Module 2: Geometry

Definition: In a vector space, the norm of a vector x, denoted
|x|, has the following properties:

1. x| >0,
2. if ais a number then |a x| = |a| |x|, and

3. Ix+y| £ [X]| + |yl.



n : 2
There are many norms for R . Here are three examples in R :

1. The one norm:
I[ X, yll1 = [X]| +] y|.

2. The two norm (or the usual norm):

IX.yll2 = /X2 + y2, and

3. The infinity norm (or the max norm):
Ix.yll, = Max(|x].lyl]).



There are similar norms in C([0,1])
1

1. [flr = § [f(x)] dx
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2. |fl2 = [T(X)|2 dx

O @o

3. |fly = max ogxe1 [F(X)].



Definition: In a normed space, the distance between two
elements is defined in terms of the norm:

d(x,y) = | x-yl.

Examples: We find the distance from [1,2] to [4,6] and from
sin(X) to cos(x) with each of the norms above. With the usual
norm, we have

J(@- 42 +(2- 6)°

and

QN0 - cos(x))2elx



Definition: The dot product or inner product of vectors x and
y, denoted <X, y>, is a number valued function with these
properties:

(1) if X is in the space and x is not zero, then
< X, X> IS positive.

(2) iIf Xx and y are in the space then <x, y> = <y, x>*, where *
denotes complex conjugate.

(3) iIf X, y and z are in the space and a is a number then
<ax+y,z>=a<x, z>+<y, z>.



The usual dot product for R2 and for C([-1, 1]) are given here:

<X, Y>=X1VY1+ X2Y2
and

f(X) g(x) dx.

Examples: We explain some examples in class. These
examples are worked out in the associated Maple worksheet.



Remark: N(x) = \/< X, x> has all the properties of a norm and
Is called the norm associated with the indicated dot product.

Example: We illustrate the importance of dot products by
finding the solution for these three equations with three
unknowns:

Find a, b, and c so that

[1,2,3]=a[1l,2, 1] +b[2, 1, 0] +c[1, -2, 5].



Assignment: See the Maple Worksheet

In this Module 2, we have

Defined a norm and given examples in R2 and in C([0,1]).
Defined distance in terms of the norm.

Defined a dot product on a vector space.

Explained how dot products generate norms, which
generate distance functions.
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