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The excess of a sequence in a Hilbert space is the greatest number of elements that can
be removed yet leave a set with the same closed span. We study the excess and the dual
concept of the deficit of Bessel sequences and frames. In particular, we characterize those
frames for which there exist infinitely many elements that can be removed from the frame yet
still leave a frame, and we show that all overcomplete Weyl-Heisenberg and wavelet frames
have this property.
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1. Introduction

Let H be a separable Hilbert space and I a countable index set. A sequence
F = {fi}ier of elements of H is a frame for H if there exist constants A, B > 0 such
that

2
VheH, Alh|> < > |(hfi)]" < Bl (1)
el

The numbers A, B are called lower and upper frame bounds, respectively (the largest
A and smallest B for which (1) holds are the optimal frame bounds). Frames were first
introduced by Duffin and Schaeffer [5] in the context of nonharmonic Fourier series, and
today frames play important roles in many applications in mathematics, science, and
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engineering. We refer to the monograph of Daubechies [4] or the research-tutorial [8]
for basic properties of frames.

Each frame F is complete in H, i.e., the finite linear span of F is dense in H.
Moreover, a frame provides basis-like representations of the elements of H. Specifically,
there exist vectors f; such that

VheH, h=>Y(hf)fi= S (hF)F (2)

el el

with unconditional convergence of these series. In general, however, a frame need not be
a basis, and the representations in (2) need not be unique. Frames which are not bases
are overcomplete, i.e., there exist proper subsets of the frame which are complete [5].
The excess of the frame is the greatest integer n such that n elements can be deleted
from the frame and still leave a complete set, or co if there is no upper bound to the
number of elements that can be removed. In the former case, it can be shown that the
frame is simply a Riesz basis to which finitely many elements have been adjoined [9].
Such frames are called “near Riesz bases” and behave in many respects like Riesz bases.
A frame with infinite excess need not contain a Riesz basis as a subset; an example was
constructed in [3] and is discussed in example 5.1.

In this paper we will study the excess of frames and of more general systems,
and the dual concept of the deficit of a system (the minimum number of elements that
must be adjoined to obtain a complete set). Our motivation was the particular case
of Weyl-Heisenberg or Gabor frames. These are frames for the Hilbert space L?(R) of
the form {e2™™%% g(x — na)}mnez, where g € L>(R) and a, 8 > 0. The Balian-Low
Theorem states that if a Weyl-Heisenberg frame is a Riesz basis for L?(R), then the
window function g must be poorly localized in either time or frequency, specifically,
lltg(t)||2 |wg(w)||l2 = oo [4]; see also [1] for an “amalgam space” variation. Thus, the
most useful Weyl-Heisenberg frames are overcomplete. It can be shown that if af > 1
then any Weyl-Heisenberg system is incomplete, if f = 1 then a Weyl-Heisenberg
frame is a Riesz basis, and if a8 < 1 then a Weyl-Heisenberg frame is overcomplete, cf.
4, [13], [14),

It was shown in [7, proposition 7.1.3] that if g generates an overcomplete Weyl—
Heisenberg frame and is compactly supported with support contained in an interval of
length 1/, then the frame has infinite excess. The question of whether every overcom-
plete Weyl-Heisenberg frame has infinite excess motivated the research for this paper.
We prove in this paper that this is the case, and in fact we obtain a much stronger result:
in any overcomplete Weyl-Heisenberg frame it is possible to find an infinite subset that
can be deleted yet leave a frame (not merely a complete set), and furthermore we can
specify the frame bounds of the resulting system. Moreover, we obtain this result as
a corollary of more general results on the excesses and deficits of Bessel sequences and
arbitrary frames, and we also obtain as corollaries statements about wavelet frames.

The organization of our paper and a sketch of the main results is as follows. In
section 2, we present basic notation and definitions. In section 3, we show that if F is
any complete sequence in a Banach space which has infinite excess, meaning that for
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any n there exists a finite subset G, of cardinality n such that F \ G, is complete, then
there actually exists a countably infinite subset G C F such that F \ G is complete. We
remark that it is not true that F \ UG,, will necessarily be complete, even if the G, are
nested.

In section 4, we restrict to the case of Bessel sequences in Hilbert spaces, i.e.,
sequences which at least satisfy the upper frame condition. We relate the deficit and
excess of a Bessel sequence to the dimension of the kernels of the analysis operator T’
and synthesis operator T™ associated with the Bessel sequence. We show that if there
exists a pair of operators (), L that intertwine with T', i.e., LT = T'Q), then the structure
of the point spectrum of these operators induces restrictions on the deficit and excess
of the sequence. In particular, if @ has no point spectrum then the deficit is either 0 or
00, while if L* has no point spectrum and F is a frame, then the excess is either 0 or
00.

In section 5, we further restrict to the case of frames in Hilbert spaces. It was
proved by Duffin and Schaeffer [5] that if F is a frame for H and f € F is such that
F\{f} is complete in H, then F \ {f} is a frame for H. We prove that if there exist
infinitely many elements g, € F such that F \ {g,} is complete for each individual n
and if there is a uniform lower frame bound L for each frame F \ {g,}, then for each
e > 0 there exists an infinite subset G. of {gy, }nen such that F\ G. is a frame for H with
lower frame bound L — . Moreover, we show that the existence of such elements g, is
necessary as well as sufficient in order that an infinite set may be deleted yet leave a
frame, and we provide an example of a frame with infinite excess where such a collection
of elements g,, yielding a uniform lower frame bound for each F\{g,} does not exist. We
further show that the existence of such elements g, can be determined from the values
of the inner products of the frame elements with the standard dual frame elements.

Finally, in section 6 we apply our results to the specific cases of Weyl-Heisenberg
and wavelet systems. We prove that any Weyl-Heisenberg or wavelet system that is
an overcomplete frame for its closed linear span contains an infinite subset that can be
deleted yet still leave a frame for the same space. We extend these results to the case of
Weyl-Heisenberg multisystems whose generating parameters are rationally related, or to
wavelet multisystems whose dilation parameters are logarithmically rationally related.
A sequel paper will examine the case of systems where these rationality assumptions are
not satisfied.

2. Notation

N will denote the set of natural numbers, while I will denote a generic countable
index set. |F| denotes the cardinality of a set E.

Let X be a Banach space and let F = {f;};cr be a sequence of elements of X. The
finite linear span of F is denoted by span(F), and span(F) denotes the closure (in the
norm-topology of X)) of span(F). We say that F is complete if Span(F) = X.
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A sequence F = {f;}ier in a separable Hilbert space H is a Bessel sequence if there
exists a constant B > 0 such that

VheH, Y |(h f)* < Blh|*.
i€l

Associated to any Bessel sequence are the analysis operator T defined by
T:H — *(I)
h {<h7 fi>}i€]

and the synthesis operator T* defined by

T 02(I)— H
c z:czfZ
i€l

These are everywhere-defined, bounded operators, each adjoint to the other. If ¢ € £2(I),
then the series > ¢; f; defining T*c converges unconditionally in the norm of H. Since
span(F) C ranT™ C Span(F), we have span(F) = ranT*. The elements of a Bessel
sequence are uniformly bounded above in norm, specifically, || f;||> < B for each i € I.

Frames are special cases of Bessel sequences. The utility of a frame lies in the fact
that there exists a dual frame {f;};c; such that the frame expansions in (2) hold (this
fails in general for Bessel sequences). The standard dual frame is given by f; = S~Lf;,
where S = T*T is the frame operator. The frame operator is a positive, continuously
invertible mapping of H onto itself, with Al < S < BI. A frame is tight if it is possible
to take A = B in (1), normalized tight if A = B = 1 (but note that some authors
define a normalized frame to be one where || f;|| = 1 for every i € I). Since S is a
positive operator, it has a positive square root S/2. Moreover, S~1/2 is a bounded,
continuously invertible operator and {S~1/2f;};cs is a normalized tight frame for H [7,
corollary 6.3.5]; [2, theorem III.2]. Thus every frame is equivalent to a normalized tight
frame.

A Riesz sequence is a sequence F = {f;}ier for which there exist A, B > 0 such
that

2
S B Z |Ci|2-

el

Vee A(I), AY|af <

el

> e

el

If a Riesz sequence is complete then it is called a Riesz basis for H. All Riesz bases are
frames. If F is a Riesz basis, then for each h € H the frame expansion given in (2) is
unique. A frame is a Schauder basis for H if and only if it is a Riesz basis for H.

Definition 2.1. Let F = {f;}icr be a sequence in a separable Banach space X.

(a) The deficit of F is
d(F) = inf{|G|: G C X and span(FUG) = X }.
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That is, the deficit is the least cardinal d(F) such that there exists a subset G C X
of cardinality d(F) so that F UG is complete in X.

(b) The excess of F is
e(F) = sup{|g| : G C F and span(F \ G) = span(F)}. (3)

We will show in lemma 4.1 that the supremum in (3) is achieved, i.e., the excess is
the greatest cardinal e(F) such that there exists a subset G C F of cardinality e(F) so
that F \ G is complete in span(F).

Note that a frame for a Hilbert space H has zero deficit, whereas a Riesz sequence in
H has zero excess. The converses of these statements are not true in general. However,
it is true that if a frame has zero excess, then it is a Riesz basis for H [5].

3. Arbitrary sequences

In this section we will show that if a complete sequence F in a Banach space X
has infinite excess, then there exists a countably infinite subset G such that F \ G is
complete in X. First, however, consider the following trivial example.

Example 3.1. Let {e,},en be an orthonormal basis for a Hilbert space H. Then
F = {2_m/gen}m7neN is a normalized tight frame with infinite excess. Let F = {f,, }nen
be any enumeration of F, and set G, = {fi1,..., fn}. Then F\ G, is complete in H for
every n, yet F \ UG, = 0.

Clearly, in this example there does exist an infinite set G such that F\G is complete.
We show in the following lemma that whenever there exist increasing finite nested subsets
which can be deleted from a sequence F yet leave a complete set, then is in fact possible
to find an infinite subset that can be deleted yet leave a complete set.

Lemma 3.2. Let F = {f;}icr be a sequence in a Banach space X, and assume that
there exists a subsequence {g, }nen such that F\ {g1,...,gn} is complete in X for each
n € N. Then there exists an infinite subsequence G of {g,}nen such that F\ G is
complete in X.

Proof. Let E = F \ {gn}nen. Let k; = 1. Since EU {g,}729 = F \ {g1} is complete,
there exists ko > k1 such that

dist(gr,, span(E U {g.}F231)) <

Y

N

where dist(z,Y) = inf{||z —y|| : y € Y} is the distance from a vector z to a subset Y of
X. Since EU{gn}pZp, 11 = F \{91,---, 9k, } is complete, there exists k3 > ko such that
both

dist(gx,, span(E U {gn}ff:_klﬁl)) <

W
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and

. _ _ 1
dist(gk,, span(E U {gn}ﬁ?’:kiﬂ)) < 3

Continuing in this way we find k1 < ko < - -- such that for each £ € N we have

. _ op1—1 1 ‘
dist (g, , span(£ U {gn}n@éﬁl)) < T j=1,...,¢ (4)

Let G = {gk,;}72,. We claim that 7\ G is complete. Since F is complete, it suffices
to show that

VjeN, dist(gkj, span(F\ G)) = 0. (5)
Since F U {gn}iﬁéefl C F\ G, we have from (4) that for all £ > j,
. _ . _ kpyq1— 1
dist (gx,, span(F \ G)) < dist(gx,, span(E U {gn}neigﬁll)) < 1
Hence (5) holds and the proof is complete. O

Next, we show that it is possible to remove the hypothesis of nestedness in
lemma 3.2. Consequently, in every sequence with infinite excess there exists an infi-
nite subsequence that can be deleted yet leave a complete set.

If S is a subspace of a Banach space X, then dim(S) denotes the dimension of a
subspace S (either finite or co). The codimension of S is codim(S) = dim(7) where T is
any algebraic complement of S, i.e., any subspace such that S+7 = X and SNT = {0}.
The codimension of S is independent of the choice of subspace T.

Theorem 3.3. Let F = {f;}ic; be a complete sequence in a Banach space X with
infinite excess. Then there exists an infinite subsequence G of F such that F \ G is
complete in X.

Proof. We claim that there must exist a subsequence {g,}nen of F such that F \
{g1,...,9n} is complete in X for each n € N. Once this is shown, the result then follows
immediately from lemma 3.2.

If no such subsequence existed, there would exist at least one maximal finite subset
G ={g1,-..,9n} of F such that F \ G is complete. Since F has infinite excess, there
must also exist a finite subset H = {hq,...,hp} of F with m > 2n such that F \ H is
complete. Since G is maximal, we cannot have G C H. Hence G N H contains at most
n — 1 elements and H \ G contains at least n + 1 elements.

Let E=F\(GUH). Since EU(G\H)=F\Hand EU(H\G) = F\G are
both complete, we have that

span(F) +span(G\ H) = X (6)
and

span(F) +span(H \ G) = X. (7)
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It follows from (6) that
codim(span(E)) < |G\ H| < n.

Combining this with (7) implies that span(H \ G)) contains an algebraic complement of
span(F) of dimension at most n. Since |H \ G| > n+ 1, at least one element h € H\ G
must lie in the closed span of the union of E and the remaining elements of H \ G. But
then EU (H \ (GU{h})) = F\ (GU{h}) is complete, which contradicts the maximality
of G. u

4. Bessel Sequences

In this section we consider the deficits and excesses of Bessel sequences in a Hilbert
space. The following result connects the excess and deficit to the dimension of the
kernels of the analysis and synthesis operators.

Lemma 4.1. Let F = {f;}icr be a Bessel sequence in a separable Hilbert space H, and
let T: H — ¢?(I) be the associated analysis operator.

(a) d(F) = dim(kerT).
(b) e(F) > dim(ker T*).
(c) If F is a frame then e(F) = dim(ker 7%).

Proof. (a) This follows immediately from the fact that (spﬁ(]—"))L = (ran T*)l =
kerT.

(b) For simplicity of notation, let I = N. Let yi,...,yn be linearly independent
sequences in ker 7%, and write y; = (y;,i)ien. Then

o0
Try; = Y yjafi =0, j=1,...,m, (8)
=1

or, in terms of an infinite matrix equation,

yi1 yi2 | [f 0

o 2 =

Ym,1Ym,2 - - 0
The matrix on the left above has row rank m, hence has column rank m by the same
Gaussian elimination argument used for finite matrices. Let F' = {ki,..., k,,} denote

the indices of a set of m independent columns. We claim that {f;};en r is complete in
span(F).
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Suppose that h € span(F) satisfies (f;, h) = 0 for ¢ € N\ F'. Then from (8) we have

0 — y_]7 Zyjl f,“ Zy]7 fk’@? ]:1’,m
That is,
Y1,k " Ylkm <fk17 h> 0
Ym,k1 " Ym,km <fkm7 h> 0

However, the matrix on the left-hand side is invertible, so this implies that (fx;,h) =0
for j =1,...,m. Hence (f;,h) =0 for all i € N, so h = 0. Thus {f;};cn\ r is complete,
so e(F) > m.

(c) If dim(ker T*) = oo, then e(F) = oo by part (b). If dim(ker 7%) < oo, then the
fact that dim(ker T*) = e(F) follows from theorems 2.4 and 3.1 in [9]. O

Example 4.2. If F is a Bessel sequence that is not a frame, then it is possible that
e(F) can strictly exceed dim(ker T%). For example, let {e, },cn be an orthonormal basis
for a Hilbert space H, and set f = > 02 ep/n. Then F = {en/n}nen U {f} is a Bessel
sequence but is not a frame, and it is easy to see that e(F) = 1 while dim(ker 7%) = 0.
It is similarly possible to construct Bessel sequences where e(F) is any specified finite
value or infinity yet dim(ker7*) = 0. In example 6.7 we exhibit a Weyl-Heisenberg
Bessel sequence which satisfies e(F) = 1 and dim(ker 7%) = 0.

Next we will show that with some additional structural assumptions on the Bessel
sequence, we can obtain more concrete information on the excess and deficit of the
sequence.

Definition 4.3. Let F be a Bessel sequence in a Hilbert space H with associated analy-

sis operator T: H — ¢2(I). If there exists a pair (Q, L) of bounded operators Q: H — H
and L:%(I) — ¢2(I) such that

= TQ, (9)

then we call (@, L) an intertwining pair of operators for F.

It follows immediately that if (9) holds then:

(a) kerT is Q-invariant,
(b) kerT™ is L*-invariant,
(¢) ranT is L-invariant,

(d) ranT* is Q*-invariant.
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Therefore, in light of lemma 4.1, if an intertwining pair of operators exists, then the
excess and deficit of F are realized as dimensions of invariant subspaces associated with
Q@ and L*. Now, if N is an operator on H which has no point spectrum (i.e., there are
no values A € C such that ker(N — AI) # {0}), then all non-trivial invariant subspaces
of N must be infinite-dimensional. Indeed, suppose that F was a finite-dimensional
invariant subspace. Then N|gp maps the finite-dimensional space F into itself, hence
must have an eigenvalue A with eigenvector € E. But then A is also an eigenvalue
of N, contradicting the fact that /N has no point spectrum. An operator with no point
spectrum is said to have a purely continuous spectrum. Combining these remarks with
lemma 4.1, we obtain the following.

Theorem 4.4. Assume that there exists an intertwining pair of operators (@, L) for a
Bessel sequence F in a separable Hilbert space H.

(a) If @* has no point spectrum, then either dim(span(F)) = 0 or dim(span(F)) = occ.
(b) If @ has no point spectrum, then either d(F) =0 or d(F) = oo.

(c) If L* has no point spectrum and F is a frame, then either e(F) = 0 or e(F) = oc.

Proof. (a) If @Q* has no point spectrum, then since span(F) = ranT* is Q*-invariant,
it must be either {0} or infinite-dimensional.

(b) If @ has no point spectrum, then since ker 7" is Q-invariant, it must be either
{0} or infinite-dimensional. Hence d(F) = dim(ker T') is either 0 or oco.

(c) If L* has no point spectrum, then since ker L* is L*-invariant, it must be either
{0} or infinite-dimensional. However, if F is a frame then e(F) = dim(ker T*), so e(F)
must be either 0 or oo. O

5. Frames

In this section we consider the excess of frames in Hilbert spaces.

By theorem 3.3, if F is a frame that has infinite excess, then there exists an infinite
subset G C F such that F\ G is complete. However, the following example shows that it
is possible that there may be no way to choose G so that F\ G is a frame. This example
is exactly the example constructed in [3] of a normalized tight frame which contains no
subset that is a Riesz basis.

Example 5.1. Let H be a separable Hilbert space. Index an orthonormal basis for H
as {e}t}neN’j:Lm’n. Set H,, = span{e},...,el'}. Define

1
fJn:e?—EZe?, j=1,...,n,

frq1 = —F7= )¢
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Then F, = {f',..., fiy1} is a normalized tight frame for H,, [3, lemma 2.5]. Since H,
is n-dimensional, at most one element can be removed from F,, if the remaining elements
are to span H,. Moreover f}', is orthogonal to f{',..., f}!, so f;',; cannot be removed.

If one of the other elements is removed, say f{', then since

"2 2 29
= n \/ﬁ n n

j=2
the lower frame bound for F,, \ {fI'} as a frame for H,, is at most 2/n — 1/n?.

Now consider that H = (Y.0°, H,),» with the H,, mutually orthogonal. The
sequence F = { f}q’}neN, j=1,..,n+1 is a normalized tight frame for H with infinite excess.
Suppose that G is any infinite subset of F such that F \ G is complete. Then G cannot
contain any elements of the form fJ. ;. Hence G = {f*}reny with ny < ng < ---
and ji < ny for every k. But then the lower frame bound for F \ G can be at most
2/ng — 1/n3 for every k, which implies that F \ G cannot have a positive lower frame

bound and therefore is not a frame.

n+1 n
>olet ffF = (z 1)+1 _2_1

Note that in this example, if we fix a particular k& then the subsequence F \ { f;; k1
formed by deleting the single element f;:c from F is a frame for H. However, there is
no single positive number that can serve as a common lower frame bound for all of the
subframes F \ { fﬁ *}. Suppose that F was a frame such that there did exist an infinite
subsequence G = {gn }nen so that F\ G was a frame for H, say with lower frame bound
L. Then for each fixed n, since F\ G C F\ {gn} C F, we have that F\ {g,} is a frame
for H with lower frame bound L. Hence the existence of such a sequence {g, }nen with
uniform lower frame bound for each F\ {g,} is a necessary condition in order to be able
to delete infinitely many elements from a frame and still leave a frame. Our next goal
is to show that this condition is sufficient as well as necessary. Specifically, we will show
that if such g, exist, then there exists an infinite subsequence G. = {gn, }ren such that
F\ G is a frame with lower frame bound L — e.

First, we will prove the theorem for the special case of normalized tight frames.
While this result will be superseded by theorem 5.4 below, the proof of this special case
is so elegant and enlightening that we choose to include it.

Theorem 5.2. Let F = {fi}icr be a normalized tight frame for a Hilbert space H, and
assume that there exists an infinite subsequence G = {g, }nen of F such that for each n,
F \ {gn} is complete in H (and hence a frame). If there exists a single constant L > 0
that is a lower frame bound for each frame F \ {g,}, then for every 0 < e < L there
exists an infinite subsequence G. of G such that F\ G. is a frame for H with lower frame
bound L —e.

Proof. Since A = B =1, the frame operator S for F is simply the identity. That is,

iel
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We are given that, for each n € N, F\ {g,} is a frame with lower frame bound L. Let
Sy, be the frame operator for F \ {g,}, i.e.,

Snf = Z<fafz>fz - <f7gn>gn = f - <f7gn>gn~

iel
Since

(Sufs ) = MAP=1(Fran)l® = 1A = 1FI lgal® = (1= llgnl®) 117,

we have that 1 — ||g,|? is a lower frame bound for F \ {g,}, and by considering the
element f = g, we see that it is the optimal lower frame bound for F \ {g,}. Therefore

we must have

VneN, L < 1_”gnH2'
Since {gn}nen is a subset of the frame F, we have >4 |(gn, gx)* < |lgnll?
Therefore,

< 0.

VneN, lim (g, gr) = 0.
k—oo
Because of this fact, we can extract a subsequence G, = {gn, }ren With the property that

Z |<gnk79nj>| < e

We claim that F \ G. is a frame for H with lower frame bound L — e.
Consider the operator

[e.e]

Rf =Y {f 9n) 9n-

k=1
This is a bounded operator since G, is a subset of the frame F. We have

o0 o0

IRf|? = <Z<f,gnk>gnk, Z<f’9nj>9nj>
k=1 Jj=1

ST g P lgnel® S (Fr9ne) 90y £) (G ;)
k=1

JkeN, k#j

IN

(sup g ) CRE 1)+ AP (sp ) (32 Hamers)])

JkeN, k#£j

IN

(L= L) IRFIF + A (1= L)e.

From this it follows that ||R|| < 1 — L + &, and consequently
SIEANT = Xl = AP = (RES) = @ =2 IfI
i€l k=1

so F \ G: is a frame with lower frame bound L — e. O
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Given a frame F with frame bounds A, B, let S = T*T be the frame operator.
Recall then that S~/2 is a bounded, continuously invertible operator and that S—1/2 (F)
is a normalized tight frame for H. This can be used to give a generalization of theo-
rem 5.2 to the case of non-tight frames; however, the best conclusion we can draw via
that approach is that the lower frame bound of F \ G. is at least L(A/B) — ¢, which we
will see is not the best possible estimate. For many applications it is essential to have
sharp knowledge of the frame bounds. Theorem 5.4 below is the optimal result: by an
argument more involved than the proof of theorem 5.2 we will show that it is possible
to construct G, so that F \ G. has lower frame bound L — e.

To attempt to motivate the proof of theorem 5.4, suppose that there existed a
subsequence {hg}ren of F which had the following properties:

(a) for each k € N, F\ {hy} is a frame for H with lower frame bound L,
(b) {hi}ren is an orthogonal sequence,

(c¢) each hy is an eigenvector of S1/2.

Note that it follows from a—c that

(d) span{hy}* is invariant under S/2.

We will show that it easily follows from these assumptions that F \ {h}ren is a
frame with lower frame bound L. Of course, these hypotheses are unlikely to be fulfilled
in practice, and much of the actual proof of theorem 5.4 consists of trying to approximate
them.

Note first that

ISY2FI* = (SF. £) = DI Sl
el
Since F is a frame, we therefore have that

VfeH AlfI* < S < Blfll. (10)

Without loss of generality, let us assume that the values of A, B in (10) are the optimal
frame bounds. Assume now that hypotheses (a)—(d) above are satisfied. In particular,
assumption (a) says that

VkeN, VfeH, SV~ > LIfI%

Note that since F \ {hx} is a subset of the frame F and A is the optimal lower frame
bound for F, we have L < A.

Fix now f € H, and write f = f°+ Y, cxhr with f¢ € span{hi}*. Then
SY2f = §1/2fc 4 Yok S1/2(¢hy), and by the orthogonality and invariance assumptions,
this implies that

7112 = 17 + S llewhal® and [|SY2F]P = 152271 + SIS 2 (enhn) |-
k=1 k=1
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Then

572112 = ST R = 872 + 3 (82 el 145, hid )
k=1

k=1

= "2+ 32 (12 et | = [ewhns )
k=1

o0
> AF7 + 30 Lllexhsl?
k=1
= A|lFIP+ LR = 1517 =TI
the last inequality following from the fact that L < A.

To approximate assumptions (a)—(d) in the actual proof of theorem 5.4, we apply
the Spectral Theorem to the positive operator S*/2. This provides us with a set of
mutually orthogonal subspaces on each of which S/2 acts approximately as a scalar.
Further, the fact that {g,}nren is a Bessel sequence allows us to select a subsequence
{gn, }ren that is “approximately orthogonal,” and by orthogonalizing we can obtain a
sequence of elements {hy }ren that are both orthogonal and near to gy, , although they
are no longer elements of the original frame. These approximations allow us to carry

through the complete proof.
We will require the following elementary lemma.

Lemma 5.3. If {gx}ren is a Bessel sequence with upper bound B and if

Z Hhk - ng2 < 57

k=1

then
vieH, Y |(fal < SIEmP + IR
k=1 k=1
where v = 8 + 2B1/231/2,

Proof. Let s = {(f, gk)}ren and t = {(f, hx) }xen. Then
Isliz = 12 = (lslle — l1Ele) (lslle + 1t = 5 + 1)
< s = tlle2 (It = sl + 2||s]l¢2)
< BY2NFI (BRI +2BY2)£) = v £ O

N

Theorem 5.4. Let F = {f;}ic; be a frame for a Hilbert space H, and assume that
there exists an infinite subsequence G = { gy, fnen of F such that for each n, F\ {g,} is
complete in H (and hence a frame). If there exists a single constant L > 0 that is a lower



106 R. Balan et al. / Deficits and excesses of frames

frame bound for each frame F \ {g}, then for every 0 < ¢ < L there exists an infinite
subsequence G. of G such that F \ G. is a frame for H with lower frame bound L — ¢.

Proof. Let A, B denote the optimal frame bounds for F. Then since F \ {g,} is a
subset of the frame F, we have L < A.

Let € > 0 be fixed. Our goal is to find a subsequence G. = {gn, }ken of G such that
F\ G. is a frame with lower frame bound L — . Since F \ G. C F, the upper frame
bound is automatic, so what we have to show is that

VfeH, |SYr|?- Z\ LD = (L —e) |If]1% (11)

where S = T*T is the frame operator for F.
Step 1. Consider the spectral decomposition of S¥/2, i.e.,

B1/2

S1/2 :/ M\dPy,
Al/2

where the Py are the spectral projections onto [0, A]. Fix a constant o« > 0 whose exact
value will be specified later, and define
Bl/2 _ p1/2

N ?

where N is chosen large enough that
5 (231/2 -9J) < a.

Note that if the frame F is tight, then A = B and so 6 = 0. In this case, we will set
N = 1. Note that for a tight frame, the frame operator S is simply S = Al.
For the case of a tight frame, where § = 0, define

Q1 = I
Otherwise, for j =1,..., N, define
Qj = Puiszpjs — Paizy(j_1)s-
Then the following facts hold.

(a) Each @; is an orthogonal projection.

(b) The ranges Q;(H) for j =1,..., N are mutually orthogonal.
(c) Zévzl Q;=1.

(d) The operator S1/2 acts approximately as a scalar on Q;(H), specifically,

N N
SAV2 4 (G- 00 QP < ISP < (A2 4 50) QIR (12)

j=1 j=1
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The difference between the right- and left-hand sides of (12) can be bounded as
follows:

N N
372642 + (25 — 1)8?) Qi fIIP < (2642 + 2N - 1)6%) Y (@, f1?
j=1 Jj=1

= 62B2 =) |fII” < alfI

Consequently, the right-hand side of (12) is no more than «l|f||? of the left-hand side,
ie.,

N
Z (A28 Qi f 17 < [SV2£)* < S (AY24+(i-1)8) Qi fIP+a || £I% (13)

J=1 J=1

Step 2. We now iteratively construct the subsequence G. = {gn, }ren. For n € N
and j =1,..., N, define
Qf'L = ngn~
Note that g, = 327, gl, with {g/};=1__n an orthogonal sequence.
Definen; = 1. For j=1,..., N, set

={¢} and  H{ = span(F]).
Let Plj be the orthogonal projection of H onto H{ Let le: H{ — C be the analysis

operator for Fy as a frame for H{. Since T} is injective and bounded, it has a continuous
inverse (77)~!:C — H{. Set

3 N
=2 X imap

= (T 1H2

where 8 > 0 is another constant whose exact value will be specified later. Since G is a
Bessel sequence, we know that for each j =1,..., N,

lim (gy, gfll> = 0.

n—oo

Choose no large enough that
N N 1 2
NP = DD Honagi)|” < 1
j=1 j=1k=1
Now continue the process. Set

= {g%l,gfm} and H% = span(}"g).



108 R. Balan et al. / Deficits and excesses of frames

Let P2j be the orthogonal projection onto H% . The analysis operator TQj:Hg — C?is
continuous and injective. Set

5>
g€y = = _
22 T2
Then choose n3 large enough that

N 2
ZHTJ gn3 = ZZ|<gn3vg$zk>|2 < &2,

k=1

[
Il
—

and so forth, to obtain the sequence G. = {gn, }ren.
Step 3. Next we orthogonalize the vectors g%k. Define

where Pg = 0. Since ¢/ = Q;gn, we have that
hi], S Q](H)

Further, the subspaces Q;(H) are mutually orthogonal, so we conclude that {hi;} keN, j=1,...N
is an orthogonal sequence.

Step 4. Define
N . .
th = gn = 2 BlGh
j=1

We observe that hy, is close to gy, , specifically,

ZHhk gnil® < Z (ZIIP;i 190, ) <> (ZH(Té_l)‘lH ||Tz§_1(P;ﬁ_19%k)H)

k=2 =2 \y=1
= Z (ZH Tig 1 1” ) (ZHTIg—1(PIg—19¥Lk)||2)
k=2 \j=1 j=1
< izﬁ = p. (14)

Step 5. Fix f € H. Recall that {hi}keN7j:17,_.7N is an orthogonal sequence and
write

oo N [e%S)
= [y Y ak = [ Y
k=1

k=1 j=1
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where c,7€th€|]2 = (f, hi), so that f¢ € span{hiz}*. The functions p; are mutually
orthogonal and are orthogonal to f¢, so

A2 = |17 + 2 owl. (15)

k=1
Recall that hy, = Z;-v:l hi. Therefore

N

Jj=1 Jj=1

Now, since the (); are orthogonal projections with orthogonal ranges and since
hj, € Q;(H), we have that

Qif = Qif°+ > Qipx
k=1

is an orthogonal decomposition. In fact, Q;pr = c,ihi, and, more importantly,

Q12 = [Qsfel” + 32 1Qmkll* (16)

k=1

Recall that our goal is to show that (11) is satisfied. Using (13), (16), (15), and
(10), we have that

N
ISY2 17 = S (AY2 4 (5 - 1)) Qi £
j—l

oo N
- z (A2 4 G =09 Qi F°I° + X3 (A? +( = D) [ Qipll

k=1j=1

v

(18227l = allrel®) + S (1" 2psll”* = a o)
k=1
cl12 cll2 > 2 cl12
= IS 2f” —a |l + SISV 2mlP — (112 - 7))
k=1

Al + SIS 2pe])* = allfI. (17)

k=1

v

Further, by (14) and lemma 5.3, we have

SHE ) < SSHERIE AP = Y[ hid[* + 2 1£17, (18)
k=1

k=1 k=1
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where v = 8 + 2BY/231/2. Hence, combining (17) and (18),
ISP =S g = S0 (18720 s had ) + A5~ () 17 (19)
k=1 k=1

Now, by hypothesis, for each k we know that F \ {gn, } is a frame with lower frame
bound L. That is,

VkeN, VheH, |5V =|(hgn)° > L|h|>

Since ||hx — gn,||> < B and since | gn, ||> < B, the same type of argument as in the
proof of lemma 5.3 yields the estimate

(B, B | = [y g )P < v (1R

In particular, applying this to the function h = p; and combining it with (19), we
conclude that

Y

15217 = D21 gn) [P = D2 (1520l = [P g * = 7 i)
k=1 k=1

+A[|f]F = (@) 1512

> ST =) el + AN = (a+2) 1)
k=1

= L =) (17 = 1) + AL = (@) 1SIP

— (L—a-2)fI>+(A-L+y)|If|
> (L—a—2v)||fI%

the last inequality following from the fact that L < A.
Finally, by choosing the constants e and 8 small enough, we can obtain a+2v < ¢,
which completes the proof. O

The next proposition shows that the excess can be realized in terms of certain
inner products. We will use this to obtain a condition in corollary 5.7 below that is both
necessary and sufficient for the hypotheses of theorem 5.4 to hold. )

Recall that the standard dual of a frame F = {f;};cs is the frame F = {f;}ics
where f; = S~'f;. Therefore (fi, f;) = ||S~'/2f;|> > 0. Moreover, STVA(F) is a
normalized tight frame, each element of which can have norm at most 1, so (f;, fi) =
IS=2fi* < 1.
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Proposition 5.5. Let F = {fi}ic; be a frame in a Hilbert space H with standard dual
F= {f,}zg Then the excess of F is

eo(F) = > (1= {fi, fi))-

el

Proof. By lemma 4.1, we have e(F) = dim(ker 7). The orthogonal projection of H
onto ker T* is given by P = I — T'S~'T*. Letting {;};c; denote the standard basis for
?%(I), we therefore have

e(F) = dim(kerT*) = trace(P) = > (5, P&) = > (1= {(fi,fi)). O

i€l el

We will require the following lemma [7, lemma 6.3.2] in order to obtain an equivalent
form of the hypotheses of theorem 5.4.

Lemma 5.6. Let F be a frame for a Hilbert space H with frame bounds A, B. If
U:H — H is continuously invertible, then U(F) is a frame for H with frame bounds
AlT=HI72, B|U|”.

Corollary 5.7. Let F = {fi}icr be a frame in a Hilbert space H with standard dual
F = {fi}icr- Let G = {gn}nen be a subsequence of . Then the following two statements
are equivalent.

(a) There exists a constant L > 0 such that for each n € N, F\ {g,} is a frame for H
with lower frame bound L.

(b) SUPpeN (gn7§n> < 1L

Proof. (a) = (b). Assume that statement (a) holds. Since S~/2 is a continuously
invertible operator with ||S/2||? < B, it follows from applying lemma 5.6 to the frame
F\ {gn} that S~V2(F \ {g,}) is a frame with lower frame bound L/B. However,
since S~1/2(F) is a normalized tight frame, we can also compute the frame bound of
S=V2(F\ {gn}) as follows:

STUESTEN = (ST 200" 2 AP = 157 2gal 1£1°

=y
= (1= [[S72gu ) 111 (20)

Thus 1 — ||S~2g,||? is a lower frame bound for S~'/2(F \ {g,}), and by considering
the element f = S~1/2g, we see that it is the optimal lower frame bound. Therefore we
must have L/B <1 — ||S71/2¢,||?, so

n

L

(gnGu) = 57 20n]* < 1 5.

(b) = (a). Assume that D = sup, (gn,gn) < 1. Fix any particular n. Then
1—|8Y2g,)> > 1 =D > 0. As in (20), we therefore have that S=V/2(F \ {g,}) is
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a frame for H with lower frame bound 1 — D. Since S/2 is a continuously invertible
operator with |[S~1/2||2 < 1/A, it follows from lemma 5.6 that F \ {g,} is a frame for
H with lower frame bound L = A(1 — D). O

6. Weyl-Heisenberg and wavelet systems

In this section, we apply our previous results to the specific case of Weyl-Heisenberg
and wavelet frames. For simplicity, we will consider only the one-dimensional setting,
but the results given here can be easily extended to higher dimensions.

Definition 6.1. Given a nonzero function g € L?(R), called a window function, and
given a, 8 > 0, the Weyl-Heisenberg or Gabor system determined by ¢, a, [ is

(g;aaﬁ)WH = {gm,n;a,ﬂ}m,nGZv
where
e27rimﬁac

Gmomio,5(T) = g(z —na).

A Weyl-Heisenberg multisystem is a union of such Weyl-Heisenberg systems, namely,
(9", g5an, . i B B)we = (g5 an,B)wa U U (g ar, B )wh.

Definition 6.2. Given a nonzero function ¥ € L?(R), called a wavelet, and given a > 1
and b > 0, the wavelet system generated by VU, a, b is

(¥ia,0)wa = {¥m,niabtmmnez
where
U niap(X) = am/Q\IJ(amx —nb).
A wavelet multisystem has the form

(L U ay, . am b, b)) wa = (Uhar,b)wa U U (875 a,, by )wa.

For «;, € R and a > 0, define the following operators:
T.:L*(R) — L*(R), Tof(z) = f(z — ),
Va:EZ(ZQ) N £2(Z2 , VaC _ {6727riamcm7n_1}

, Mg f(z) = ™07 f (),

’ Uc= {Qn—l,n}m,néZa

D,: L*(R) — L*(R), Dof(z) = a*?f(ax).

m,ne”’

In particular, note that

Immn;o,B = Mm,BTnag and \Ijm,n;a,b = Daanb\p-
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The next lemma follows from elementary calculations.

Lemma 6.3. (a) Ty, Vi, Mg, U, and D, have no point spectrum if o, 8 # 0 and a # 1.

(b) If (g; o, B)wn is a Bessel sequence then (7, V,3) and (Mg, U) are each intertwining
pairs of operators for (g; «, 5)wn.

(c) If (¥;a,b)wa is a Bessel sequence then (D,,U) is an intertwining pair of operators
for (U;a,b)wa.

Consequently, conclusions about the deficit and excess of Weyl-Heisenberg and
wavelet systems follow immediately from theorem 4.4.

Corollary 6.4. Let ¢ € L*(R%) and o, 8 > 0 be such that (g;ca,)wn is a Bessel
sequence in L?(R%). Then the following statements hold.

(a) span(g; o, B)wu is either {0} or is an infinite-dimensional subspace of L?(R?).
(b) The deficit of (g; a, B)wn is either zero or infinite.

(¢) If (g5, B)wm is a frame for its closed linear span, then its excess is either zero or
infinite.

Corollary 6.5. Let ¥ € L?(R%) and a > 1, b > 0 be such that (¥; a, B)wa is a Bessel
sequence in L2(R%). Then the following statements hold.

(a) span(¥;a, B)wa is either {0} or is an infinite-dimensional subspace of L2(R%).
(b) The deficit of (¥;«, 5)wa is either zero or infinite.

(c¢) If (¥;, B)wa is a frame for its closed linear span, then its excess is either zero or
infinite.

Next, by making use of the results from section 5, we will extend the conclusions
in corollaries 6.4(c) and 6.5(c) to say that infinitely many elements can be deleted from
any overcomplete Weyl-Heisenberg or wavelet system yet leave a frame. Additionally,
we will extend these results to the case of Weyl-Heisenberg or wavelet multisystems
that satisfy a certain rationality condition among the generating parameters of the
system. Let us say that r-tuple of numbers (a1, ..., a,) are rationally related if there are
r integers k1, ..., k, such that kjay = --- = k,a,. Then we have the following result for
Weyl-Heisenberg multisystems.

Theorem 6.6. Let F = (¢',...,9";a1,...,0:581,...,5-)wn be a Weyl-Heisenberg
multisystem that is an overcomplete frame for its closed linear span H in L?(R). If
either (aq,...,a,) or (B1,...,[,) are rationally related, then there exists an infinite
subset G of F such that F \ G is a frame for H.
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Proof. Suppose that (81,..., ;) are rationally related, say 8 = ki1 = --+ = k.3,
Since F is overcomplete, there is some element, say gmo nois ﬁ such that F\{g/,, oo Bi
is a frame for H. Note that for each m, n, p € Z and j = ,T, we have

Mﬁpgm,n;aj,ﬁj = Mkjﬁijm,Banang - M(m—l—k P)B; T”O‘Jg] = g(m+k:jp),n;aj,ﬂj'

Hence for each j, we have that Mg, simply permutes the elements of (gj;aj, Bj)wH
Moreover,

MBP(F\ {gin,o,no;ai,ﬁi}) - ’F\ {gémo—l-kjp),no;ai,ﬂi}’ pE Z. (21)

Since Mg, is a unitary operator mapping H onto itself, each of the subsequences in (21)
is a frame for H, all with the same frame bounds. Consequently, the result follows from
theorem 5.4. If instead (aq,...,q,) are rationally related, then a similar proof can be
given using Ty, instead of Mg,. (]

The following example shows that the frame hypothesis in theorem 6.6 cannot be
relaxed, i.e., there exist Weyl-Heisenberg systems that are Bessel sequences yet have
positive but finite excess.

Example 6.7. Consider the Weyl-Heisenberg system F = (g;1,1)wnu in L?(R) gener-
ated by the Gaussian function g(z) = e~** with @ = 8 = 1. It is well-known that this
Weyl-Heisenberg system is not a frame, e.g., see [8, example 4.3.5]. Let @ = [0,1)x[0, 1).
The Zak transform is the isometric isomorphism Z: L?(R) — L?(Q) defined by

Zf(z,w) Ze%mfa:+k)
keZ

We refer to [4] or [8] for details on the Zak transform. It can be shown that Zg is a
continuous and bounded function on ) and has a single zero in (). This shows that
(g;1,1)wn is a Bessel sequence but is not a frame for L?(R).

The synthesis operator for (g; 1,1)wy is the mapping 7%: £2(Z?) — L?(R) defined
by

= Z Cm,ndm,n;1,1 for c = {Cm,n}m,nEZ € s <Z2)

Suppose that T*c = 0 for some ¢ € ¢2(Z?). Then, using basic properties of the Zak
transform,
0 = ZT"c = Zcm,nz.gm,n = Zcm,nem,nz.ga
m,n m,n

where e, (z,w) = e2mimeo2ming - Gince ¢ € (?(Z?) and {€mn}mmnez is an orthonormal
basis for L?(Q), we have that H = > mn Cmnem,n 18 a well-defined function in L*(Q).
Therefore, since Zg is bounded we have that 0 = ZT*c = H - Zg. However, Zg is
nonzero a.e., so this implies that H = 0 a.e., and therefore ¢ = 0. Thus ker 7™ = {0}.
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A similar argument, using the fact that 1/Zg ¢ L?*(Q), shows that e(F) = 1. This
was first proved in [12]. Thus (g;1,1)wn provides an example of a Weyl-Heisenberg
system that is a Bessel sequence but not a frame and such that dim(ker 7%) < e(F).
This shows that even for Weyl-Heisenberg systems, the inequality in lemma 4.1(b) can
be strict (see also example 4.2).

The excess in this example is exactly 1. In particular, (g;1,1)wu\{g} =
{9mn}(m.n)2(0,0) 18 complete, but no proper subset of (g; 1,1)wn\{g} is complete. How-
ever, (g;1,1)wn\{g} is not a Schauder basis for L?(R) [6, p. 168]. In fact, while g
can be approximated arbitrarily closely by finite linear combinations of elements of
(9; 1, 1)wr\{g}, no series of the form 3, )+ (0,0) ¢m,ngm,n can converge to g, even in a
weak sense, cf. [10] and [11, theorem 1]. We refer to [11] for a detailed study of conver-
gence questions involving Weyl-Heisenberg systems at the critical density o = 5 = 1.

A technique similar to the one used in theorem 6.6 can be applied to the wavelet
case. We say that (a1, ...,a,) are logarithmically rationally related if there are r integers
ki,..., k. such that alfl =...=ak.

Theorem 6.8. Let F = (¥!,..., U ;aq,...,a,;b1,...,b:)wa be a wavelet multisystem
that is an overcomplete frame for its closed linear span H in L%(R). If (ay,...,a,) are
logarithmically rationally related, then there exists an infinite subset G of F such that
F\ G is a frame for H.

Proof. The proof is similar to the proof of theorem 6.6, using the fact that if a = a]fl =

.-~ =a" and p € Z, then D,» is a unitary operator such that

j _ . i i g
Daqum:n;awbj - Dal?jpD“j no; U7 = Da"’”kﬂ’Tnbi\Ij - \Ij(m+’€jp)7n%ajvbj' -
J J
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