that {gmb,na} is incomplete
for any g if ab > 1. This can be viewed as a Nyquist phenomenon for Gabor systems. Rieffel’s proof
was nonconstructive, following from the value of the coupling constant of the von Neumann algebra
generated by the operators {embτna}. Daubechies [Dau90] proved Rieffel’s theorem without recourse
to operator algebras for the special case that ab is rational and exceeds 1. Her proof exhibited a
function orthogonal to each gmb,na. Landau [Lan93] obtained the weaker result that {gmb,na} cannot
be a frame for L2(R) if ab > 1 and both g and ĝ satisfy certain decay conditions. His proof did not
rely on the algebraic structure of Λ = aZ × bZ and in fact applies to more general, “irregular” Λ,
a topic we explore further in §2.3. Janssen [Jan94] proved that {gmb,na} cannot be a frame for any
g ∈ L2(R) if ab > 1, without restrictions on g or ab, but again relying on the algebraic structure
of the lattice aZ × bZ. In this issue of the Journal of Fourier Analysis and Applications there is a
paper of Daubechies, Landau, and Landau [DLL95] that explores the Rieffel incompleteness result
in detail, including the connections to operator algebras and to a remarkable result known as the
Wexler–Raz identity, which was first stated in [WR90].

2.3. Irregular Gabor systems

Landau’s work in [Lan93] extended the analysis of Gabor systems from “regular” systems
{gmb,na} where Λ = {(na,mb)} = aZ×bZ is a rectangular lattice to “irregular” systems {gp,q}(q,p)∈Λ

where Λ is a discrete subset of R × R̂ but not necessarily a lattice. The crucial quantity is still
the density of Λ. We give below a precise definition of density due to Beurling. Density concepts
were used by Paley and Wiener [PW34] and by Levinson [Lev40] to study spectral gaps and the
uniqueness of nonharmonic Fourier series. Beurling’s definition of density was used in the beautiful
characterization of complete sets of exponentials due to Beurling and Malliavin [BM62], [BM67],
and by Landau in his studies of completeness properties of exponentials [Lan64], and the sampling
and interpolation of entire functions [Lan67].

We shall define the density of a subset Λ of d-dimensional Euclidean space, which we denote
by Rd (usually d = 1 or 2 in this paper). Assume that Λ ⊆ Rd is uniformly discrete, that is, there is
a minimum separation between the elements of Λ. Let B denote the ball of volume 1 in Rd centered
at the origin. Given a positive r > 0 and given x ∈ Rd, let B(x; r) = {x + rt : t ∈ B}, so that
B(x; r) is the ball of volume rd centered at x. For each r, let ν+(r) and ν−(r) denote the largest
and smallest number of points of Λ that lie in any B(x; r):

ν+(r) = max
x∈Rd

#{λ : λ ∈ Λ ∩ B(x; r)} and ν−(r) = min
x∈Rd

#{λ : λ ∈ Λ ∩ B(x; r)}.

These quantities are finite because Λ is uniformly discrete. The upper and lower uniform Beurling
densities of Λ are then

D+(Λ) = lim sup
r→∞

ν+(r)

rd
and D−(Λ) = lim inf

r→∞

ν−(r)

rd
.

Landau has shown that these quantities are unchanged if the ball B is replaced by any other bounded
set with measure 1. If D+(Λ) = D−(Λ) then the set Λ is said to have uniform Beurling density

D(Λ) = D+(Λ) = D−(Λ).

2.1. Example. Let d = 1, and consider the rectangular lattice Λ = aZ = {an}n∈Z. Here B is the
interval (−1/2, 1/2) with length 1, so B(x; r) = (x − r/2, x+ r/2) has length r. When r > a, there
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are at least [r/a]− 1 and at most [r/a] points of aZ in B(x; r), where [t] denotes the largest integer
not exceeding t. Therefore aZ has uniform Beurling density D(aZ) = 1/a.

Now consider the consequences of slightly perturbing aZ. Specifically, suppose that Λ = {λn}
is such that |λn − an| < ε for every n. Then the density is unchanged: Λ has uniform Beurling
density D(Λ) = 1/a. �

If Λ1 is a uniformly discrete subset of Rd1 and Λ2 is a uniformly discrete subset of Rd2 then
Λ1 × Λ2 is a uniformly discrete subset of Rd1+d2 , and D+(Λ1 × Λ2) = D+(Λ1)D

+(Λ2). Similar
calculations hold for the lower uniform densities. In particular, the density of the lattice aZ× bZ in
R× R̂ is D(aZ × bZ) = 1/(ab).

Landau proved in [Lan93] that if g ∈ L2(R) satisfies |g(t)| ≤ C/(1 + |t|α) and |ĝ(γ)| ≤
C/(1 + |γ|α) for some α > 1, then {gp,q}(q,p)∈Λ cannot be a frame if D(Λ) < 1. Landau’s proof
relied on a phase-space localization theorem of Daubechies [Dau90]. Ramanathan and Steger [RaS95]
recently improved Landau’s result to apply to all g ∈ L2(R). Their proof relied on a simple dimension
counting technique. Moreover, if Λ actually forms a rectangular lattice, their technique recovers the
full Rieffel incompleteness result. Specifically, they proved the following theorem [RaS95].

2.2. Theorem.

Let g ∈ L2(R), and let Λ ⊆ R× R̂ be a uniformly discrete set.

(a) If D+(Λ) < 1, then {gp,q}(q,p)∈Λ is not a frame for L2(R).

(b) If Λ = aZ × bZ is a rectangular lattice with uniform Beurling density D(Λ) = 1/(ab) < 1,
then {gmb,na} is incomplete in L2(R).

Ramanathan and Steger conjectured in [RaS95] that Theorem 2.2 can be further improved to
say that {gp,q}(q,p)∈Λ must be incomplete when Λ is a uniformly discrete set with D+(Λ) < 1. We
show in §2.4 that this conjecture is false. Thus Theorem 2.2 is the best possible result.

From Theorem 2.2, we see that a Gabor system can only be a frame when the upper uniform
Beurling density of Λ is at least 1. In the case of a rectangular lattice Λ = aZ × bZ it is easy to
see that if the density 1/(ab) equals 1, i.e., ab = 1, then {gmb,na} will be exact (Theorem 3.1d).
Ramanathan and Steger proved that density 1 is also a necessary condition for a Gabor system to
be a Riesz basis [RaS95], as follows.

2.3. Theorem.

Let g ∈ L2(R), and let Λ ⊆ R × R̂ be a uniformly discrete set. If Λ has uniform Beurling

density D(Λ) and if {gp,q}(q,p)∈Λ is an exact frame for L2(R), then D(Λ) = 1.

In particular, the hypothesis in the BLT (Theorem 1.1) that ab = 1 is redundant, being a
consequence of the hypothesis that the Gabor system is an exact frame. This fact had not been
established prior to [RaS95], even in the case of a rectangular lattice Λ.

Thus, a Gabor frame with uniform Beurling density exceeding 1 will be inexact. Any inexact
frame is overcomplete, that is, some elements of the frame can be deleted without destroying the
completeness of the system. Heil, Ramanathan, and Topiwala have investigated the independence
of such overcomplete Gabor systems [HRT95]. In particular, they have shown that, for a broad class
of g, every finite subset of the Gabor system {gp,q}(q,p)∈Λ is linearly independent even though the
entire Gabor system is not independent.
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Feichtinger and Gröchenig have developed a powerful and general theory that applies not only
to Gabor frames but to more general atomic decompositions defined on function spaces [FG89],
[Grö91]. For the particular case of Gabor systems it implies that, for a certain class of g, the Gabor
system {gp,q}(q,p)∈Λ will be a frame for L2(R) if the density of Λ is high enough.

In the opposite direction, the question of how large ab can be in order for {gmb,na} to generate

a frame has been answered for only a few g. In the case of the Gaussian g(x) = e−x2

, the BLT
implies that g cannot generate a frame with ab = 1. Seip and Wallstén have shown that g does
generate a frame for every value of ab < 1 [Sei92a], [SeW92]. The tractability of the Gaussian case

is because the mapping f 7→ 〈f, gp,q〉 eπ(p2+q2) is an isometry from L2(R) to a Hilbert space of entire
functions on C. This Bargmann transform allows techniques from complex analysis to be brought to
bear on the problem. A short survey article, including a discussion of related Bergman transforms

for wavelet systems, can be found in [Sei92b].

2.4. Sparse Gabor systems

We can summarize the discussion in §2.2 and §2.3 as follows. If an irregular Gabor system
{gp,q}(q,p)∈Λ is a frame for L2(R), then the upper uniform Beurling density D+(Λ) satisfiesD+(Λ) ≥
1. If the frame is exact and Λ has uniform Beurling density D(Λ), then D(Λ) = 1. If Λ =
{(na,mb)} = aZ × bZ is a lattice, then the Gabor system is incomplete if D(Λ) < 1. We show in
this section that this last statement does not extend to irregular Gabor systems, that is, there exist
irregular Gabor systems that are complete in L2(R) yet Λ has uniform Beurling density D(Λ) < 1.

Our construction is an easy consequence of Landau’s fundamental work in [Lan64] on the
completeness of sets of exponentials in C(S) when S is finite union of intervals in R. Here C(S) is
the space of all continuous functions f with domain S. It is a Banach space when equipped with
the L∞ norm ‖f‖∞ = maxt∈S |f(t)|. Landau proved the following theorem [Lan64].

2.4. Theorem.

Fix any δ > 0 and let In denote the interval

In = (n− ( 1
2 − δ), n+ ( 1

2 − δ)). (2.5)

Let S be any finite union of the intervals In. Then for each ε > 0 there exists a symmetric real

sequence {λk}k∈Z with |λk − k| < ε such that {e2πiλkt}k∈Z is complete in C(S).

Now we construct our irregular Gabor system. Fix any 0 < ε < 1/2, and also fix any δ < 1/4.
Then the intervals In defined in (2.5) have length 1 − 2δ > 1/2. Choose any integer K > 0 and
define

S =

K−1
⋃

n=0

In.

Then by Theorem 2.4, there exists a collection Λ = {λk} so that {e2πiλkt} is complete in C(S).
Because C(S) is dense in L2(S) and because ‖f‖2 ≤ |S|1/2 ‖f‖∞ for each f ∈ C(S), the set {e2πiλkt}
is complete in L2(S) as well.
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Our Gabor system will be generated by the indicator function of S:

g(x) = 1S(x) =

{

1, x ∈ S,

0, x /∈ S.

We use the following irregular set of time-frequency shifts:

Γ = {(Kn, λm)}m,n∈Z ∪ {(Kn+ 1
2 , λm)}m,n∈Z = (KZ × Λ) ∪ ((KZ + 1

2 ) × Λ).

Because each element λk ∈ Λ is within ε of k, the densities of Λ and Γ are easy to compute.

2.5. Lemma.

(a) Λ ⊆ R has uniform Beurling density D(Λ) = 1.

(b) Γ ⊆ R × R̂ has uniform Beurling density D(Γ) = 2/K.

Proof. The fact that Λ has uniform Beurling density 1 in R follows from Example 2.1. Therefore
KZ×Λ and (KZ + 1

2 )×Λ each have uniform Beurling density 1/K in R× R̂. Since these two sets
are simply shifts of each other, their union has uniform Beurling density 2/K. �

Finally, we show that the irregular Gabor system generated by g = 1S and Γ is complete in
L2(R).

2.6. Theorem.

The irregular Gabor system

{gp,q}(q,p)∈Γ = {gλm,Kn}m,n∈Z ∪ {gλm,Kn+ 1

2

}m,n∈Z (2.6)

is complete in L2(R).

Proof. Suppose that f ∈ L2(R) satisfies 〈f, gλm,Kn〉 = 0 and 〈f, gλm,Kn+ 1

2

〉 = 0 for every m, n ∈ Z.

Fix any n. Then for each m, we have

0 = 〈f, gλm,Kn〉 =

∫

f(t) e−2πiλmt 1S(t−Kn) dt

= e−2πiλmKn

∫

S

f(t+Kn) e−2πiλmt dt.

However, {e2πiλkt} is complete in L2(S), so, by (2.1), this implies that f(t+Kn) = 0 for a.e. t ∈ S.
Similarly, f(t + Kn + 1

2 ) = 0 for a.e. t ∈ S. Since the shifts of S by Kn and Kn + 1
2 cover the

entire line, we conclude that f = 0 a.e. on R. Therefore, the Gabor system in (2.6) is complete in
L2(R). �
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By takingK as large as we like, we can make the density of the Gabor system in (2.6) arbitrarily
small.

3. The Zak Transform and the Amalgam BLT

3.1. The Zak Transform

The Zak transform of a function f ∈ L2(R) is formally defined by

Zf(t, ω) = F (t, ω) =
∑

k∈Z

f(t+ k) e2πikω , (t, ω) ∈ R× R̂.

Zf satisfies the quasiperiodicity relations

Zf(t+ 1, ω) = e−2πiω Zf(t, ω) and Zf(t, ω + 1) = Zf(t, ω),

and therefore Zf is determined by its values on the cube Q = [0, 1) × [0, 1). As with many useful
concepts, the Zak transform has been rediscovered many times, and also goes by the name Weil–

Brezin transform and k-q transform. For properties and history of the Zak transform we refer to
[AT75], [DGM86], [HW89], [Jan82], [Jan88], [Zak75].

The Zak transform is a unitary mapping of L2(R) onto L2(Q), where

Lp(Q) =

{

F : ‖F‖p =

(
∫∫

Q

|F (t, ω)|p dt dω
)1/p

<∞
}

.

The utility of the Zak transform arises from its action on a Gabor system {gm,n} constructed with
a = b = 1:

Z(gm,n)(t, ω) = e2πimt e2πinω Zg(t, ω) = em(t) en(ω)Zg(t, ω), (3.1)

where eγ(t) = e2πiγt. The Zak transform is particularly useful in proving the BLT. Although the
BLT is stated for Gabor systems satisfying ab = 1, the discussion in §2.2 shows that only the value
of the product ab is important; therefore, we may always reduce to the case a = b = 1.

Consider the Gabor system {gm,n} generated by g = 1[0,1), the indicator function of the

interval [0, 1). This Gabor system forms an orthonormal basis for L2(R). Note that g satisfies (1.6)
since ‖γĝ(γ)‖2 = ∞, although ‖tg(t)‖2 <∞. The Zak transform of g is Zg(t, ω) = 1 for (t, ω) ∈ Q.
Therefore Zgm,n(t, ω) = em(t) en(ω). Thus the Zak transform maps the orthonormal basis {gm,n}
for L2(R) onto the orthonormal basis {em(t) en(ω)} for L2(Q). This is one method of verifying that
Z is a unitary mapping of L2(R) onto L2(Q).

For general g ∈ L2(R), the determination of properties of {gm,n} reduces by the Zak transform
to the determination of properties of {em(t) en(ω)Zg}, which is formed by multiplying each element
of the orthonormal basis {em(t) en(ω)} by the single function Zg. We expect then that the behavior
of Zg will be crucial. Parts a, c, d, and e of the following result are well-known, and a proof is given
in [HW89]. A proof of Theorem 3.1b can be found in [Hei90].
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3.1. Theorem.

Let g ∈ L2(R), and set a = b = 1. Then

(a) {gm,n} is complete in L2(R) if and only if Zg 6= 0 a.e.

(b) {gm,n} is minimal and complete in L2(R) if and only if 1/(Zg) ∈ L2(Q).

(c) {gm,n} is a Bessel sequence for L2(R) if and only if Zg ∈ L∞(Q).

(d) {gm,n} is a frame for L2(R) with frame bounds A, B if and only if

0 < A ≤ |Zg(t, ω)|2 ≤ B <∞ a.e.

In this case, {gm,n} is an exact frame for L2(R).

(e) {gm,n} is an orthonormal basis for L2(R) if and only if |Zg(t, ω)|2 = 1 a.e.

The equivalences in Theorem 3.1 fail for Gabor systems with ab 6= 1.

The Zak transform has the remarkable property that if Zg is continuous on all of R× R̂ (not
just on the subset Q) then Zg has a zero in Q. A proof can be found in [HW89, Theorem 4.3.4]. For
original proofs and related results, see [AT75, p. 18], [BGZ75], [BZ81], [Jan82], [Zak75]. In light of
Theorem 3.1, the continuity—or lack thereof—of Zg is a major influence on any approach to proving
the BLT. Note for example that if g = 1[0,1) then Zg = 1 on Q. However, by quasiperiodicity, Zg is

not continuous on R × R̂.
The Zak transforms of g and ĝ are related by the following formulas (Lemma 6.2):

Zĝ(t, ω) = e−2πitω Zg(ω,−t) and Zg(t, ω) = e−2πitω Zĝ(−ω, t). (3.2)

3.2. The Amalgam BLT

In this section we use the Zak transform to prove a variation of the BLT. This Amalgam BLT

is stated in terms of a Wiener amalgam space W (L,G). Amalgam spaces allow us to describe a
function in terms of both its local (L) and global (G) behavior. For example,

W (Lp, `q) =

{

f : ‖f‖W (Lp,`q) =

(

∑

k

‖f · 1[k,k+1]‖q
p

)1/q

<∞
}

.

Wiener’s original amalgam space is the Segal algebra

W (C0, `
1) = {f ∈W (L∞, `1) : f is continuous}.

Clearly W (C0, `
1) ⊆ L1(R) ∩ L2(R) ∩ C0(R). We also define

W (C0, `
2) = {f ∈W (L∞, `2) : f is continuous}.

General Wiener amalgam spaces W (L,G) are defined in [Fei90], [FS85]. There have been recent
applications of Wiener amalgam spaces to Wiener–Plancherel formulas and Gabor theory [BBE89],
[Hei90], [Wal89a].



368 J. J. Benedetto, C. Heil, and D. F. Walnut

If g ∈ W (Lp, `1) then the series defining Zg converges absolutely in Lp(Q):

‖Zg‖Lp(Q) ≤
∑

k

‖g(t+ k) e2πikω‖Lp(Q)

=
∑

k

‖g · 1[k,k+1]‖Lp(R) = ‖g‖W (Lp,`1) < ∞. (3.3)

Therefore the Zak transform is a continuous mapping of W (Lp, `1) into Lp(Q). The case p = ∞
leads immediately to the following result due to Heil [Hei90].

3.2. Theorem (Amalgam BLT).

Let g ∈ L2(R), and let a, b > 0 satisfy ab = 1. If the Gabor system {gmb,na} is an exact frame

for L2(R), then

g /∈W (C0, `
1) and ĝ /∈W (C0, `

1).

Proof. It suffices to consider a = b = 1. If g ∈W (C0, `
1) then g(t+k) e2πikω is continuous for every

k. However, by (3.3), Zg(t, ω) =
∑

g(t+ k) e2πikω converges in L∞ norm, that is, uniformly on Q.
The square Q = [0, 1) × [0, 1) can be replaced in this argument by any translate of Q, so Zg must

in fact be continuous on all of R× R̂. Therefore Zg must have a zero, so the Gabor system {gm,n}
cannot be a frame. Because (gm,n)∧ = e2πimnĝ−n,m, the Gabor system generated by g is a frame if
and only if the Gabor system generated by ĝ is a frame. Therefore ĝ /∈W (C0, `

1) as well. �

The BLT and the Amalgam BLT may both be qualitatively stated as “if {gm,n} is an ex-
act frame then either g is not smooth or it has poor decay at infinity.” However, the two re-
sults are distinct. We show in Example 3.3 that there exists a function g ∈ L2(R) such that
‖tg(t)‖2 ‖γĝ(γ)‖2 = ∞ and g, ĝ ∈ W (C0, `

1). This means that the BLT does not imply the Amal-
gam BLT. We show in Example 3.4 that there exists a function g ∈ L2(R) such that g, ĝ /∈W (C0, `

1)
and ‖tg(t)‖2 ‖γĝ(γ)‖2 < ∞. This means that the Amalgam BLT does not imply the BLT. Thus
Theorem 3.2 is neither a restatement of nor a weak form of the BLT.

3.3. Example. We shall construct a function g such that both g, ĝ ∈ W (C0, `
1) while

‖tg(t)‖2 ‖γĝ(γ)‖2 = ∞. Let f be the “tent function” on [0, 1], that is,

f(t) = max{1− |2t− 1|, 0}.

Then f is a continuous, piecewise linear function supported on [0, 1]. Define

g(t) =

∞
∑

n=1

n−3/2 f(t− n).

Then g ∈ W (C0, `
1). Further,

ĝ(γ) =

∞
∑

n=1

n−3/2 e−2πinγ f̂(γ) = a(γ) f̂(γ) = a(γ) 2 e−πiγ

(

sin(πγ/2)

πγ

)2

,
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where a(γ) =
∑∞

n=1 n
−3/2 e−2πint is a continuous, periodic function. Therefore ĝ ∈ W (C0, `

1) as
well. Finally,

∫ n+1

n

|t g(t)|2 dt = n−3

∫ n+1

n

|t f(t− n)|2 dt

≥ n−3

∫ n+1

n

|n f(t− n)|2 dt = n−1 ‖f‖2
2,

so ‖tg(t)‖2
2 =

∑∞
n=1

∫ n+1

n |t g(t)|2 dt ≥ ∑∞
n=1 n

−1 ‖f‖2
2 = ∞. �

3.4. Example. We shall construct a function g(t) such that g ∈ W (C0, `
2) \ W (C0, `

1), ĝ /∈
W (C0, `

1), and ‖tg(t)‖2 ‖γĝ(γ)‖2 <∞.

For k large, say k ≥ N , let bk = k − 1/2, and let ak < bk have the properties bk
3 − ak

3 ≤ k
and bk + 1

k ≤ ak+1 − 1
k+1 . Define the continuous functions gk by

gk(t) =















1
k log k , t ∈ [ak, bk],

0, t /∈ [ak − 1
k , bk + 1

k ],

linear, t ∈ [ak − 1
k , ak] ∪ [bk, bk + 1

k ].

Define g =
∑∞

k=N gk. Direct computations yield

‖tg(t)‖2
2 ≤ 7

3

∞
∑

k=N

1

k log2 k
< ∞ and ‖g′‖2

2 = 2

∞
∑

k=N

1

k log2 k
< ∞,

where g′ is the classical derivative of g, defined except at countably many points. Therefore
‖tg(t)‖2 ‖γĝ(γ)‖2 <∞. Also,

∞
∑

k=N

‖g · 1[k,k+1]‖∞ =

∞
∑

k=N

1

k log k
= ∞

and
∞
∑

k=N

‖g · 1[k,k+1]‖2
∞ =

∞
∑

k=N

1

k2 log2 k
< ∞.

Therefore, g ∈W (C0, `
2) \W (C0, `

1).

It remains to show that ĝ /∈ W (C0, `
1). If we did have ĝ ∈ W (C0, `

1) then Zĝ would be
bounded by (3.3). By (3.2), it would then follow that Zg is bounded. Therefore, it suffices to show
that Zg is unbounded.

In fact, we can show that for each M > 0 there is a set S = [− 1
2 − 2ε,− 1

2 − ε] × [0, δ] such

that |Zg(t, ω)| ≥ M for (t, ω) ∈ S. Specifically, let K be so large that
∑K

k=N (k log k)−1 ≥ 2M .
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Now choose ε > 0 so small that 2ε ≤ |bk − ak| for N ≤ k ≤ K, and choose K ′ ≥ K so large that
|bk − ak + 1

k | < ε for k ≥ K ′. Finally, choose δ > 0 so small that |1 − e2πikω | ≤ 1/2 if ω ∈ [0, δ] and
N ≤ k ≤ K ′. It can then be shown that for (t, ω) ∈ S we have g(t+ k) = 0 if k < N or k ≥ K ′, and
g(t+ k) = (k log k)−1 if N ≤ k ≤ K. Hence, for (t, ω) ∈ S,

|Zg(t, ω)| =

∣

∣

∣

∣

K′

∑

k=N

g(t+ k) e2πikω

∣

∣

∣

∣

≥ 1

2

K′

∑

k=N

|g(t+ k)| ≥ 1

2

K
∑

k=N

1

k log k
≥ M. �

3.3. Bessel Sequences

In Example 3.4 we constructed a function g ∈ W (C0, `
2) whose Zak transform Zg was un-

bounded. Since g ∈W (C0, `
2), the periodic function λ(t) =

∑ |g(t− n)|2 is bounded above:

λ(t) =
∑

n

|g(t− n)|2 ≤
∑

n

‖g · 1[n,n+1]‖2
∞ = ‖g‖2

W (C0,`2) a.e.

In order for the Gabor sequence {gm,n} to form a Bessel sequence for L2(R), it is necessary that λ
be bounded above (see Theorem 3.5b below). However, by Theorem 3.1c, it is also necessary that
Zg be bounded. Therefore, the boundedness of λ is not sufficient to guarantee that {gm,n} will form
a Bessel sequence for L2(R).

The following theorem summarizes the connection between the lower or upper frame bounds
and the function λ for arbitrary g ∈ L2(R).

3.5. Theorem.

Let g ∈ L2(R).

(a) If there exists a constant A > 0 such that

∀ f ∈ L2(R), A ‖f‖2
2 ≤

∑

m,n

|〈f, gm,n〉|2, (3.4)

then

A ≤
∑

n

|g(t− n)|2 a.e. and A ≤
∑

m

|ĝ(γ −m)|2 a.e. (3.5)

(b) If {gm,n} is a Bessel sequence, i.e., there exists a constant B > 0 such that

∀ f ∈ L2(R),
∑

m,n

|〈f, gm,n〉|2 ≤ B ‖f‖2
2, (3.6)

then
∑

n

|g(t− n)|2 ≤ B a.e. and
∑

m

|ĝ(γ −m)|2 ≤ B a.e. (3.7)
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Theorem 3.5 is a generalization of a result stated in [Dau90, §2.3.1B] and proved in [HW89,
Proposition 4.1.4]. The theorem as stated here was proved in [CS93, Theorem 2].

The remainder of this subsection is devoted to examining the converse of Theorem 3.5. First,
the BLT implies that the converse of Theorem 3.5a fails.

3.6. Proposition.

There exists a function g ∈ L2(R) satisfying (3.5) but not (3.4).

Proof. Let g(t) = e−πt2 . Then g certainly satisfies (3.5) for some A > 0. Moreover, {gm,n} is
a Bessel sequence, that is, (3.6) holds [Dau90, Theorem 2.5], [HW89, Proposition 4.2.1], [Wal92,
Theorem 3.1]. However, by the BLT, {gm,n} is not a frame. Therefore (3.4) cannot hold. �

The converse of Theorem 3.5b is false as well.

3.7. Proposition.

There exists a function g ∈ L2(R) satisfying (3.7) but not (3.6).

Proof. If g ∈ L2(R) then, by the Plancherel formula for Fourier series,

∑

n

|g(t+ n)|2 =

∫ 1

0

∣

∣

∣

∣

∑

n

g(t+ n) e2πinω

∣

∣

∣

∣

2

dω =

∫ 1

0

|Zg(t, ω)|2 dω (3.8)

for almost every t. Since |Zĝ(ω, t)| = |Zg(t,−ω)|, we also have

∑

m

|ĝ(ω +m)|2 =

∫ 1

0

|Zg(t,−ω)|2 dt (3.9)

for almost every ω. Let G(t, ω) = |t − ω|−1/4 for (t, ω) ∈ Q. Then
∫∫

Q
|G(t, ω)|2 dt dω = 6, so

G ∈ L2(Q). Therefore g = Z−1G ∈ L2(R), and G = Zg. Since

ess sup
t∈[0,1]

∫ 1

0

|G(t, ω)|2 dω = ess sup
ω∈[0,1]

∫ 1

0

|G(t,−ω)|2 dt = 2
√

2,

it follows from (3.8) and (3.9) that (3.7) holds. However, Zg = G is unbounded on Q. Theorem 3.1c
therefore implies that (3.6) does not hold. �

3.4. The Discrete Zak Transform

Our main focus in this paper is on functions f of a continuously defined independent variable
t. However, practical applications often require discrete implementations. We therefore devote this
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section to discussing discrete analogues of Gabor systems and the Zak transform. Here the variable t
will be restricted to discrete values, that is, t ∈ Z. This amounts to considering sequences {f(t)}t∈Z

in place of functions f . Our discussion is based on [Wal89b] and [Hei89]. However, as with the usual
Zak transform, the discrete Zak transform has been independently considered by other authors, for
example, [AGT92].

Let g = {g(t)}t∈Z be a sequence in `2(Z), so that
∑ |g(t)|2 < ∞. As with the usual Gabor

systems, we define new sequences gmb,na by translating and modulating g. We must restrict the
values of a and b to those for which a and N = 1/b are integers. Then we define gmb,na(t) =
e2πimbt g(t−na) for t ∈ Z. The collection of sequences {gmb,na}m∈ZN ,n∈Z, where ZN = {0, 1, . . . , N−
1}, is the discrete Gabor system generated by g, a, and b.

Many results for usual Gabor systems have analogues for discrete Gabor systems. For example,
there is a discrete Zak transform that is especially useful for analyzing the case ab = 1. Because the
variable t has been restricted to discrete values, it is more convenient to retain the given values of a
and b rather than attempting to “dilate” g in order to redefine a and b so that a = b = 1. Therefore,
we define the discrete Zak transform of a sequence f ∈ `2(Z) by

Zdf(t, ω) =
∑

k∈Z

f(t+ ka) e2πikω , (t, ω) ∈ Z× R̂.

Note that Zdf is quasiperiodic in the following sense:

Zdf(t+ a, ω) = e−2πiω Zdf(t, ω) and Zdf(t, ω + 1) = Zdf(t, ω).

Therefore Zdf is completely determined by its values on the set D = Za × [0, 1) = {0, . . . , a− 1} ×
[0, 1), which is a union of a line segments in the plane. It is easy to show that Zd is a unitary mapping
of `2(Z) onto L2(D). Note that if the sequence {f(t)}t∈Z is obtained by sampling a continuous
function F ∈ L2(R) at times t/a, that is, f(t) = F (t/a) for t ∈ Z, then Zdf(t, ω) = ZF (t/a, ω) for

(t, ω) ∈ Z× R̂.
Now we apply the discrete Zak transform to a discrete Gabor system satisfying ab = 1.

In this case N = 1/b = a. Therefore, given g ∈ `2(Z), we compute Zd(gmb,na)(t, ω) =

e2πimt/a e2πinω Zdg(t, ω). As {a−1/2 e2πimt/a e2πinω}m∈Za,n∈Z is an orthonormal basis for L2(D),
there is an exact analogue of Theorem 3.1 for discrete Gabor systems. In particular, {gmb,na}m∈Za,n∈Z

is an exact frame for `2(Z) if and only if there exist constants A, B > 0 such that A ≤ |Zdg(t, ω)|2 ≤
B for a.e. (t, ω) ∈ D. However, the fact that D is a disjoint union of line segments leads to the
following conclusion: We can find continuous functions G ∈ L2(R) that do not generate exact
Gabor frames for L2(R) but whose sampled versions {g(t)}t∈Z with g(t) = G(t/a) for t ∈ Z do
generate exact Gabor frames for `2(Z). We can even construct these functions G ∈ L2(R) so that

‖tG(t)‖2 ‖γĜ(γ)‖2 < ∞ and G ∈ W (C0, `
1), so that both the BLT and the Amalgam BLT imply

that G cannot generate a Gabor frame for L2(R). The reason is clear: Zdg(t, ω) = ZG(t/a, ω) for
(t, ω) ∈ D. Therefore Zdg may be bounded above and below on D even though the same is not true
for ZG on Q = [0, 1) × [0, 1).

3.8. Example. Let G be the Gaussian function G(t) = e−t2 . As G ∈ S(R), both the BLT and
the Amalgam BLT imply that G cannot generate an exact Gabor frame for L2(R). In fact, this can
be verified directly: ZG is continuous and has a single zero in Q, at the point (t, ω) = (1/2, 1/2).
Define g(t) = G(t/a) for t ∈ Z. Then Zdg(t, ω) = ZG(t/a, ω) for (t, ω) ∈ D. However, if a is odd
then (a/2, 1/2) /∈ D. Therefore Zdg is continuous and nonzero on each of the disjoint line segments
making upD. As a consequence, Zdg is bounded both above and below onD, and therefore {g(t)}t∈Z

generates an exact Gabor frame for `2(Z). �
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4. Wilson Bases

In [DJJ91], Daubechies, Jaffard and Journé proved a remarkable result which provides a means
to circumvent the restrictions imposed by the BLT. Their construction, which follows [DJJ91], is a
simplification of an earlier construction due to Wilson [Wil87], [SRWW87].

4.1. Theorem.

Suppose that g ∈ L2(R) is such that

(a) ĝ is real-valued, and

(b) {gm,n/2} is a tight frame for L2(R) with frame bound 2.

Then the collection {ψ`,k}`≥0,k∈Z defined by

ψ0,k(t) = g(t− k), ` = 0,

ψ`,k(t) =
√

2 g(t− k/2) cos(2π`t), ` 6= 0, k + ` even,

ψ`,k(t) =
√

2 g(t− k/2) sin(2π`t), ` 6= 0, k + ` odd,

(4.1)

is an orthonormal basis for L2(R).

Note that ψ0,k = g0,k and that ψ`,k = (1/
√

2) (g`,k/2 + (−1)k+` g−`,k/2) if k + ` is even and

ψ`,k = (i/
√

2) (g`,k/2 + (−1)k+` g−`,k/2) if k + ` is odd. Thus, {ψ`,k} consists of combinations of
appropriately chosen elements from the Gabor system {gm,n/2}. Note that by the discussion in §2.2,
this Gabor system is inexact: it is neither orthogonal nor a basis. However, there does exist a g
satisfying the hypotheses of Theorem 4.1 that has good smoothness and decay. In particular, we
can construct such a g so that ‖tg(t)‖2 ‖γĝ(γ)‖2 < ∞. It is therefore possible to construct Wilson
orthonormal bases for L2(R) whose elements have good smoothness and decay. Moreover, these
bases are constructed from linear combinations of translates and modulates of a single function. In
this sense, Theorem 4.1 circumvents the restrictions of the BLT. An example of a function g ∈ L2(R)
satisfying the hypotheses of Theorem 4.1 and such that both g and ĝ have exponential decay was
constructed in [DJJ91].

Theorem 4.1 has been generalized by Auscher [Aus94].

4.2. Theorem.

Assume that |g(t)| ≤ C(1 + |t|)−1−ε for some ε > 0. Then {ψ`,k} forms an orthonormal basis

for L2(R) if and only if the following two conditions are satisfied.

∀ k ∈ Z,
∑

n

g(t− k − n
2 ) g(t− n

2 ) = 2 δ0,k a.e., (4.2)

∀ k ∈ Z,
∑

n

(−1)n g(t− k − n
2 − 1

2 ) g(−t− n
2 ) = 0 a.e. (4.3)

If ĝ is real-valued then (4.3) is automatically satisfied (see [Aus94, §5.2.3]). In this case, (4.2) is
equivalent to the statement that {gm,n/2} forms a tight frame for L2(R) with frame bound 2 [DJJ91],
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[Aus94]. Therefore, in order to construct a Wilson basis whose elements have good smoothness and
decay, it suffices to construct a tight Gabor frame {gm,n/2} such that ĝ is real-valued and g has both
good smoothness and good decay. We shall construct examples of such functions.

Before doing this, we make some general remarks concerning Gabor frames of the form
{gm,n/2}. Recall from §2.1 that the frame operator S is a positive operator, and that {S−1/2(gm,n/2)}
is a tight frame with bound 1. We can show that this latter frame is also a Gabor frame, generated
by the function S−1/2g. Recall that ‖I − cS‖ < 1, where c = 2/(A + B) and A, B are the frame
bounds for {gm,n/2}. Then S−1/2 can be realized as a norm-convergent power series in I − cS:

S−1/2 = c1/2
∞
∑

k=0

ak (I − cS)k, (4.4)

for some appropriate choice of real coefficients ak. The frame operator S commutes with each the
operators em and τn/2. Therefore each partial sum in (4.4) commutes with these operators, and

therefore the limit S−1/2 commutes with each em and τn/2. Hence S−1/2(gm,n/2) = (S−1/2g)m,n/2,

so the tight frame is a Gabor frame, generated by S−1/2g.
The following result regarding general Gabor frames {gmb,na} was proved in [Wal92].

4.3. Theorem.

Assume {gmb,na} is a Gabor frame with frame operator S. If ĝ ∈W (L∞, `1), then

∀ f ∈ L2(R), (Sf)∧ = a−1
∑

j

(

τj/af̂ ·
∑

n

τnb

(

ĝ · τj/aĝ
)

)

. (4.5)

This says that, assuming good decay of ĝ, (Sf)∧ can be realized solely in terms of translations

of ĝ and f̂ . Suppose now that ĝ ∈ W (C0, `
1) and that ĝ is real-valued. If f̂ is also real-valued

then, by (4.5), so is (Sf)∧. Since the operator S−1/2 can be realized as the norm-convergent sum
(4.4) and since every partial sum is a linear combination of powers of S with real-valued coefficients,
(S−1/2f)∧ is also real-valued. Applying Theorem 4.1, we therefore obtain the following.

4.4. Theorem.

Suppose that h ∈ L2(R) is such that

(a) ĥ is real-valued,

(b) ĥ ∈W (L∞, `1), and

(c) {hm,n/2} is a frame for L2(R).

Let S be the frame operator for {hm,n/2}, and define g =
√

2S−1/2h. Then the collection {ψ`,k}
defined by (4.1) is an orthonormal basis for L2(R).

4.5. Example. We shall construct a function g ∈ C∞
c (R) such that {ψ`,k} is an orthonormal basis

for L2(R). A similar example appears in [DJJ91] and [Aus94]. Let h ∈ C∞
c (R) be given such that
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(a) supp(h) ⊆ [−1/2, 1/2],

(b) h is even and real-valued (so ĥ is real-valued as well), and

(c) there exist constants A, B > 0 such that A ≤ ∑ |h(t− n/2)|2 ≤ B.

In this case, {hm,n/2} forms a frame for L2(R) with frame bounds A and B [Dau90], [HW89].

The corresponding frame operator is Sf = f · λ, where λ(t) =
∑ |h(t − n/2)|2. In addition,

S−1/2f = f · λ−1/2. Defining g =
√

2h · λ−1/2, we have that {gm,n/2} is a tight frame with frame
bound 2, and that g ∈ C∞

c (R). Therefore, by Theorem 4.4, {ψ`,k} is an orthonormal basis for
L2(R), and ψ`,k ∈ C∞

c (R) for each ` and k.
A similar construction can be performed on the Fourier transform side, resulting in a Wilson

basis consisting of smooth, rapidly decaying functions which are bandlimited. Let h be given such

that ĥ ∈ C∞
c (R̂) and

(a) supp(ĥ) ⊆ [−1, 1],

(b) ĥ is real-valued, and

(c) there exist constants A, B > 0 such that A ≤ ∑ |ĥ(γ −m)|2 ≤ B.

Then {ĥn/2,m} forms a frame for L2(R) with frame bounds A andB. Since (hm,n/2)
∧ = eπimnĥ−n/2,m,

we conclude that {hm,n/2} is a frame for L2(R). The corresponding frame operator is defined by

(Sf)∧ = f̂ · Λ, where Λ(γ) =
∑ |ĥ(γ − m)|2, and (S−1/2f)∧ = f̂ · Λ−1/2. If we define g by

ĝ =
√

2 ĥ ·Λ−1/2, then {gm,n/2} is a tight frame with frame bound 2 for L2(R). Therefore, {ψ`,k} is

an orthonormal basis for L2(R). Moreover, ψ`,k ∈ S(R) and (ψ`,k)∧ ∈ C∞
c (R) for each ` and k. �

It is possible to describe the frame operator S for a Gabor frame {gm,n/2} in terms of the Zak
transform [Dau90], [Dau92], [HW89], cf. Theorem 3.1.

4.6. Theorem.

Given g ∈ L2(R). Then {gm,n/2} is a frame for L2(R) with frame bounds A, B if and only if

0 < A ≤ |Zg(t, ω)|2 + |Zg(t, ω + 1/2)|2 ≤ B < ∞ a.e. (4.6)

In this case, the frame operator S is given by Z(Sf) = Zf · M , where M(t, ω) = |Zg(t, ω)|2 +
|Zg(t, ω + 1/2)|2, and the operator S−1/2 is given by Z(S−1/2f) = Zf ·M−1/2.

We shall use this result, along with the following theorem of Janssen [Jan82], to construct
Wilson bases.

4.7. Theorem.

If f ∈ S(R), then Zf ∈ C∞(R2) and is quasiperiodic. Conversely, if F ∈ C∞(R2) is

quasiperiodic, then there exists f ∈ S(R) such that F = Zf .

4.8. Example. We shall construct a function g ∈ S(R) such that {ψ`,k} is a Wilson basis for

L2(R). Let h(t) = e−πt2 . Then h ∈ S(R), ĥ is real-valued, and h satisfies (4.6) [Dau90], [Dau92].
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By Theorem 4.7, Zh ∈ C∞(R2) and is quasiperiodic. Moreover, (4.6) holds for some A, B, so
M(t, ω)−1/2 = (|Zg(t, ω)|2 + |Zg(t, ω + 1/2)|2)−1/2 is in C∞(R2), and is periodic with period 1 in
both t and ω. Hence the function G = Zh ·M−1/2 is in C∞(R2) and is quasiperiodic. Therefore, by

Theorem 4.7, g =
√

2Z−1G =
√

2S−1/2h ∈ S(R). Hence {ψ`,k} is an orthonormal basis for L2(R)
with ψ`,k ∈ S(R) for each ` and k. �

A more general investigation of the continuity properties of a Gabor frame operator S and the
related operators S−1 and S−1/2 was conducted in [Wal92] and [Wal93]. The continuity of S, S−1,
and S−1/2 on weighted spaces was examined in [Wal92]. In particular, for s ≥ 0 let ws(t) = (1+ |t|)s

or ws(t) = es|t|, and define the weighted spaces

Lp
s(R) = {f : ‖f‖Lp

s
= ‖fws‖p <∞},

(Lp
s)

∧(R) = {f : ‖f‖(Lp
s)∧ = ‖f̂ws‖p <∞}.

Membership of f in Lp
s quantifies the decay of f , and membership of f in (Lp

s)
∧ quantifies the

smoothness of f . Assume now that g(t)ws(t) ∈ W (L∞, `1), and that ĝ(γ)ws(γ) ∈ W (L∞, `1).
Then for all sufficiently small a, b > 0 (how small depends on g and s), S and S1/2 are continuous
bijections of Lp

s(R) and (Lp
s)

∧(R) onto themselves for all 1 ≤ p <∞. In particular, for a and b small
enough, S−1/2g has the same smoothness and decay properties as g, as measured by membership in
the spaces Lp

s and (Lp
s)

∧.
For the specific case of ab = 1/2, it has been shown in [Wal93] that if g ∈ S(R) satisfies (4.6)

then S and S1/2 are continuous bijections of the modulation spaces M s
p,q(R) onto themselves for s ≥ 0

and 1 ≤ p, q <∞. M s
p,q(R) is an example of a Wiener amalgam space, namely M s

p,q = W ((Lq
s)

∧, `p)
[Fei89], [Fei90]. Given a function θ ∈ C∞

c (R) satisfying
∑

θ(t − n) ≡ 1, f ∈ M s
p,q(R) if and only

if
∑ ‖f · τnθ‖p

(Lq
s)∧

< ∞. That is, f ∈ M s
p,q(R) is characterized by a local smoothness criterion

(f · τnθ ∈ (Lq
s)

∧ for all n), and a global decay criterion ({‖f · τnθ‖(Lq
s)∧} ∈ `p).

The continuity and invertibility of S and S1/2 on Ms
p,q(R) for ab = 1/2 says that these

operators preserve smoothness and decay as measured by membership in the spaces M s
p,q. It has

been shown that unconditional bases of Wilson-type exist for the modulation spaces [FGW92]. The
continuity and invertibility of S and S1/2 on the modulation spaces has been used in [GW92] to
construct sets of sampling and interpolation in the Bargmann–Fock spaces of entire functions.

A general construction that includes many examples of Wilson bases as well as wavelet bases
are the local trigonometric bases of Coifman and Meyer [CM91]. Similar constructions were proposed
in [Mal90] in a signal processing context, and in [Lae90] in the context of bases adapted to arbitrary
decompositions of the frequency domain. For more details, and especially the connection with Wilson
bases, see [Aus94] and [AWW92].

5. Distributional Calculations and the Continuity of the Zak Transform

We devote this section to investigating relationships between differentiation and the continuity
of the Zak transform.

Distributional differentiation will be denoted by ∂ on R or ∂j on Rd (the j-th partial). Classical
differentiation is denoted by D on R and Dj on Rd. The Sobolev space L2

1(R
d) is {f ∈ L2(Rd) :

∂jf ∈ L2(Rd), j = 1, . . . , d}.
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If x = (t, ω) ∈ R × R̂ and r > 0 then Q(x; r) = Q(t, ω; r) is the square centered at x with
side r,

Q(x; r) = [t− r/2, t+ r/2) × [ω − r/2, ω + r/2)

= {(u, α) ∈ R× R̂ : u ∈ [t− r/2, t+ r/2), α ∈ [ω − r/2, ω + r/2)}.

Thus the square Q = [0, 1) × [0, 1) defined in §3.1 is Q = Q(1/2, 1/2; 1).
The proof of the following result is routine, e.g., [Maz85, pp. 8–9], [Sch66, Theorem 2.III

(pp. 53–54) and Theorem 2.V (pp. 57–59)].

5.1. Theorem.

a. Given F ∈ L2
1(R

d), there is a function F̃ on Rd such that F̃ = F a.e. and F̃ ∈ ACloc on

almost all straight lines parallel to the coordinate axes. The classical gradient ∇F̃ of F̃ exists a.e. on

Rd; and the distributional gradient of F is the distribution corresponding to ∇F̃ .

b. Given F ∈ L2(Rd), if there is a function F̃ on Rd such that F̃ ∈ ACloc on almost all

straight lines parallel to the coordinate axes, F̃ = F a.e., and Dj F̃ ∈ L2(Rd) for j = 1, . . . , d, then

∂jF is the distribution corresponding to Dj F̃ for j = 1, . . . , d, and, hence, F ∈ L2
1(R

d).

Rd can be replaced by any open subset and L2
1 can be replaced by any Lp

1 for 1 ≤ p ≤ ∞.

5.2. Theorem.

Given g ∈ L2(R), then ∂g ∈ L2(R) if and only if γĝ(γ) ∈ L2(R̂). In this case, g ∈ ACloc,

Dg = ∂g a.e., and

∂g(t) =
(

2πiγĝ(γ)
)

∨

(t). (5.1)

Proof. a. Suppose ∂g ∈ L2(R). Since L2(R) ⊆ S ′(R) and γĝ(γ) ∈ S ′(R), we can compute

〈

(∂g)∧, ϕ
〉

= −〈g, ∂ϕ̌〉 = 2πi
〈

g(t), (γϕ(γ))∨(t)
〉

=
〈

2πiγĝ(γ), ϕ(γ)
〉

for each ϕ ∈ S(R̂). Thus, γĝ(γ) ∈ L2(R̂) and (5.1) holds. The same calculation, this time going

right to left, proves that γĝ(γ) ∈ L2(R̂) implies ∂g ∈ L2(R).

b. If ∂g ∈ L2(R), then

h(t) =

∫ t

0

∂g(u) du

is absolutely continuous on [0, 1]. For each k ∈ C∞
c (R) with supp(k) ⊆ (0, 1), we have the following

calculations:
∫ 1

0

g(t)Dk(t) dt = 〈g,Dk〉 = −〈∂g, k̄〉 = −
∫ 1

0

∂g(t) k(t) dt
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and
∫ 1

0

h(t)Dk(t) dt = −
∫ 1

0

Dh(t) k(t) dt = −
∫ 1

0

∂g(t) k(t) dt.

The first calculation is distributional while the second employs integration by parts and the funda-
mental theorem of calculus. Thus,

∫ 1

0

(

g(t) − h(t)
)

Dk(t) dt = 0

for all such k, and hence, g − h is constant a.e. on [0, 1]. We conclude that g ∈ ACloc and Dg = ∂g
a.e. A calculation such as this is involved in proving Theorem 5.1a. �

5.3. Example. a. If g, tg(t) ∈ L2(R) and γĝ(γ) ∈ L2(R) then not only does G = Zg ∈ L2(Q),
but also ∂1G, ∂2G ∈ L2

loc(R
2). To see this, first note that

∂1G(t, ω) =
∑

∂g(t+ k) e2πikω ∈ L2(Q),

since ∂g ∈ L2(R) by Theorem 5.2. Next, we compute

∂2G(t, ω) = 2πiZ
(

tg(t)
)

(t, ω) − 2πitZg(t, ω) ∈ L2
loc(R

2),

since tg(t) ∈ L2(R).

b. If F ∈ L1
loc(R

2) and ∂1F, ∂2F ∈ L2
loc(R

2) then

1

|Q(t, ω; r)|

∫∫

Q(t,ω;r)

|F (u, α) − FQ(u,α;r)| du dα

≤ 2

(
∫∫

Q(t,ω;2r)

|∂1F (u, α)|2 du dα
)1/2

+ 2

(
∫∫

Q(t,ω;2r)

|∂2F (u, α)|2 du dα
)1/2

,
(5.2)

where Q(t, ω; r) designates the square {(u, α) : |u− t|, |α− ω| ≤ r/2} centered at (t, ω) and

FQ(t,ω;r) =
1

|Q(t, ω; r)|

∫∫

Q(t,ω;r)

F (u, α) du dα.

We mention this inequality because means related to FQ are used in the proof of Theorem 6.4.
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To verify (5.2), first write the left side as

1

r4

∫∫

Q(t,ω;r)

∣

∣

∣

∣

∫∫

Q(u,α;r)

(

F (u, α) − F (v, β)
)

dv dβ

∣

∣

∣

∣

du dα

≤ 1

r4

∫∫

Q(t,ω;r)

∫∫

Q(u,α;r)

∣

∣F (u, α) − F (v, α)
∣

∣ dv dβ du dα

+
1

r4

∫∫

Q(t,ω;r)

∫∫

Q(u,α;r)

∣

∣F (v, α) − F (v, β)
∣

∣ dv dβ du dα. (5.3)

Next, by Theorem 5.1a, F ∈ ACloc on almost all straight lines parallel to the coordinate axes, and
the classical and distributional gradients are equivalent. In particular, we can use the fundamental
theorem of calculus as follows: for almost all α,

∀u, v, |F (u, α) − F (v, α)| =

∣

∣

∣

∣

∫ v

u

∂1F (s, α) ds

∣

∣

∣

∣

, (5.4)

and, for almost all v,

∀α, β, |F (v, α) − F (v, β)| =

∣

∣

∣

∣

∫ β

α

∂2F (v, θ) dθ

∣

∣

∣

∣

.

Thus, the right hand side of (5.3) is bounded by

I1 + I2 =
1

r4

∫∫

Q(t,ω;r)

∫∫

Q(u,α;r)

∣

∣

∣

∣

∫ v

u

∂1F (s, α) ds

∣

∣

∣

∣

dv dβ du dα

+
1

r4

∫∫

Q(t,ω;r)

∫∫

Q(u,α;r)

∣

∣

∣

∣

∫ β

α

∂2F (v, θ) dθ

∣

∣

∣

∣

dv dβ du dα.

In I1, s is between u and v, |u− v| ≤ r/2, and |u− t| ≤ r/2; hence,

I1 ≤ r3

r4

∫ t+r

t−r

∫ ω+r/2

ω−r/2

|∂1F (s, α)| dα ds

≤
√

2

(
∫∫

Q(t,ω;2r)

|∂1F (s, α)|2 dα ds
)1/2

.

In I2, θ is between α and β, |α− β| ≤ r/2, and |α− ω| ≤ r/2; also, |v − u| ≤ r/2 and |u− t| ≤ r/2.
Hence,

I2 ≤ r3

r4

∫ ω+r

ω−r

∫ t+r

t−r

|∂2F (v, θ)| dv dθ

≤ 2

(
∫∫

Q(t,ω;2r)

|∂2F (v, θ)|2 dv dθ
)1/2

.

(5.2) now follows.
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c. Let g = 1[0,1). Then G(t, ω) = Zg(t, ω) = e−2πinω for t ∈ [n, n + 1). Clearly, g, tg(t) ∈
L2(R), Dg = 0 a.e., γĝ(γ) /∈ L2(R̂), and ∂g = δ− δ1 /∈ L2(R). Also, {gm,n} is an orthonormal basis
for L2(R).

This data is, of course, consistent with the BLT; and we mention it only because of part b,
and especially (5.4), which is used in the proof of (5.2). In fact, G(u, α) − G(v, α) has the form
e−2πin(u)α − e2πin(v)α, whereas D1G = 0 on ∪ (n, n+ 1) and

∂1G(s, α) =
∑

(

δn(s) − δn+1(s)
)

⊗ e−n(α);

and, consequently, (5.4) fails for F = G.

In this example, Dg exists for all but two points, and Dg ∈ L1(R); whereas, γĝ(γ) /∈ L2(R̂),
cf., Theorem 5.2. On the other hand, we know that ifDf exists for each point of R andDf ∈ L1

loc(R)
then f ∈ ACloc by the Banach–Zarecki theorem; cf., for example, [Ben76, Section 4.6].

d. C. Fefferman and E. Stein (Acta Mathematica, 1972) implemented the sharp maximal

function whose mid-point version is

F ](t, ω) = sup
r>0

1

|Q(t, ω; r)|

∫∫

Q(t,ω;r)

|F (u, α) − FQ(t,ω;r)| du dα.

This should be compared with the maximal version of the left-hand side of (5.2), viz.,

F [(t, ω) = sup
r>0

1

|Q(t, ω; r)|

∫∫

Q(t,ω;r)

|F (u, α) − FQ(u,α;r)| du dα.

The sharp maximal function corresponding to F is in L∞(R2) if and only if F ∈ BMO(R2); and
twice the Hardy–Littlewood maximal function bounds F ]. �

5.4. Remark. The BLT is reasonable not only from the point of view of modern physics, as
demonstrated in [Bal81], [Low85], but also in the tradition of classical analysis. We list the following
instances.

a. Given g, tg(t) ∈ L2(R) and γĝ(γ) ∈ L2(R̂), and let G = Zg. Suppose

∂2
1G, ∂

2
2G ∈ L2

loc(R
2) (5.5)

(noting there are no mixed partials). Using Example 5.3a and (5.5) we have the hypotheses of that

form of Sobolev’s lemma that allows us to conclude that there is a continuous function G̃ on R2

for which G̃ = G a.e. By properties of the Zak transform, G̃ has zeros. Therefore, {gm,n} is not a
frame. We have shown that the phenomenon exhibited by the BLT follows easily with the added
hypothesis (5.5).

b. In the setting of R2, Krylov’s theorem [Sch66, pp. 181–185] asserts that if a distribution
G has the properties ∂1G, ∂2G ∈ L2

loc(R
2), then Gn ∈ L1

loc(R
2) for all n ≥ 1. Consequently, in the

case g, tg(t) ∈ L2(R) and γĝ(γ) ∈ L2(R̂), we conclude that G = Zg almost has the upper bound
property for {gm,n} to be a frame, that is, G is almost an element of L∞

loc(R
2). This tantalizing

suggestion contrary to the Balian–Low phenomenon is balanced by the following fact also based
on Sobolev’s work: If a distribution G has the properties ∂1G, ∂2G ∈ L2

loc(R
2) then G ∈ L1

loc(R
2)
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satisfies an Lp
loc Lipschitz condition [Sch66, pp. 185–188]. If G were actually continuous we could

use our argument from part a to verify the BLT.

In Remark 5.4a we gave a simple proof of the BLT in the case that additional smoothness,
viz., (5.5), is assumed. This is a natural procedure to follow in implementing proofs depending on
the continuity of the Zak transform. For example, whereas Remark 5.4a invoked Sobolev’s lemma,
the following results, Theorem 5.5 and Theorem 5.6, utilize a Wiener amalgam condition.

5.5. Theorem.

Given g ∈ L1(R), assume

∂g ∈ W (L∞, `1). (5.6)

Then {gm,n} is not a frame.

Proof. Note that by (5.6), g ∈ L1
1(R). Therefore, by Theorem 5.1, g is equal almost everywhere

to a locally absolutely continuous function. Hence, we may assume that g is continuous, and that
the Fundamental Theorem of Calculus holds. To prove the theorem, it is sufficient to prove that
g ∈W (C0, `

1). We do this by verifying that
∑

supt∈[0,1] |g(t+ k)| < ∞, that is,

∑

k

|g(tk + k)| < ∞ (5.7)

for any sequence {tk} ⊆ [0, 1].

Since g ∈ L1(R) we know that

∑

k

|g(t+ k)| < ∞ a.e. on [0, 1]. (5.8)

Fixing one such t in (5.8) we take the absolute value of the difference of the sums, (5.7) and
(5.8). (To be proper, we consider finite sums.) This expression is bounded by

∑

k

|g(t+ k) − g(tk + k)|,

which in turn is finite by (5.6). The result follows by routine manipulations. �

As a consequence of Theorem 5.5, we obtain the following result.

5.6. Theorem.

Given g, tg(t) ∈ L2(R), and γĝ(γ) ∈ L2(R̂), assume

∑

n

n2 ‖∂g · 1[n,n+1]‖2
∞ < ∞ (5.9)

(in particular, ∂g ∈ L∞(R)). Then {gm,n} is not a frame.



382 J. J. Benedetto, C. Heil, and D. F. Walnut

6. Non-distributional Proof of the Balian–Low Theorem

As stated in Theorem 1.1 (BLT), the decay and smoothness conditions, g, tg(t) ∈ L2(R)

and γĝ(γ) ∈ L2(R̂), are sufficient to deny the frame property. In order to prove the BLT we shall

assume both that tg(t) ∈ L2(R), γĝ(γ) ∈ L2(R̂), and that g generates a frame {gm,n} for L2(R).
We shall obtain a contradiction by proving that 1/Zg is unbounded and not that Zg is continuous
(which implies 1/Zg is unbounded). All calculations are explicitly nondistributional, in contrast
with the method of Coifman, Semmes, and Daubechies [Dau90] in which calculations are implicitly
distributional.

Our first step in proving the BLT for g ∈ L2(R) is to bound the variation of G = Zg over small

squares Q(x; r) ⊆ R× R̂. This result, Theorem 6.4, is reminiscent of Hardy and Littlewood’s (1928)
characterization of one-dimensional bounded variation in terms of the L1-norm (cf., for example
[Ben76, Theorem 4.4]).

6.1. Lemma.

Let f , tf(t), and γf̂(γ) be square-integrable, set F = Zf , and let ε ∈ R and x0 ∈ [−3/2, 3/2]×
R̂ be given. Then

(
∫∫

Q(x0;1)

|F (t− ε, ω) − F (t, ω)|2 dt dω
)1/2

≤ 2π|ε|
(

∫

|γf̂(γ)|2 dγ
)1/2

, (6.1)

(
∫∫

Q(x0;1)

|F (t, ω − ε) − F (t, ω)|2 dt dω
)1/2

≤ 2π|ε|
[

(
∫

|tf(t)|2 dt
)1/2

+ 2

(
∫

|f(t)|2 dt
)1/2

]

. (6.2)

Proof. To prove (6.1) note that

F (t− ε, ω) =
∑

k

f(t− ε+ k) e2πikω = Z(τεf)(t, ω).

Thus, by the unitarity of Z and the Plancherel theorem,
(

∫∫

Q(x0;1)

|F (t− ε, ω) − F (t, ω)|2 dt dω
)1/2

=

(
∫∫

Q(x0;1)

|Z(τεf − f)(t, ω)|2 dt dω
)1/2

=

(
∫

|τεf(t) − f(t)|2 dt
)1/2

=

(
∫

|e−2πiεγ − 1|2 |f̂(γ)|2 dγ
)1/2

=

(
∫

|2 sin(πεγ)|2 |f̂(γ)|2 dγ
)1/2

≤ 2π|ε|
(

∫

|γf̂(γ)|2 dγ
)1/2

.
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To prove (6.2), note that

F (t, ω − ε) =
∑

k

f(t+ k) e2πik(ω−ε)

= e2πiεt
∑

k

e−2πiε(t+k) f(t+ k) e2πikω

= e2πiεt Z(e−εf)(t, ω).

By the unitarity of Z and the Plancherel theorem we therefore have

(
∫∫

Q(x0;1)

|F (t, ω − ε) − F (t, ω)|2 dt dω
)1/2

=

(
∫∫

Q(x0;1)

|e2πiεt Z(e−εf)(t, ω) − Zf(t, ω)|2 dt dω
)1/2

≤
(

∫∫

Q(x0;1)

|Z(e−εf − f)(t, ω)|2 dt dω
)1/2

+

(
∫∫

Q(x0;1)

|e2πiεt − 1|2 |Zf(t, ω)|2 dt dω
)1/2

=

(
∫

|2 sinπεt|2 |f(t)|2 dt
)1/2

+

(
∫∫

Q(x0;1)

|2 sinπεt|2 |Zf(t, ω)|2 dt dω
)1/2

≤ 2π|ε|
[

(
∫

|tf(t)|2 dt
)1/2

+ 2

(
∫

|f(t)|2 dt
)1/2

]

. �

Next we shall prove a result (Lemma 6.3) similar to the above, obtaining a bound on the
oscillation of F over a square of side r < 1. First, we fix some notation and prove some technicalities
in the following lemma.

6.2. Lemma.

Let f ∈ L2(R), and let s ∈ R and r > 0 be given. Let E(s, r) denote the set

E(s, r) =
⋃

n∈Z

[s− r
2 + n, s+ r

2 + n].

Then

(a) Zf(t, ω) = e−2πitωZf̂(−ω, t) = e−2πitωZf̌(ω,−t),
(b) Zf(t, ω) · 1E(s,r)(t) = Z(f · 1E(s,r))(t, ω) for all (t, ω) ∈ R× R̂,

(c) limr→0 ‖f · 1E(s,r)‖2 = 0 uniformly in s.

Proof. To prove a, use the Poisson Summation Formula for f ∈ S(R), then use the density of
S(R) in L2(R) to complete the proof (cf. [Jan82], [Hei90]). Statement b follows immediately from
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the definition of the Zak transform and the fact that 1E(s,r) is 1-periodic. To prove c, first fix any

ε > 0. Since |f |2 is an integrable function, we can find an N > 0 such that
∫

|t|>N
|f(t)|2 dt ≤ ε/2,

and a δ > 0 such that
∫

A
|f(t)|2 dt ≤ ε/2 whenever |A| ≤ δ. Now, given any s ∈ R, the number of

n ∈ Z such that [s− r/2 +n, s+ r/2 +n]∩ [−N,N ] 6= ∅ is at most 2N + r+ 1, which is independent
of s. Therefore, |E(s, r) ∩ [−N,N ]| ≤ (2N + 2)r for all s when r ≤ 1. Letting r0 = δ/(2N + 2), we
therefore have

‖f · 1E(s,r)‖2
2 ≤

∫

|t|>N

|f(t)|2 dt +

∫

E(s,r)∩[−N,N ]

|f(t)|2 dt ≤ ε

for all s and all r ≤ r0. �

6.3. Lemma.

Let f , tf(t), and γf̂(γ) be square integrable; set F = Zf ; and let ε ∈ R, (t0, ω0) ∈ [−3/2, 3/2]×
R̂, and 0 < r < 1 be given. Then

(
∫∫

Q(t0,ω0;r)

|F (t− ε, ω) − F (t, ω)|2 dt dω
)1/2

≤ 2π|ε| ‖γf̂(γ) · 1E(1−ω0,r)(γ)‖2, (6.3)

(
∫∫

Q(t0,ω0;r)

|F (t, ω − ε) − F (t, ω)|2 dt dω
)1/2

≤ 2π|ε|
(

‖tf(t) · 1E(t0,r)(t)‖2 + 2 ‖f · 1E(t0,r)‖2

)

. (6.4)

Proof. Using arguments similar to those in the proof of Lemma 6.1, and parts a and b of Lemma 6.2,
we have

(
∫∫

Q(t0,ω0;r)

|F (t− ε, ω) − F (t, ω)|2 dt dω
)1/2

=

(
∫∫

Q(t0,ω0;r)

|Z(τεf − f)(t, ω)|2 dt dω
)1/2

=

(
∫∫

Q(t0,ω0;r)

|Z(e−εf̂ − f̂)(−ω, t)|2 dt dω
)1/2

=

(
∫∫

Q(t0,−ω0;r)

|Z(e−εf̂ − f̂)(ω, t)|2 dω dt
)1/2

=

(
∫∫

Q(t0,1−ω0;r)

|Z(e−εf̂ − f̂)(ω, t)|2 dω dt
)1/2

=

(
∫∫

Q(t0,1−ω0;r)

|Z(e−εf̂ − f̂)(ω, t) · 1E(1−ω0,r)(ω)|2 dω dt
)1/2
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≤
(

∫∫

Q(t0,1−ω0;1)

∣

∣Z
(

(e−εf̂ − f̂) · 1E(1−ω0,r)

)

(ω, t)
∣

∣

2
dω dt

)1/2

=

(
∫

E(1−ω0,r)

|e−εf̂(γ) − f̂(γ)|2 dγ
)1/2

≤ 2π|ε| ‖γf̂(γ) · 1E(1−ω0,r)(γ)‖2,

from which (6.3) follows.
For (6.4), we have that

(
∫∫

Q(t0,ω0;r)

|F (t, ω − ε) − F (t, ω)|2 dt dω
)1/2

≤
(

∫∫

Q(t0,ω0;r)

|Z(e−εf − f)(t, ω)|2 dt dω
)1/2

+

(
∫∫

Q(t0,ω0;r)

|e2πiεt − 1|2 |Zf(t, ω)|2 dt dω
)1/2

≤
(

∫∫

Q(t0,ω0;r)

|Z(e−εf − f)(t, ω) · 1E(t0,r)(t)|2 dt dω
)1/2

+ 2π|ε|
(

∫∫

Q(t0,ω0;r)

|t Zf(t, ω) · 1E(t0,r)(t)|2 dt dω
)1/2

≤
(

∫∫

Q(t0,ω0;1)

∣

∣Z
(

(e−εf − f) · 1E(t0,r)

)

(t, ω)
∣

∣

2
dt dω

)1/2

+ 4π|ε|
(

∫∫

Q(t0,ω0;r)

|Z(f · 1E(t0,r))(t, ω)|2 dt dω
)1/2

=

(
∫

E(t0,r)

|e−εf(t) − f(t)|2 dt
)1/2

+ 4π|ε|
(

∫

E(t0,r)

|f(t)|2 dt
)1/2

.

This last term is bounded by the right side of (6.4). �

6.4. Theorem.

Let f , ε, r, and (t0, ω0) be as in Lemma 6.3 and in addition fix 0 < c < 1. Then there are

functions C1(r) and C2(r), depending on f alone, such that limr→0 Ci(r) = 0 for i = 1, 2 and

∫∫

Q(t0,ω0;cr)

|F (t− ε, ω) − F (t, ω)| dt dω ≤ cr|ε|C1(r), (6.5)

∫∫

Q(t0,ω0;cr)

|F (t, ω − ε) − F (t, ω)| dt dω ≤ cr|ε|C2(r). (6.6)
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Proof. This result follows from Lemma 6.3 and a straightforward application of Hölder’s inequality,
where

C1(r) = 2π sup
ω∈R̂

‖γf̂(γ) · 1E(ω,r)(γ)‖2

and

C2(r) = 2π sup
t∈R

(

‖tf(t) · 1E(t,r)(t)‖2 + 2 ‖f · 1E(t,r)‖2

)

.

The convergence to 0 of Ci for i = 1, 2 follows from Lemma 6.2c. �

The next step in our proof of the BLT is to introduce a continuous approximation Gr of
G = Zg. This idea is due to Coifman and Semmes, e.g., [Dau90], cf., Example 5.3b. It turns out
that Gr satisfies enough of a quasiperiodicity condition to allow a proof of the BLT similar to those
which proceed by proving the continuity of the Zak transform.

Let ρ = 1Q and, for r > 0, let ρr(t, ω) = r−2ρ(t/r, ω/r). Then {ρr} is an approximate identity

on R× R̂ as r → 0. We define the mean-value function

Gr(t, ω) =

∫∫

Q

G(t− u, ω − α) ρr(u, α) du dα

cf. the role of the mean value FQ defined after (6.2). Some basic properties of the function Gr are
the following, for example, [Dau90].

6.5. Theorem.

Let g ∈ L2(R) generate the frame {gm,n} with frame bounds A and B, and let G = Zg. Then

(a) |Gr(t1, ω1) −Gr(t2, ω2)| ≤ 2r−1B1/2
(

|t1 − t2| + |ω1 − ω2|
)

,

(b) sup(t,ω)∈Q |Gr(t, ω)| ≤ B1/2,

(c) Gr(t, ω + 1) = Gr(t, ω),

(d) Gr(t+ 1, ω) = e−2πiωGr(t, ω) + ψr(t, ω), where sup(t,ω)∈Q |ψr(t, ω)| ≤ πrB1/2,

(e) for fixed (u, α), (t, ω) ∈ R× R̂,

|G(u, α) − Gr(u, α)| ≥ A1/2 − 2r−1B1/2
(

|t− u| + |ω − α|
)

− |Gr(t, ω)|

and, in particular, for fixed (t, ω) ∈ Q and c < 1,

inf
(u,α)∈Q(t,ω;cr)

|G(u, α) −Gr(u, α)| ≥ A1/2 − 2cB1/2 − |Gr(t, ω)|.
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Proof. a. Note that

|Gr(t1, ω1) −Gr(t2, ω2)| =
1

r2

∣

∣

∣

∣

∫∫

Q(x1;r)

G(u, α) du dα −
∫∫

Q(x2;r)

G(u, α) du dα

∣

∣

∣

∣

=
1

r2

∣

∣

∣

∣

∫∫

Q(x1;r)∆ Q(x2;r)

G(u, α) du dα

∣

∣

∣

∣

≤ B1/2

r2
|Q(x1; r) ∆Q(x2; r)|,

where ∆ is the symmetric difference operator, xj = (tj − r
2 , ωj − r

2 ) for j = 1, 2, and we have used

the fact that |G(u, α)| ≤ B1/2 a.e. (cf. Theorem 3.1d).
It remains to show that

|Q(x1; r) ∆Q(x2; r)| ≤ 2r
(

|t1 − t2| + |ω1 − ω2|
)

.

This is certainly true if Q(x1; r) and Q(x2; r) are disjoint, so assume that these two squares overlap.
Without loss of generality, we may assume that t1 ≤ t2 and ω1 ≤ ω2. Then

Q(x1; r) \Q(x2; r) = (t1 − r, t2 − r) × (ω1 − r, ω1) ∪ (t1 − r, t1) × (ω1 − r, ω2 − r),

so
|Q(x1; r) \Q(x2; r)| ≤ r |t1 − t2| + r |ω1 − ω2|.

The same inequality holds for |Q(x2; r)\Q(x1; r)|, so part a follows upon noting thatQ(x1; r) ∆Q(x2; r) =
Q(x1; r)\Q(x2; r) ∪ Q(x2; r)\Q(x1; r).

b. Fix (t, ω) ∈ Q, and note that by Theorem 3.1d,

|Gr(t, ω)| =

∣

∣

∣

∣

∫∫

Q

G(t− u, ω − α) ρr(u, α) du dα

∣

∣

∣

∣

≤ B1/2

∫∫

Q

ρr(u, α) du dα

= B1/2.

c. Part c follows immediately from the fact that G is periodic in the second variable.
d. Note that

Gr(t+ 1, ω) =

∫∫

Q

G(t+ 1 − u, ω − α) ρr(u, α) du dα

=

∫∫

Q

e−2πi(ω−α)G(t− u, ω − α) ρr(u, α) du dα

= e−2πiω

∫∫

Q

G(t− u, ω − α) ρr(u, α) du dα + ψr(t, ω),
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where

ψr(t, ω) = e−2πiω

∫∫

Q

(e2πiα − 1)G(t− u, ω − α) ρr(u, α) du dα.

We estimate

|ψr(t, ω)| ≤
∫∫

Q

|e2πiα − 1| |G(t− u, ω − α)| ρr(u, α) du dα

≤ B1/2

∫∫

Q

|2πα| ρr(u, α) du dα

≤ B1/2πr.

e. Observe from a that

|G(u, α) −Gr(u, α)| ≥ |G(u, α)| − |Gr(u, α) −Gr(t, ω)| − |Gr(t, ω)|

≥ A1/2 − 2

r
B1/2

(

|t− u| + |ω − α|
)

− |Gr(t, ω)|.

Since (u, α) ∈ Q(t, ω; cr) implies that |t− u| and |ω − α| ≤ cr/2, it follows that

inf
(u,α)∈Q(t,ω;cr)

|G(u, α) −Gr(u, α)| ≥ A1/2 − 2cB1/2 − |Gr(t, ω)|. �

6.6. Lemma.

Suppose that g, tg(t), and γĝ(γ) are square-integrable. Then for any (t, ω) ∈ Q, c < 1, and

r < 1, we have that
∫∫

Q(t,ω;cr)

|G(u, α) −Gr(u, α)| du dα ≤ cr2C(r),

where C(r) does not depend on (t, ω) and limr→0C(r) = 0.

Proof.

∫∫

Q(t,ω;cr)

|G(u, α) −Gr(u, α)| du dα

≤
∫∫

Q(t,ω;cr)

∫∫

Q

|ρr(v, β)| |G(u, α) −G(u− v, α− β)| dv dβ du dα

=

∫∫

Q

|ρr(v, β)|
∫∫

Q(t,ω;cr)

|G(u, α) −G(u− v, α− β)| du dα dv dβ

≤
∫∫

Q

|ρr(v, β)|
∫∫

Q(t,ω;cr)

|G(u, α) −G(u− v, α)| du dα dv dβ

+

∫∫

Q

|ρr(v, β)|
∫∫

Q(t−v,ω;cr)

|G(s, α) −G(s, α− β)| ds dα dv dβ,
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where we have simply applied the triangle inequality. Since ρr is supported in the squareQ(r/2, r/2; r)
and since r < 1, we have that t−v ∈ [−1/2, 1]. Thus, by Theorem 6.4, the above quantity is bounded
by

cr2
(

C1(r) + C2(r)
)

.

Putting C(r) = C1(r) + C2(r) completes the proof. �

Proof of Theorem 1.1 (BLT). First, we claim that |Gr(t, ω)| ≥ A1/2/2 for all (t, ω) ∈ Q and all
r sufficiently small. To see this, note that by Theorem 6.5e and Lemma 6.6,

cr2C(r) ≥
∫∫

Q(t,ω;cr)

|G(u, α) −Gr(u, α)| du dα ≥ c2r2
(

A1/2 − 2cB1/2 − |Gr(t, ω)|
)

.

Fixing c so small that A1/2 − 2cB1/2 > A1/2/2, we have that

|Gr(t, ω)| ≥ A1/2 − 2cB1/2 − C(r)

c
.

Since C(r) → 0 as r → 0, independently of (t, ω), the claim is proved.

Thus, for each r > 0, there exists a continuous, real-valued function ϕr on Q̄ = [0, 1] × [0, 1]
such that

Gr(t, ω) = |Gr(t, ω)| eiϕr(t,ω)

(for example, [RR55, pp. 377–385]). Then, as in the proof that continuous quasiperiodic functions
have zeros, we have that for t ∈ [0, 1],

ϕr(t, 1) = ϕr(t, 0) + 2πkr,

for some integer kr independent of t (for example, [HW89]).

Now let us consider the function

δr(t, ω) = 1 +
ψr(t, ω)

e−2πiω Gr(t, ω)
.

Clearly δr is continuous. Also, using Theorem 6.5b, d, and the inequality |Gr(t, ω)| ≥ A1/2/2 that
we verified at the beginning of this proof, we see that δr is nonvanishing on Q for small enough r.
Hence there is a continuous function θr(t, ω) such that

δr(t, ω) = |δr(t, ω)| eiθr(t,ω).

Note that by Theorem 6.5d, δr converges uniformly to 1 on Q̄ as r → 0, and hence θr converges
uniformly on Q̄ to a multiple of 2π. Also note that by definition,
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Gr(t+ 1, ω) = e−2πiω Gr(t, ω) δr(t, ω)

for every t and ω.
Now, we have that

|Gr(1, ω)| eiϕr(1,ω) = Gr(1, ω) = e−2πiω Gr(0, ω) δr(0, ω)

= |Gr(0, ω) δr(0, ω)| e−2πiω+iθr(0,ω)+iϕr(0,ω)

= |Gr(1, ω)| e−2πiω+iθr(0,ω)+iϕr(0,ω).

Hence for each r > 0 there is an integer lr such that for all ω ∈ [0, 1],

ϕr(1, ω) = −2πω + θr(0, ω) + ϕr(0, ω) + 2πlr.

Finally, we have

0 =
(

ϕr(0, 0) − ϕr(1, 0)
)

+
(

ϕr(1, 0) − ϕr(1, 1)
)

+
(

ϕr(1, 1)− ϕr(0, 1)
)

+
(

ϕr(0, 1) − ϕr(0, 0)
)

= (−θr(0, 0) − 2πlr) + (−2πkr) + (−2π + θr(0, 1) + 2πlr) + (2πkr)

= −2π + θr(0, 1) − θr(0, 0).

Letting r → 0, we find that 0 = −2π, a contradiction. �

7. The Uncertainty Principle Approach to the BLT

We shall present a proof of the BLT due to Daubechies and Janssen [DJ93], based on the
operator theory associated with the Classical Uncertainty Principle Inequality and inspired by the
elegant proof of the BLT for orthornormal bases by Battle [Bat88].

We shall use the basic properties of frames, Gabor systems, and the Zak transform discussed in
§2.1, §2.2, and §3.1. In particular, we may consider only Gabor systems with a = b = 1. In this case,
{gm,n} is a frame for L2(R) if and only if it is an exact frame (Theorem 3.1d). Therefore the dual
frame {g̃m,n} is biorthogonal to {gm,n}, that is, 〈gm,n, g̃m′,n′〉 = δm,m′δn,n′ . Also, Zgm,n(t, ω) =
em(t) en(ω)Zg(t, ω).

7.1. Uncertainty Principles

The Classical Uncertainty Principle Inequality was stated in Theorem 1.2. We prove it for
f ∈ S(R):

‖f‖2
2 =

∫

t
(

|f |2
)′

(t) dt ≤
∫

|t|
(

2 |f(t) f ′(t)|
)

dt

≤ 2 ‖tf(t)‖2 ‖f ′‖2

= 4π ‖tf(t)‖2 ‖γf̂(γ)‖2.
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A standard closure argument, e.g., [Ben94, Remark 7.31], which we also use in Lemma 7.2, extends
the inequality to all f ∈ L2(R). There is a theory of weighted and local uncertainty principles
emanating from Theorem 1.2 and its Hilbert space analogue, Theorem 7.1. This theory is the
subject of [Ben94, Section 7.8], [Ben96, Chapter 6].

The Classical Uncertainty Principle Inequality can be formulated in general Hilbert spaces.
Given a Hilbert space H with inner product 〈f, g〉 and norm ‖f‖ = 〈f, f〉1/2, and given operators A,
B mapping H into H (or mapping domains D(A), D(B) ⊆ H into H), we define the commutator

of A and B to be
[A,B] = AB −BA.

If A is self-adjoint (i.e., 〈Af, f〉 = 〈f,Af〉 for all f ∈ H), then the expectation of A at f ∈ D(A) is
Ef (A) = 〈Af, f〉, and the variance of A at f ∈ D(A2) is σ2

f (A) = Ef (A2) − (Ef (A))2.

7.1. Theorem.

Given self-adjoint (but not necessarily continuous) operators A, B on a Hilbert space H. If

f ∈ D(A2) ∩D(B2) ∩D(i[A,B]) and ‖f‖ = 1, then

Ef (i[A,B])2 ≤ 4σ2
f (A)σ2

f (B).

The proof of Theorem 7.1 is not difficult (for example, [Ben94, Theorem 7.32]) and we obtain
the Classical Uncertainty Principle Inequality as a corollary, as follows. Define the position operator

P and momentum operator M by

Pf(t) = t f(t) and Mf = (P f̂)∨ = (γf̂(γ))∨,

when these make sense. Both P and M are self-adjoint and if f ∈ S(R) then (f ′)∧ = 2πiP f̂ ,
f ′ = 2πiMf , and [P,M ]f = − 1

2πif . By Theorem 7.1, we have

Ef (− 1
2π I)

2 ≤ σ2
f (P )σ2

f (M),

where I is the identity operator. On the other hand, Ef (I) = 〈If, f〉 = ‖f‖2
2, and

σ2
f (P ) = ‖Pf‖2

2 − 〈Pf, f〉2 ≤ ‖Pf‖2
2 = ‖tf(t)‖2

2,

and
σ2

f (M) = ‖Mf‖2
2 − 〈Mf, f〉2 ≤ ‖Mf‖2

2 = ‖γf̂(γ)‖2
2,

since both 〈Pf, f〉 =
∫

t |f(t)|2 dt and 〈Mf, f〉 =
∫

γ |f̂(γ)|2 dγ are real, hence have nonnegative
squares. The Classical Uncertainty Principle Inequality follows immediately.
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7.2. The Weak BLT

The fact that [P,M ] = − 1
2πi I forms the core of the uncertainty principle approach to proving

the BLT. We state this fact in the following form.

7.2. Lemma.

If f , g ∈ L2(R) satisfy Pf , Pg ∈ L2(R) and P f̂ , P ĝ ∈ L2(R̂), then

〈Pf,Mg〉 − 〈Mf,Pg〉 =
1

2πi
〈f, g〉. (7.1)

Proof. Mf and Mg are well-defined since P f̂ , P ĝ ∈ L2(R̂). By standard techniques we can find
ϕk, ψk ∈ S(R) such that ϕk → f , Pϕk → Pf , Mϕk →Mf , and ψk → g, Pψk → Pg, Mψk →Mg,
all in L2-norm. Since ϕk, ψk ∈ S(R) and P , M are self-adjoint, we have

〈Pϕk,Mψk〉 − 〈Mϕk, Pψk〉 = 〈MPϕk, ψk〉 − 〈PMϕk, ψk〉
= −〈[P,M ]ϕk , ψk〉

=
1

2πi
〈ϕk, ψk〉.

However, the inner product is continuous, so 〈ϕk , ψk〉 → 〈f, g〉, 〈Pϕk ,Mψk〉 → 〈Pf,Mg〉, and
〈Mϕk, Pψk〉 → 〈Mf,Pg〉. Therefore (7.1) holds. �

Next, we compute the commutators of P andM with the translation and modulation operators
τn and em defined in (2.3).

7.3. Lemma.

a. [emτn, P ] = emτnP − Pemτn = −n emτn.

b. [emτn,M ] = emτnM −Memτn = −memτn.

Proof. As the two parts are similar, we prove only part a. We compute

(emτnPf)(t) − (Pemτnf)(t) = em(t) (τnPf)(t) − t (emτnf)(t)

= em(t) (Pf)(t− n) − t em(t) (τnf)(t)

= em(t) (t− n) f(t− n) − t em(t) f(t− n)

= −n em(t) f(t− n)

= −n em(t) (τnf)(t)

= −n (emτnf)(t). �

We can now prove a weak version of the BLT.
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7.4. Theorem (Weak BLT).

Assume g ∈ L2(R) is such that {gm,n} is an exact frame for L2(R). Then we cannot have all

of Pg, P g̃ ∈ L2(R) and P ĝ, P ˆ̃g ∈ L2(R̂), that is, we must have

‖tg(t)‖2 ‖γĝ(γ)‖2 ‖tg̃(t)‖2 ‖γˆ̃g(γ)‖2 = +∞.

Proof. Assume all four functions were elements of L2. Note that

∀ f, h ∈ L2(R), 〈f, hm,n〉 = 〈f−m,−n, h〉.

Also, by Lemma 7.3a,

∀ f ∈ L2(R), P (fm,n) = (Pf)m,n + n fm,n.

Since P is self-adjoint and {gm,n} is biorthonormal to its dual frame {g̃m,n}, we can therefore
compute

〈Pg, g̃m,n〉 = 〈g, P (g̃m,n)〉 = 〈g, (P g̃)m,n)〉 + n 〈g, g̃m,n)〉
= 〈g−m,−n, P g̃〉 + n δm,0 δn,0

= 〈g−m,−n, P g̃〉.

Now, by the L2-inversion formula, both Mg and Mg̃ exist and are in L2(R), so by Lemma 7.3b we
similarly obtain

〈gm,n,Mg̃〉 = 〈M(gm,n), g̃〉 = 〈(Mg)m,n, g̃〉 + m 〈gm,n, g̃〉 = 〈Mg, g̃−m,−n〉.

Since f =
∑〈f, gm,n〉 g̃m,n =

∑〈f, g̃m,n〉 gm,n for every f ∈ L2(R), we therefore have

〈Pg,Mg̃〉 =
∑

m,n

〈Pg, g̃m,n〉 〈gm,n,Mg̃〉

=
∑

m,n

〈g−m,−n, P g̃〉 〈Mg, g̃−m,−n〉

=
∑

m,n

〈Mg, g̃m,n〉 〈gm,n, P g̃〉

= 〈Mg,P g̃〉.

Therefore, by biorthonormality and Lemma 7.2,

1 = 〈g, g̃〉 = 2πi
(

〈Pg,Mg̃〉 − 〈Mg,P g̃〉
)

= 0,

a contradiction. �
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7.3. Equivalence of the weak BLT and the BLT

We can give several special cases illustrating the relationship between the weak BLT and the
usual BLT (Theorem 1.1).

7.5. Example. a. If the Gabor frame {gm,n} is actually an orthonormal basis, then g̃ = g and the
equivalence is clear. This is precisely Battle’s proof of the BLT [Bat88].

b. If g generates a tight exact frame with bounds A = B then g̃ = S−1g = A−1g, and the
equivalence is again clear. However, any tight exact frame is a multiple of an orthonormal basis.

c. If supp(g) is contained in an interval of length 1, then the frame operator S is Sf = f · λ,
where λ(t) =

∑ |g(t− n)|2 (for example, [HW89]). Any Gabor frame must have A ≤ λ(t) ≤ B a.e.
(Theorem 3.5), so S is multiplication by an essentially constant function. Therefore, g̃ = S−1g̃ = g/λ,
and thus Pg ∈ L2(R) if and only if P g̃ ∈ L2(R). Similarly, if supp(ĝ) is contained in an interval

of length 1, then (Sf)∧ = f̂ · Λ, where Λ is the essentially constant function
∑ |ĝ(γ −m)|2, and so

P ĝ ∈ L2(R̂) if and only if P ˆ̃g ∈ L2(R̂). �

The BLT will follow from the weak BLT if we can prove that

Pg ∈ L2(R) ⇔ P g̃ ∈ L2(R) and P ĝ ∈ L2(R̂) ⇔ P ˆ̃g ∈ L2(R̂), (7.2)

whenever {gm,n} is an exact frame. We verify (7.2) in Theorem 7.7. First, however, we compute
the Zak transform of the dual function g̃.

7.6. Proposition.

If g ∈ L2(R) and {gm,n} is a frame then

Zg̃ = 1/Zg.

Proof. If {gm,n} is a frame then 0 < A ≤ |Zg|2 ≤ B < ∞ a.e. on Q. Therefore, h = Z−1(1/Zg) ∈
L2(R). Given m, n ∈ Z we then compute:

〈h, gm,n〉 = 〈Zh,Zgm,n〉 = 〈1/Zg, em(t)en(ω)Zg〉
= 〈1, em(t)en(ω)〉
= δm,0 δn,0

= 〈g̃, gm,n〉.

Since {gm,n} is complete in L2(R) and h, g̃ ∈ L2(R), it follows that h = g̃. �

The following theorem is due to Daubechies and Janssen [DJ93].

7.7. Theorem.

If {gm,n} is an exact frame then (7.2) holds.
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Proof. First, given any function f , we formally compute:

ZPf(t, ω) =
∑

k

Pf(t+ k) e2πikω

= t
∑

k

f(t+ k) e2πikω +
∑

k

f(t+ k) k e2πikω

= t Zf(t, ω) +
∑

k

f(t+ k)
1

2πi
∂2e

2πikω

= t Zf(t, ω) +
1

2πi
∂2Zf(t, ω). (7.3)

Next, using Proposition 7.6, we formally compute:

ZP g̃(t, ω) = t Zg̃(t, ω) + 1
2πi ∂2Zg̃(t, ω)

=
t

Zg(t, ω)
− 1

2πi ∂2(1/Zg)(t, ω)

=
t

Zg(t, ω)
+

1
2πi ∂2Zg(t, ω)

Zg(t, ω)2

=
t Zg(t, ω) + 1

2πi ∂2Zg(t, ω)

Zg(t, ω)2

=
ZPg(t, ω)

Zg(t, ω)2
. (7.4)

If these formal calculations are justified, then ZPg ∈ L2(Q) if and only if ZP g̃ ∈ L2(Q) since
0 < A ≤ |Zg|2 ≤ B < ∞ a.e. As Z is unitary, this implies Pg ∈ L2(R) if and only if P g̃ ∈ L2(R).

A similar formal argument involving the partial derivative ∂1 is used to show that P ĝ ∈ L2(R̂) if

and only if P ˆ̃g ∈ L2(R̂). The critical step is the use of the quotient rule in (7.4).
The calculations above are justified as follows. If f ∈ L2(R) then (7.3) is valid distributionally,

that is, in the σ(D′(R2), C∞
c (R2)) topology. In particular, (7.3) is true distributionally for f = g

and f = g̃. Then (7.4) follows from Theorem 5.1a. In fact, G = Zg ∈ ACloc on almost all straight
lines parallel to the coordinate axes since ∂1G, ∂2G ∈ L2

loc(R
2) (for example, Example 5.3a). Then,

for almost all t, the quotient rule to compute the classical partial derivative D2(1/G) holds for
almost all ω. Distributional and classical differentiation are equivalent in this case by Theorem 5.1a.
Therefore (7.4) is valid distributionally, and so the distributions ZP g̃ and ZPg/(Zg)2 are equal.
Thus, if one of them is square integrable then so is the other. �

The combination of the Weak BLT (Theorem 7.4) and Theorem 7.7 proves the BLT.
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7.4. The BLT without differentiation

It is interesting to recount that distributional differentiation really initiated the proof of the
BLT in [Dau90] before shifting to classical differentiation, e.g., Example 5.3a,b; and that, in the
proof of the BLT in Theorem 7.7, classical differentiation was required to implement the quotient
rule in order to proceed with distributional calculations. In both cases, Theorem 5.1a played a
pivotal role. Of course, neither classical nor distributional differentiation was overtly involved in the
proof of the BLT in §6.

The final issue we wish to address is the possibility of proving the BLT for exact frames along
the operator-theoretic lines of §7.2, but without invoking differentiation. The proof of Proposition 7.6
motivates the argument we have in mind. Let us attempt to use the same technique to prove that
Pg ∈ L2(R) if and only if P g̃ ∈ L2(R). Assume that g ∈ L2(R) generates an exact frame {gm,n}
and that Pg ∈ L2(R). Then ZPg ∈ L2(Q) and Zg is essentially constant, so ZPg/(Zg)2 ∈ L2(Q).

Therefore, h = Z−1
(

ZPg/(Zg)2
)

∈ L2(R). Note that

〈h, gm,n〉 = 〈Zh,Zgm,n〉 = 〈ZPg/(Zg)2, em(t)en(ω)Zg〉 = 〈ZPg/Zg, em(t)en(ω)〉.

By Lemma 7.3a, Pgm,n = (Pg)m,n + n gm,n ∈ L2(R), so we can compute

〈g̃, P gm,n〉 = 〈g̃, (Pg)m,n〉 + n 〈g̃, gm,n〉
= 〈Zg̃, Z(Pg)m,n〉 + n δm,0 δn,0

= 〈1/Zg, em(t)en(ω)Z(Pg)〉
= 〈h, gm,n〉.

Although we have not assumed that P g̃ ∈ L2(R), the integral
∫

P g̃(t) gm,n(t) dt is well-defined since
it equals

∫

g̃(t)Pgm,n(t) dt and g̃ · Pg ∈ L1(R). Thus,

〈P g̃ − h, gm,n〉 = 〈g̃, P gm,n〉 − 〈h, gm,n〉 = 0 (7.5)

for all m, n ∈ Z. We would like to conclude from (7.5) and the fact that {gm,n} is complete in L2(R)
that Pg − h = 0. Note that the function f = P g̃ − h = f1 + f2 has the property that f1 ∈ t L2(R)
and f2 ∈ L2(R).

Problem/Examples 7.8. Motivated by the preceding discussion, we pose the following uniqueness
problem. Let f ∈ L2

loc(R) and assume that {gk} is a complete sequence in L2(R). Suppose that

f gk ∈ L1(R) and that
∫

f(t) gk(t) dt = 0 for all k. What further conditions must be assumed to
conclude that f = 0?

The following examples deal with our uniqueness problem.

a. The Haar system {hk} ⊆ L2(R) is an orthonormal basis of L2(R); and if f = 1, then

f hk ∈ L1(R) and 〈f, hk〉 = 0 for all k. In fact, this holds for any wavelet orthonormal basis whose
elements are integrable.

b. Uniqueness also fails for the Gabor sequence {gm,n} generated by g = 1[0,1] − 1[−1,0]. In

fact, if f = 1, then f gm,n ∈ L1(R) and 〈f, gm,n〉 = 0 for all m and n. Further, the Zak transform
of g is
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Zg(t, ω) = 1 − e−2πiω 6= 0 a.e. on Q,

so that {gm,n} ⊆ L2(R) is a complete sequence (for example, Theorem 3.1a). In contrast to part a,
{gm,n} is not even a frame.

c. Let g =
∑

ak 1[k−1/2,k+1/2] where
∑ |ak| <∞ and

∑

ak = 0. Then Zg(t, ω) =
∑

ak e
2πikω

for t ∈ (−1/2, 1/2), so that Zg is continuous in a neighborhood of (0, 0) and Zg(0, 0) = 0. Thus
{gm,n} is not a Gabor frame. On the other hand, if f = 1 then f gm,n ∈ L1(R) and 〈f, gm,n〉 = 0
for all m and n.

d. Let g ∈ L2(R) \ (L1(R) ∩ L2(R)) be the odd function defined as g = 0 on [0, 1/2), g = 0
on [2k − 1, 2k + 1) for k even, and g = −2i/(πk) on [2k − 1, 2k + 1) for k odd. We can write g as

g(t) = g(u− k) =

∫ 1/2

−1/2

G(u, ω) e−2πikω dω,

where t = u − k, u ∈ [−1/2, 1/2), k ∈ Z, and G(u, ω) is 1 on [−1/2, 1/2) × [0, 1/2) and is −1 on
[−1/2, 1/2)× [−1/2, 0). Thus, G = Zg and {gm,n} is a Gabor frame. If f = 1 then 〈f, gm,n〉 = 0 for
all m and n, whereas f gm,n /∈ L1(R). Clearly, Pg /∈ L2(R). �

8. Appendix: Notation

The integral over Rd (usually d = 1, 2 in this paper) is designated by “
∫

”. Sequences with
unspecified limits are to be taken over the set of integers Z.

The space Lp(Rd) consists of all functions f such that ‖f‖p <∞, where ‖f‖p =
(∫

|f(t)|p dt
)1/p

if 1 ≤ p <∞ and ‖f‖∞ = ess sup |f(t)|. The inner product of f , g ∈ L2(Rd) is 〈f, g〉 =
∫

f(t) g(t) dt,
where the bar denotes complex conjugation.

The Fourier transform of f ∈ L1(R) is f̂(γ) =
∫

f(t) e−2πiγt dt for γ ∈ R̂. The inverse Fourier

transform is f̌(γ) = f̂(−γ). The Fourier transform extends to f ∈ L2(R). If f ∈ L2(R) then

f = (f̂)∨.
C(Rd) is the space of continuous functions on Rd. Cc(R

d) is the space of continuous functions
with compact support. C∞

c (Rd) is the space of compactly supported functions infinitely differen-
tiable on Rd. C0(R

d) is the space of continuous functions on Rd vanishing at infinity. S(Rd) is
the Schwartz class of infinitely differentiable functions which are rapidly decreasing at infinity, and

S ′(Rd) is its topological dual, the space of tempered distributions. A(R̂d) is L1(Rd)∧ = {f̂ : f ∈
L1(Rd)}. ACloc is the space of all functions that are locally absolutely continuous.

If g ∈ L2(R) and a, b > 0 are given then the Gabor system generated by g, a, and b is
{gmb,na}m,n∈Z, where gp,q(t) = e2πipt g(t − q). If {gmb,na} is a frame then the frame operator is
Sf =

∑〈f, gmb,na〉 gmb,na. The dual function is g̃ = S−1g. The dual frame is {g̃mb,na}.
Distributional differentiation is denoted by ∂ on R or ∂j on Rd (the j-th partial). Classical

differentiation is denoted by D on R and Dj on Rd. The Sobolev space L2
1(R

d) is {f ∈ L2(Rd) :
∂jf ∈ L2(Rd), j = 1, . . . , d}.

If x = (t, ω) ∈ R× R̂ and r > 0 then Q(x; r) = Q(t, ω; r) is the square centered at x with side
r, i.e., Q(x; r) = [t− r/2, t+ r/2) × [ω − r/2, ω + r/2). We set Q = Q(1/2, 1/2; 1) = [0, 1)× [0, 1).

The translation operator is τxf(t) = f(t − x) and the modulation operator is eγf(t) =
e2πiγtf(t). We also write eγ(t) = e2πiγt.
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The indicator function of the set E is 1E(x) = 1 if x ∈ E and 0 if x /∈ E. The Kronecker delta
is δk,` = 1 if k = ` and 0 if k 6= `.
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