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Abstract

The property of continuity of an arbitrary scaling function is known to be
unstable with respect to the coefficients in the associated dilation equation.
That is, if f is a continuous function which is a solution of the dilation
equation f(z) = Z,I::O ¢k f(2x — k) then a dilation equation with slightly
perturbed coefficients {ép,...,én} need not have a continuous solution.
The convergence of the Cascade Algorithm, an iterative method for solving
a dilation equation, is likewise unstable in general. This paper establishes
a condition under which stability does occur: both continuity and uniform
convergence of the Cascade Algorithm are shown to be stable for those
initial choices of coefficients {co,...,cn} such that the integer translates
of the scaling function f are £°° linearly independent. In particular, this
applies to those scaling functions which can be used to construct orthog-
onal or biorthogonal wavelets. We show by example that this ¢°° linear
independence condition is not necessary for stability to occur.

1. Introduction

Orthogonal and biorthogonal wavelets have become important tools in har-
monic analysis, signal processing, and other areas. In this article we bring
together some recent results on the characterization of continuous compactly
supported scaling functions and on the convergence of algorithms for con-
structing such scaling functions to conclude that scaling functions which
determine continuous compactly supported wavelets satisfy certain stability
properties with respect to the coefficients in the associated dilation equation.
More generally, these results apply to any scaling function whose integer

translates satisfy a certain type of linear independence.
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To explain what we mean by stability, let us first recall some definitions
and basic results. An orthogonal wavelet is a square-integrable function g
such that the collection {gnx }n ez forms an orthonormal basis for L?(R),
where

gnk(x) = 2”/2g(2”:c — k) (1.1)

and L?(R) denotes the space of all square-integrable functions on R. A
biorthogonal wavelet is a square-integrable function g for which there exists
a dual wavelet G € L*(R) so that {gnk n ez and {Gpk }n.rez are Riesz bases
for L?(R) which are dual in the sense that (gnk, Gu/k/) = Opp Ogkr, where ;5
denotes the Kronecker delta. Riesz bases are generalizations of orthonormal
bases: every function in the space can still be written as a unique combination
of the basis elements and this summation converges unconditionally, but the
basis elements need not be orthogonal.

A compactly supported orthogonal wavelet is typically constructed in the
following manner. First, select real or complex coefficients {cg,...,cn} sat-

isfying
ZCgk = ZCQk+1 =1 (1.2)
k k

and
ch5k+2j = 2005, J €L, (1.3)
2

where we assume ¢, = 0 if £ < 0 or K > N. Next, solve the dilation equation

fl@)=>"crf(2x —k). (1.4)
k=0

Assumptions (1.1) and (1.3) guarantee that there will be a nontrivial square-
integrable compactly supported solution f to the dilation equation, although
this f need not be continuous. Moreover, f is unique up to multiplication
by a constant and is supported in the interval [0, N|. If f is orthogonal to its

integer translates, i.e., if [ f(z)f(z + k)dz = dok, then {V, }nez will form a
multiresolution analysis for L?(R), where

Vi = span{f(2"z — k) }rez. (1.5)

In this case we refer to f as an orthogonal scaling function. We then obtain
the orthogonal wavelet g by the recipe

g(z) = (~Dfen_if(22 — k). (1.6)

k

Details of this construction are in the expository survey [12].
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The construction of biorthogonal wavelets is similar, except that we begin

with two different sets of coefficients {co,...,cn} and {cf, ...,y }. These
coefficients must each satisfy (1.2) and also
chék-l—?j = 2(503‘, jEL. (17)
k

Unlike the orthogonal case, these assumptions do not guarantee the exis-
tence of compactly supported square-integrable solutions f, F' to the dilation
equations determined by {co,...,cn} and {cy, ..., ¢y }, respectively. If such
solutions do exist, and if

/F(x)f(x—i— k)dx = 6o, k€ Z, (1.8)

then g defined by (1.6) will be a biorthogonal wavelet, with dual wavelet G
derived analogously from F'. In this case we refer to f as an biorthogonal
scaling function and to F as its dual. The details of this construction are
considerably more involved than in the orthogonal case [6, 8].

Dilation equations with coefficients satisfying (1.2), but not necessarily
(1.3) or (1.7), have applications to several areas outside of wavelet theory.
For example, they are used in subdivision schemes in computer aided graphics
to design curves passing through or near a given set of points [4]. We will
refer to any nontrivial compactly supported solution of a dilation equation
simply as a scaling function. We will always assume in this article that the
coefficients {cop,...,cy} of a dilation equation satisfy (1.2) and, to avoid
trivialities, that cg, ¢y # 0. Even for such general choices of coefficients it is
still true that if an integrable scaling function exists then it is unique up to
multiplication by a constant and is supported in [0, N]|. However, existence
is not guaranteed; some methods for determining which dilation equations
have solutions can be found in [15]. If an integrable scaling function exists
then it can be shown that (1.2) implies ) f(z+k) = C a.e. with C' a nonzero
constant. We therefore can always assume that f is normalized so that

Zf(a: +k)=1 ae. (1.9)
k

Since a compactly supported wavelet g is obtained from a compactly sup-
ported scaling function f by the finite summation (1.6), it inherits properties
such as smoothness from f. The scaling function is itself determined by the
coefficients {co, ..., cn}, and it is therefore natural to investigate the depen-
dence of the properties of f (and hence of g) on the choice of coefficients.
In particular, we wish to know whether the property of continuity is stable
under small pertubations of the coefficients. Closely related is the question
of whether numerical algorithms for constructing f are stable. For arbitrary
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choices of coefficients satisfying (1.2), it has recently been shown that conti-
nuity is unstable [8]. However, in this article we prove that both continuity
and uniform convergence of the Cascade Algorithm (an iterative method for
solving dilation equations defined below) are stable when the initial choice
of coefficients is one that results in an orthogonal or biorthogonal wavelet,
and that in this case the corresponding scaling functions deform uniformly
as the coefficients vary. In fact, we obtain this result with the weaker as-
sumption that the integer translates of f satisfy the following kind of linear
independence.

Definition 1.1. Let £*° denote the space of all bounded sequences {a }rez.
Then the integer translates {h(z + k)}rez of a function h are said to be £°
linearly independent if the only sequence {ay }rez € €°° such that Y arh(x+
k) =0 is {ar}rez = 0 (i.e., the zero sequence a; = 0 for every k).

A similar definition can be made for ¢? linear independence. If >~ aph(z+
k) = 0 implies {ar}rez = 0 for arbitrary sequences {aj}rez of complex
numbers then we say simply that {h(z+k)}rez is linearly independent. The
implications of these and other types of linear independence of translates
have been investigated by several authors, e.g., [4, 5, 16, 17]. We note that
there is a closely related concept often referred to as “¢P stability;” however,
the use of the term “stability” in that context is unrelated to our use denoting
the preservation of some property of a scaling function when the coefficients
in the dilation equation are perturbed.

Note that {h(z + k)}rez is £? linearly independent for every h € L?(R)
which is compactly supported; in Example 2.7 we give examples of compactly
supported h € L?(R) for which {h(x + k)}recz is linearly independent or £*°
linearly independent.

Our main result can now be stated as follows, where L>°(R) denotes the
space of all essentially bounded functions with norm ||h||~ = ess sup |h(z)].

Theorem 1.2. Assume f is a continuous scaling function for a dilation equa-
tion determined by coefficients {cy, . .., cy} satisfying (1.2). If {f(x + k) }kez
is £°° linearly independent then the Cascade Algorithm for f converges uni-
formly, and both the property of continuity and the convergence of the Cas-
cade Algorithm are stable. That is, for every € > 0 there is a > 0 such
that if {¢,...,cn} satisfies (1.2) and

max_|¢; — &) <0 (1.10)
i=0,...,N

then:

1) there exists a continuous scaling function f for the dilation equation
determined by {¢o,...,¢n},
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2) the Cascade Algorithm for f converges uniformly, and

3) If = flloo <&

Although ¢°° linear independence is sufficient to ensure stability, we show
in Example 2.7 that it is not necessary. That Theorem 1.2 applies to scaling
functions used to construct wavelets is established as follows.

Lemma 1.3. If f is an orthogonal or biorthogonal scaling function then
{f(x + k)}rez is linearly independent.

Proof. Let F be the dual of f (F = f if f is orthogonal). Assume {aj}rez
is any sequence such that ) apf(z + k) = 0. Since f and F' have compact
support, we can interchange the summation and integration in the following
calculation:

ajzzak/oo F(x-i—j)f(x—l—k:)d:v:/oo Fla+7)> anf (@ + k) de =0,
L —00 k

— o0

(1.11)
the first equality following by (1.8). O

We emphasize that the pertubations allowed in Theorem 1.2 are not com-
pletely arbitrary; in particular, they must preserve (1.2). However, we do
not assume that either (1.3) or (1.7) is preserved. Therefore, it will not in
general be the case that a pertubation f of an orthogonal scaling function f
will itself be orthogonal. On the other hand, it is not immediately evident
whether the property of biorthogonality is preserved by pertubations; Cohen
and Daubechies have recently proved that it is [5].

The proof of Theorem 1.2 occupies all of Section 2, and we obtain it by
bringing together results on two methods of studying dilation equations. The
first is a matrix-oriented approach which was independently introduced by
Micchelli and Prautzsch [18] and Daubechies and Lagarias [11], and used
recently by Colella and the author to characterize all dilation equations for
which continuous scaling functions exist and to prove that continuity is in
general an unstable property [8]. This characterization also precisely bounds
the range of Holder exponents of a continuous scaling function, where we
say that a function h is Holder continuous with exponent « if there exists a
constant C,, such that |h(z) — h(y)| < Cylz — y|® for all x, y. We refer to

Qmax = sup {« : h is Holder continuous with exponent a} (1.12)

as the maximum Holder exponent of h, although we note that this supremum
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need not be attained.
The second method is an iterative algorithm for constructing a scaling
function, based on the fact that f is a fixed point of the linear operator

=" euh(2z — k). (1.13)
k=0

Therefore, beginning with some “reasonable” function fy, we define

firi(z) = Sf;(x chf] (22 — k (1.14)

When
1, —1/2<z<1/2,

i (1.15)
0, otherwise,

fo(l’) = X[—1/2,1/2)($) = {
we call this iteration the Cascade Algorithm for computing f. We say that
the Cascade Algorithm converges uniformly if ||f — fj|lc — 0 as j — oo.
Berger and Wang have proved results linking the Cascade Algorithm to the
matrix methods mentioned above; in particular, they independently obtained
a characterization of all continuous compactly supported scaling functions [1,
20].

The Cascade Algorithm plays an important role in applications of dilation
equations to subdivision schemes [4], although it is usually appears there in
a discrete form. That is, the iteration begins with a function fy which can
be considered to be defined only at integer points; the first iteration then
constructs an f; which updates these values and “interpolates” values at the
half-integer points, and so forth. These two formulations of the algorithm are
equivalent, and where we have used results from the literature of subdivision
schemes we have recast them into the form of the Cascade Algorithm defined
above.

2. A proof of the stability result

We begin by showing how a matrix-oriented technique for studying contin-
uous scaling functions, independently introduced by Micchelli and Prautzsch
[18] and Daubechies and Lagarias [11] (and extended by other groups, e.g.,
[8, 1]), can be used to characterize continuous solutions of dilation equations.

Assume that coefficients {co,...,cn} are given, and that an associated
continuous scaling function f exists. Since supp(f) C [0, V], define v(x) for
each z € [0,1] as the vector

/()

z+1
v(x) = i : ) : (2.1)

fe+N—1)
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Clearly v and f contain “equivalent” information. By considering the dilation
equation at the points f(x),..., f(x+ N —1) in turn and using the fact that
f(x)=0if 2z <0orz > N, we find that if z € [0, 1/2] then the value of v(x)
is obtained from the value of v(2z) in a fixed linear manner. Hence there is
an N x N matrix Ty such that

v(z) = Tov(2x), x€]0,1/2]. (2.2)

Similarly, there is a matrix 77 such that
v(z) =Tv(x—-1), ze€][l/2,1]. (2.3)
In fact, (Tb)i; = c2i—j—1 and (11);; = c2s—;. Note that there is consistency

at . =1/2, i.e.,
v(1/2) = Tyv(1) = Thv(0). (2.4)

Letting 7 denote the operator

2z, 0<z<1/2,
T =2rmod 1= (2.5)
2r—1, 1/2<x<1,
we can summarize (2.2)—(2.4) as
v(z) =Tyv(tx), x=.didy---€10,1], (2.6)
where x = .dids -+ denotes any binary expansion of x (note that Tx =

.dads - --). When z = 1/2 there is ambiguity in (2.6), but we resolve this by
allowing either of the two expansions 1/2 =.100--- or 1/2 = .011--- to be
used as long as Ty, and 7(1/2) are then interpreted consistently. Points x
which have nonunique binary expansions will be called dyadic; they have the
form x = k/27 where k, j € Z. Each dyadic point has one binary expansion
ending in infinitely many zeros, and one expansion ending in infinitely many
ones. For simplicity, we write the former expansion for dyadic = € (0,1) as
Xr = .dl s -dm.

Assume now that x = .dyds - - - € [0, 1] is arbitrary, and that y is “close” to
x. If z and y are close enough (and their binary expansions are chosen appro-
priately if one or both is dyadic) then they will share the same first few digits
in their binary expansions. So, we can write y = .dy - - - dyd;, (1 d], -~ for
some m > 0. Applying (2.4) recursively, we find

v(y) — (@) = To, (v(1y) —v(12)) = - - - = T4y -+ Tag,, (0(7™y) — 0(7"2)).
(2.7)
Since y — = as m — oo, this implies that all products Ty, - -1, must
converge to zero as m — 00, at least when restricted to differences v(w)—v(z2).
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Since v is continuous it suffices to consider dyadic w, z, i.e., we can restrict
Ty, ---Tg,, to the subspace

W = span{v(w) — v(z) : dyadic w, z € [0, 1]}. (2.8)

Note that (2.6) implies that W is right-invariant under both T and 7;. Some
explicit methods for determining W are given in [8].

Now, v and W are determined by the values that v takes on the set of
dyadic points in [0, 1]. For a typical dyadic x = .dy ---d,, € (0,1), we have
by (2.6) that

v(z) =Ty, - Ty, v(t™x) =Ty, - Ty, v(0). (2.9)

Moreover, by the continuity of f we have v(0) = (0, f(1),..., f(N—1))" and
v(1) = (f(1),..., f(N —1),0)*. Thus v and W are completely determined
by the vector a = (f(1),..., f(IN —1))*. Note that (2.6) implies that v(0) is
a right 1-eigenvector for Ty. Writing Tj in block form as

T = (Cf ]\04) (2.10)

with M the (N — 1) x (N — 1) submatrix M;; = cg;—;, it follows that a is a
right 1-eigenvector for M.

The above analysis shows that if f is a continuous scaling function then
all restricted products (Ty, ---Ty, )|lw converge to zero as m — oo, and
that W is determined by an appropriate right 1-eigenvector a for the matrix
M. 1In the converse direction, it can be shown that if there exists some
right 1-eigenvector a for M such that every (Ty, ---Tg,,)|w — 0, then there
exists a continuous scaling function f. Specifically, the construction is as

follows. Let a = (a1, ...,an—_1)" be any right 1-eigenvector for M and define
v(0) = (0,a1,...,an_1)* and v(1) = (ay,...,an_1,0)'. Note that such
an a always exists since (1.2) implies that (1,...,1) is a left 1-eigenvector

for M. For dyadic + = .dy---d,, € (0,1) define v(x) by (2.9), and then
define W by (2.8). Note that W is right-invariant under both Ty and T; by
construction, and that it depends on the choice of eigenvector a. We have
now defined v on the dyadics, a dense subset of [0,1]. If it is the case that
every (Ty, -+ Ta,, )lw — 0 as m — oo then it follows that v is uniformly
continuous on this dense set. Therefore v can be extended continuously to
all of [0,1]. An obvious “unfolding” of v then gives a continuous scaling
function f. With a little attention to detail the maximum Hélder exponent
of continuity of f can also be determined by this method.

In summary, a continuous scaling function f exists if and only if there
exists a right 1-eigenvector a for M such that every (Ty, --- Ty, )|lw — 0 as
m — 00, where W is determined by the choice of a. This convergence prop-
erty can be recast as a “joint” spectral property of Ty|w and 11 |w, as follows.
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First, recall that for a single matrix A, powers A™ of A converge to zero
as m — oo if and only if p(A) < 1, where p(A) is the spectral radius of A:

p(A) = max{|\| : X is an eigenvalue of A} = limsup ||A™||*/™.  (2.11)
This value is independent of the choice of norm || - ||.
For two matrices Ag, A1, we follow Rota and Strang [19] and define their
joint spectral radius p(Ag, A1) as

1/m, (2.12)

(Ao, A1) = limsup max [[Ag, -~ Ag
m—oo @j=UY,
It can be shown that all products Ay, --- Ag,, converge to zero as m — oo if
and only if p(Ap, A1) < 1 [2]. Unlike the spectral radius of a single matrix,
the joint spectral radius can be difficult to compute. For example,

p(Ag, A1) > max{|A| : A is an eigenvalue of Ay or A;}, (2.13)

but strict inequality may occur. Equality occurs, for example, if Ay, A;
commute, are both upper-triangular, or are both Hermitian. Some methods
of evaluating or approximating a joint spectral radius can be found in [13].

The joint spectral radius of matrices Ag, A; restricted to a subspace U
which is invariant under both Ay and A; is defined analogously. By an
appropriate change of basis we can always write p(Ao|v, A1|v) = p(Bo, B1),
where By, By are P x P matrices with P = dim(U).

Thus we can formalize a characterization of all continuous scaling func-
tions as follows [82]. Recall that each continuous scaling function f deter-
mines a subspace W and a right 1-eigenvector a for the matrix M; conversely,
each such 1-eigenvector a for M determines a subspace W.

Theorem 2.1. Given coefficients {cy,...,cn} satisfying (1.2). Then there
exists a continuous scaling function f for the dilation equation determined
by {co,...,cn} if and only if

p(Tolw, Tilw) < 1 (2.14)

for some right 1-eigenvector a for M. Moreover, in this case f is Holder
continuous with maximum Hoélder exponent aymax = — logs p(To|w, T1|w)-

In general, the subspace W depends implicitly on the choice of eigenvector
a. However, for most coefficients the eigenvalue 1 for M will be simple, in
which case W is independent of a. By a slight abuse of terminology we
therefore usually refer to W as if it was unique. In any case, since integrable
scaling functions are unique up to multiplication by a constant there can be
at most one a such that p(To|w, Th|w) < 1.

Theorem 2.1 extends to coefficients not satisfying (1.2) [8] and generalizes
to a characterization of n-times differentiable scaling functions [13]. Com-
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pactly supported infinitely differentiable scaling functions are impossible [10].
Although Theorem 2.1 considers continuity and Hélder exponents only in a
global sense, one of the main advantages of this matrix approach to the study
of dilation equations over other approaches is its ability to characterize the
local behavior of scaling functions. This was investigated in detail in [11].
To apply Theorem 2.1 to the proof of Theorem 1.2, we must examine the
stability of the property p(To|w,T1|w) < 1 with respect to changes in the
coefficients. Consider therefore the following result, proved in [14].

Proposition 2.2. Given N x N matrices Ay, Ay, the joint spectral radius
p(Ap, A1) is a continuous function of the entries of Ay and Aj;.

Since the entries of Ty and T3 consist only of the coefficients {co,...,cn},
it is tempting to conclude that p(To|w,T1|w) is a continuous function of
{co,...,en}. In fact this is not the case, and counterexamples were con-
structed in [8], as follows.

Figure 2.1: The (cg, c1)-plane, identified with symmetric real-
valued seven-coefficient dilation equations.

Example 2.3. Set N = 6, and consider the class of real-valued coefficients
{co,...,c6} which satisfy (1.2) and are symmetric, i.e., ¢g = ¢g, 1 = ¢s,
and co = c¢4. This leaves only two free parameters, which we select to
be ¢y and c¢;. We identify this class of coefficients with the (cg, c1)-plane;



Some stability properties of wavelets and scaling functions 29

this plane is depicted in Figure 2.1. Continuous scaling functions exist
and p(To|lw,Ti|lw) < 1 for dilation equations along line segment a, with
p(Tolw,Tilw) = 1/2 at the point (1/2,0). Continuous scaling functions
do not exist and p(Tp|w,T1|w) > 1 for dilation equations on line segment
b, except at the intersection point (1/2,0) with line a. As a consequence,
p(To|lw, Th|w) is discontinuous at (1/2,0). Continuous scaling functions also
exist along line segment c¢; however, both p(To|w,T1|w) and the maximum
Holder exponent aiy,ax are discontinuous at the intersection point (3/8,1/8)
with line a.

The failure of 5(To|w,T1|w) to be continuous as a function of {cq,...,cn}
is due to the fact that the subspace W depends explicitly on the coefficients
{co,...,cn} and therefore can change dimension abruptly as the coefficients
vary. Thus, although we can write p(To|w, T1|w) = p(Bo, B1), where By, B;
are Px P matrices with P = dim (W), the value of P depends on {cy,...,cn},
so Proposition 2.2 does not apply. For example, in Example 2.3 we have
dim(W) = 1 at the point (1/2,0), dim(WW) = 3 on line segment a except
at (1/2,0), and dim(W) = 5 on line segments b and ¢ except at the two
intersection points with line a.

Although W depends on {cy, . .., ¢y }, we can embed it in a larger subspace
which is independent of the coefficients. In particular, note that (1.2) implies
that (1,...,1) is a common left 1-eigenvector of Ty and T;. Therefore, if
x=.dy---dp € (0,1) is dyadic then

(1., Dv(@)=@1,..., )Ty Ty v(0) = (1,...,1)v(0). (2.15)

Hence
WcV={uecC" u+ - +uy =0} (2.16)

Note that dim(V) = N — 1, and that V is right-invariant under both T
and Ty since it is the orthogonal complement of (1,...,1) in CV. Clearly
o(Tolw, Trlw) < p(Tolv,Ti|v), so the condition

A(Tolv, Tilv) <1 (2.17)

is sufficient, although not necessary, to imply the existence of a continuous
scaling function f. Moreover, this condition is stable since the independence
of V from the coefficients implies by Proposition 2.2 that p(To|v,T1|v) is a
continuous function of {cy, ..., cy}. For example, we can write p(To|v, Th|v) =
p(So, S1), where Sy, Sy are the (N — 1) x (N — 1) matrices formed by com-
puting

BTiB_1:<i g) i=0,1, (2.18)
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with

111 1
010 - 0

B=|001 - o0f, (2.19)
00 0 1
1 -1 -1 ~1
0 1 0 - 0

Bpt=|0 0 1 - 0|, (2.20)
0o 0 0 - 1

Note that the entries of Sp, S1 are simple linear combinations of the coeffi-
cients {cp, ..., cn}. Returning to the class of dilation equations discussed in
Example 2.3, the shaded region in Figure 2.1 is a numerical appoximation
of {(co,c1) : p(To|v,T1|v) < 1}. Note that the instability of the condition
p(Tolw, Tilw) < 1 occurs on the portion of line segment a which lies outside
this region.

Thus, if we could establish that for a continuous scaling function f,

{f(z + k) }rez is £°° linearly independent = p(To|v,T1|v) <1, (2.21)

then we would have proved part of Theorem 1.2. Another part of the theorem
would follow from the next result, which was proved in [8].

Proposition 2.4. Given coefficients {cy, ..., cy} satisfying (1.2), such that
p(Tolv,T1|v) < 1. Let f be the associated continuous scaling function. Then
for every € > 0 there exists a 6 > 0 such that if {¢o,...,¢én} satisfies (1.2)
and (1.10) then there exists a continuous scaling function f for the dilation
equation determined by {é,...,éxn}, such that ||f — f]leo < €.

Moreover, if (2.21) is true for continuous f then the final conclusion of
Theorem 1.2 would follow from the next result linking the joint spectral
radius and the Cascade Algorithm, proved by Berger and Wang [1].

Theorem 2.5. If the coefficients {co, . . ., cn} satisfy (1.2), then the Cascade
Algorithm converges uniformly to a continuous scaling function f if and only
if ﬁ(T0|V,T1|V> < 1.

Our goal therefore is to establish (2.21) for continuous scaling functions
f. Now, by Theorem 2.1, if f is continuous then p(To|w,T1|w) < 1, so if
it was true that ¢>° linear independence implied W = V then (2.21) would
be proved. However, this is false; the next proposition shows that W =V is
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equivalent to linear independence, not £°° linear independence. In Example
2.7 we give specific examples of scaling functions f such that {f(z + k)}rez
is /*° linearly independent but W # V.

Proposition 2.6. Assume f is a continuous scaling function for a dilation
equation determined by coefficients {co,...,cn} satisfying (1.2). Define

W = span{v(z) : x € [0, 1]}. (2.22)

Then the following statements are equivalent.
aa W=V.
b: W =CV.
c: {f(z+ k)}rez is linearly independent.

Proof. Item a <= Item b. Note first that W can be written
W = span{v(z) —v(0) : z € [0,1]}. (2.23)

In particular, the restriction to dyadic x can be dropped since v is continuous.
Therefore,
W =W + span{v(0)}. (2.24)

Since W C V and dim(V) = N — 1, the equivalence between Item a and
Item b will follow if we show v(0) ¢ V. However, by (1.9) and the compact
support of f we have vy(x) + --- + vny(z) = 1 for every z € [0,1]. Taking
x = 0, we conclude v(0) ¢ V, as desired.

Item b = Item c. Assume that W = C¥, and that > apf(z + k) =0
for some sequence {ax}rez. Then the fact that supp(f) C [0, N] implies

for every k € Z. Hence
(ak, ey ak-{-N—l) . v(x) =0, ze [0, 1]. (2.26)
Since W = CV we must therefore have ay = --- = ap ny_1 = 0 for every k,
so {f(x + k)}xez is linearly independent.
Item ¢ = Item b. Assume W # C¥; then the subspace
Wt ={ueC":u-w=0 for all w € W} (2.27)

is nontrivial. Let (a1,...,ax) € W be nonzero, and consider the line

EZ{(GQ,...,&N,t) :tGC}. (2.28)
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If ¢ does not intersect W+ then (0,...,0,t) € W+ for every t. From this it
follows that vy (x) = 0 for every z € [0,1], i.e., f(z) =0 for x € [N — 1, N|.
However, this is impossible since ¢y # 0. Therefore, there must be some
an+1 € C such that (as,...,an,an,1) € W, Similarly, since ¢y # 0 there
exists an ag € C such that (ag,a1,...,ax_1) € W+. By induction, we obtain
a sequence {ay }rez such that (2.26) holds. Therefore > ayf(z + k) = 0, so
{f(z + k) }rez is linearly dependent. [

In particular, Proposition 2.6 is sufficient to prove Theorem 1.2 if we
require only linear independence of {f(z + k)}rez rather than ¢>° linear
independence. We will complete the full proof of Theorem 1.2 after the
following example, which shows that £°° linear independence does not imply
W =V, even if p(To|v,T1|v) < 1.

1.5

Figure 2.2. The (cg, c3)-plane, identified with real-valued four-
coefficient dilation equations.

Example 2.7. Set N = 3, and consider the class of real-valued coefficients
{co, c1, c2, c3} which satisfy (1.2). This leaves only two free parameters, which
we select to be ¢y and c3. We identify this class of coefficients with the
(co, c3)-plane; this plane is depicted in Figure 2.2. It is shown in [7] that W =
V for all dilation equations except those satisfying 1 — ¢ — ¢z = 0, and that
p(Tolw, Th|lw) = p(Tolv,T1|v) even when W # V. This latter fact results
from the small number of coefficients involved; compare Example 2.3 where
N =6 and p(To|w, T1|lw) # p(To|lv,T1|v) occurs. The shaded region in Fig-
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ure 2.2 is a numerical approximation of the region where p(To|v,T1|v) < 1;
continuous scaling functions therefore occur within this area. For compar-
ison, the line is the set of coefficients such that 1 — ¢y — c3 = 0, and the
circle consists of those coefficients for which (1.3) is satisfied. Recall that
(1.3) is a necessary condition for a scaling function to be orthogonal; in fact,
all of the points on the circle do produce orthogonal scaling functions except
for the single point (1,1). The scaling function for this exceptional point
is f = (1/3)Xo,3); note that the integer translates of this f are £>° linearly
dependent.

Consider now those coefficients satisfying 1 — ¢g — ¢3 = 0. In this case
dim(W) = 1 while dim(V) = 2. With W as in Proposition 2.6 we have
dim(W) = 2. One basis for W is {v(0),v(1)}. Since v(0) = (0, co,c3)
and v(1) = (cg, c3,0), the space W+ is one-dimensional and is spanned by
u = (—c3/co,1,—co/c3). Fix now any ¢y in the range 0 < ¢y < 1; then
p(Tolv,Ti]lv) < 1 and a continuous scaling function f exists. Assume that
Y arf(x+k) = 0 for some sequence {ak }rez. Then the fact that supp(f) C
[0, 3] implies

arf (y+k)Fari f(y+h+1)+apof(y+k+2) =0, y € [k, —k+1]. (2.29)
Hence (ay,agi1,axs2) - v(z) =0 for all z € [0,1], so (ax,ari1,arr2) € W.

Therefore ar, = —(c3/cp)ars+1 and ax12 = —(co/c3)agt1, so by recursion we
obtain
Co F
ay = (——) ap, ke€Z. (2.30)
C3

Conversely, if {ay}rez satisfies (2.30) then > apf(xz + k) = 0. Thus the
integer translates of each of these scaling functions are linearly dependent.
However, if ¢y # c3 (which occurs if ¢y # 1/2) then {f(x + k)}xez is £
linearly independent, even though W # V' and p(To|v,T1|v) < 1. On the
other hand, {f(z + k)}rez is £°° linearly dependent for the case ¢y = c3; in
particular, the scaling function corresponding to that point is

z/2, xz € [0,1],
flz) =4 1/2, e[1,2],, (2.31)
B—=)/2, xe(2,3],
and > (=1)¥f(x + k) = 0. Note that W 7é V and p(To|v,Ti|v) < 1 in this
case as well.

We return now to the proof of Theorem 1.2. By our previous discussion,
it remains only to show that £°° linear independence of the integer translates
of a continuous scaling function implies p(Tp|y,T1|v) < 1. By Theorem
2.5, to prove p(Tplyv,Th|v) < 1 it suffices to prove uniform convergence of
the Cascade Algorithm, and this is the approach we take. In particular, we
adapt several results from the analysis of subdivision schemes in [4].
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Recall first that the Cascade Algorithm is defined by

N
firr(@) =) cnfi(2z — k), (2.32)
k=0

where fo = X[_1/2,1/2). The following lemma implies that each f; is piecewise
constant on each interval I, = [277(k — 1/2),277(k +1/2)) for k € Z.

Lemma 2.8. fj(z) =, [;(277k) fo(27z — k).

Proof. The base step j = 0 is clear, so assume that the assertion holds for
some j > 0. Then we compute

Yo Fn@IT R e — k) =) > afiT k=D fo(27x — k)

k = icllz £i(277k) fo (27 e — k — 2Y)
— zl: ¢ zk: fi(279k) fo(27 (22 — 1) — k)
-Sases

= fa(e). (2.33)

so the result follows by induction. [J

Assume now that f is a continuous scaling function. Then the fact that
the f; are piecewise constant on the intervals [;; implies that the f; will
converge uniformly to f if

lim sup|f(277k) — £;(277k)| = 0. (2.34)

J—0o0 g

The following lemma is a first step towards comparing the values of f; (277k)

and f(277k).

Lemma 2.9. If f is a continuous scaling function for a dilation equation
determined by coefficients {cq, ..., cn} satisfying (1.2), then

a: f(z) =3, f;(277k)f(27x — k) for every j, and
b: limj oo [|f(2) = 324 F277k) f (272 — k)||oc = 0.

Proof. Ttem a: This follows from an induction similar to the one used to
prove Lemma 2.8.

Item b: Choose € > 0, and note that f is uniformly continuous since
supp(f) C [0, N]. Hence, there exists a § > 0 such that |f(z) — f(y)| < e
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whenever |z — y| < 0. Fix jg so that 270N < §, and choose j > jo. Given
x € R, define

K,={kecZ: f(22z—k)+#0}, (2.35)

and note that if ¥ € K, then 272 — k € [0, N], whence |z —277k| < §. Using
(1.9), we therefore compute

k
x) Zf(%: —k) - Z FETR)f(2x — k)|
< Y f@) = FQTR)If(@x — k)|

keK,
< eN||floo; (2.36)

from which the result follows. [

Next, the following fact from [4] about £°° linear independence will allow
us to compare f(277k) and f;(277k) directly.

Lemma 2.10. If A is continuous and compactly supported and
{h(x +k)}rez is £°° linearly independent then there exists a constant C' > 0
such that

oo

sup |ay| < OHZakh(x+k)H (2.37)
k

for every sequence {ag}rez € £

Proof. Suppose no such positive C existed; then we could find sequences
{a] }rez € €°°, each with sup,, |al| = 1, such that

Jj—00

1m4§:@ﬁ@+kwm:0. (2.38)
k

Now, for each j there must be some k; such that |ak | > 1/2. Set bk = ak+k ,
and define

hi(z) = bih(z+k) = Zak (z — kj + k). (2.39)
k

Then lim; o ||hj]lec = 0, and |b}| > 1/2 for every j. Since each sequence
{b] }kez has £ norm 1, there exist j; such that the sequences {b‘;}kez
converge as i — 00, i.e., for each k there exists by such that lim;_,, b}’ = by.
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Since h has compact support the summations in (2.39) are all finite, and
therefore for each x,

> beh(z+k) = lim Y blih(z + k) = lim hj,(z) = 0. (2.40)
k k

11— 00

However, {h(z + k)}rez is £>° linearly independent, so this implies by = 0
for every k, which is a contradiction since |bo| = lim; o |b}/| > 1/2. O

Putting this all together, we obtain the following.

Theorem 2.11. Given a continuous scaling function f. If {f(z + k)}rez is
¢ linearly independent then p(Ty|v,T1|v) < 1, but not conversely.

Proof. Since we showed in Example 2.7 that p(Ty|v,T1|v) < 1 does not imply
£°° linear independence, we need only show that ¢°° linear independence
implies p(To|v, T1]v) < 1. For this, it suffices by our previous discussions to
establish (2.34). So, choose £ > 0; then by Lemma 2.9 there exists a jo such
that

oo

HZ(f(Tjk) — F(27R) f(2 — k:)H <e (2.41)
k
for all j > jo. By Lemma 2.10 there exists a constant C' > 0 such that

suplael < O sty —w)| (2.42)
k

for every {ax}rez € €>°. Taking ar, = f(277k) — f;(277k) we conclude that

sup |£(279K) = 27R)] < & (2.43)
k

for all j > jo, and therefore (2.34) follows. [

The proof of Theorem 1.2 is now complete. In particular, /*° linear inde-
pendence of the integer translates of a continuous scaling function f implies
p(Tolv,Tilv) < 1 by Theorem 2.11, which is equivalent to uniform conver-
gence of the Cascade Algorithm by Theorem 2.5. By Proposition 2.2, the
condition p(Ty|v,T1|v) < 1 is stable under small pertubations of the coeffi-
cients and by Theorem 2.1 it is sufficient to imply the existence of continuous
scaling functions. Finally, Proposition 2.4 implies that scaling functions de-
form uniformly when p(To|v, T1|v) < 1.

However, £°° linear independence of { f(x + k) } ez is not a necessary con-
dition for the conclusions of Theorem 1.2 to hold. In particular, this requires
only p(To|v,Ti|v) < 1, and we showed in Example 2.7 that there exist scal-
ing functions with p(Tp|v, Th|v) < 1 whose integer translates are £°° linearly
dependent.
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ERRATA

Note: This errata listing is not included in the published version of this
paper.

Page 31. The statement of Proposition 2.6 is correct, but the proof of the
implication ¢ = b is incorrect. An independent proof was given by Sun [Sun]
(available at http://gauss.math.ucf.edu/~qsun/).

ERRATA REFERENCES

[Sun] Q. Sun, Two-scale difference equation: Local and global linear indepen-
dence, unpublished manuscript (1991).



