Section 23: The Deficiency of A

We have examined the paradigm whereby A can be written as
S
(23.1) A =a I ,<x,f >q,
p=1

1
incase{l )} ->0orincase{l }} ->3*.Wenow examinethe specia casetham{l—} is bounded.
P
Remark: It goes without saying that we are supposing that no |, is zero. It may bethat { f )} isnot amaxima

orthonormd family. Then A could be extended to dl of E by making the vaue zero at the extension of the f oS
to amaxima orthonorma family. In that case, we can characterize the null space of this extension of A:
N(A)={x: <x,f >=0ifl j* 0}.

Theorem. Suppose that A can be written in the paradigm of (23.1) and that R(A) represents the range of
A. Then, these are equivaent:

1
Q) {I—} is a bounded sequence,
p

) R(A)={y:y=3p1 0<Y.0,>0,
(3) R(A) = perp(N(A*)), where perp(N(A*)) is the collection of vectors perpendicular to the nullspace of A*.
(4) R(A) isclosed.

Suggestions for a proof.

1=>2. Suppose (1). Let
S={yy= Splo<y,qp>qp}-
It isclear that the range of A iscontained in S. To seethat therange of A is S, supposey isin S. Let

1
X:S 10 I_<y7qp>fp'
P p

Because of (1), x isin E. Also, Ax =Y.

2=>3. Recdll that
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¥
[
A*@=a | *<zq,>f.
p=1
Also, asin the Remark above
(232 N(A*)={z:<z,qp>:0iflp1 0}.

And,
perp(N(A*)) ={w: <w, q, >=0if| ;= 0}.

First we show that perp(N(A*)) is contained in R(A). Suppose that w isin perp(N(A*)). Then
w :Sp<W’qp>qp = Sp10<w’qp>qp'
To seethat thisw isin R(A), we need to produce x so that A(x) = w. As above, choose x =
1
XZ§ o TG >1
P
As before Ax =w. Thus, perp(N(A*)) iscontained in R(A).

Findly, we show that R(A) is contained in perp(N(A*)). Supposethat y isin R(A) and zisin N(A*). Theny
isacombination of the a,'s

<y,z>:<$plo<y,qp>qp,z>: Spl0<y,qp><qp,z>:0byequation(23.2).

Thus, y isin perp(N(A*)), completing the outline for 2 => 3.
(3) = (4) Thisfollows because perp(N(A*)) is closed.

(4) => (1) Supposethat {1/ .} isunbounded. Then
(n_8/ 1
A=A I <z,q,>f,
p p
-1
is an unbounded operator. Consequently, A( : cannot have domain dl of E. Thus, thereiszinEsothat zis
notinthedomain of A or, what isthe same, zisnot in the R(A). Let y, be defined as follows
° 1
yn = a |_ <Z1qp>fp'

p=1"P
Then, A(y,) isintherange of A and isseento be

n
[o]
Aly)=a 1<zq,>q,
p=1
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Consequently, A(y,,) isasequencein R(A) that haslimit zwhich isnot in R(A). Thus, R(A) is not closed.
Thisisa contradiction.

Thisfinishes an outline for a proof of the Theorem.

Definition. There are two numbers associated with A:

h(A) = the dimenson of the kernd of A.
and
d(A) = the dimengon of the kernel of A*.

We cdl the number d(A) the deficiency of A. In asense, this number measures how much therange of A is
defident infilling E.

Examples:
1. If A isgiven by the smple paradigm,
¥
o]
A =a |, <x,f,>f,
p=1
thenh(A) isthe number of | ,'ssuchthat | , =0, and d(A) = h(A).

2. If A istheright shift operator

¥
[o]
A =a | <x,f >f
p=1
so that
¥
o]
Ar)=a | <x,f
p=1
thenh(A) = 0and d(A) = 1.

p+1>fp'

3. We compute h(A) and d(A) for
1

Q
K[f](x) =g cos(p (x- y)) f(y) dy .
0
Firg, imagine K in the smple paradigm noting that the range of K istwo dimensiond and
cos(p x) an(p x)
Klcos(p y)I(x) =

and K[sn(p y)](x) = :
Hence, h(A)inL’[0, 1] is¥ . Also, d(A) = ¥, sinceK = K*.
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4. We compute h(K) for

X X X

KIf(x) = xo f(y) dy - 0 yf(y)dy= 0 (x y) f(y) dy
%
Supposef isinthe kernel of K. ThenK[f](x) = 0. Td(lng the derivative with respect to x, we see that

, X

_ 1 _0
0= 3 KIA0 =8 ) o

2

‘1?—)(2 KIf](x) = f(X).

Thus, f is zero and the null space of A must be zero. Hence h(A) = 0.
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