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CHAPTER I. INTEGRAL EQUATIONS

SECTION 4: SOLVING y=Ky+f, where KIS SMALL.

If the kernel is not separable, an alternate hypothesis that will enable
one to solve the equation y = Ky + f is to suppose that the kernel for K is
small. Of course this does not mean that K is of the form kxy=.007xt. Rather,
we ask that K should be small in a sense developed below. The technique
for getting a solution in this case is to iterate.

Take f(X) to be f(x) and f 4 to be defined by

1
00 = QKXY f, () dt+F(x).
0

In general,
1
f  (X)= (‘)K(x,t)fn(t) dt + f(x).
0

n+l

It is reasonable to ask: does this generated sequence converge to a
limit and in what sense does it converge? The answer to both questions can
be found under appropriate hypothesis on K.

THEOREM If K satisfies the condition that

1
maxy (O IKx ] dt<1,
0

then IimIO f IO(x) exists and the convergence is uniform on [0,1] - in the sense
that ifu = Iimpf p then

Iimp maxy | u(x) - fp(x) | =0.
SUGGESTION FOR PROOF: Note that

1 1
| £100-fg®) | = |0(‘) K(st) fydt | £ 0(‘)|K(x,t)| dt max |f(x)].

Furthermore, if p is a positive integer, the distance between successive
iterates can be computed:
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1
1194109 Tp001 = 1 O Kex) [Fp()-p-1(0] ot |

1
£ 0(‘) IK(B)] dt max fp() - fp.a(3)].

Inductively, this does not exceed

1
[max A T K(X,t dt]Io+1 max_ | f(x
o DIKD] 9L

Thus, if
1

r=max 0(‘) | K(x,t)] dt

and n > m then

m+1

) -fme) 1 £ 7 maxy [fx)].

Hence, the sequence {f p}¥_l of functions converges uniformly on [0,1] to a
limit function and this limit provides a solution to the equation

1
ux)= o K(x,t) u(t) dt + f(x).
0

1
COROLLARY. If r=max (‘)|K(x,t)| dt
0
and
u-= ||mpfp
then

rm+1
max_ Ju(x) - fm(x) | < 1.r  max 1)1 .




EXERCISE 1.4:

ix-tift<x
1. Let K(X,t):% Oifx<t -

1
(@) Show thatif O£ x£1, IK(xt)] dt<1.
0

In fact,
1

OIKXxt)] dt =x2/2.
0

(b) Toward solving y(x) = K[y](x) + x , compute fq, f 1, and f 2.
x3 x>  x3
ans: X, €+X, §+§+X

(c) Give a bound on the error between the solution y and f 5.
1
ans: |y - fol EZ

(d) Solve y(x) = Ky(x) + x in closed form for this K. (Reference Exercise 2.3
1V.)

2. Repeat 1 (a)-(c) with K(x,t) = i%;[( Ii]:‘)'é :; :

1
%3
ans: c‘)|k(x,t)|dt£.5,f1(x)=lTX+x, ly-fao| £.25
0
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