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Abstract

A Gabor system for L2(R?) has the form G(g,A) = {e>™%g(x — a)}(a,p)ers Where
g € L>(R%) and A is a sequence of points in R??. We prove that, with only a mild
restriction on the generator ¢ and for nearly arbitrary sets of time-frequency shifts
A, an overcomplete Gabor frame has infinite excess, and in fact there exists an
infinite subset that can be removed yet leave a frame. The proof of this result yields
an interesting connection between the density of A and the excess of the frame.
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1 Introduction

A countable sequence F = { f;}ics of elements of a Hilbert space H is a frame
for H if there exist constants A, B > 0 (called frame bounds) such that

VheH, Aln* < X [(hf)]* < BlAl* (1)
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The frame is tight if we can take A = B. It is a normalized tight frame or a
Parseval frame if we can take A = B = 1.

Frames were first introduced by Duffin and Schaeffer (8) in the context of non-
harmonic Fourier series, and have since seen a wide variety of applications in
science, mathematics, and engineering. The frame operator Sh =Y (h, fi) f;
is a positive, continuous mapping of H onto itself with continuous inverse. The
frame F together with its standard dual frame F = {ﬁ'}iel = {S7f;}icr pro-
vides the frame expansions

=S (hf)fi = (hf) i (2)

i€l i€l

However, these representations need not be unique, i.e., F need not be a basis.
In fact, F is a basis if and only if it is a Riesz basis. We say that a frame that
is not a basis is overcomplete or redundant. For each j € I, F\{f;} = {fi}ix;
is either incomplete or is itself a frame. The excess of F, denoted e(F), is
the supremum of the cardinalities of all subsets J C I such that {f;}icp\ s is
complete in H.

The prior paper (1) studied the excess of frames. Among other results, it
was shown that the supremum in the definition of excess is achieved, so in
particular if e(F) = oo then there is an infinite subset J C I such that { f; }icp\s
is complete. However, it need not be true that {f;};cp s is a frame. In fact, (1,
Example 5.1) is an example of a Parseval frame with infinite excess such that
{fi}ier\s is not a frame for any infinite subset J of I. Several characterizations
of when there does exist an infinite subset .J such that {fi},cp\s is a frame
were obtained in (1), quoted in Theorem 6 below and extended in Theorem 9.

In this paper we are concerned with the special case of Gabor frames for the
Hilbert space L%(RY). For z, w € RY, let T, f(t) = f(t — x) and M, f(t) =
e?™@t f(t) denote the unitary operators of translation and modulation. Then
we define a time-frequency shift of a function f on R? by 2z = (z,w) € R¥ =
R? x R? to be

m(2)f(t) = MJTf(t) = ™" f(t — ). (3)

Given a fixed window function g € L*(R%) and given a sequence A of points
in R? (repetitions are allowed), the Gabor system generated by g and A is

G(g,A) = {m(Mghrea- (4)

A Gabor system which is a frame is called a Gabor frame. We refer to (7; 17; 20)
for background information on Gabor and other frames.



Understanding the redundancy of frames, and of Gabor frames in particular,
is a fundamental issue that has impact on many applications. For example, in
multiple description encoding schemes, coefficients may be lost due to channel
erasure. An analysis of such encoders using Gabor frames was obtained in (2).
The problem of erasures in the setting of finite dimensional frames was consid-
ered by Goyal, Kovacevi¢ and Kelner in (16) and comprehensively analyzed
in (4). In (9), Eldar and Bolcskei studied the impact of removing single or
multiple elements from unitarily generated frames, and obtained estimates of
the frame bounds for such frames.

In this paper we consider the redundancy of Gabor frames with respect to
arbitrary sequences of time-frequency shifts A. We prove, assuming some slight
restrictions on the generator g and on the set A, that any Gabor frame which
is not a Riesz basis has infinite excess, and furthermore that an infinite subset
of the frame may be removed yet leave a frame.

Very few theoretical results are available for the “irregular” Gabor systems
considered in this paper. Most results for Gabor systems require a structural
assumption on A, usually that A = aZ? x SZ¢ (a “rectangular lattice”).
However, Gabor systems with respect to other sequences A of time-frequency
shifts arise naturally, for example by perturbations of a regular system or
directly from the constraints of an application, as in (25), where a Gabor
frame with a non-rectangular lattice A is applied to wireless coding. It is
shown in (22) that Gabor systems which are orthonormal bases for L*(R%)
can exist even with completely aperiodic A.

Two important results that are available for irregular Gabor systems are the
density theorems of Ramanathan and Steger (23) and of Janssen (21). The
result of Ramanathan and Steger (as extended in (5)) is as follows.

Theorem 1 (Density Theorem)

a. If G(g,A) is a frame for L>(R%), then 1 < D~ (A) < DT(A) < oo.
b. If G(g,A) is a Riesz basis for L*(R?), then D=(A) = DT(A) = 1.

Here D*(A) are the upper and lower Beurling densities of A, which measure
in some sense the average number of elements of A lying inside sets of unit
measure (defined precisely in Section 2.1). To prove Theorem 1, Ramanathan
and Steger showed that each Gabor frame satisfies a certain Homogeneous Ap-
proximation Property (HAP). This HAP seems to be of independent interest,
yet, so far as we are aware, no application of it to results other than density
conditions has been made.

Janssen has obtained in (21) another density result, for the case of generalized
Gabor systems in L*(R) of the form {g,,(x — na)}m.nez. Assuming that each



gm is localized in frequency around a point b,,, and given some simultaneous
control on the decay of the functions g, in the frequency domain, Janssen
obtained a necessary condition on the density of the set {(na,by,)}mnez in
order that {g,,(z — na)}m ez be a frame. Although we will not pursue this
type of generalization here, it is an interesting topic for future work.

Our first main result is the following theorem (Theorem 2). It states that, with
only a mild restriction on ¢g and the assumption that DT (A) > 1, there is a
fundamental connection between a certain quantity directly tied to the excess
of a Gabor frame and the density of that frame. Moreover, the HAP plays an
important role in the proof. An immediate consequence of this relationship
is that not only is the excess of the Gabor frame infinite, but there exists
an infinite subset that can be removed yet still leave a frame. The form of
the inequality (5) in Theorem 2 suggests the potential for additional insights
into frame theory in general by examining trace-like features of the projection
operator associated to a frame.

The modulation space MP appearing in the statement of the following theorem
is defined precisely in Section 2.4. We remark here only that membership in
MP corresponds to a certain amount of joint localization in both time and
frequency, that MP? is dense in L? for p < 2, and that M? = L?. The set I(r, z)
appearing in the statement of the theorem is the intersection of A with the
cube Q(r, z) centered at z with side lengths 7.

Theorem 2 Let G(g,A) be a Gabor frame for L*(R?). If g € Uy<pcaM”, then

> lond) < B o)

AeI(r,z)

1
liminf inf
r—oo zer2d |I(r, z)|

Consequently, if DT (A) > 1 then there exists an infinite subset J of A such
that G(g,A\J) is a frame for L?(RY).

If G(g,\) is an overcomplete frame and A is a lattice in R??, then necessarily
DT (A) > 1 (a lattice is the image of Z*! under an invertible linear transfor-
mation). However, this is not the case when A is not a lattice. For example,
we can start with a Gabor Riesz basis G(g, A), which by the Density Theorem
must satisfy D™ (A) = D*(A) = 1, and add finitely many points to A (or even
infinitely many if judiciously chosen) to obtain an overcomplete Gabor frame
with the same density. This marginal case is not addressed by Theorem 2.

Theorem 2 can be extended to the case of frames of the form G(gy, A;)U---U
G(gr, A\;). Our second main result states that in the rectangular lattice setting,
i.e., the case where Aj, has the form a;Z¢ x 5, Z¢, the assumption in Theorem 2
that g lies in some modulation space MP can be removed. Additionally, for
this result we only need to require that the system be a frame for its closed



span, not for the entire space. This result was obtained in (1) for the special
case that either (ay,...,q,) or (f1,...,[,) are rationally related, including
in particular the case » = 1. We present in this paper a new approach that
applies even to the irrationally related case.

Theorem 3 Let gi,...,9, € L*(RY), and let A, = o Z? x B2 for k =
L...,r. If F = G(g1, A1) U---UG(gr,Ay) s an overcomplete frame for its
closed span H in L*(RY), then this frame has infinite excess and there exists
an infinite subset of F that can be removed yet leave a frame for H. In fact,
this subset can be taken to have the form {Ty, ., gr}32,, i.e., translates of one
of the generators g..

Theorem 3 can be extended to more general lattices by applying a metaplectic
transformation, cf. (17, Sec. 9.4) or (18) for background information on this
type of extension. In particular, by applying a metaplectic transformation,
Theorem 3 can be extended to the case where each A; is a symplectic lattice
in R?? with respect to the same symplectic matrix, i.e., each A; has the form
N = A(Z? x B;Z%) where A is a fixed 2d x 2d symplectic matrix. When
d = 1, every lattice in R? is a symplectic lattice, but this is not the case when
d > 1. Specializing to the case d = 1 and a single generator therefore yields
the following corollary.

Corollary 4 Let g € L*(R), and let A be a lattice in R?. If F = G(g,\) is
an overcomplete frame for its closed span H in L*(R), then this frame has
infinite excess and there exists an infinite subset of F that can be removed yet
leave a frame for H.

The techniques used to prove Theorem 3 can also be applied to the case of
wavelets. Given a > 1 and b > 0, define the wavelet system generated by g, a,
b to be

W(g7 a, b) = {and/zg(a’n‘r - mb>}m€Zd,n€Z' (6>

Then the following result can be proved similarly to Theorem 3.

Theorem 5 Let gy,...,g. € LA(RY), let ay,...,a, > 1, and let by,...,b. >0
be given. If F = W(gr,a1,b1) U ---UWI(gr,ar,b,) is an overcomplete frame
for its closed span H in L*(R?), then this frame has infinite excess and there
exists an infinite subset of F that can be removed yet leave a frame for H. In
fact, this subset can be taken to consist of dilates of one of the generators g.



2 Preliminaries

2.1 General Notation

Let A be a sequence of points in R??. Then the lower and upper Beurling
densities of A are, respectively,

- e ANQ(r2)]
D7(A) = liminf inf =——27— (7)
and
AN Q(r, 2)|

D*(A) = limsup sup

r—00 zcR2d

i ®

where |E| denotes the cardinality of a set E, and where Q(r,z) is the cube

centered at z = (21, ..., 204) € R with side lengths r, i.e.,
2d
r r
Q(r,2) = I 1= — 34t gl 9)
i=1
2.2 FExcess

The following result from (1) will play an important role.

Theorem 6 Let F = {f;}icr be a frame for a Hilbert space H, with standard
dual frame F = {fi}ic1. Then the following statements are equivalent.

a. There exists an infinite J; C I such that {fi}p 4, is a frame for H.

b. There exists L > 0 and an infinite Jo C I such that for each j € Js,
{fi}izj is a frame for H with lower frame bound L.
c. There exists an infinite Js C I such that sup (f;, f;) < 1.
i€J3

Remark 7 a. It is easy to see that 0 < (fi, fi) < 1 for any frame, because
(fi, £i) = |S7Y2£;]|? and {S™Y2f;}ics is a Parseval frame for H.

b. Although the sets Ji, J5, J3 in Theorem 6 need not coincide in general, we
do have J; C Js.

c. Theorem 6 can be refined to include sharp frame bound estimates, cf. (1)
for details.



d. If T(f) = {{f, fi) }iesr is the analysis operator for the frame F, then P =
T(T*T)~'T* is the orthogonal projection of £2(I) onto range(T). The diagonal
elements of the matrix representation for P in the standard basis for £2(I) are

(fir J2)-

The following result provides a useful sufficient condition for ensuring that
statement ¢ in Theorem 6 will hold.

Lemma 8 Let a = (a;);er be a countable sequence of real numbers with 0 <
a; < 1 for each i. If there exist finite subsets I,, of I such that lim|[,| = oo
and

lim mf— > a; < 1, (10)

N—00 | ’
n ZEIn

then there is an infinite subset J C I such that supa; < 1.
jeJ

PROOF. Let r = liminf,_, ﬁ > ie1, @i, and choose s, € so that r < s—¢ <
s < 1. Define F,, = {i € I, : a; < s}. By (10), there exist ny — oo such that

Z a; < s—e¢. (11)

ZEInk

Iln |

At most |F,, | terms in the summation on the left side of (11) are smaller
than s, so we have

(s = 1) Fo
= s— : (12)
2 ] I,

ze]n

Ifn

Hence |F,,, |/|In,| > € for each k. Since lim |1,,| = oo, it follows that |JF,| =
oco. O

2.8 Deletions from Frames

In this section we will prove some new results which extend Theorem 6 further.

Theorem 9 Let F = {fi}ier be a frame for a Hilbert space H, with frame
bounds A, B. Let J C I be given, and define truncated analysis operators
Ty:H — (*(J) and Tpy: H — 2(I\J) by

() = (i fd)ies  and Ty (f) = ({F5 fid)ien s (13)



Then the following statements hold.

a. If there exists a bounded operator L: (*(J) — ¢*(I\J) such that

* * A
Y= HTJ_TI\JL||2 < 5 (14)

then F' = {fiticn\s is a frame for H, with frame bounds A" = %,
B = B.

b. If F' = {fi}iens is a frame for H, then there exists a bounded operator
L:02(J) — 3(I\J) such that (14) holds with v = 0.

PROOF. a. Assume L satisfies (14). Then

1T F1? < (| Tof — L* T fIl + | LT f1)?
< 2| Ty f = L*Tp s f|]? + 2| LT £
< 29 || f11? + 2| LI | T £ (15)

Therefore,

AN < DUE S = TP + 1T £

iel
< 29[| £+ @+ 2 ZIP) 1T £ (16)
Consequently,
A—2y
AP = =7 P < ITna fI? = [(fs f) 7, (17)
1+ 2[|L[? ) E\J

which establishes that F’ has a lower frame bound of A’. The upper frame
bound is trivial since F’ is a subset of F.

b. Assume F' = {f;}icr\s is a frame for H, and let F' be the standard dual
frame of F' (note that, in general, F' will not coincide with {f;}e 1., where
F=A{ fl}le 1 is the standard dual frame of F). Let T, 1\ be the analysis operator
for F'. Then TI*\JTI\J = 1, the identity operator on H. Define L = TI\JTj.
Then T7 — T}, ;L = 0, so (14) is satisfied with v =0. O

Specializing to the case of removing a single element yields the following corol-
lary, which will play an important role in the proof of Theorem 3 that is
presented in Section 4 below.



Corollary 10 Let F = {f;}icr be a frame for a Hilbert space H, with frame
bounds A, B. Let j € I be given. If there exists a sequence a = (a;)izj €
2(I\{j}) such that

= Hfj_zaifi i <
i#j

. (15)

then F' = {fi}iz; is a frame for H with frame bounds A" = 1:;#3\1?27 B' = B.

PROOF. Set J = {j}, and define L: C — ¢*(I\{j}) by L(c) = ca. Then
IL]l = llall, and

(T7 — oL )(c) = cfj — anzfz, ce C. (19)
i#]

Hence

= |75 = Tr LI = || - Z%ﬁ

, (20)

so the result follows from Theorem 9. O
2.4 Modulation Spaces

The modulation spaces were introduced and extensively investigated by Fe-
ichtinger over the period 1980-1995, with some of the main references be-
ing (10; 11; 12; 13; 14; 15). The modulation space norms quantify the time-
frequency content of a function or distribution, and appear naturally in mathe-
matical problems involving time-frequency shifts. We refer to (17) for detailed
discussion and applications.

For our purposes, the following special case of unweighted modulation spaces
will be sufficient. Let G(x) = 2¢/%e~™* be the Gaussian function, normalized
so that ||G|la = 1. Then for 1 < p < oo, the modulation space MP consists of
all tempered distributions f € &'(R¢) such that

W = ( [ Wratroyra:)

= (//|<f, MwaG>|pdxdw>l/p < 00, (21)

R4 R4



with the usual adjustment if p = oo.

Remark 11 a. M? is a Banach space for each 1 < p < oo. Any nonzero
function g € M (including all Schwartz-class functions in particular) can be
substituted for the Gaussian G in (21) to produce an equivalent norm for MP,
cf. Lemma 16 below.

b. M? = L? and S C M? C M1 C & for 1 < p < g < oo, where S is the
Schwartz class.

c. If 1 < p < oo then (MP) = M?, where %+ z% =1.

d. MP is isometric under time-frequency shifts, i.e.,

Vze R, m(2)fllae = |1 fllare. (22)

e. If Q is a cube in R?, then h =1 € MP? for 1 < p < ooc.

The case p = 1 of the following proposition is a standard result for the mod-
ulation spaces. We will require the following extension to other values of p. A
proof of this proposition was provided to us by K. Grochenig and E. Cordero,
and is reported in the Appendix.

Proposition 12 Let 1 < p,q,r < oo be such that % + % =1+ %, and let A

be a sequence of points in R satisfying DT (A) < oo. There there exists a
constant C = C(p,q,\) > 0 such that

1/r
voerr, Vi, (X Iaal) < Clgln 5l @3

AEA

2.5 A Recurrence Lemma

The following recurrence lemma will be used later in the proof of Theorem 3.
Lemma 13 Let ay,...,a, > 0 be given, and fir 6 > 0. Then there exist
infinitely many points (njl, ,mf) € Z% x - x Z% such that for each j =
1.2,... we have

layn) — aynl| <, k=2 ...r (24)

PROOF. It suffices to prove the case d = 1. Let T" = [0, ) x - -+ x [0, v;.)
be the r-torus, and define a translation 7: T" — T" by T(z1,...,z,) = (z1 +

10



lmod ay, ..., x, + 1 mod ;). Let U be the open ball of radius §/2 centered
at 0 in T". Then, since T is a measure-preserving mapping, we have by the
Poincare Recurrence Theorem ((24, p. 11) or (26, Thm. 1.4)) that almost every
point of U returns to U infinitely often under iteration by 7. Let a € U be any
such point. Then there exist infinitely many positive integers N3 < Ny < ---
such that T%i(a) € U, i.e., for each j we have

J
|(N; +a) mod oy < =

5 k=l (25)

Hence, there exist integers nf such that

J

|(Nj—|—a)—n§ozk| < 2 k=1,...,r (26)
and consequently,
Injon —nkay| < 4, k=2...r (27)

By taking ¢ small enough, we are assured that the integers n! are distinct,

j
which completes the proof. O

3 Proof of Theorem 2

We will prove Theorem 2 in this section. We break the proof down into several
smaller steps. We assume throughout this section that G(g, A) is a frame for
L?(R%) with frame bounds A, B, that g lies in M? for some 1 < p < 2, and
that 1 < DT (A) < 0.

The frame operator for G(g, A) is Sf = Xep (f, m(A)g) 7(A)g. The standard
dual frame of G(g,A) is G = {Gx}rea wWhere gy = S7H(m(\)g). If A is a lattice
in R?¢, then it can be shown that this dual frame is itself a Gabor frame of

the form G(v,A), but this need not be the case when A is not a lattice. For
simplicity of notation, we will write

gr = (Mg, (28)
but we emphasize that g, need not be of the form m(\)y.

11



3.1 Goal

Our goal is to show that equation (5) holds, and that this implies that an
infinite subset J of A can be found such that G(g, A\J) is still a frame. To see
how this second statement is a consequence of the first, recall from Theorem 6
that to show that there is an infinite subset of A which may be removed yet
leave a frame, we need to show that there exists some (possibly different)
infinite subset J C A such that

sup (gx, gr) < L. (29)
AeJ

Further, by Lemma 8, to do this it suffices to show that

1
liminf inf
r—oo zer2d |I(r, z)|

Yo longn) < 1, (30)

AeI(r,z)

where I(r,z) = AN Q(r,z). We will show that the quantity on the left side
of the preceding equation is actually bounded by 1/D*(A). Hence, when
DT (A) > 1, there will be an infinite J for which (29) is satisfied.

For simplicity of notation, we will often use the abbreviation I = I(r,z).
Define the truncated frame operators

Stf =3 {fig g and  Sauf = D {f.90) o (31)

Ael AEANT

We note the following basic facts.

Lemma 14 a. ||gx]|3 < B for each \ € A.
b. |gall3 < & for each X € A.
c. [|S1ll, [|[Savsl] < 11S]| £ B (operator norms).

d s < 4.
e. The trace of SpS™ is tr(SpS™") = Y (gr, ).
Ael
Thus, our goal is to show that
liminf inf —tr(S,57Y) < I=1 2
iminf inf mtr( 1S7) < DA}’ =1(r, 2). (32)

12



3.2 Some Notation

Let € > 0 be fixed for the remainder of this proof. Since

|1(r, 2)]

+ o .
DT (A) = limsup sup Y

7—00 zeR2d

(33)

there exists a strictly increasing sequence r, — oo and points z, € R?? such
that

Vk, |I| = [I(rp,z)| > i (DT(A) —e). (34)

3.3 One Gabor Orthonormal Basis and the HAP

Let @ = Q(1,0) = [—%7 %]da and set h = 1, the characteristic function of Q.
Then
G(h,Z*) = {n(6)h:6 € Z*'} = {hs:6 € Z°%} (35)

is a Gabor orthonormal basis for L?(R?). We will use this system as a refer-
ence for comparison to G(g, A). We could use another Gabor orthonormal or
Riesz basis, but by the Balian-Low theorem the generator of any such basis is
limited in its joint time-frequency concentration. In particular, no generator of
a Gabor Riesz basis can lie in M, cf. (15), (18). The particular Gabor system
G(h,Z*®) has the advantage that h € MY for each ¢ > 1.

We apply the Homogeneous Approximation Property for the Gabor orthonor-
mal basis G(h, Z??) to the function g. In particular, by (5, Cor. 3.5), there
exists an R > 0 such that

VzeRM, Vr>0, VpeQ(rz), [(1-P)glls < e (36)

where Py is the orthogonal projection of L?(R?) onto

V = V(r+R,z2) = span{hs: 6 € Z*'NQ(r + R, 2)}. (37)

We will concentrate for a while on a specific r = r, > R and z = 2z, € R*".
We will suppress some indices and write

I = [(rk,zk) = AﬂQ(rk,zk), (38)

13



V = V(rk+ R,2) = span{hs : 6 € Z*' N Q(r + R, z1.)}, (39)
W = V(ry — R, z,) = span{hs: 0 € Z* N Q(ry — R, )}, (40)
U= V(R = span{hs: 6 € Z* N Q(R, )}, (41)
and let Py, Py, Py denote the orthogonal projection of L2(R%) onto V, W, and

U, respectively. In this notation, note that the HAP (36) implies in particular
that

Ve Ia H(]‘ - PV)g)\HQ < g, (42>
and that
VAeA, |[A-PFPrnl: < e (43)

3.4 First Estimate

Recall that our goal is to estimate ﬁ tr(SrS™'). Write

tI‘(S[Sil) = tI‘((]_ — Pv)Sjsil) -+ JEI‘(P{/Sjsil). (44)

For the first term on the right of (44), observe that

(1= PSS = (1= P)(S (57 o) )

el

- Z (f;9x) (1 = Py)ga. (45)

Ael

Computing the trace, applying the HAP in the form of (42), and using the
boundedness of the norms of the dual frame elements, we have

tl"((]_ — Pv)S[S_l) = Z <(1 - PV)Q)\’ §A>
Ael

ell]
Al/2”

<> @A =Pr)aallz laallz <
Nel

(46)

3.5 Second Estimate

Now we will work on the second term on the right of (44). We will expand
that term into three parts and then simplify by using the relations

14



PV(]_—PW) - PVﬂWL7 (47)
PyPy = Py (since W C V), (48)
S = S[+SA\[. (49)

The three terms in the expansion are obtained as follows:

tr(PySrS™) = tr(Py(S — Sag)S™)
= tr(Py) — tr(Py(1 — Py)SagS™h) — tr(Py P SagS™)
= tr(Py) — tr(PyawsSauS™ h - tr(PWSA\ISfl)

< tr(Py) + [tr(Pyaws SauS™ )| + [tr(PwSaa S| (50)

In the following we will bound each of these three terms separately.

3.5.1 First term

To estimate the first term in (50), note that the dimension of V' is known
because G(h, Z*?) is an orthonormal basis. Consequently,

tr(Py) = dim(V) = |Z*'NQ(ri + R, z)| < (rp + R+ 1)*. (51)

3.5.2 Second term

For the second term in (50), note that since G(h, Z*?) is an orthonormal basis,
we have that

VnW* = spanfhs : 6 € Z2 N [Q(ry + R, z) \ Q(ri — R, 2)]}. (52
The set Q(ry + R, z) \ Q(rr — R, z;) is a “square annulus,” so

dim(VNWH) = |Z¥N[Q(r, + R, z) \ Q(r, — R, 2 )]
< (rp4+R+1D* - (r, — R—1)*. (53)

Now we apply the fact that

X=X"20 = [n(XY)] < tx(X)]|Y] (54)
to compute that
[tr(Pyaw+ SayeS™H] < tr(Praws) [[SaS™ |
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IN

dim(V AW) [|Sall 157"

< (e RED (- R-1). (5)

3.5.3 Third term

Now we come to the third term in (50). Observe that

PwSaaS™'f = Pw Y (ST oo = D (f.9x) Pwgn. (56)
AEA\I AeAT
Let
D = Z*NQ(r, — R, ). (57)

Then since G(h, Z*?) is an orthonormal basis and since W = {h; : 6 € D}, we
have Py hs = hs when 6 € D and Py hs = 0 otherwise. Hence

2

tr(PwSauS™ = | 30 > (hs, 3a) (Pwgn, hs)
5€Z2 \eM\I

= 1> > (hs,3n) (9r Pwhs)

§€Z2d NeA\T

= 1> > (hs, 90 <9A,h6>2

2

0eD AeA\T
< (Z > {hs, g0 )(Z > {ga hs)l ) (58)
0eD AeA\T §€D AeA\T

We can bound the first factor on the right of (5
S

8) by using the fact that
{3 }aen is a frame for L2(R?) with frame bounds %,

L;
B’ A-

- 2d
|12| _ (h—R+1) (59)

- A

1
SIS NIEE SE TR

5D AEA\T seD

For the second factor on the right of (58), recall that g € M? where 1 < p < 2.
Fix p < s < 2. Then

> > lonhe)l? S( sup  |(gx, he)|*” S)Z S lga ha)l*. (60)

s€D AeA\T AEANI, 6€D s€D AeA\I

We will estimate each of these two pieces separately.

16



To bound the first factor on the right of (60), consider a typical A € A\l and
0 € D. We have that

[{ax ha)| = [gx, Pwhs)|l < [[Pwarllz hsll2 = [ Pwgallz- (61)

Letting U = V(R, ), we have by the HAP in the form of (43) that

(1= Py)gallz < e (62)
However, W =V (r, — R, z;,) and X\ & I = I(ry, 21,), so it follows that U ¢ W+
and W C U*. Therefore Py < Pyr =1 — Py, so

VoeD, VAeMI, [(gnhs)| < [[Pwgrllz < [[(1 = Fu)gall < €.(63)

To estimate the second factor on the right of (60), let ¢ be such that % + % =

1—1—%. Note that ¢ > 1, so hs € M. Since M1 is invariant under time-frequency
shifts, we have ||hs||ara = ||||are for every 6. Since g € MP, we therefore have
from Proposition 12 that

Yo > Konha)l® < >0 C gl 1hslliye

§€D AEA\T seD
= C°lglligm 1R[54 DI
< Cy (ry — R+ 1)*. (64)
Combining the estimates (58)—(64) yields
-~ R+1)™
|tr(Pw SarS™HP < (re 1 ) 250y (r, — R+ 1) (65)
or
tr(Pw Sy S| < Coem (r — R+1)% (66)

3.6 Combine the Terms

Combining all the previous estimates yields for each I = I(ry, z) that

1
1|

tr(SrS1) < |}|<]tr((1 ~ PSS + [te(Py)]

17



6Py SasS~Y)| + |tr(PWSA\IS‘1|>

5 (re + R+ 1)%
<
= A2 2 (DH(A) —¢)
B ((ri + R+ 1) — (r, — R— 1)%)
Arit (D¥(A) )
Cy E? (Tk — R+ 1)2d
i (DY(A) =€)

(67)

where we have bounded 1/|I| by using (34). Since z; is one point in R* and
since rp, — 00, we therefore have

€ 1 Cye s
a7z T ey —e T Ot pray =2 (8

1
liminf inf — tr(S;S7') <

T—00 LcR2d ’[‘

where I = I(r, z) in the equation above. Since e was arbitrary, we conclude
that

1
liminf inf — tr(S;S7') <

r—=00 ,cR2d ’[‘

D(A)’ (69)

which was our goal. This completes the proof of Theorem 2.

4 Proof of Theorem 3

We will prove Theorem 3 in this section. We are given g, € L*(R%) and
Ap = . Z% x BZ¢ for k = 1,...,r, and we assume that F = U;_,G(gx, Ax)
is an overcomplete frame for its closed span H in L*(R). We must show that
some infinite subset of some G(g;, A;) can be removed from F so that the
remaining set is still a frame for H, and further this set can be chosen to
consist of translates of a single generator g;.

Let A, B denote the frame bounds for F. For simplicity of notation, we will
write the elements of F as

I (@) = 7(Brm, axn) gi(x)

= Mﬁkaakngk(x)
= FmPmT g (1 — agn), (70)
where m,n € ZYand k =1,...,r.
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Since F is overcomplete, there is some element which may be removed yet still
leave a frame for H. Without loss of generality we may assume it is an element
of G(g1,M1), say h = gi,. Since hy,, = e >™hkengl 4, the elements of
G(h, ;) are exactly the elements of G(g1, A1) except in a different order and
multiplied by constants of magnitude 1 (here is one point where we make use
of the assumption that the A, are lattices). Without loss of generality we may
therefore assume that the element removed is g = gg -

Define an index set

Ty = ({1,...,7} x Z% x Z%)\ {(1,0,0)}. (71)
Then
Fo = f\{gé,o} = {gﬁz,n}(k,m,n)ero (72)

is a frame for H. We will show that there exist infinitely many indices n; € Z?
such that if we set

T, = ({1,...,r} x Z* x ZY)\ {(1,0,n;)}, (73)

J

then

F;Lj - ‘F\{g(l),n]} = {gfn,n}(k,m,n)EFnj (74)

is also frame for h, and furthermore all of these frames .F;L], have the same
lower frame bound L > 0. It then follows from Theorem 6 that infinitely
many elements may be removed from F yet leave a frame, and furthermore,
this set to be removed is a subset of {g&nj 221, which is a set of translates
of gi.-

Let Sy be the frame operator for the frame F. Define

afn,n = <Salglagfn,n>7 (75>

and set a = (aﬁl’n)(k,m,n)epo. Note that a € ¢3(Ty) since the scalars af = are

the frame coefficients of Sy 'g with respect to the frame 5.

Define

hi = Y I (76)
(m,n)#(0,0)
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b, = ) af,wgfnyn, k=2...,r (77)

m,neZd

>he= > ak.gkn,
k=1 (k,m,n)el“o
= > (S gmn) G
(k;m,n)€Ty
= So(S5 1) = g1. (78)

Fix ¢ < y/A/2. Since translation is strongly continuous in L*(R?), there exists
a 0 > 0 such that

It <o = ||he — Tihella <

k=21 (79)

By Lemma 13, there exist points (n},...,n}) € Z% x --- x Z% for j =1,2,...
such that

layn; — aknﬂ < 0, k=2...,r (80)

We will show that for each j,

“lhy- T gl <G &1
i

Consequently, by Corollary 10 we will have that F/, is a frame for H with

]
lower frame bound A’ = HAQ% Since A’ > 1142% > 0, all the frames F,
02

will share the same single pos1t1ve lower frame bound, and the proof will be
complete.

To prove (81), we first use (79) and (80) to compute that

HZ Tt e = Tamt )|, < Znhk Tt —cnthilly < €. (82)
Therefore, since gé,n]l = Taln]; g1,
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T
1
90, = 3= v,
k=1

< oo = 3 Tyl + |35 oo = Topnshol
k=1 h=2

<0+¢ == (83)
Finally,
Z TQk”? hk = Z a’l:n,n g’rljl,n—l—n’? = Z alrcn,n—n’? gfn,n? (84>
k=1 (k,m,n)€lo ! (k;mn)el, 1 !

so the proof is complete.

A Appendix: Proof of Proposition 12

We will prove Proposition 12 in this section. We thank Karlheinz Grochenig
and Elena Cordero for providing this proof, which is related to techniques
developed in (6).

We obtain this proof by applying interpolation. We refer to (3) for background
on interpolation in general, and to (10; 12; 14) for results on the interpolation
properties of the modulation and Wiener amalgam spaces.

Definition 15 The Short-Time Fourier Transform of a tempered distribution
f with respect to a window function g is

Vof(2) = (f.m(2)g),  z€R™ (A1)

whenever this is defined.

In particular, letting G(z) = 2%/¢~™* denote the Gaussian window (normal-
ized so that ||G||2 = 1), we can restate the definition of the modulation space
MP given in Section 2.4 as follows:

MP = {f € SR« ||fllaer = |Vaflzer < oo} (A.2)

The following lemma deals with the effect of replacing the Gaussian G' by
another function g. An extension of this lemma shows that ||V, f||z» is actually
an equivalent norm for MP? for each nonzero function g € M*.
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Lemma 16 If1 < p < o0, then

vgeM', VfeM, |[Vyflle < llgllar | fllare. (A.3)

PROOF. From (17, eq. (11.31)), there exists a constant C' such that

Vo fller < CIVEGL Vaslie = Cliglar [[fllaz- (A.4)

Further, the value of C' is determined by the weight used to define the mod-
ulation space. Since we are dealing only with the unweighted case (or, equiv-
alently, the weight is identically 1), it can be shown that the constant is

C=1 10O

Let C = C(R?) denote the space of all bounded, continuous functions on R?
under the L*° norm.

Let Q = [—%, %]d. Define the Wiener amalgam space W (C, ¢?) to be the space

of all continuous functions f on R¢ for which the norm

1/p
£ lwieon = (17 Lgulz) (A.5)

keZd

is finite, with the usual adjustment if p = co. Note that W (C, ¢>*) = L>*NC =
C, while W(C,¢?) is a proper subset of L’ N C when p < oo. We refer to
(17; 19; 20) for background information on Wiener amalgam spaces,

For the convenience of the reader we recall the main result of interpolation
theory (see Chapters 2 and 4 in (3) for precise definitions). For two Banach
function spaces Si, Sy that are subspaces of a Hausdorff topological vector
space U, we denote by [S7, 93] the interpolation space obtained by the com-
plex interpolation method with parameter 6 € [0, 1]. In particular, as shown
in (10; 12; 14), the interpolation spaces for the Wiener amalgam spaces and
the modulation spaces are given by:

W (C, ), W(C, 9], = W(C, ), (A.6)

and

[MP, M1y = M, (A7)
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= 47 (A.8)

Furthermore, if Sy, Sy are subspaces of U and R;, Ry are subspaces of V| and
if T:U — V is a linear operator such that its restrictions 77:S; — R; and
T5: So — Ry are bounded operators, then its restriction

Ty: [S1, S2lo = [R1, Ralo (A.9)

is also a bounded operator, with norm

1 Toll s 500 tmr. 20000 < N T2ll5c0 R0y 123055 0): (A.10)

where B(S, R) denotes the Banach space of all bounded operators from S to R.
The following proposition is the key step in the proof of Proposition 12.

Proposition 17 Let1 < p,q,r < oo be such that %—i—% = 1—1—%. If g € MP? and
f e M?, then V,f € W(C,("). Further, there exists a constant C = C(p, q)
such that

Vge M, VfeM!, |Vyfllwee < Cliglmm 1f]ae. (A11)

PROOF. First let us show that V, f is bounded and continuous. Since %—l—% >

1, it follows that p < ¢’. Hence g € M? C M? while f € M9. By Remark 11,
if 1 < ¢ < oo then M? is the dual of M9, while if 1 < ¢ < oo then M4 is the
dual of M?. In either case, we can conclude that

Vaf D) = [, w2 < I llaaa Im(2) gl < N fllara lgllae. (A12)

In particular, V, f is bounded. Now, at least one of p or ¢ is finite, and since
\Vof(w,t)| = |Vrg(—w, —t)], it suffices to consider p < oo. Letting G denote
the Gaussian function, we have for z, 2 € R?? that

Vol (2) = Vo f ()] = [(f,m(2)g — m(2)g)]
< [ fllaee l[7(2)g = 7 (") gl aao-
£ llaze Ve (2)g) = Va(r(2)g) |- (A.13)

Now write z = (z,w) and 2’ = (2/,w’), and define

(bz,z’ <y’ g) — eQﬂi[(w’,g).z/,(w—g).m)]. <A14>
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Then

Va(m(2)g) = Va(x(Z)g)|l = [T-Vag — ¢ T Val, (A.15)

where T}, is the translation operator on R??, so

Va(m(2)g) — Va(n(2)g)| s
S ||TzVGg - Tz’VGgHLP + HTz’VGg - ¢z,z’ TZ’VGHLP

— 0 asz— 2, (A.16)

the convergence in the first term following from the fact that translation is
strongly continuous on LP when p < oo, and in the second term from the

Lebesgue Dominated Convergence Theorem. Consequently V, f is continuous
on R

To complete the proof, we now progress through several cases.

Case I: p=1,1<g< o0, 17 =4q.

If ¢ = 1 then we have f, g € M', so V,f € W(C,¢") by (17, Prop. 12.1.11).
Further, by (17), there exists a constant C' > 0 such that

Vafllweery < Cligllan [fllar- (A.17)

In fact, the proof of this result shows that it suffices to take C' = ||1j_y1ja||z1 =
3%, On the other hand, if ¢ = co then by Lemma 16,

Volllwee=) = [Vafllee < llgllan (1 lase (A.18)

The result for 1 < ¢ < oo then follows from interpolating between these two
endpoints. In fact, if we set § = 1/¢ then

r_9,1-9¢ (A.19)

and we have

(W (C, €Y, W(C,(®)], = W(C, %) and [M', M>], = M%.  (A.20)

Hence, with g fixed, applying interpolation to the mapping f +— Vj f therefore
yields
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VoS lwieeny < (3% llgllan)” (lgllar) = 1 £llnse
= 39| gllars 1 fllaze- (A.21)

11 _
C’ase?.p%—qfl,rfoo.

In this case we have p = ¢. We have already shown that V,f € L*NC =
W(C,£>), and by (A.12)

Vofllwewsy = Vafllee < Ngllaga [[f1ara- (A.22)

Case 3: General case, % + % =1+ %
By Case 1, we have

Vafllwiess < Y1 fIlara) Ngllar, (A.23)

and by Case 2, we have

Vo flweee=y < I F Nl lgllaza- (A.24)

Set = q/r. Then 0 < 6 <1 and

1 0 1-0 1 0 1-90
- = -+ and - = -+ . (A.25)
rooq 0 p 1 q

Further,

[W(C,07), W(C, )], =W(C,¢") and [M' M7], = MP. (A.26)
With f fixed, applying interpolation to the mapping g — V, f therefore yields

VS lweeery < G0 lara)” U llar)™ llglar
= 3V (| llaza llgllarr, (A.27)

which completes the proof. O

The significance of membership of V, f in the Wiener amalgam space is made
clear by the next result, which follows from (17, Prop. 11.1.4) and states that
the (" sequence-space norm of a set of separated samples of a function in
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W(C, ") is bounded by the amalgam space norm of that function. A sequence
A is separated if there exists some ¢ > 0 such that any two different points of
A are at least a distance § apart.

Proposition 18 Let 1 < r < oo be given. If A is separated, then there exists
a constant C = C(r,A) > 0 such that

1/r
VEeW(E©r), (TIFON) " < ClFlwiee (A.28)
AEA

A proof of Proposition 12 now follows from combining Lemma 17 with Propo-
sition 18.

Proof of Proposition 12 Assume DT (A) < co. Then by (5, Lemma 2.3), A
can be written as a finite union of disjoint sequences Ay, ..., A, each of which
is separated. If ¢ € MP? and f € MY, then V,f € W(C,¢") by Lemma 17.
Hence, by Proposition 18, we have for each 7 = 1,..., k that

> I m(Ng)l

> IVarIr

)\GA]' )\EA]'
< CilVafllwie,er
< Collgline 1f e (A.29)

Summing over j then completes the proof. O
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