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MODULATION SPACES AND PSEUDODIFFERENTIAL OPERATORS
Karlheinz Grochenig and Christopher Heil

We use methods from time-frequency analysis to study boundedness and trace-
class properties of pseudodifferential operators. As natural symbol classes, we use the
modulation spaces on R??, which quantify the notion of the time-frequency content of
a function or distribution. We show that if a symbol ¢ lies in the modulation space
My 1(R??), then the corresponding pseudodifferential operator is bounded on L?(R?)
and, more generally, on the modulation spaces Mpyp(Rd) for 1 < p < oco. If o lies in the
modulation space M;,(R?*?) = L2(R*!) N H¥(R??), i.., the intersection of a weighted
L?-space and a Sobolev space, then the corresponding operator lies in a specified Schatten
class. These results hold for both the Weyl and the Kohn-Nirenberg correspondences.
Using recent embedding theorems of Lipschitz and Fourier spaces into modulation spaces,
we show that these results improve on the classical Calderon—Vaillancourt boundedness
theorem and on Daubechies’ trace-class results.

1. INTRODUCTION.

The Weyl and Kohn-Nirenberg correspondences are formalisms which bijectively
associate to any continuous linear operator L: S(R?) — &'(R%) a distributional symbol
o € 8'(R*?). These correspondences play important roles in many fields, including partial
differential equations, quantum mechanics, and signal processing. Because of their invari-
ance properties under translations and dilations, it is customary to treat pseudodifferen-
tial operators with Littlewood—Paley theory [CMT78], [Ste93]. This approach culminates
in Meyer’s treatment of pseudodifferential operators with wavelet bases [Mey90]. Alterna-
tively, pseudodifferential operators can be represented as superpositions of time-frequency
shifts [Fol89],|GLS68], [How80]. Thus methods from time-frequency analysis can be em-
ployed to study pseudodifferential operators. The common feature of both approaches lies
in the decomposition of the operator or its symbol into simpler parts that are easier to

analyze.
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In this paper, we use a decomposition of a pseudodifferential operator that is induced
from a decomposition of the associated symbol into a superposition of time-frequency
shifts e2™01¢(t — o) of a fixed window ¢. Such a decomposition corresponds to a uniform
partition of the time-frequency plane (also called phase space), and is called a coherent state
decomposition in physics. The idea of using time-frequency or coherent state expansions for
the analysis of operators is well-known and has been used by Daubechies and Grossmann
[Dau80], [Dau83], [DG80], Howe [How80], and others.

The technical innovation in this paper is the introduction of new symbol classes
in the form of function spaces which quantify the time-frequency content of symbols.
These so-called modulation spaces are defined by decay properties of the short time Fourier

transform of the symbol o with respect to a window function ¢ € S(R?%),

Seo(a, B) = /R?d e 2Tt Gt — ) o(t) dt.

Decay of Si0 amounts to simultaneous decay and smoothness properties of o. The time-
frequency behavior of ¢ will control the properties of the corresponding pseudodifferential
operator.

Our first result is a simple condition for the boundedness of pseudodifferential op-
erators in the style of Calderén—Vaillancourt. The function space Moo,l(RQd) will be the

symbol class for this result; it consists of all distributions o € S’(R??) such that

lollar., = / sup |Spor(a, B)] dB < oo.
R2d o

We will prove the following boundedness result in Section 3; L, denotes the Weyl transform

and K, the Kohn-Nirenberg transform of the symbol o.

THEOREM 1.1. If 0 € My 1(R??), then L, and K, are bounded mappings of M, ,(R?)

into itself for each 1 < p < oo. Further, there exists a constant C), such that

HLUHMp,p_’ p,p? HKUHMp,p_)Mp,p S CP HO-HMOO,I'

In particular, both L, and K, are bounded on L*(R%) = M;3(R%) when o €
Mooyl(RQd). In contrast to the traditional symbol classes, membership in M, 1 does not
imply any smoothness of o, and Theorem 1.1 applies to certain non-smooth symbols.

On the other hand, we shall show that the Lipschitz classes A*(R2?) for s > 2d, and
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hence C29t1(R2?) in particular, are embedded in M, ;(R??). Thus Theorem 1.1 is an
improvement of the classical Calderén—Vaillancourt theorem [CV72].

Our second result concerns the asymptotic behavior of the singular values of com-
pact pseudodifferential operators. We give a simple and transparent proof of a result for
the Weyl correspondence presented in [HRT97]. Moreover, we show that this result is also
valid for the Kohn-Nirenberg correspondence. Let L2(R24) denote the L? space weighted
by the factor (1 + |¢] + |z|)® on the time side, and let H*(R??) denote the Sobolev space
with the same weight on the frequency side. Additionally, let Z,, denote the Schatten ideal
of compact operators whose singular values lie in £7, and let Z,, , be the analogous Schatten
quasi-ideal corresponding to the Lorentz space ¢P*9. We will prove the following result in

Section 4.

THEOREM 1.2. If 0 € L2(R?*?) N H*(R2?) with s > 0, then the singular values {s;(L,)}
satisfy

=

sp(Le) = O(k™2a72),

Thus L, € I%,oo C I, for each p > 2d/(d + s). In particular, L, is trace-class if s > d.

The same statements hold for the Kohn-Nirenberg transform K, .

The trace-class statement in Theorem 1.2 is a significant improvement of analogous
trace-class results in [Dau80] or [Gr696], which require s > 2d. Distinct results in a similar
spirit for certain integral operators were obtained by Birman and Solomyak in [BS77].

The hypotheses of Theorem 1.2 can also be formulated as the membership of ¢ in
a modulation space. Although the proof of Theorem 1.2 is simple, it relies on deep results
on Gabor expansions of functions and distributions. The recent progress in understanding
Gabor expansions has renewed interest in the time-frequency approach to pseudodifferen-
tial operators and led to a number of new investigations in this direction. Discrete Gabor
frame expansions of the symbol were the key tool in [HRT97]. Tachizawa [Tac94] used
traditional symbol classes and studied the mapping properties of pseudodifferential oper-
ators between modulation spaces. Rochberg and Tachizawa used Gabor frame expansions
in [RT97].

To summarize, our new contribution is the use of modulation spaces as symbol
classes for pseudodifferential operators. With such symbol classes, easy and natural con-

ditions for the boundedness and Schatten-class properties of pseudodifferential operators



442 Grochenig and Heil

can be given. Compared to the standard treatment of pseudodifferential operators, it is re-
markable that these results hold for both the Weyl correspondence and the Kohn-Nirenberg
correspondence.

Our paper is organized as follows. We present background and preliminary results
on modulation spaces and pseudodifferential operators in Section 2. Section 3 contains the
proof of Theorem 1.1, along with discussion and related results, and Section 4 contains

the proof of Theorem 1.2 and related results.

2. PRELIMINARIES.

2.1. General notation.

We define t> = ¢ -t for t € R?, and set [z,y] = 3 (22 - y1 — 21 - y2) for = = (1, 22),
y = (y1,y2) € R*.

S(RY) is the Schwartz class, and S'(R9) is its topological dual, the space of tem-
pered distributions. We use (f, g) to denote the extension to S(R?) x &’(R%) of the inner
product (f,g) = [ f(t)g(t)dt on L?*(R?). The Fourier transform is flw) = Fflw) =
[ f(t)e 2"« dt and the inverse Fourier transform is f(w) = F~!f(w) = f(~w). Trans-

lation and modulation of f € S'(R?) are defined, respectively, by

T.f(t) = f(t—z) and  Myf(t) = ™" f(t).
We have the formulas (T, f)" = M_,f, (M,f)" = T,f, and M,T, = e*™*¥T,M,. We
define g(t) = g(—t).

The singular values {s(L)}?2, of a compact operator L € B(L?(R%)) are defined
in terms of the eigenvalues of the positive operator L*L, i.e., si(L) = A\p(L*L)'/?. Because
L?(R%) is a Hilbert space, the singular values of L coincide with its approximation numbers,
and therefore

sp(L) = inf{||L — T||p2—p2 : rank(T) < k}. (1)
The Schatten class Z,, is the space of all compact operators whose singular values lie in
(P, In particular, 7, is the space of Hilbert—Schmidt operators, and Z; is the space of
trace-class operators. The Schatten quasi-ideal Z,, , consists of compact operators whose

singular values lie in the Lorentz space ¢P'4 defined by

> 11 1/q
et = (Z rkﬂck\q) .
k=1
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2.2. Time-frequency distributions and the Weyl Correspondence.
We adopt most of the notation and conventions of Folland’s book [Fol89].

The Short-Time Fourier Transform (STFT) of a distribution f € &'(RY) with
respect to a window g € S(RY) is

Sef(z,y) = (f, MyTg) = / eI g(t — ) f(t) dt.

Rd

The following equivalent forms of the STFT are useful.
Sof(x.y) = (£ MThg) = (F-Tog) (y) = =270 (f 5 (Myg)™)(@) = (f,T,M_3)
= (f+(M_20)")(y) = e ™V (f-Ty9)"(x) = ™Y S f(y, —x)
The Schrédinger representation py of the Heisenberg group H? = R? x R% x T

on L2(R%) is po(z,y,2)f(t) = ze™@¥e*™ Wt f(t + ). In many considerations the toral

variable z is unimportant. Therefore, for o = (z,y) € R?*? we define
po(a)f(t) = polz.y)f(t) = polz,y, 1)f(t) = ™™™ f(t+z) = ™Y M,T_, f(2).

The ambiguity function of f and g is

A(f.9)(z,y) = (po(z,y)f,g) = e ™V S, f(x,—y).

The Wigner distribution of f and g is the R??-Fourier transform of the ambiguity function,
W(f,g) = (A(f,9))". The ambiguity function and the Wigner distribution map S(R%) x
S(RY) into S(R??) and extend to maps from S'(R?) x §'(R?) into S'(R?4). Further, they

are sesqui-unitary on L?(RY), i.e.,

<A(f1,gl)7A(f2792)> = <f17f2> <927gl> = <W(flagl)7 W(f2792)>' (2)

The second equality in (2) is often referred to as Moyal’s identity.

Define the linear transformation M:R*? — R*? by

0 -1/2 0 —1/2

/2 0 1/2 0

1 0 -1 0 | (3)
o 1 0 -1

M =

where each block is a multiple of the d x d identity block. Then, by [Fol89, Prop. 1.94],

Wi(po(a)f, po(B)g) = p(M(a, B)W(f,g),
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where pg represents the Schrodinger representation on L?(RY) while p represents the
Schrodinger representation on L2(R329).

The Weyl correspondence is the 1 —1 correspondence between symbols o € S’ (R??)
and pseudodifferential operators L, = o(D, X): S(R%) — &'(R%) defined by

<L0fag> = (6,A(g,f)> = <U,W(g,f)>, f,gES(Rd).

L, is the Weyl transform of 0. One particularly useful characterization is that the mapping
o — L, is an isometry of L?(R>2?) onto the class Z, of Hilbert-Schmidt operators [Poo66].

By contrast, the Kohn-Nirenberg correspondence assigns to a symbol o the operator
K, defined by

(Kof.g) = (6,e™"YA(g,f)),  f.ge SRY).
Thus the operators L, in the Weyl correspondence and K in the Kohn-Nirenberg corre-

spondence are equal if and only if their symbols are related by
(z,y) = e YV 7 (x,y). (4)

Therefore statements that are preserved under a multiplication by a chirp e™*¥ will be

valid for one correspondence if and only if they are valid for the other.

2.3. Modulation spaces.

The modulation spaces measure the joint time-frequency distribution of f € S’(R%).
For background and information on their basic properties we refer to [FG89a|, [FG89b],
[FG92], [Gro9l].

A weight function on RY is a function w: R — (0, 00) which satisfies w(z + y) <
C (1+]z|)* w(y) for some s > 0. Given 1 < p, ¢ < oo, given a weight w on R??¢, and given
a window function g € S(R?), we define MY (R?) to be the space of all distributions
f € 8'(R?) for which the following norm is finite:

a/p 1/q
sz, = ([ ([ 1sutnpotaris) )

with obvious modifications if p or ¢ = cc. M;,’fq(Rd) is a Banach space whose definition is
independent of the choice of window g. That is, different windows yield equivalent norms.
If w =1 then we write M, ,(R?). If w(z,y) = (1 + |z| + |y|)® then we write M (R?).

If w(+x,+y) = w(y,x), then M;‘fp(Rd) is invariant under the Fourier transform
since |S, f(z,y)| = |S;f(y, —z)|, cf. [FG92, Thm. 29).
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Among the modulation spaces the following well-known function spaces occur:
(a) M272(Rd> = LQ(Rd)

(b) Weighted L2-spaces, w(z,y) = wa(z) = (1+ |a])*:
M3%(RY) = LARY) = {f: f(x) (1+|z])” € L*(RY)}.
(c) Sobolev spaces, w(z,y) = ws(y) = (1 + y|)*:
My(RY) = H*R?Y) = {f: f(y) (1 +y])® € L*R}.
(d) w(z,y) =1+ |z[+ |y)*:
M;,(RY) = Mgh(RY) = LY(RY)NH*(RY)
= {f: (f@)|+|f@)]) 1+ |2)* € L2 R}

In some contexts, the equivalent norm ||(1—x%—A)?® f|| .2 for this space is employed,
e.g., [Dau80].
(e) (Feichtinger’s algebra) My 1(RY) = Sp(RY).

The following lemma belongs to a group of statements on the invariance of the
modulation spaces under the metaplectic representation, cf. [FG92, Thm. 29]. We need

the following version.

LEMMA 2.1. Let A be a symmetric, real-valued d x d-matrix, and let convolution T" and

multiplication U with the chirp e~ ™ 4% be defined by
(Tf)(w) = e ™ f(w) = Uf(w).

Then T leaves M;’q(Rd) invariant for each s > 0 and 1 < p, ¢ < oc.
PROOF: As in [Fol89, p. 179], we calculate that U~ 'T,M_,Ug = ™Y AYT,M_, A, §.
Then for f € §'(R%), the short time Fourier transform of Tf is
Sg(Tf)(CU, y) = <Tf7 MyTa:g>
= (Uf,T,M_.9)

= (f, U'T,M_,UU 1)
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= e WA <f7 TyM—m+AyU71§>
= e WA (f M, T, a,T'g)
= e VA G (f) (@ — Ay, y).
Since the Schwartz class is invariant under multiplication with bounded C*° functions

and under the Fourier transform, T-1g € S(RY) is simply another admissible window.

Consequently,

q/p
s, = [ ([ 1STnnP 1+ ol + uran) - ay

q/p

B /Rd (/Rd S ()@ = Ay, )I" (1 + [2] + [y )™ dw) dy

a/p
= [ (L s @ o g+ i ae ) ay
RAd Rd

< ClIfI,

Here the constant results from the change of the window, which corresponds to using an

equivalent norm, and from the obvious inequality 1+ |z + Ay| + |y| < C'(1+ |z| +|y|). O

3. BOUNDEDNESS OF PSEUDODIFFERENTIAL OPERATORS.

In this section we shall prove Theorem 1.1, which states that symbols in M 1 (R?%)
yield Weyl and Kohn-Nirenberg transforms that are bounded on each M, ,(R?), includ-
ing M, o(RY) = L?(RY). Our approach is to realize a symbol o as a superposition of
time-frequency shifts. Specifically, we use the following standard inversion formula. This
formula is proved in an abstract context in [FG89a, Thm. 4.1, Cor. 4.5], but it could also
be easily proved for the special case of the short time Fourier transform by using arguments

of the type found in [HW89, Sect. 3].
THEOREM 3.1. If ¢ € S(R??) and ||¢||z2 = 1, then
o = / Seo(a, B) MgTo¢ dodp. (5)
R4d

Ifo € M;,‘jq(RQd) with 1 < p, ¢ < oo, then this integral converges in the norm of this space.

If p= o0 or g = co or if o € S'(R?4), then this integral converges weakly.
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As a consequence of this result, we have

LU = / S¢0(Oz, ﬁ) LMﬁTa¢ da dﬂ (6)
RA4d

Thus arbitrary operators L, can be studied in terms of the “elementary” pseudodifferential
operators Ly, and the STFT of o.

We choose to fix as a convenient window on R?? the function
O(r,y) = 20 HTHD = W(p9)(@,y),  (x,y) R,
where ¢ is the Gaussian function
o(x) = 294 e T z € RY.

The following lemma shows that for this window, the elementary operators Ly 1,4 are
rank-one projections. We use a linear transformation N: R4¢ — R4¢ closely related to the

linear transformation M defined in (3). Precisely,

0o 1/2 0 1/2

/
L =12 0 —172 0
N = diag(—1,-1,1,1) M = ] 0 1 0
1

0 0 -1

Note that (o, 8) = N(&,n) if and only if (—a, 5) = M (&, n).

LEMMA 3.2. Using the definition («, 3) = N(§,n), the following statements hold.
(a) MpTodp = e ™MW (po (), po(n)p)-

(b) Layraef = e 2™ (f, po(n)e) po(€)ep.

(c) Lof = / /R ., Seo(N(&m) e, po(n)o) po(€)ip d dn.

PROOF: (a) Since a - f = —2[¢, n], we have

MpTo¢p = ™ P p(—a, f)g = €™ p(—a, B)W (¢, )
= e™*P p(M(&,m)W (e, )
= ™ P W (po()¢, po(n)e)

= e 2mIEIW (9o (&), po(n)).
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(b) Given f € S(R?) and g € §'(R%) we have

<LM5Ta¢fag> = <M,6’Ta¢7 W(gaf)>
= e 2 (W (po(£), po(n)e), W(g, f))

= e 2™ (£ po(n)0) (po(€)e, g),

the last inequality following from Moyal’s formula (2).

(c) Since det(N) = 1, the change of variables (o, 3) = N(&,n) applied to equation
(6) yields the desired result. [

LEMMA 3.3. If o € M, 1(R??) then

sup [ [Sso(NV(EmIde < lol, < o,
n R2d

sup [ ISsoNV(En)ldn < follae, < oo
I3 R2d

As a consequence, the mapping T defined by

TG(E) = " Syo(N(&,n)) G(n) dn

is a bounded mapping of LP(R?%) into itself for each 1 < p < oo, and

ITlzr—zr < lloflar.,,-

PRrROOF: Note that S,o(N(€,1)) = Seo(0,& —n), where 6 = (&J’Tm, _€1+Tm) Hence,

[ 1ssoE e < [ sup 15,0006~ )l de
R2d R2d 0
— [ s [Sao0,6)]dg
R2d 6
~ ol

The other inequality is similar. The fact that T is bounded is then an immediate conse-

quence of these inequalities and Schur’s lemma, see, e.g., [Mey90]. O
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Introduce now the weighted mixed-norm space LY (R*?), with

q/p 1/q
1L, = (/ (/ \F(w,y)lpw(af,y)pdw) dy) :
R¢ \JR4

The following estimate is proved in [FG89a, Cor. 4.5].

PROPOSITION 3.4. Let w be a weight function on R??, and fix ¢ € S(R?). Then there
exists a constant C' = C(p) such that if F € LY (R?®), then

= // g F(x,y) po(z,y)pdrdy € MY, (RY),
R
where the integral converges in M (R%) for p,q < oo, and [ fllae, < ClF|Lw, -
These results combine to give the proof of Theorem 1.1.

PROOF OF THEOREM 1.1: Assume that 0 € My 1(R??). Recall from Lemma 3.2 that

Lof =/ ( Spa(N(€,m)) e~ 2 e <f,po(n)90>dn) po(&)p dE.
R2d R2d

If f € M, ,(R%), then G(n) = e~ 2™&M (£ po(n)¢p) is an element of LP(R??) by definition.
It therefore follows from Lemma 3.3 that [g.a Seo(N(€,n)) e 2™ (f, po(n)p) dn is an
element of LP(R??) = L,, ,(R??). Proposition 3.4 therefore implies that L, f € M, ,(R%),
and that the mapping is bounded.

To transfer this result to the Kohn-Nirenberg correspondence, recall from (4) that

K, = L1, where T is the convolution on R?? with the chirp corresponding to the 2d x 2d

o, [0 12
matr1xA-[1/2 0

By Lemma 2.1 we have To € My, 1(R??), so the boundedness of K, follows. [J

} with d x d blocks consisting of multiples of the identity matrix.

The following boundedness result then follows by interpolation.

COROLLARY 3.5. If 0 € M, ,y(R?*?) with 2 < p < oo, then L,, K, € Z,(R%).

PROOF: By [Poo66], the Weyl transform o + L, is a bounded mapping of L?(R29) =
M3 2(R??) onto Z5(R?). By Theorem 1.1, the Weyl transform is a bounded mapping of
Moo 1(R?%) into B(L2(R%)). By [Fei8l],
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Moreover, by the proof of and remark following Theorem 2.c.6 in [K6n86],
(Z2(RY), B(L*(R"))o,p = Z,(R?).

It therefore follows that the Weyl correspondence is a bounded mapping of M, ,»(R??)

into Z,,(RY) for 2 < p < co. A similar argument applies to the Kohn-Nirenberg correspon-
dence. [J

The classical version of the Calderon—Vaillancourt theorem states that L, and K,
are bounded on L?(R?d) if ¢ € C?¥1(R2?4) [CVT72]. We end this section by observing
that several particular function classes are properly contained in Moo,l(R2d>a including
C?d+1(R24) in particular. We let A*(R24) denote the Lipschitz or Holder-Zygmund classes.
A*(T?4) denotes the subset of A*(R2¢) containing functions that are 1-periodic in each
component. A(T?%) denotes the space of 1-periodic functions which possess absolutely

convergent Fourier series.

PROPOSITION 3.6.
(a) AS(T?%) C A(T?) C Mo 1(R??) for s > d.
(b) A*(R?*) C My, 1(R?) for s > 2d.

PROOF: (a) The fact that A®*(T24) c A(R??) for s > d is the 2d-dimensional version
of the Bernstein—Zygmund Lemma [Zyg68]. This inclusion is proper since, for example,
if the integers ny increase fast enough then o(y) = > po, k~2€*™ 7 has an absolutely
convergent Fourier series but cannot lie in A*(T??) for any s > 0.

Now suppose that o € A(T??), and write o(7) = 3 cz2a ax ™7 with Y |ax| <
00. Since Sy(e*™*7)(a, B) = e 2mia-(f—k) (ﬁ(ﬁ — k), we have

lollar . =:L/‘ sup |Ss0(a )] dB
R

2d oycR2d
< Sl [ 166 )3
kez2d R2d

= llollacrza) [9llama)-
(b) Choose o € A*(R??) with s > 2d, and fix 2d < t < s. Then, by [HRT97,

Prop. 6.3], there exists a constant C' such that

sup |Syo(a, B)| = sup [(o-Tag)"(B)] < C(1+B)7"

acR2d acR?2d
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Since ¢ > 2d, we therefore have [|o||ar,. , < C [(1+]3]|)~"dB < co. This inclusion is proper

since the example constructed in part (a) lies in My, 1 (R??) but not in A*(R?4) for any

s>0. 0O

The preceeding result suggests that embedding theorems of classical function spaces
into modulation spaces are of an importance similar to Sobolev embeddings in the field
of partial differential equations. In particular, such embeddings allow sufficient conditions

on the operator symbol to be stated in forms appropriate to a particular application.

4. SINGULAR VALUES OF COMPACT PSEUDODIFFERENTIAL OPERATORS.

We shall prove Theorem 1.2 in this section. First, however, we note that the
continuous-type expansions used in (5) lead immediately to the following observation that
operators whose symbols lie in the Feichtinger algebra are trace-class. This result was first

proved in [Gr696], although it was known to Feichtinger.

PROPOSITION 4.1. If o € So(R??), then L,, K, € I;.

PROOF: We shall show that the integral in (6) converges absolutely in trace-class norm when
o € So(R?). Certainly the elementary operators Las,1,¢f = e~ 2™ (f, po(n)e) po(€)e
are all trace-class since they are rank-one projections. Indeed, their trace-class norms

satisfy
ILasraollze = loomele lpo(@)elle = llellz. = 1.

Therefore, applying the Z; norm to (6) yields

Lol < [[ | 1Ssot@ B Lwyrolndads = [[ | 1Ssotapldads = Jols,

The same argument as in the proof of Theorem 1.1 allows us to transfer this result to the

Kohn-Nirenberg correspondence. [J

To interpret this result we quote the following special case of embeddings of LENF L}

into Sy proved in [Gr696].

PROPOSITION 4.2.
(a) If s > 2d then L?2(R24) N H*(R2%4) C Sp(R2?).

(b) If s < 2d then L2(R24) N H*(R2) ¢ So(R24).
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Thus Proposition 4.1 is sufficient to recover and improve the trace-class result of
Daubechies [Dau80], which states that L, € Z; if o € L2(R??) N H*(R2?) with s > 2d.
Note, however, that the trace-class conclusion of Theorem 1.2 requires only the far weaker
hypothesis that s > d.

To prove Theorem 1.2, we shall use a discrete series expansion of the symbol, rather
than the continuous expansion in (5). The motivation for this approach is that singular
values can be estimated via finite-rank approximations, and series expansions lead natu-
rally to finite-rank approximants. The following refinement of (1) allows us to estimate

the singular values from Hilbert—Schmidt, rather than operator norm, estimates.

LEMMA 4.3. If L € 15, then
L2 < - L? < L inf{||L = 7|2, : rank(T) < K
soc(DP < = 3 (L) < o inf {1 = TY3, s rank(T) < K.
k>K
PRrOOF: The first inequality follows from the fact that the singular values are decreasing.
The second follows from the standard inequality ski¢41(L1 + La) < Sgr1(L1) + sev1(L2)

[DS88, p. 1089]. O

The series expansions that we use are based on the theory of Gabor frames. For
basic exposition we refer to [Dau90], [HW89]. Specifically, we shall use the following results.
These statements are quite deep; as a consequence, Theorem 1.2 is more substantial than

may be apparent.
(A) If ¢ = 2%e27(="+v") — W (4, ) and a, b > 0 are chosen so that ab < 1, then
there exist constants A, B > 0 such that

AlfllZ: < > ISpf(na,mb)]> < BJ|f|3

m,n€Z2d
for all f € L2(R2?). This was proved by Seip and Wallstén [Sei92], [SW92] for L?(R) and
follows immediately for higher dimensions by a tensor product argument. The collection

{ My Ta®}m nezea is called a Gabor frame for L?(R??).

(B) There exists v € S(R??), the so-called dual window, such that

f = Z Sy f(na, mb) My Tha¢

m,ne€Z2d
= Z Se f(na, mb) MppThay
m,ne€Z2d

for all f € L?(R?9), with unconditional convergence of the series in L?-norm [Jan95].
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(C) The frame expansion in (B) also holds for all f € M}, (R*?), with unconditional
convergence in the norm of My’ if 1 < p, ¢ < oo, and weak convergence if p or ¢ = oo.

Furthermore, the following is an equivalent norm for M;‘jq(R%) for each 1 < p, ¢ < o0:

sz, ~ (3 (3 127000 mpwiramip) ) )

meEZ2d “ncZ2d

See [Gro91], [FGI7].

We shall use the following further property, which holds for arbitrary windows in

the Wiener algebra:

\V/{Cmn} € €2, HZ Cmn MmaTna¢

2
< B Cmnl?. 8
LS ;| | (8)

In the following we choose a = b < 1 and the constants A, B accordingly.

PROOF OF THEOREM 1.2: Fix s > 0 and choose 0 € Mj,(R*!) = LZ(R??) N H*(R*%).

Then o € L?(R??), so the frame expansion

o = Z S,YO'(’I'LCL, ma) MmaTna¢

m,n

converges in L? and in M3 ,. For each K > 0, define

oK = Z S~yo(na, ma) MpyoTha,
[ml,|n|<K
and note that
LO’K = Z S’Vo-(na7ma) LMmaTna¢'
[ml,In|<K

By Lemma 3.2, the operator Ly, .7,.6f = e 2 &M () po(n)¢) po(€)¢ is a rank-one oper-

ator, where (£,71) = N~1(na, ma).
J J

If we write N = T

[o 1/2

], where I is the 2d x 2d identity matrix and J =

~1/2 0
we obtain the following estimate for the rank of L, :

} , then N (&, ) = (na, ma) implies { = —2aJn+ 3am € 2Z>?. Consequently,

rank(L,,.)

IN

#{¢ € R*: (€,) = N~ (na,ma), |ml, |n| < K}

IN

#{¢ € §2°7: |¢| < JaK}

(6K 4 1)%.

IN
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Let R be an integer such that rank(L,,) < RK?? for all K, and set

Ix = {(m,n) € Z' : |m|,|n| < K}.

k>RK?2d
< Z Sk(Lo>2
E>rank(Le . )
< Lo — Loy "%2 by Lemma 4.3
_ Ho_ - O-KH%Q by [POO66]
2
= H Z Syo(na, ma) Mo That
(m,n)¢lk L
< B Z S, 0(na, ma)|? by (8)
(m,n)¢Ix

< B( sup (1+|mal+lnal)25)( > |57"(”a’m“)|2(1+|ma|+‘m|)28>

(m,n)¢lx (m,n)¢Ix
< BK™*C o3, by (7)

where the constant C' is determined from the constants of proportionality in the norm
equivalence in (7). Applying the first inequality in Lemma 4.3, we therefore have

BC

Sopi2d(Lo)” < ﬁ”a‘ﬁwn

—2s—2d

Upon reindexing, we obtain

=

sk(Le) < D372,

with D a constant independent of k.
Finally, since K, = L1, and M3 , is invariant under 7', the result also holds for the

singular values of K,. [

COROLLARY 4.4. If o € L2(R?4) N H*(R??) with s > 0, then Ly, K, € T 24 .

d+s?

PROOF: This proof follows as in [HRT97, Thm. 5.5] by interpolating between Theorem 1.2

and the fact that o — L, and o — K, are isometries of L2(R??) onto Z,. O
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We close by noting that the quantity >, . ¢, [Sy0(na, ma)|? that occurs in the

proof of Theorem 1.2 is essentially the quantity that is estimated in the phase-space lo-
calization theorem of Daubechies. The proof of Theorem 1.2 could also be completed by

adapting the proof of [Dau90, Thm. 3.1] to give the following.

PROPOSITION 4.5. Let B, = {(z,y) € R* : |z|,|y| < r}. If o € L?(R?%), then there exist
C > 0 and exg — 0 such that for each K,

S IS,0(na,ma)? < Clo-Xpe 32 + Cllo-Xgg |3 + exlol
(m,n)¢Ix

The value of e in Proposition 4.5 is determined by the decay rate of the window ~.
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