
In: "Wavelet Applications in Signal and Image Processing VIII,"

(San Diego, CA, 2000), Proc. SPIE Vol. 4119, A. Aldroubi

et al., eds., SPIE, Bellingham, WA (2000), pp. 153-164.

���������
	���
���������
������������� ��!�"���#�$���

Baiqiao Denga and Christopher Heilb

aDepartment of Mathematics, Columbus State University, Columbus, Georgia 31907

bSchool of Mathematics, Georgia Institute of Technology, Atlanta, Georgia 30332

%�&�')(+*,%�-�(

A Gabor system is a fixed set of time-frequency shifts G(g, Λ) = {e2πib·xg(x − a)}(a,b)∈Λ of a function g ∈ L2(Rd).

We prove that if G(g, Λ) forms a Schauder basis for L2(Rd) then the upper Beurling density of Λ satisfies D+(Λ) ≤ 1.
We also prove that if G(g, Λ) forms a Schauder basis for L2(Rd) and if g lies in a the modulation space M 1,1(Rd),
which is a dense subset of L2(Rd), or if G(g, Λ) possesses at least a lower frame bound, then Λ has uniform Beurling
density D(Λ) = 1. We use related techniques to show that if g ∈ L1(Rd) ∩ L2(Rd) then no collection {g(x− a)}a∈Γ

of pure translates of g can form a Schauder basis for L2(Rd). We also extend these results to the case of finitely
many generating functions g1, . . . , gr.
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Zalik21,22 extensively studied functions g ∈ L2(R) for which there exists a countable index set Γ ⊂ R such that
{g(x − a)}a∈Γ is complete in L2(R), i.e., its finite linear span is dense in L2(R). Olson and Zalik16 proved that no
such collection of pure translates can form a Riesz basis for L2(R), and they further conjectured that {g(x− a)}a∈Γ

could never form a Schauder basis for L2(R). Christensen, Deng, and Heil4 proved that {g(x − a)}a∈Γ could never
form a frame for L2(R). This result was obtained as a corollary of more general results on the “density” of finite
unions of Gabor frames for L2(Rd), i.e., frames of the form {e2πib·xgk(x − a)}(a,b)∈Λk, k=1,...,r. Frames are possibly
overcomplete systems that retain many of the properties of Riesz bases; all Riesz bases are frames but not conversely.
No frame can be a Schauder basis without being a Riesz basis.

Frames, Schauder bases, and Riesz bases are defined precisely in Section 2. Intuitively, next to orthonormal
bases, Riesz bases are the “nicest” bases for a Hilbert space. They provide unique expansions of all elements of the
space in terms of the basis elements, and furthermore those expansions converge unconditionally, which leads to a
certain robustness or stability in the convergence of the expansions. Frames likewise allow expansions of elements of
the space in terms of the frame elements, also with unconditional convergence of the expansions. However, unlike
Riesz bases, those expansions need not be unique. By contrast, Schauder bases do possess the property of unique
expansions, but the expansions may fail to converge unconditionally. Consequently, dealing with Schauder bases
that are not Riesz bases often requires a considerable amount of delicacy. In particular, almost no results are
currently available about Gabor systems which are Schauder bases but not Riesz bases. In this paper, we provide
an example of such a system, and we prove various necessary density conditions for Gabor Schauder bases. In
particular, we show that if {e2πib·xgk(x − a)}(a,b)∈Λk, k=1,...,r forms a Gabor Schauder basis for L2(Rd), then the

“disjoint union” or amalgamation Λ of the sequences Λ1, . . . , Λr must have upper Beurling density D+(Λ) ≤ 1. We
further show that if g1, . . . , gr lie in the modulation space M1,1(Rd), which is a dense subspace of L2(Rd), or if
{e2πib·xgk(x−a)}(a,b)∈Λk , k=1,...,r possesses at least a lower frame bound, then Λ must actually have uniform Beurling

density D(Λ) = 1. Using related techniques, we prove that if g1, . . . , gr lie in L1(Rd)∩L2(Rd), which is a dense subset
of L2(Rd), then {gk(x − a)}a∈Γk, k=1,...,r can never form a Schauder basis for L2(Rd) for any sequences Γ1, . . . , Γr.
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In this section we will define our terminology and provide some background and discussion of our results.

2.1. Bases and Frames

We will briefly review the definitions and basic properties of bases and frames in this subsection, referring to the
excellent books by Young20 or Daubechies7, the research-tutorial of Heil and Walnut14, the introductory manuscript
of Heil13, or the encylopedic book of Singer19 for proofs and additional information.
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N = {1, 2, 3, . . .} will denote the set of natural numbers, Z the integers, R the real numbers, and C the complex

numbers. H will denote a Hilbert space with inner product 〈f, g〉 and norm ‖f‖ = 〈f, f〉1/2
. For example, the

space L2(Rd) of all complex-valued, square-integrable functions defined on Rd is a Hilbert space with inner product

〈f, g〉 =
∫

f(x) g(x) dx and norm ‖f‖2 =
(∫

|f(x)|2 dx
)1/2

.

A Schauder basis (or simply a basis) for H is a family of elements {fi}i∈N such that

∀ f ∈ H, ∃ unique ci(f) ∈ C such that f =

∞
∑

i=1

ci(f) fi. (1)

In this case, there exist unique elements f̃i ∈ H such that ci(f) = 〈f, f̃i〉. Moreover, {fi} and {f̃i} are biorthogonal,

i.e., 〈fi, f̃j〉 = δij , and {f̃i} itself forms a basis for H , called the dual basis of {fi}, and we have

∀ f ∈ H, f =

∞
∑

i=1

〈f, f̃i〉 fi =

∞
∑

i=1

〈f, fi〉 f̃i, (2)

with uniqueness of the scalars in these expansions. The partial sum operators associated with the basis {fi} are the

mappings SN : H → H defined by SN (f) =
∑N

i=1 〈f, f̃i〉 fi for f ∈ H . These operators must be uniformly bounded
in norm, and the basis constant is C = supN ‖SN‖, where ‖SN‖ = sup‖f‖=1 ‖SN(f)‖.

A Schauder basis is an unconditional basis if the series in (1) converge unconditionally for every f , i.e., if every
rearrangement of the series also converges (in which case it must also converge to f). Consequently, an unconditional
basis can be indexed by any countable index set, and any ordering of the set can be used in computing the expansion
f =

∑

i ci(f) fi. By contrast, for a Schauder basis the ordering can be crucial; with a different ordering the series
∑

i ci(f) fi may not converge at all, or may converge to something other than f .

A Schauder basis is bounded if there exist C1, C2 > 0 such that C1 ≤ ‖fi‖ ≤ C2 for every i. The dual basis {f̃i}
of a bounded Schauder basis is itself a bounded Schauder basis.

A Riesz basis is the image of an orthonormal basis under a continuously invertible mapping of H onto itself. In
particular, every orthonormal basis is a Riesz basis, but not every Riesz basis is an orthonormal basis. A Schauder
basis is a Riesz basis if and only if it is a bounded unconditional basis. The class of Schauder bases for H is strictly
larger than the class of Riesz bases. The dual basis of a Riesz basis is itself a Riesz basis.

Frames are generalizations of Riesz bases, first introduced by Duffin and Schaeffer8 in the context of nonharmonic
Fourier series. A family {fi}i∈N is a frame for H if there exist A, B > 0, called frame bounds, such that

∀ f ∈ H, A ‖f‖2 ≤
∞
∑

i=1

|〈f, fi〉|2 ≤ B ‖f‖2. (3)

All Riesz bases are frames, and a frame is a Schauder basis if and only if it is a Riesz basis. The class of frames for
H is strictly larger than the class of Riesz bases. If only the first inequality in (3) is satisfied then we say that {fi}
possesses a lower frame bound, while if only the second inequality in (3) is satisfied then we say that {fi} possesses
an upper frame bound.

Given a frame {fi}, the frame operator is Sf =
∑

i 〈f, fi〉 fi. The frame operator is a positive, continuously

invertible mapping of H onto itself. The sequence {f̃i} defined by f̃i = S−1fi is also a frame for H , called the dual

frame of {fi}, and equation (2) is valid with unconditional convergence of those series. However, if {fi} is a frame
which is not a Riesz basis, then given f ∈ H there will generally be many choices of coefficients ci(f) such that
f =

∑

ci(f) fi. Thus, unlike a Schauder basis, for a frame the scalars in the expansions in (2) need not be unique.

Further, the frame {fi} and its dual frame {f̃i} are biorthogonal if and only if {fi} is a Riesz basis.

An arbitrary sequence {fi} in H is minimal if there exists a sequence {f̃i} which is biorthogonal to {fi}, i.e.,
〈fi, fj〉 = δij . It is complete if span{fi}, the set of all finite linear combinations of the fi, is dense in H . That is,
the closure span{fi} of the finite linear span must equal all of H . Equivalently, the only element f ∈ H which is
orthogonal to every fi is f = 0. All Schauder bases are both minimal and complete, but a sequence which is minimal
and complete need not be a Schauder basis (in fact, it will be a Schauder basis if and only if it has a finite basis
constant). All frames are complete, but a frame is minimal if and only if it is a Riesz basis.
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The definition of Schauder basis given by (1) extends without change beyond the Hilbert space setting to the case
of Banach spaces X . Moreover, most of the statements made above have analogues for the Banach space setting.
In particular, there exist dual elements f̃i in the dual space X∗ (rather than in X) such that f =

∑

i 〈f, f̃i〉 fi for

f ∈ X , and the basis constant C = supN ‖SN‖ will be finite. The dual system {f̃i} will be a basis for X∗ if X∗ is
a reflexive space, but in general will only be a basis for its closed linear span in X∗. As there need not be a notion
of orthogonality in X , the concept of Riesz basis does not make sense, but the definition of bounded unconditional
basis still applies. Extending the definition of frames to the general Banach space setting is not straightforward; see
Gröchenig10, Christensen and Heil5, and Casazza, Han, and Larson4.

2.2. Density

We will describe several types of density in this subsection. We make these definitions for the case of Rd, although
we will apply them to sequences in R2d as well as Rd. Given x ∈ Rd and h > 0, we let Qh(x) denote the cube in

Rd centered at x with side lengths h, i.e., Qh(x) =
∏d

j=1 [xj − h
2 , xj + h

2 ). To distinguish between cubes in Rd and

those in R2d, we write Qh(x, y) = Qh(x) × Qh(y) for a cube in R2d centered at (x, y), where x, y ∈ Rd.

Definition 2.1. Let Γ = {γi}i∈I be a sequence of points in Rd, with countable or uncountable index set I . For
simplicity, we often will write Γ ⊂ Rd, but it will be clear from context that we mean that Γ is a sequence of points
and not merely a subset of Rd. In particular, repititions of elements in the sequence are allowed. Then the upper

and lower Beurling densities of Γ are, respectively,

D+(Γ) = lim sup
h→∞

supx∈Rd #
(

Γ ∩ Qh(x)
)

hd
and D−(Γ) = lim inf

h→∞

infx∈Rd #
(

Γ ∩ Qh(x)
)

hd
.

If D+(Γ) = D−(Γ), then we say that Γ has uniform Beurling density D(Γ) = D+(Γ) = D−(Γ). �

The densities D+(Γ) and D−(Γ) are computed by taking the maximum or minimum number of elements of Γ in
all possible cubes Qh(x) divided by the volume of Qh(x), and then letting h go to infinity. Hence they represent two
possible meanings of the “average” number of elements of Γ in a cube in Rd. Note that 0 ≤ D−(Γ) ≤ D+(Γ) ≤ ∞.
The rectangular lattice Γ = a1Z × · · · × adZ with each ai > 0 has uniform Beurling density D(Γ) = 1/(a1 · · · ad).

Given finitely many sequences Γk = {γi,k}i∈Ik
with k = 1, . . . , r, we define the disjoint union of Γ1, . . . , Γr to be the

sequence Γ = {γi,k}(i,k)∈I where I = {(i, k) : i ∈ Ik, k = 1, . . . , r}. This disjoint union amalgamates the individual
sequences Γ1, . . . , Γr into a single sequence Γ, preserving all elements of the original sequences. For simplicity, we
will simply write Γ =

⋃r
k=1 Γk, but it will be clear from context that we mean that Γ is the disjoint union of the

sequences Γk. We remark that, in this case, we always have
∑r

k=1 D−(Γk) ≤ D−(Γ) ≤ D+(Γ) ≤ ∑r
k=1 D+(Γk),

although some or all of these inequalities may be strict.

Sequences which have finite upper Beurling densities need not have a nonzero minimum distance between elements
of the sequence (for example, consider Γ = Z∪

√
2Z in R). However, it can be shown that a sequence with finite upper

Beurling density can be written as a disjoint union of finitely many sequences which have a nonzero minimum distance
between sequence elements (see Lemma 2.3). We denote the Euclidean norm on Rd by |x| = (x2

1 + · · · + x2
d)

1/2.

Definition 2.2. Let Γ = {γi}i∈I ⊂ Rd.

(a) Γ is δ-uniformly separated if δ = inf i6=j |γi − γj | > 0.
(b) Γ is relatively uniformly separated if it is a finite union of uniformly separated sequences Γk. In this case, I can

be partitioned into disjoint sets I1, . . . , Ir such that each sequence Γk = {γi}i∈Ik
is δk-uniformly separated

for some δk > 0. �

The following lemma provides some equivalent ways to view the meaning of finite upper Beurling density4.

Lemma 2.3. Let Γ = {γi}i∈I ⊂ Rd. Then the following statements are equivalent.

(a) D+(Γ) < ∞.
(b) Γ is relatively uniformly separated.
(c) For some (and therefore every) h > 0, there exists Nh > 0 such that every cube Qh(hn) with n ∈ Zd contains

at most Nh points of Γ.
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2.3. Gabor Systems and Historical Discussion

Given a, b ∈ Rd, define the operations of translation and modulation of a function g:Rd → C by

Tag(x) = g(x − a) and Mbg(x) = e2πib·xg(x).

If Λ ⊂ R2d, then the Gabor system generated by g and Λ is

G(g, Λ) = {MbTag}(a,b)∈Λ = {e2πib·xg(x − a)}(a,b)∈Λ.

Gabor systems have a wide variety of applications; we refer to the book of Daubechies7 or the research-tutorial of
Heil and Walnut14 for further information. Since MbTag = e2πia·bTaMbg, the ordering of the operators Ta, Mb in
the definition of a Gabor system is irrelevant to most results.

If Λ is a rectangular lattice in R2d, and if G(g, Λ) is a basis or a frame for L2(Rd), then the dual basis or dual
frame is also a Gabor system, i.e., there is a function g̃ such that the dual basis or dual frame is G(g̃, Λ). When Λ
is not a rectangular lattice, the dual basis or dual frame of a Gabor system need not itself be a Gabor system.

In this paper we are concerned with the connection between the density properties of Λ and the basis properties
of G(g, Λ). Let us briefly review some of the history and known results for this problem. For the case d = 1 and
Λ = aZ × bZ, Rieffel18 proved (as a corollary of deep results on C∗ algebras) that G(g, Λ) must be incomplete if
D(Λ) = 1/(ab) < 1. This is a kind of Nyquist density result for Gabor systems; the system must be “dense enough”
in order to be complete (although density is not sufficient for completeness). The algebraic structure of the lattice
Λ = aZ × bZ was crucial to this result. Daubechies6 obtained the same result in a constructive manner in the case
that ab is rational, but again the proof depended critically on the algebraic structure of the lattice Λ = aZ × bZ.
Ramanathan and Steger17 proved, via an ingenious and elegant dimension-counting argument, that if Λ is an arbitrary

subset of R2d with finite upper Beurling density D+(Λ) and if the lower Beurling density of Λ satisfies D−(Λ) < 1
then G(g, Λ) cannot be a frame for L2(R). They conjectured but could not prove that G(g, Λ) must actually be
incomplete whenever D−(Λ) < 1. In fact, Walnut and Heil2 demonstrated that this conjecture is false by exhibiting
for any ε > 0 a function g ∈ L2(R) and a non-lattice sequence Λ ⊂ R2d such that G(g, Λ) is complete yet Λ has
uniform Beurling density D(Λ) < ε.

Christensen, Deng, and Heil4 extended the results of Ramanathan and Steger to higher dimensions and to the case
of multiple generating functions g1, . . . , gr, and removed some unnecessary hypotheses from the results of Ramanathan
and Steger. As corollaries, they also proved that there are no frames for L2(Rd) consisting purely of translates of
finitely many functions. That is, no family of the form {gk(x − a)}a∈Γk, k=1,...,r can ever form a frame for L2(Rd).
This generalizes the result of Olson and Zalik16 on the nonexistence of Riesz bases of translates to the case of frames,
but still leaves unsettled the question of whether there exist Schauder bases of translates.

The proofs of the frame density results mentioned above depend critically on the existence of the frame bounds,
specifically in order to prove that Gabor frames satisfy a particular Homogeneous Approximation Property, or HAP.
Results to date of any kind for Gabor Schauder bases have been elusive. Indeed, to our knowledge there are no
published examples of Gabor systems which are Schauder bases but not Riesz bases. We give an example of such a
system in Section 3. In Section 4 we prove that, with some restrictions on the generating functions gk, any Gabor
system which is a Schauder basis must satisfy certain density conditions. In Section 5 we show that, again with
restrictions on g, no system of pure translates can form a Schauder basis for L2(Rd).

2.4. Modulation Spaces

Let S(Rd) be the Schwartz class of infinitely differentiable functions which decrease at infinity more rapidly than

the reciprocal of any polynomial. For example, the Gaussian function e−
π
2

x2

is an element of S(Rd). Let S ′(Rd) be
the space of tempered distributions, i.e., the topological dual space of S(Rd). We let 〈·, ·〉 denote the extension of
the L2-inner product to the dual pair S ′(Rd), S(Rd).

The Short-Time Fourier Transform (STFT) of a tempered distribution f ∈ S ′(Rd) against ϕ ∈ S(Rd) is

Vϕf(a, b) = 〈f, MbTaϕ〉.

The modulation space Mp,q(Rd) is the space of all distributions f ∈ S ′(Rd) for which the following norm is finite:
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‖f‖Mp,q =

(
∫

Rd

(
∫

Rd

|Vϕf(x, y)|p dx

)q/p

dy

)1/q

.

Mp,q(Rd) is a Banach space whose definition is independent of the choice of window ϕ ∈ S(Rd) in the sense of
equivalent norms. The modulation spaces, and their weighted versions, were introduced and extensively studied by
Feichtinger and Gröchenig; for more information we refer to the book of Gröchenig11 and to the recent application
of modulation spaces to the analysis of pseudodifferential operators by Gröchenig and Heil12.

For p = q = 2 we have M 2,2(Rd) = L2(Rd). In fact, if ϕ is fixed and has unit L2-norm, then the mapping g 7→ Vϕg
is an isometry of L2(Rd) into M2,2(Rd). The modulation space M1,1(Rd), consisting of distributions f whose STFT
Vϕf is integrable on R2d, is an especially elegant space. In particular, here are some of the properties of M 1,1(Rd).

(a) M1,1(Rd) is a dense subspace of Lp(Rd) for each 1 ≤ p < ∞ and is a dense subspace of C0(R
d).

(b) M1,1(Rd) is a Banach algebra under both convolution and pointwise multiplication and is invariant under
the Fourier transform.

(c) M1,1(Rd) is the minimal Banach space contained in L1(Rd) for which Ta and Mb are isometries.

(d) If (1 + |x|2)s/2f(x) ∈ L2(Rd) and (1 + |ω|2)s/2f̂(ω) ∈ L2(Rd) for some s > d, then f ∈ M1,1(Rd).

C$/ =ED:%6FHG+IJ=

We will provide an example of a Gabor system which is a Schauder basis but not a Riesz basis for L2(R). We
first require the following lemma, whose proof is analogous to the proof of Theorem 4.3.3 in Heil and Walnut14.

Lemma 3.1. Let g ∈ L2[− 1
2 , 1

2 ].

(a) {e2πimxg(x)}m∈Z is complete in L2[− 1
2 , 1

2 ] if and only if g(x) 6= 0 a.e.

(b) {e2πimxg(x)}m∈Z is minimal and complete in L2[− 1
2 , 1

2 ] if and only if 1/g ∈ L2[− 1
2 , 1

2 ]. In this case,

{e2πimx/g(x)}m∈Z is biorthogonal to {e2πimxg(x)}m∈Z.

(c) {e2πimxg(x)}m∈Z is a frame for L2[− 1
2 , 1

2 ] if and only if there exist A, B > 0 such that 0 < A ≤ |g(x)|2 ≤
B < ∞ a.e. In this case, the frame is a Riesz basis.

So far as we are aware, there is no characterization of those functions g ∈ L2[− 1
2 , 1

2 ] such that {e2πimxg(x)}m∈Z is

a Schauder basis for L2[− 1
2 , 1

2 ]. Following is one example of a Schauder basis of this form which is not a Riesz basis.

Example 3.2. Fix 0 < α < 1
2 . Set g(x) = |x|α for x ∈ [− 1

2 , 1
2 ]. Define g̃(x) = |x|−α, x ∈ [− 1

2 , 1
2 ]. The number α has

been chosen so that both g and g̃ lie in L2[− 1
2 , 1

2 ]. Therefore, by Lemma 3.1(b), {e2πimxg(x)}m∈Z is minimal and

complete in L2[− 1
2 , 1

2 ], with biorthogonal sequence {e2πimxg̃(x)}m∈Z. By Lemma 3.1(c), {e2πimxg(x)}m∈Z is not a

Riesz basis for L2[− 1
2 , 1

2 ]. It is a much deeper and more difficult result of Babenko1 that {e2πimxg(x)}m∈Z forms a

Schauder basis for L2[− 1
2 , 1

2 ] (see also the discussion on pages 351–354 of Singer19). �

From this example we can construct a Gabor system for L2(R) that is a Schauder basis but not a Riesz basis.

Example 3.3. Let Λ = Z × Z. We claim that if g is as in Example 3.2, extended by zero to the real line, i.e.,
g(x) = |x|α χ

[− 1

2
, 1

2
](x), then G(g, Λ) = {TnMmg}m,n∈Z = {e2πimxg(x− n)}m,n∈Z is a Schauder basis for L2(R) that

is not a Riesz basis for L2(R). It is again easy to see that this system is minimal and complete with biorthogonal
sequence G(g̃, Λ) = {TnMmg̃}m,n∈Z, and that it is not a Riesz basis. The fact that {TnMmg}m,n∈Z is a Schauder
basis follows immediately from the facts that L2(R) is a direct sum of the Hilbert spaces L2[n − 1

2 , n + 1
2 ] with n

ranging through Z, and that, for each fixed n, {TnMmg}m∈Z is a Schauder basis for L2[n− 1
2 , n + 1

2 ]. Alternatively,

it is straightforward but not entirely trivial to show directly that {TnMmg}m,n∈Z is a Schauder basis for L2(R). To
indicate the difficulty, note that the statement in Example 3.2 that {Mmg}m∈Z is a Schauder basis for L2[− 1

2 , 1
2 ]

means that there is some specific ordering of the integers Z with respect to which the basis expansions converge.
That is, there exists some bijection σ:N → Z such that

∀ f ∈ L2[− 1
2 , 1

2 ], f =

∞
∑

m=1

〈

f, Mσ(m)g̃
〉

Mσ(m)g.

In order to prove that {TnMmg}m,n∈Z is a Schauder basis for L2(R), we must show there is likewise some bijection
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ρ:N → Z × Z such that

∀ f ∈ L2(R), f =

∞
∑

m=1

〈

f, Tρ1(m)Mρ2(m)g̃
〉

Tρ1(m)Mρ2(m)g,

where ρ(m) = (ρ1(m), ρ2(m)). In fact, if we let τ :N → Z be any particular bijection, then it can be shown with
some work that the following definition of ρ suffices:

ρ(1) =
(

τ(1), σ(1)
)

,

ρ(2) =
(

τ(1), σ(2)
)

,

ρ(3) =
(

τ(2), σ(1)
)

,

ρ(4) =
(

τ(1), σ(3)
)

,

ρ(5) =
(

τ(2), σ(2)
)

,

ρ(6) =
(

τ(3), σ(1)
)

,
etc. �

Although the Schauder basis G(g, Λ) of Example 3.3 is not a Riesz basis, and hence is not a frame, the generating
function g satisfies |g(x)|2 ≤ 1 for x ∈ [− 1

2 , 1
2 ] and the dual function g̃ satisfies |g̃(x)|2 ≥ 1 for x ∈ [− 1

2 , 1
2 ].

An extension of Lemma 3.1(c) then shows that {e2πimxg(x)}m∈Z possesses an upper frame bound for L2[− 1
2 , 1

2 ]

and {e2πimxg̃(x)}m∈Z possesses a lower frame bound for L2[− 1
2 , 1

2 ]. The piecing together process in Example 3.3
preserves these properties, i.e., G(g, Λ) possesses a upper frame bound and G(g̃, Λ) possesses an lower frame bound.
We will see in Corollary 4.10 that the fact that G(g̃, Λ) possesses a lower frame bound implies that Λ must have
uniform density D(Λ) = 1.

The generating function g of Example 3.3 does not lie in the modulation space M 1,1(R). For the case of a
rectangular lattice Λ = aZ × bZ, the Balian–Low Theorem implies that if a Gabor system G(g, Λ) is a Riesz basis
then g /∈ M1,1(R) (indeed, the restriction is even more severe than that). We conjecture that for arbitrary Λ, there
are in fact no Schauder bases G(g, Λ) with g ∈ M 1,1(Rd). For more information on the Balian–Low Theorem we
refer to Benedetto, Heil, and Walnut2.
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In this section we prove our main results on the density of Gabor systems which form Schauder bases for L2(R).

4.1. Upper Density Estimates

Olson and Zalik16 proved that a necessary condition for a system {g(x−a)}a∈Γ of pure translates to be a Schauder
basis for Lp(R) is that Γ be uniformly separated. We extend this result to Gabor systems. For this result, no Hilbert
space structure is needed; instead the essential ingredients are the continuity properties of translation and modulation.
For example, the spaces Lp(Rd) for 1 ≤ p < ∞ and the space C0(R

d) consisting of continuous functions vanishing at
infinity satisfy the hypotheses of Lemma 4.1. The isometry hypothesis can easily be weakened further so that many
more function spaces are included; we omit the details.

Lemma 4.1. Let X be any Banach space of complex-valued functions defined on Rd such that:

(a) translation and modulation are isometries, i.e., ∀ a, b ∈ Rd, ‖Taf‖ = ‖f‖ = ‖Mbf‖, and
(b) translation and modulation are strongly continuous, i.e., lim(a,b)→0 ‖MbTaf − f‖ = 0.

Let g ∈ X and Λ ⊂ R2d be such that G(g, Λ) is a Schauder basis for its closed linear span in X . Then there is a
δ > 0 such that Λ is δ-uniformly separated.

Proof. Schauder bases are countable, so let Λ = {(ai, bi)}i∈N ⊂ R2d be the ordering of Λ with respect to which
the basis expansions converge. Let S = span{Mbi

Tai
g}i∈N be the closed linear span of G(g, Λ) in X . Since S is a

Banach space under the norm inherited from X , if G(g, Λ) = {Mbi
Tai

g} is a Schauder basis for S then there exists
a dual system {g̃i} in S∗ such that each f ∈ S has the unique expansion

f =
∞
∑

i=1

〈f, g̃i〉Mbi
Tai

g, f ∈ S.

Suppose that Λ was not δ-uniformly separated in R2d for any δ > 0. Then

inf
m<n

|(am, bm) − (an, bn)| = 0. (4)

Define the partial sum operators SN : S → S by SN (f) =
∑N

i=1 〈f, g̃i〉Mbi
Tai

g. Since G(g, Λ) is a Schauder basis for
S, it has finite basis constant C = supN ‖SN‖ < ∞. Given m < n ∈ N, consider the functions

fm,n = Mbm
Tam

g − Mbn
Tan

g ∈ S.
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By the biorthogonality of G(g, Λ) and {g̃i}, we have Sm(fm,n) = Mbm
Tam

g when n > m, so ‖Sm(fm,n)‖ = ‖g‖
for all n > m. However, translation and modulation are strongly continuous in X , so it follows from (4) that
infm<n ‖fm,n‖ = 0. Therefore

C = sup
N

‖SN‖ = sup
N

sup
‖f‖=1

‖SN (f)‖ ≥ sup
m

sup
n>m

‖Sm(fm,n)‖
‖fn,m‖ ≥ sup

m
sup
n>m

‖g‖
‖fn,m‖ = ∞,

which is a contradiction. �

As a corollary, we find that any Gabor Schauder basis must have finite upper Beurling density, even if we allow
finitely many generators.

Corollary 4.2. Let X be as in Lemma 4.1, and assume that g1, . . . , gr ∈ X , and Λ1, . . . , Λr ⊂ R2d are such that
⋃r

k=1 G(gk, Λk) is a Schauder basis for its closed linear span in X . Define Λ =
⋃r

k=1 Λk. Then D+(Λ) < ∞; in
particular, Λ is relatively uniformly separated.

Proof. Since each individual Gabor system G(gk, Λk) must be a Schauder basis for its closed linear span, it follows
from Lemma 4.1 that each set Λk is δk-uniformly separated for some δk > 0. Hence Λ is relatively uniformly separated
and therefore has finite upper Beurling density by Lemma 2.3. �

4.2. The HAP and The Comparison Theorem

For Gabor frames in L2(Rd), the frame expansions in (2) have been shown to have a certain kind of uniformity
of convergence with respect to translation and modulations of the function f being expanded17,4. This property
is called the Homogeneous Approximation Property (HAP), and it is a key property in deriving density results for
Gabor frames. We will show that Gabor Schauder bases likewise possess a version of the HAP if the generating
functions lie in the modulation space M 1,1(Rd) or if at least a lower frame bound is satisfied.

Definition 4.3 (HAP). Let g1, . . . , gr ∈ L2(Rd) and let Λ1, . . . , Λr ⊂ R2d be such that
⋃r

k=1 G(gk, Λk) is a Schauder

basis for L2(Rd). Let {g̃k,a,b}(a,b)∈Λk, k=1,...,r be the dual basis of
⋃r

k=1 G(gk, Λk). Given h > 0 and (p, q) ∈ R2d, let

W (h, p, q) denote the following subspace of L2(Rd):

W (h, p, q) = span
{

g̃k,a,b : (a, b) ∈ Qh(p, q) ∩ Λk, k = 1, . . . , r
}

. (5)

Note that by Corollary 4.2, Λ must be relatively uniformly separated, and hence W (h, p, q) is finite-dimensional. We
say that

⋃r
k=1 G(gk, Λk) possesses the Homogeneous Approximation Property if for each f ∈ L2(Rd),

∀ ε > 0, ∃R > 0 such that ∀ (x, y) ∈ R2d, dist
(

MyTxf, W (R, x, y)
)

< ε. � (6)

The HAP implies the following stronger property.

Lemma 4.4 (Strong HAP). Let g1, . . . , gr ∈ L2(Rd) and let Λ1, . . . , Λr ⊂ R2d be as in Definition 4.3. If
⋃r

k=1 G(gk, Λk) posseses the HAP, then for each f ∈ L2(Rd) and each ε > 0, there exists a constant R > 0 such that

∀ (p, q) ∈ R2d, ∀h > 0, ∀ (x, y) ∈ Qh(p, q), dist
(

MyTxf, W (h + R, p, q)
)

< ε.

Proof. Note that if (x, y) ∈ Qh(p, q), then W (R, x, y) ⊂ W (h+R, p, q), and therefore dist
(

MyTxf, W (h+R, p, q)
)

≤
dist

(

MyTxf, W (R, x, y)
)

. �

Now we show that Gabor Schauder bases which possess the HAP must satisfy certain density requirements in
comparison to any other Gabor Schauder basis for L2(Rd).

Theorem 4.5 (Comparison Theorem). Let g1, . . . , gr ∈ L2(Rd) and Λ1, . . . , Λr ⊂ R2d be such that
⋃r

k=1 G(gk, Λk)

is a Schauder basis for L2(Rd) which possesses the HAP, and let φ1, . . . , φs ∈ L2(Rd) and ∆1, . . . , ∆s ⊂ R2d be such
that

⋃s
k=1 G(φk , ∆k) is a Schauder basis for L2(Rd). Let Λ =

⋃r
k=1 Λk and let ∆ =

⋃s
k=1 ∆s. Then

D−(∆) ≤ D−(Λ) and D+(∆) ≤ D+(Λ).

Proof. Let {φ̃k,a,b}(a,b)∈∆k, k=1,...,s be the dual basis of
⋃s

k=1 G(φk , ∆k) = {MbTaφk}(a,b)∈∆k, k=1,...,s. Given h > 0

and (p, q) ∈ R2d, let W (h, p, q) be the subspace of L2(Rd) defined by (5), and let V (h, p, q) denote the following
subspace of L2(Rd):

V (h, p, q) = span
{

MbTaφk : (a, b) ∈ Qh(p, q) ∩ ∆k, k = 1, . . . , s
}

.

By Corollary 4.2, ∆ is relatively uniformly separated, and hence V (h, p, q) is finite-dimensional. Since each element
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of the Schauder basis
⋃s

k=1 G(φk , ∆k) has norm equal one of the finitely many values ‖φ1‖2, . . . , ‖φs‖2, this Schauder
basis is a bounded basis, and therefore its dual basis is also a bounded basis. In particular, the elements of the dual
basis are uniformly bounded in norm, i.e., there exists a constant C > 0 such that ‖φ̃k,a,b‖ ≤ C for all k, a, and b.

Choose now any ε > 0. Then, by applying Lemma 4.4 to each of the functions f = φk , k = 1, . . . , s in turn, we
see that there exists R > 0 such that

∀ k = 1, . . . , s, ∀ (p, q) ∈ R2d, ∀h > 0, ∀ (x, y) ∈ Qh(p, q), dist
(

MyTxφk , W (h + R, p, q)
)

<
ε

C
. (7)

Now let h > 0 and (p, q) ∈ R2d be fixed. Let PV denote the orthogonal projection of L2(Rd) onto V (h, p, q), and
let PW denote the orthogonal projection of L2(Rd) onto W (h + R, p, q). Define T : V (h, p, q) → V (h, p, q) by

T = PV PW .

Note that {MbTaφk : (a, b) ∈ Qh(p, q) ∩ ∆k, k = 1, . . . , s} is a basis for V (h, p, q), and its dual basis in V (h, p, q)

is {PV φ̃k,a,b : (a, b) ∈ Qh(p, q) ∩ ∆k, k = 1, . . . , s}. Since these dual bases are biorthogonal, the trace of T can be
computed as

tr(T ) =

s
∑

k=1

∑

(a,b)∈Qh(p,q)∩∆k

〈T (MbTaφk), PV φ̃k,a,b〉. (8)

However, for (a, b) ∈ Qh(p, q) ∩ ∆k, we have

〈T (MbTaφk), PV φ̃k,a,b〉 = 〈PW MbTaφk , PV φ̃k,a,b〉 = 〈MbTaφk , PV φ̃k,a,b〉 + 〈(PW − I)MbTaφk, PV φ̃k,a,b〉. (9)

Now, PV MbTaφk = MbTaφk since MbTaφk ∈ V (h, p, q). Therefore,

〈MbTaφk, PV φ̃k,a,b〉 = 〈PV MbTaφk, φ̃k,a,b〉 = 〈MbTaφk, φ̃k,a,b〉 = 1, (10)

the last equality following from biorthogonality. Further, by (7) we have

|〈(PW − I)MbTaφk , PV φ̃k,a,b〉| ≤ ‖(PW − I)MbTaφk‖2 ‖PV φ̃k,a,b‖2 ≤ ε

C
· C = ε. (11)

Combining (8)–(11) and using the fact that ∆ is the disjoint union of ∆1, . . . , ∆r, we conclude that

tr(T ) ≥
s

∑

k=1

∑

(a,b)∈Qh(p,q)∩∆k

(1 − ε) = (1 − ε)

s
∑

k=1

#
(

Qh(p, q) ∩ ∆k

)

= (1 − ε) #
(

Qh(p, q) ∩ ∆
)

. (12)

On the other hand, all eigenvalues of T satisfy |λ| ≤ ‖T‖ ≤ 1. Hence,

tr(T ) ≤ rank(T ) ≤ dim
(

W (h + R, p, q)
)

≤
r

∑

k=1

#
(

Qh+R(p, q) ∩ Λk

)

= #
(

Qh+R(p, q) ∩ Λ
)

. (13)

Therefore, by combining (12) and (13), we see that for each h > 0 and each (p, q) ∈ R2d,

(1 − ε)
#

(

Qh(p, q) ∩ ∆
)

h2d
≤ #

(

Qh+R(p, q) ∩ Λ
)

(h + R)2d

(h + R)2d

h2d
.

Since R is fixed, it follows by taking the inf or sup over all (p, q) ∈ R2d and then the liminf or limsup as h → ∞ that
(1 − ε) D−(∆) ≤ D−(Λ) and (1 − ε) D+(∆) ≤ D+(Λ). Since ε is arbitrary, the result follows. �

4.3. Lower Density Estimates

As an immediate application of the Comparison Theorem, we can show that the upper Beurling density of any
Gabor Schauder basis is at most 1 by comparing it to a specific Gabor basis which is known to possess the HAP.

Corollary 4.6. Assume that g1, . . . , gr ∈ L2(Rd) and Λ1, . . . , Λr ⊂ R2d are such that
⋃r

k=1 G(gk, Λk) is a Schauder
basis for L2(Rd). Let Λ =

⋃r
k=1 Λk. Then D−(Λ) ≤ D+(Λ) ≤ 1.

Proof. Let φ = χ
[0,1]d and ∆ = Zd × Zd; then G(φ, ∆) is an orthonormal basis for L2(Rd) and D(∆) = 1. G(g, ∆)

possesses the HAP by Theorem 3.4 of Christensen, Deng, Heil4. Therefore, Theorem 4.5 implies that D−(Λ) ≤
D−(∆) = 1 and D+(Λ) ≤ D+(∆) = 1. �

Our next goal is to show that if we add the hypothesis that g1, . . . , gr lie in the modulation space M1,1(Rd), then
conclusion of Corollary 4.6 can be improved to say that D(Λ) = 1. We first require the following lemma, whose proof
is a simple modification of the proof of Lemma 3.3 in Christensen, Deng, and Heil4. Recall Vϕf(a, b) = 〈f, MbTaϕ〉.
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Lemma 4.7. Set ϕ(x) = e−
π
2

x2

, and let h > 0 be fixed. Then there exists a constant Kh > 0 such that

∀ f ∈ L2(Rd), ∀ (p, q) ∈ R2d, |Vϕf(p, q)| ≤ Kh

∫∫

Qh(p,q)

|Vϕf(x, y)| dx dy.

Theorem 4.8. Let g1, . . . , gr ∈ M1,1(Rd) and Λ1, . . . , Λr ⊂ R2d be such that
⋃r

k=1 G(gk, Λk) is a Schauder basis
for L2(Rd). Then

⋃r
k=1 G(gk, Λk) possesses the HAP.

Proof. By Corollary 4.2, Λ must be relatively uniformly separated. By dividing each Λk into subsequences which are
uniformly separated if necessary, we may therefore assume without loss of generality that each Λk is δk-uniformly sep-
arated for some δk > 0. Let h = min{δ1/2, . . . , δr/2}. Let {g̃k,a,b}(a,b)∈Λk, k=1,...,r be the dual basis of

⋃r
k=1 G(gk , Λk).

Since
⋃r

k=1 G(gk, Λk) is a bounded basis, the dual basis is also bounded, and therefore there is a C > 0 such that
‖g̃k,a,b‖ ≤ C for every k, a, b.

Let H be the subset of L2(Rd) consisting of all functions f for which (6) holds. It is easy to see that H is closed
under finite linear combinations and under L2-limits. It therefore suffices to show that H contains a complete set
of functions, for then we must have H = L2(Rd). In particular, the proof will be complete if we show that every

time-frequency shift MtTsϕ of the Gaussian function ϕ(x) = e−
π
2

x2

belongs to H.

Fix (s, t) ∈ R2d, and consider any (p, q) ∈ R2d. The function MqTp(MtTsϕ) has the basis expansion

MqTp(MtTsϕ) =
r

∑

k=1

∑

(a,b)∈Λk

〈MqTp(MtTsϕ), MbTagk〉 g̃k,a,b. (14)

More precisely, by definition of Schauder basis there is some fixed ordering of Λ = ∪r
k=1Λk with respect to which the

series in (14) converge for all p, q, s, t. Given R > 0 we therefore have

dist
(

MqTp(MtTsϕ), W (R, p, q)
)

≤
∥

∥

∥

∥

MqTp(MtTsϕ) −
r

∑

k=1

∑

(a,b)∈QR(p,q)∩Λk

〈MqTp(MtTsϕ), MbTagk〉 g̃k,a,b

∥

∥

∥

∥

2

=

∥

∥

∥

∥

r
∑

k=1

∑

(a,b)∈Λk\QR(p,q)

〈MqTp(MtTsϕ), MbTagk〉 g̃k,a,b

∥

∥

∥

∥

2

(15)

≤
(

sup
k=1,...,r

sup
(a,b)∈Λk

‖g̃k,a,b‖2

) r
∑

k=1

∑

(a,b)∈Λk\QR(p,q)

|〈MqTp(MtTsϕ), MbTagk〉|
(16)

≤ C

r
∑

k=1

∑

(a,b)∈Λk\QR(p,q)

|Vϕgk(p + s − a, q + t − b)|. (17)

The equality in line (15) is valid because we have subtracted a finite series from the infinite series in (14). The
inequality in (16) follows from Minkowski’s inequality for series. Now, by Lemma 4.7, there exists a constant Kh

such that

|Vϕgk(p + s − a, q + t − b)| ≤ Kh

∫∫

Qh(p+s−a,q+t−b)

|Vϕgk(x, y)| dx dy. (18)

Combining (17) and (18) with the fact that each Λk is h-separated, we conclude that

dist
(

MqTp(MtTsϕ), W (R, p, q)
)

≤ CKh

r
∑

k=1

∑

(a,b)∈Λk\QR(p,q)

∫∫

Qh(p+s−a,q+t−b)

|Vϕgk(x, y)| dx dy

≤ CKh

r
∑

k=1

∫∫

R2d\QR−h(s,t)

|Vϕgk(x, y)| dx dy. (19)

Since each function gk lies in the modulation space M1,1(Rd), we have by definition that Vϕgk ∈ L1(R2d). Therefore,
the last quantity in (19) can be made arbitrarily small, independently of (p, q), by taking R large enough. �

An alternative condition which implies the HAP is given in the next theorem.
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Theorem 4.9. Let g1, . . . , gr ∈ L2(Rd) and Λ1, . . . , Λr ⊂ R2d be such that
⋃r

k=1 G(gk, Λk) is a Schauder basis for
L2(Rd). If

⋃r
k=1 G(gk, Λk) possesses a lower frame bound, then

⋃r
k=1 G(gk, Λk) possesses the HAP.

Proof. Repeat the proof of Theorem 4.8 up to equation (15), i.e.,

dist
(

MqTp(MtTsϕ), W (R, p, q)
)

≤
∥

∥

∥

∥

r
∑

k=1

∑

(a,b)∈Λk\QR(p,q)

〈MqTp(MtTsϕ), MbTagk〉 g̃k,a,b

∥

∥

∥

∥

2

. (20)

Since
⋃r

k=1 G(gk, Λk) is a basis, the series f =
∑r

k=1

∑

(a,b)∈Λk\QR(p,q)〈MqTp(MtTsϕ), MbTagk〉 g̃k,a,b is the unique

representation of f in terms of this basis. Hence, applying the definition of the lower frame bound, i.e., the first
inequality in (3), to this f , we obtain
∥

∥

∥

∥

r
∑

k=1

∑

(a,b)∈Λk\QR(p,q)

〈MqTp(MtTsϕ), MbTagk〉 g̃k,a,b

∥

∥

∥

∥

2

2

≤ A−1
r

∑

k=1

∑

(a,b)∈Λk\QR(p,q)

|〈MqTp(MtTsϕ), MbTagk〉|2. (21)

Applying the Schwarz inequality to (18) and combining it with (20) and (21) therefore yields

dist
(

MqTp(MtTsϕ), W (R, p, q)
)2 ≤ K ′

r
∑

k=1

∫∫

R2d\QR−h(s,t)

|Vϕgk(x, y)|2 dx dy (22)

for an appropriate constant K ′. Since gk ∈ L2(Rd) we have Vϕgk ∈ L2(R2d), and therefore the last quantity in (22)
can be made arbitrarily small, independently of (p, q), by taking R large enough. �

Corollary 4.10. Let g1, . . . , gr ∈ L2(Rd) and Λ1, . . . , Λr ⊂ R2d be such that
⋃r

k=1 G(gk, Λk) is a Schauder basis
for L2(Rd). If either

(a) g1, . . . , gr ∈ M1,1(Rd), or
(b)

⋃r
k=1 G(gk, Λk) possesses a lower frame bound,

then D(Λ) = 1.

Proof. In either case,
⋃r

k=1 G(gk, Λk) possesses the HAP. Now let φ = χ
[0,1]d and ∆ = Zd × Zd. Then G(φ, ∆) is

an orthonormal basis for L2(Rd) and D(∆) = 1. Therefore, Theorem 4.5 implies that 1 = D−(∆) ≤ D−(Λ) and
1 = D+(∆) ≤ D+(Λ). Combining this with the inequalities in Corollary 4.6, we see that D−(Λ) = D+(Λ) = 1. �
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In this section we consider systems of pure translates. Given g1, . . . , gr ∈ L2(Rd) and Γ1, . . . , Γr ⊂ Rd, define

T (gk, Γk) = {gk(x − a)}a∈Γk
,

and suppose that
⋃r

k=1 T (gk, Γk) was a Schauder basis for L2(Rd). Systems of translates are simply special cases of
Gabor systems where the modulation parameter is always zero, i.e., T (gk, Γk) = G(gk, Γk×{0}). Setting Γ =

⋃r
k=1 Γk,

it therefore follows from Corollary 4.2 that D+(Γ × {0}) < ∞ (density as a subset of R2d), which implies that
D+(Γ) < ∞ (density as a subset of Rd). Once we know that Γ has finite upper Beurling density as a subset of
Rd, it is then elementary to check that we in fact have D+(Γ × {0}) = 0. However, by Corollary 4.10, if either
g1, . . . , gr ∈ M1,1(Rd) or if

⋃r
k=1 T (gk, Γk) possesses a lower frame bound, then we must have D(Γ×{0}) = 1, which

is a contradiction. Hence, in neither of these cases is it possible to have a Schauder basis. However, because of some
simplifications that occur when the modulation parameter is absent, we can actually improve this somewhat and
show that g1, . . . , gr cannot lie in L1(Rd) ∩ L2(Rd), which is strictly larger than M 1,1(Rd).

Theorem 5.1. Let g1, . . . , gr ∈ L2(Rd) and let Γ1, . . . , Γr ⊂ Rd be fixed. Then
⋃r

k=1 T (gk, Γk) cannot form a

Schauder basis for L2(Rd) if either

(a)
⋃r

k=1 T (gk, Γk) possesses a lower frame bound, or

(b) g1, . . . , gr ∈ L1(Rd) ∩ L2(Rd).

Proof. Part (a) has already been proved, so we will concentrate on part (b). We will show that
⋃r

k=1 T (gk, Γk)
satisfies a pure-translation analogue of the HAP and that a Comparison Theorem follows from this. For simplicity,
we will present only a limited version of the HAP and Comparision Theorem that is sufficient for our present needs.

Since Γ =
⋃∞

k=1 Γk is relatively uniformly separated, we may, by splitting the Γk into subsequences if necessary,
assume that each Γk is δk-uniformly separated for some δk > 0. Let δ = min{δ1/2, . . . , δr/2}, and denote the dual
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basis of
⋃r

k=1 T (gk, Γk) by {g̃k,a : a ∈ Γk, k = 1, . . . , r}. Since
⋃r

k=1 T (gk, Γk) is a bounded basis, there is a constant
C > 0 such that ‖g̃k,a‖ ≤ C for every k and a. For each p ∈ Rd and R > 0, define

W (R, p) = span
{

g̃k,a : a ∈ QR(p) ∩ Γk, k = 1, . . . , r
}

.

Let χ = δ−d/2 χ
Qδ(0), the characteristic function of Qδ(0) = [− δ

2 , δ
2 ]d normalized to unit L2-norm. Then we claim

that the following HAP is satisfied:

∀ ε > 0, ∃R > 0 such that ∀ (p, q) ∈ R2d, dist
(

MqTp
χ, W (R, p)

)

< ε. (23)

To see this, consider (p, q) ∈ R2d. Using the basis expansion MqTp
χ =

∑r
k=1

∑

a∈Γk
〈MqTp

χ, Tagk〉 g̃k,a, we have

dist
(

MqTp
χ, W (R, p)

)

≤
∥

∥

∥

∥

MqTp
χ −

r
∑

k=1

∑

a∈QR(p)∩Γk

〈MqTp
χ, Tagk〉 g̃k,a

∥

∥

∥

∥

2

=

∥

∥

∥

∥

r
∑

k=1

∑

a∈Γk\QR(p)

〈MqTp
χ, Tagk〉 g̃k,a

∥

∥

∥

∥

2

≤
(

sup
k=1,...,r

sup
a∈Γk

‖g̃k,a‖2

) r
∑

k=1

∑

a∈Γk\QR(p)

|〈MqTp
χ, Tagk〉|

≤ Cδ−d/2
r

∑

k=1

∑

a∈Γk\QR(p)

∫

Qδ(0)

|g(x − (a − p)| dx

≤ Cδ−d/2

∫

Rd\QR−δ(0)

|g(x)| dx. (24)

Since g ∈ L1(Rd), the last quantity in (24) can be made arbitrarily small, independently of (p, q), by taking R large
enough. Hence (23) follows.

Now set ∆ = δZd × 1
δ Z

d. Then G(χ, ∆) is an orthonormal basis for L2(Rd), and D(∆) = 1. Fix ε > 0. Then

by (23), there is an R > 0 such that dist
(

MyTx
χ, W (R, x)

)

< ε for every (x, y) ∈ R2d. Fix h > 0 and (p, q) ∈ R2d.
Then for (a, b) ∈ Qh(p, q) we have W (R, a) ⊂ W (h + R, p), and therefore

dist
(

MbTa
χ, W (h + R, p)

)

≤ dist
(

MbTa
χ, W (R, a)

)

< ε. (25)

Define
V (h, p, q) = span{MbTa

χ : (a, b) ∈ Qh(p, q) ∩ ∆}.
Define T : V (h, p, q) → V (h, p, q) by T = PV PW , where PV is the orthogonal projection of L2(Rd) onto V (h, p, q) and
PW is the orthogonal projection onto W (h + R, p). Then, since {MbTa

χ : (a, b) ∈ Qh(p, q) ∩ ∆} is an orthonormal
basis for V (h, p, q),

tr(T ) =
∑

(a,b)∈Qh(p,q)∩∆

〈T (MbTa
χ), MbTa

χ〉. (26)

For (a, b) ∈ Qh(p, q) ∩ ∆, we have

〈T (MbTaχ), MbTaχ〉 = 〈PW MbTaχ, MbTaχ〉 = 1 + 〈(PW − I)MbTaχ, MbTaχ〉. (27)

However, by (25) we have

|〈(PW − I)MbTa
χ, MbTa

χ〉| ≤ ‖(PW − I)MbTa
χ‖2 ‖MbTa

χ‖2 ≤ ε · 1 = ε. (28)

Combining (26)–(28), we obtain
tr(T ) ≥ (1 − ε) #

(

Qh(p, q) ∩ ∆
)

.

However, we also have
tr(T ) ≤ rank(T ) ≤ dim

(

W (h + R, p)
)

≤ #
(

Qh+R(p) ∩ Γ
)

.
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Therefore,

(1 − ε)
#

(

Qh(p, q) ∩ ∆
)

h2d
≤ 1

hd

#
(

Qh+R(p) ∩ Γ
)

(h + R)d

(h + R)d

hd
.

Keeping in mind that Γ is a sequence in Rd while ∆ is a sequence in R2d, we take the inf over all (p, q) ∈ R2d and
then the liminf as h → ∞, and conclude that

(1 − ε) D(∆) ≤ 0 · D−(Γ).

However, D(∆) = 1, so this is a contradiction. �
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