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Section 25: Approximationsin Reproducing Kernd Hilbert Spaces

In this section, we address two concepts. Oneisthewish that if {E, <, >} isan innerproduct space of redl
vaued functions on the interva [0,1], then there should be afunction K from [0,1]x[0,1] to the red numbers,
suchthat if eisanumber in[0,1], then g(x) = K(x,©) isinE, and if f isds0in E, then

<f(x), K(x,e) > =f(e).

The second isthe wish that if f isareasonably nice functioninEandf |, n=0.. 5, is asequence of functions

which have graphs thet are triangles with pegks & t, = p/5, p=0..5, (See the next graphs.) then there should
be a reasonably good approximation for f(x) as

5
[e]
fo~a f(tp) f(x).
p=0
In some circumstances these wishes come true.
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Both these wishes are related to notions concerning use of the Dirac Ddltafunction. The first ideais reated

to the often used integra
1

§ f(x) d(x, €) dx = f(e)
0
where d(x, e) isthe Dirac Delta. The second is the common notion that reasonably nice functions can be
written as sums of multiples of the Dirac Ddlta. We will show that the commonly used Dirac Delta cannot
exig in the Hilbert Space of square integrable functions on [0,1]. The formulation of such afunction is
most often properly put in the context of distributions.

Definition: A Hilbert Space of functions on [0,1] has areproducing kernel if thereisafunction K such that, for
each ein [0,1], the function g(x) = K(X,e) isin E and, for eech f in E,
f(e) = <f(x), K(x,e) >.
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Theorem. If { E, <, >} isaHilbert Space of functions on [0,1] which has areproducing kernd, then
normed convergence in E implies pointwise convergence on [0,1]. Moreover, if there isanumber B such
that |K (X,x)| < B, then normed convergence in E implies uniform convergence on [0, 1].

Proof: A proof follows from thisinequality: Supposef (x), n=1, 2, 3,... isasequencein E. Then
|fn(e)'fm(e)|=|<fn' fm1K( ’e)>| £ |fn' fml |K(ae)|= |fn' fml V K(e,e) .

Comments:

1. It follows that in the Hilbert Space of square integrable functionson [0, 1], if eisin[0,1], then g(x) = d(x,e) is
not in E. Thisfollows because we know that there are sequences of functions in that space which

converge in the norm of E, but do not converge pointwise on [0,1].

2. We will show later that the property of having normed convergence to imply pointwise convergencein
aHilbert Space of functionson [0,1] is dso asufficient condition to assure that the Hilbert Space has a
reproducing kerndl.

Example: Let E conag of dl functionsf on [0,1] that are continuous and for which the derivativef ' is
continuous except possibly for a finite number of jumps. Also, take f(0) to be zero for dl functionsin E.

Define the inner product by
1

<f,g>:§ F/(x) g'(x) dx.
0

Take{E, <, >} to be the Hilbert Space formed from the completion of the innerproduct space defined
above. Definethe function K by

K(Xy) = min(x,y).
Suppose f has a continuous derivative. Then

LY
Q

Q&N o
<f(x), K(xy) >= § o 151 X=10) - fO) = 1),

0
Consequently, this Hilbert Space has areproducing kernd. It isthe K as defined above.

Observation 1: WithK as defined for thisexample, if a<b £ s<t, then
<K(x,b) - K(x,a, K(x,t) - K(x,5) >=0.

To seethis, notethat if ¢ <d, then the derivative of K(x,d) - K(x,C) isthe characteristic function on [c, d].
That is, it isthe function that is 1 on [c, d] and zero dsewhere. Thus, in the space of the example, the dot
product of

<K(x,b) - K(x,8), K(x,t) - K(x,9) >
is zero for non overlgpping intervals.



Observation 2: If nisapositiveinteger, then the family { 4/n (K(x, pin) - K(x, (-1/n) }, p=1, 2, ... n, isan
orthonormal sequence in the Example above.

To seethat this observation is true, the above Observation 1 establishes that the terms of the sequence are
orthogond. We have only to see that they have norm 1. But, thisis verified by integrating the constant

function 1 from (p-1)/n to p/n and multiply by «/; . Theresult is 1. For illugtration, we draw the graph of one
of these functionsin casen =5.
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Observation 3: Takef » P=1,2,..nt0 be the orthonormal sequence defined above and suppose that f isin
the Hilbert Space of the Example. We know that the best approximeation for f with thef ;'sis given by

n
¢}

f~aA c.f

PP
p=1

and that the coefficients c, are the Fourier coefficients:
C, =< f, fp >,
Further, we know how good the gpproximation is

n n
o [e]
If-a c,f,1* £/ff - A |cp|2.

p=1 p=1

Observation 4: We cdculate both terms of the right hand side of the above inequdity in casef ' is
continuous except for afinite number f jumps:

1
|fF=%fK@2wg
and
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n

AP P
a|c| =5a g f09dx|.
p=1 p=1 p-1

n

Obsarvation 5: Recdl that if f ' is continuous on the intervd [(p-1)/n, p/n ] then
¢, = f(p/n) - f((p-1)/n)
so that, in this case, we have an easy way to caculate the coefficients.

Two Approximation Examples:

n
[o]
Example 1. Suppose that f(x) =X on [0,1]. Wecompute (8) |, (0) @ |c, * (o) the differencein these
p=1
two, and (d) draw a graph to illugtrate the gpproximation.

Here is the computation for ()
[ f=x® X

I:|ere is the compuitation for (b)

Q
Q d 2p-1
g oA ="
8 dx (3/2)
0 n
p-1
L n
o (2p- 1) -1+4n’
a 3 2
L p:]_ n 3n
We can make the computation of (C):
[t = a3
n
o 2 4 1
alel=7-—5
p=1 3n

n
]

1
ad |f-a cf |° £ —.
p=1 3n
For (d) we draw the graphs with n = 5 to show the closeness of the approximation. The graph of f isblack
and the approximation is red.

r
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Example 2. Suppose that f(x) =x (1 - x) on [0,1]. We make the same computations.
Here is the computation for ()

1
2

0 1
x(1- x))g dx=—

ged
( 3

d

JeletolalaloN
X

I:|ere is the compuitation for (b)




S o

«/7§ d 1 d _n-2p+1
ne dX(X( -X)) X = (3/2)
lo} n
p-1
L n
o (n-2p+1)° n*-1
a 3 2
i p=1 n 3n
We can make the computation of (C):
|1 = 13,
n
) 2 1 1
&lof =35
=1 3 3n
o 1
2 -
ad |f-a o™ £ 3

p=1
For (d) we draw the graphs with n = 5 to show the closeness of the approximation. The graph of f is black

and the gpproximation is red.

445
C, ==
1Y 25
245
C,: 5
c; =0
245
c4.:——25
445
c5.:-—25
[ n
) eae pd0 & p-100
approx :=x® a Cp«/g K X,BZ- K x,IO =
I b=1 no n oo
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Alter nate Computations.
We present here compuitations for the gpproximation that are sSmpler and make an interesting geometric
condruction. Here isthe idea. Suppose we have a function h which has a continuous derivative. Then the

Fourier Coefficients are easily computed:
, b
§ h'(x) dx = h(b) - h(a).
a
Inthis case, we can write the gpproximation as

a0 100 & p p- 180
%“%n i) el
Obsen/e tha h(p/n) ismultiplied by n (2 K(x,p/n) - K(X,(p-1)/n) - K(X,(p+1)/n)). Hence, an dternate
representation for the approximation that involves no computation of coefficients and the associate
integration can be created as follows:

define To(X) =n (2K(x,p/n) - Kx,(p-1)/n) - K(X,(p+1)/n)), p=1, 2, ...n.
Then  ho)- @ he2dT (x)
. gnz P

We present two illustrations.
Example 3: Let h(x) = 9n(2 p x). We draw the graphs using the gpproximation for h given above and with
n=20.

n
[]
approx:=x® a h g%

p=1

p(X)

Q- IIO
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Example 4: In this example, we make a graph of this modified representation for the gpproximation even

when h'(x) is hot continuous. In this example, h is continuous, with abreak in the derivative at x = 1/4. We
use n = 15 so that there is not anode point at the break.

n ‘.
Q 0

approx =x® a hgﬂiTp(x)
-, €ng

0.59

0.2 0.4

-0.57
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In this example, it is interesting to see what are the supporting functions for the gpproximation.
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Findly, we present the main theorem of this section.

Theorem. If { E, <, >} isaHilbert Space of number vaued functions on [0,1]. These are equivaent:
(1) Thereisareproducing kernd for {E, <, >}.
(2 If xisin [0, 1] and L, isthe function from E to the real number defined by
L () =)
for each fin E, then L, is continuous on E.
(3) Normed convergence in E implies pointwise convergence on [0, 1].

Indication of proof: It is routine to show that (2) and (3) are equivaent. We saw above that (1) implies (3).
To seethat (2) implies (1), we use the Riesz Representation Theorem as follows. Suppose that X isin [0, 1]
and L, isdefined asin (2). To assart that this is a continuous function from E to the numbersimplies that
thereishin E such that
L,(f)=<f, h>
Clearly, thisRiesz point changes with x. Thus, we write, for eech f in E,
f(x) = L,(f) =<f, h>=<f(t), h(t,x) >.



